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Abstract 
 

A J-ring is a ring R with the property that for every x in R there exists an integer 
n(x)>1 such that xx xn =)( , and a well-known theorem of Jacobson states that a J-
ring is necessarily commutative. With this as motivation, we define a generalized J-
ring to be a ring R with the property that for all x, y in R0 there exists integers 

1)(,1)( >=>= ymmxnn  such that mn xyyx −  is nilpotent, where R0 is a certain 
subset of R. The commutativity behavior of such rings is considered. 
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Throughout, R is a ring, N is the set of nilpotents, C is the center, J is the 
Jacobson radical of R, and Z denotes the ring of integers. As usual [x,y] will denote 
the commutator xy-yx. 

 
Definition 1. A ring R is called a generalized J-ring if 

(1)   For all x, y, in )(\ CJNR ∪∪ , there exist integers 1>n , 1>m  such that  
Nxyyx mn ∈− . 
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   The class of generalized J-rings is quite large and includes all commutative 
rings, all nil rings, all rings in which J=R, and all J-rings. On the other hand, a 
generalized J-ring need not be commutative, as can be seen by taking 
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Theorem 5, we give a characterization of commutative generalized J-rings. We now 
introduce some basic definitions. 
 
 A ring is called periodic if for every x  in R, nm xx =  for some distinct positive 
integers m and n. The ring R is called weakly periodic if every x in R can be written 
as a sum of a nilpotent element a and a “potent” element b in the sense that bbk =  
with k>1. R is called weakly periodic-like if (here C denotes the center of R) 
 
(2)  For all Rx∈ \ C, bax += , a nilpotent, b potent ( bbk = , k>1). 
 
We are now in a position to prove our main theorems. 
 
 Theorem 1 Suppose R is a generalized J-ring with identity and with central 
idempotents. Then the set N of nilpotents is contained in the Jacobson radical J of R. 
 
 Proof. Let RxNa ∈∈ , . We claim that  
 
(3)   ax is right quasi-regular (r.q.r.). 
 
The proof is by contradiction. Suppose RxNa ∈∈ , , ax  is not r.q.r. If Jax∈ , then 
ax  is r.q.r., contradiction. Thus, ax J∉ . If ax N∈ , then ax  is r.q.r. , and hence 
again ax N∉ . Now, if ax C∈ , then qqq xaax =)( for all positive integers q, which 
implies Nax∈  (since Na∈ ) and hence ax  is r.q.r., contradiction. So Cax∉ , and 
hence 
 
(4)   )( CJNax ∪∪∉ . 
 
Next, consider 1+ ax . If  Cax∈+1 , then Cax∈  and hence again ax  is r.q.r., 
contradiction. So Cax∉+1 . Now suppose Naax ∈=+ 01 . Then ,10 uaax =−=  
where u is a unit in R. Let 0k  be the exponent of nilpotency of a. Clearly 10 >k , and 
hence uaaxaxa kkk 11 000 )( −− == , which implies 010 =− ua k , and hence 010 =−ka  
(since u is a unit), contradiction. Therefore, Nax∉+1 . Finally, if Jax∈+1 , 
then ax+1  is r.q.r., and hence for some Rb∈ , we have 0)1()1( =+−++ baxbax . 
Again, let 0k  be the exponent of nilpotency of a. Since 0≠a , 10 >k , and hence the 
above equation implies that 
  
 11 00 ])1()1[(0 −− =+−++= kk abaxbaxa   (since 00 =ka ), contradiction. So 

Jax∉+1 . The net result is: 
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(5)   )(1 CJNax ∪∪∉+ . 
 
Combining (4), (5), (1), we see that 
 
   ,))(1()()1( Naxaxaxax mn ∈+−+  for some 1,1 >> mn , which implies that  
 
(6)   )()()( 1 axhaxax qq +=  for some ][)( λλ Zh ∈ . 
 
Let qaxhaxe )]()[(= . Then 
 
(7)    eaxax qq )()( = ,   qaxhaxe )]()[(= ,  ee =2 . 
Thus, 
          aeteataxhaxeeee q ==== )]()[(     (since Ce∈ ). 
So      kk etaetaaete ==== ...22   for all 1≥k  , and hence 0=e  (since Na∈ ). 
Therefore, by (7), Nax∈ , and thus ax  is r.q.r., contradiction. This contradiction 
proves (3), and hence ax  is r.q.r. for all RxNa ∈∈ , . Thus, JN ⊆ . 
 
 Theorem 2  Suppose R is a generalized J-ring with identity and with central 
idempotents. Then, we have 
 (i)   JR /  is commutative. 
 (ii)   If, further, J is commutative, then the commutator ideal of R is nil. 
 
 Proof  (i) By Theorem 1, JN ⊆  , and hence by (1) 
 
(8)   For all JxyyxCJRyx mn ∈−∪∈ ),(\,  for some integers 1,1 >> mn . 
 
This reflects in JR /  as follows: 
 
(9)   For all noncentral elements 1,1,0,/, >>=− mnxyyxJRofyx mn . 
 
Let x  be any noncentral element of JR / . Then, by (9), 
 
(10)   ,1,1,0)1()1( >>=+−+ mnxxxx mn ( x any noncentral element of JR / ). 
 
Therefore, by (10), Cxfxx ∈− )(2  for some ][)( λλ Zf ∈ , where x  is any element 
of JR / , which implies by a theorem of Herstein [3] that JR /  is commutative. 
 
 (ii)  By part (i),  Jyx ∈],[  for all Rinyx, . Since, by hypothesis, J  is 
commutative, we have 
 
(11)   0]],[],,[[ =wzyx  for all Rinwzyx ,,, . 
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Note that (11) is a polynomial identity which is satisfied by all elements of R. 
However, (11) is not satisfied by any 2×2 complete matrix ring over GF(p) for any 
prime p. (To see this, take ].),[],[],,[],[ 21221211 EEwzEEyx == Hence, by a theorem 
of Bell [2], the commutator ideal of R is nil. 
 
 Corollary 1.  Suppose R is a reduced ring (N={0}) and suppose R is a 
generalized J-ring with identity. Suppose, further, that J is commutative. Then R is 
commutative.  
 
 Proof.  Let RxRee ∈∈= ,2 . Then 22 )(0)( exexeexeex −==− , and hence all 
idempotents are central (since N={0}). Hence, by Theorem 2(ii), the commutator 
ideal of R is nil, which implies that R is commutative (since N=[0}). 
 
 Theorem 3.  Suppose R is a generalized J-ring with identity and with central 
idempotents. Suppose, further, that CNJ ∪⊆ . Then the commutator ideal of R is 
nil. 
 
Proof.  By hypothesis, 
 
(12)   CNJ ∪⊆ . 
 
We claim that 
 
(13)   CJorNJ ⊆⊆ . 
 
Suppose not. Then J is not a subset of N and J is not a subset of C. Let ,, NxJx ∉∈  
and let CyJy ∉∈ , . By (12), NyandCx ∈∈ . Let uyx =+ , and hence yux −= . 
Since yuCx −∈ ,  commutes with y , and hence u  commutes with y . If Nu∈ , 
then u and y are commuting nilpotents, and hence Nyu ∈− , which implies that 

Nx∈ , contradiction. On the other hand, if Cu∈ , then Cyx ∈+  and Cx∈ , which 
implies that Cy∈ , contradiction. Therefore, CuandNu ∉∉ ; yet CNJu ∪⊆∈  
(by (12)). This is a contradiction, and (13) is proved. Recall that, by Theorem 1, 

JN ⊆ , which when combined with (13) yields 
 
(14)   .CJNorJN ⊆⊆=   
 
If JN = , then N is an ideal and JRNR // =  is indeed commutative, by Theorem 
2(i), which implies that the commutator ideal of R is nil, and the theorem is proved 
in this case. Next, consider the case .CJN ⊆⊆  Then (1) now implies that 
 
(15)   For all NxyyxCRyx mn ∈−∈ ,\,  for some 1,1 >> mn .  
 
Suppose CxRx ∉∈ , . Then Cx∉+1 , and hence by (15), 

CNxxxx mn ⊆∈+−+ )1()1(  (since CJN ⊆⊆  is the present case). Therefore,  
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Cxfxx ∈− )(2  for some ][)( λλ Zf ∈ , where x is any element of R. It follows, by a 
Theorem of Herstein [3], that R is commutative in the present case, and the theorem 
readily follows. 
 
 Theorem 4.  Suppose R is a weakly periodic-like ring and suppose R is a 
generalized J-ring with identity and with central idempotents. Then, we have 

(i) The commutator ideal of R is nil. 
(ii) For any NxxCRx m ∈−∈ ,\  for some integer m>1. 
 

 Proof.  (i)  In view of Theorem 3, it suffices to show that 
 
(16)   CNJ ∪⊆ . 
 
Suppose CjJj ∉∈ , . Then, since R is weakly periodic-like, 

bbNabaj m =∈+= ,, with m>1. Hence, 

        mm ajbbaj )( −===− , and thus 
qmajaj )( −=− for all 1≥q .  

Since 0, =∈
qmaNa   for some 1≥q , and hence the above equation implies that 

Jaj ∈− . Therefore, Jb∈ , and thus 1−mb  is an idempotent element of J, which 
implies 01 =−mb , and hence 0== mbb . Thus, Nabaj ∈+=+= 0 , which proves 
(16), and part (i) follows (see Theorem 3). 
 
 (ii)   Let CxRx ∉∈ , . Then, since R is weakly periodic-like, 

1,, >=∈+= mwithbbNabax m  . Therefore,  
 
(17)   ).(,1,)( Namaxbbax mm ∈>−===−  
 
By part (i), N is an ideal, and hence by (17), .1, >∈− mNxx m  This proves the 
theorem. 
 
We are now in a position to prove our main theorem, which gives a characterization 
of commutative generalized J-rings. 
 
 Theorem 5. Suppose R is a generalized J-ring and suppose R is weakly periodic-
like. Suppose that )( JN ∩ is commutative and, furthermore, suppose that every 
element which squares to zero is central ( Caimpliesa ∈= 02 ). Then R is 
commutative (and conversely). 
 
 Proof.  To begin with, if Ree ∈=2  and Rx∈ , then 

22 )(0)( exexeexeex −==− . Therefore, by hypothesis, Cexeex ∈−  and 
Cexexe ∈− , and hence all idempotents are central. We now distinguish two cases. 
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 Case 1.  R∈1 . In this case, since all idempotents are central, it follows by 
Theorem 1 that JN ⊆ , and hence JNN ∩= . Since, by hypothesis, JN ∩ is 
commutative,  
 
(18)   N is commutative. 
 
Moreover, by Theorem 4 (i), since the idempotents are central, the commutator ideal 
of R is nil and hence N is an ideal. Combining this with (18), we conclude that N is a 
commutative ideal of R. This fact implies that 0)( 2 =− xaax  for all RxNa ∈∈ , , 
and hence by hypothesis, xaax −  is central. Thus, 
 
(19)   xaax −  is central for all  RxNa ∈∈ , . 
 
Also, by Theorem 4(ii), we have 
 
(20)   For every NxxCRx m ∈−∈ ,\  for some integer 1>m . 
 
It was proved by the authors that any ring which satisfies (18), (19), (20) is 
commutative [1], and hence the ground ring R is commutative (if R∈1 ). 
 We now consider the general case (where we no longer assume that R has an 
identity). Let P be the set of potent elements of R; that is,  
 
(21)   }.1,:{ >=∈= ksomeforxxRxxP k      
 
We now distinguish two cases. 
 Case A: }0{=P . In this case, since R is weakly periodic-like, we see that 

CNR ∪= . The argument used in the proof of Theorem 3 (namely, (12) implies 
(13)) shows that .CRorNR ==  If NR = , then N is an ideal of R and hence 

JN ⊆ . So JNN ∩=  is commutative, which implies that CNR ∪=  is 
commutative. 
 Case B:  }0{≠P . In this case, we claim that 
 
(22)   All potent elements of R are central. 
 
To prove this, let 0, ≠∈ bPb , and suppose 1, >= kbbk . Let 1−= kbe . Then e is a 
nonzero central idempotent element of R, and hence eR is a ring with identity. It is 
readily verified that eR is a ring which satisfies all the hypotheses imposed on the 
ground ring R (keep in mind that the Jacobson radical of eR is eJ(R)). Since eR also 
has an identity, it follows by Case 1 that  
 
(23)   eR is a commutative ring. 
 
Let .Ry∈  Then, 0],[],[ == eyebybe . Recalling that bbandCbe kk =∈= −1 , we 
see that 
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   ybbyybybybbybybbybe kkkkk −=−=−=== −− 11 ],[],[0 , and hence 

ybby =  for all Ry∈ , which proves (22). 
 Our next goal is to prove that 
 
(24)   JN ⊆ . 
 
( Incidentally, it should be pointed out that Theorem 1 cannot be applied here, since 
R is not assumed to have an identity.) To prove (24), let RxNa ∈∈ , . If Cax∈ , 
then mmm xaax =)(  for all m, and hence Nax∈  (since Na∈ ), which implies that 
ax  is r.q.r. (if Cax∈ ). Next, suppose Cax∉ . Then, since R is weakly periodic-
like, 
 
(25)   0000 ,, bNabaax ∈+= potent ( 1, 000

0 >= qbb q ). 
 
In view of (22), b0 is central and hence 0],[ 0 =aax . Combining this with (25), we 
see that 
 
(26)   .1,,0],[,)( 0000000

00 >∈=−===− qNaaaxaaxbbaax qq  
 
A close look at (26) shows that 0)( qaxax −  is a sum of pairwise commuting nilpotent 
elements, and hence such a sum is indeed nilpotent, which implies that 
 
(27)   Naxax q ∈− 0)( . 
 
In view of (27), we see that 
     )()()( 1 axhaxax qq +=  for some ][)( λλ Zh ∈ . 
The argument used at the end of the proof of Theorem 1 (beginning with (6)) shows 
that ax is r.q.r. in the present case. The net result is that ax is r.q.r. for all Na∈ , 

Rx∈ , and hence JN ⊆ , which proves (24). Recall that, by hypothesis, ( JN ∩ ) is 
commutative. Also by (24), JNN ∩= , and hence  
 
(28)   N is commutative. 
 
To complete the proof, suppose ., CyCx ∉∉  Then, PbNabax ∈∈+= ,,  and 

PbNabay ∈′∈′′+′= ,, . Hence by (22) and (28), we have 
    0],[],[],[ =′=′+′+= aababayx . 
Thus, R is commutative, and the theorem is proved. 
 
 Jacobson’s Theorem, namely that a J-ring is commutative [4, p.217], is a 
corollary of Theorem 5. Another corollary of Theorem 5 is the special case in which 
the exponents n and m in Definition 1 are always chosen to be equal (see [5]). 
 
 We conclude with the following remark. 
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 Remark: The hypothesis “ Caimpliesa ∈= 02 ” in Theorem 5 cannot be 
replaced by the weaker hypothesis “the idempotents are central”. This can be seen by 
considering the following example [6]: 
 
Example 1 :  Let 
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⎥
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⎢
⎢
⎢

⎣

⎡
= )4(,,:

00
00 2 GFcba
a

a
cba

R . 

Keeping an eye on the diagonal entries, it can be shown that every element of R is 
nilpotent or invertible, and, moreover 28 xx =  for all x in R. Furthermore, the set N 
of nilpotents is an ideal and, in fact, )0(2 =N . Also, 

(i) For all 77 )(, xxxxRx +−=∈ shows that every element of R is a sum of 
a nilpotent and a potent element. 

(ii) For all .,, 77 NxyyxRyx ∈−∈  
(iii) N is commutative 
(iv) The idempotents of R are precisely { }1,0 . 
(v) However, “ Caimpliesa ∈= 02 ” is false. 

Thus, all the hypotheses of Theorem 5 with the exception stated in (v) are satisfied. 
But R is not commutative, as can be seen by considering the elements of R, namely, 
E12 and ],,[ 2 uuudiag , where u is a generator of the multiplicative group of units of 
GF(4). 
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