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1 Introduction

In [P], Perelman introduced, among other things, two important tools for analyzing
the Ricci flow: the reduced distance, i.e. the [-function, and the reduced volume. The
[-function is defined in terms of a natural curve energy along the Ricci flow, which
is analogous to the classical curve energy associated with geodesics, but involves the
evolving metric and the scalar curvature (as a potential term). The reduced volume is
a certain integral involving the [-function. Of fundamental importance are the mono-
tonicity properties of the [-function and the reduced volume. These monotonicities
can be used, as demonstrated by Perelman, to classify and analyse blow-up limits
of the Ricci flow, and to obtain various estimates for the Ricci flow, such as non-
collapsing estimates and curvature estimates. A notable example is Prop. 11.2 in [P],
which identifies blow-down limits of the k-solutions (k-non-collapsed ancient solutions
of the Ricci flow with bounded curvature and nonnegative curvature operator) to be
gradient shrinking solitons.

The main purpose of this paper is to present a number of analytic and geometric
properties of the [-function and the reduced volume, including the monotonicity, the



upper bound and the rigidity of the reduced volume. In Perelman’s paper, a general
assumption concerning the [-function and the reduced volume is uniformly bounded
sectional curvature. The results presented in [P] under this assumption are sufficient
for the application to the geometrization of 3-manifolds. Because of the fundamental
role of the [-function and the reduced volume for analyzing Ricci flow in general, it
is very desirable to allow weaker geometric conditions. Our main focus is to deal
with the situation in which only a lower bound for the Ricci curvature is assumed.
(Naturally, we follow many arguments in [P].) On the other hand, we hope that our
treatment can provide assistance for understanding Perelman’s theory, even when one
is only interested in the case of bounded sectional curvature.

In this paper we also present a detailed proof of Proposition 11.2 in [P] as men-
tioned above, which is based on the analytic and geometric properties of the [-function
and the reduced volume. The basic ideas of this proof are due to Perelman.

Communications with Perelman were of great help for understanding his ideas for
the proof of [Proposition 11.2, P]. We also benefited much from conversations with
Guofang Wei and Vitali Kapovich.

2 Basic Properties of the /[-Function 1

Consider a solution (M, g = g(7)) of the backward Ricci flow

dg ..
9 2Ric (2.1)

on a manifold M over an interval [0,7"). We assume that (M, g(7)) is complete for
each 7 € [0,7).

Notations We shall denote the distance between two points g1, ¢ with respect to the
metric g(7) by d(qi, g2, 7) or dy-y(q1,g2). The geodesic ball of center ¢ and radius r
with respect to the metric g(7) will be denoted by B,.(¢q, 7). The volume form of g(7)
will be denoted by dq or dg|.. The scalar curvature Ry, of g(7) at a point ¢ will be
written as R(q, 7). Similar notations are also used for other curvature quantities.

A basic and simple lemma is this.

Lemma 2.1 If Ric > —cg for a nonnegative constant ¢ on the time interval [0, 7],
then
e7?g(0) < g(s) < U g(7) (2.2)

for s € [0,7]. If Ric < Cg for a nonnegative constant C on [0, 7], then
*CTg(r) < g(s) < e*g(0) (2.3)

for s € [0, 7].



We consider Perelman’s L-energy for piecewise C! curves 7 : [a,b] — M,0 < a <
b<T:

b
Las(1) = [ VE(RO(3),5) + [3[)ds, (2.4)
where | - | = | - |45). For a given 7 we abbreviate Lo, to £. The L,;-geodesic (or
L-geodesic) equation is:

1 1
o1 L opie( ) = o
Va5 2VR—|—287—|— Ric(7,-) =0, (2.5)

where R = Ry(,), Ric = Ricy(s), and V is the Levi-Civita connection of g(s). This
is the Euler-Lagrange equation of the L-energy. Its (smooth) solutions are called
L p-geodesics or L-geodesics.

To better understand the properties of L, ;-geodesics, it is helpful to introduce a
convenient reparametrization. We set t = /s and 4" = dv/dt = 2t%. Then

Lo )—/\/B(1| |2+ 2Rt dt (2.6)
ab\Y) = va 2 v .

and the £, ;-geodesic equation becomes

Vv = 20°VR + 4tRic(y,-) = 0. (2.7)

Next we choose a reference point p € M and define L(g,7) = L,(g,7) to be the
infimum of £(v) for v : [0, 7] — M with v(0) = p and v(7) = ¢. (We write L,(q, 7) if
we need to indicate the dependence on the solution g.)

Definition 1 We define the reduced distance to be

L(q, )
AL

Lemma 2.2 Assume that Ric > —cg on [0,7] for a nonnegative constant c. Then

g 7) =ly(g;7) = (2.8)

d? T d? 0
o2t (p,q,7) + @T > (g, 7) > e—2eT (p,4,0) _ @7_ (2.9)
4t 3 4t 3

for each T € [0,7]. If we assume instead Ric < Cg on [0, 7] for a nonnegative constant
C, then

d2 = C d2 0 C
2o TBT) 1O gy 7y < por T 00) | 1C, (2.10)

for each T € [0, 7).



Proof. We first assume a lower bound on the Ricci curvature. By (2.2) and (2.6) we
have for an arbitrary v from p to ¢

—2cT NG 9 d2 0 5
0

2 3 27 3

(2.11)

This leads to the second half of (2.9).

To deduce the first half of (2.9) we apply (2.2) and choose v to be a minimal
geodesic from p to ¢ with respect to the metric g(7). The case of an upper bound for
the Ricci curvature is similar, in which we use (2.3) instead of (2.2). |

Next we consider Perelman’s L-exponential map.

Definition 2 The L-exponential map ea:pgf : T,M — M at time 7 € [0,7T) is
defined as follows. For v € T,M, let 7, denote the L£-geodesic such that ~,(0)
p, lim,_g \/s9(s) = v (equivalently, 7,,(0) = ). If v, exists on [0, 7], we set exp5™(v) =
Yo(7). Let U(7) denote the maximal domain of expS™. By (2.7) and basic ODE, U(t
is an open set and ea:plf” is a smooth map from U(7) into M.

We also have the following extension of the concept of L-exponential map.

Definition 3 For a given reference point p and 0 < ¢ < 7 the £, --exponential map
empﬁ“ is defined as follows. For v € T;M, let v, . denote the L-geodesic such that

Yoe(€) = P,V/eEY(€) = v (equivalently, v, _(0) = 3). If 7., exists on [0,7], we set
[-‘/ET
exp; " (V) = Yeo(T).

Proposition 2.3 Assume that the sectional curvature is bounded on [0,7| for T €
(0,T). Then U(T) = T,M for each 7 € (0,7). A similar statement holds true for

Ler
expy .

Proof. By the local interior estimates in [S], the sectional curvature bound on [0, 7]
implies an upper bound on |VR| on [0, 7] for each 7 € (0,7). Fix 7 € (0,7) and let
K denote an upper bound for |Ric| and |[VR| on M x [0, 7].

Consider an £-geodesic v with initial time 0, defined on its maximal interval. We
derive from (2.7)

d dg 0s

pr VR o= 95 Bt + 29" V%M = 4V R -y — 4tRic(v,7). (2.12)

Consequently, we obtain for ¢t < /7 (as long as 7 is defined)

d
%MQ’ < 2Kt - (2t]y]) + 4Kt |? < 2Kt + 6 Kt]y|? (2.13)



and hence .
7 < (O + [ 2Kute 5 du) (2.14)
0

for t < /7. This and (2.2) give rise to a uniform upper bound for the length of |
for 7/ < 7 measured in g(0). By the completeness of g(0) and basic ODE we conclude
that 7 is defined on [0, 7]. |

Proposition 2.4 We have U,U(T) = T,M. In other words, the direct limit of U(T)
as T — 0 is T,M. Indeed, for each r > 0, there is T > 0 such that B.(0) C U(T),
where the norm on T,M is induced from g(0),. A similar statement holds true for
e:r;pgs’T

Proof. Fix 0 < 7% < min{7,1}. Let r > 0 be given. Let K be an upper bound for
|Ric| and VR on By, (p,0) x [0,7*]. Consider v € B,(0). Applying (2.14) and Lemma
2.1 to v = 7, (parameterized in t) we deduce

2
()P < °C 62 + Ar), (2.15)

where A = fo\/; 2K ue 5" dy, as long as t is in the maximal existence interval of -,
t < /7 and Y(t') € By, (p,0) for all ¢’ € [0,t]. For such ¢ which also satisfies ¢t < =

2V A
and t < \/ﬁ ln% we then have

3
' ()g0) < 57 (2.16)

2
Since 7(0) € Bz(p,0), a continuity argument shows that ([0,?]) C Bs,(p,0) for

all ¢t in the maximal existence interval of + such that 0 < ¢t < t*, where t* =
min{/7*, 2’\'/3, \/ 5 In 2}. This implies in turn that [0, #*] is contained in the maximal
existence interval of 7. It follows that v € U(7) for each 7 € [0, *?]. |

for all ¢ € [0,#], whence 5 |v|y0dt < 3r. Consequently, v([0,¢]) C Bs,(p,0).

Proposition 2.5 For each sufficiently small 7 > 0, expg’T is a diffeomorphism from

a neighborhood of 0 in T,M onto a neighborhood of p in M. If V*R(p,7) > 0 for
each 7, then this holds for each 7. A similar statement holds for exp}?“.

Proof. First note that 0 € U(7). Indeed, the L-geodesic vy is the constant curve
Yo = p, hence it is defined for all 7. To establish the desired difeomorphism property, it
suffices to show that the differential of ea:pﬁ“ at 0 is has zero kernel. For this purpose,
consider a nonzero v € T,M and exp5™(xv) = 74u(7). Obviously, dexps7|o(v) =
Y,(y/T), where Y,, (parameterized in t) is the £-Jacobi field along 7, associated with



the family of exps7-geodesics 4, (With parameter ). Thus Y,(0) = 0, V%YQJ(O) = .
By [(7.7), P], the £-Jacobi equation along an L-geodesic v (parameterized in s) is

1 1
VaVaY + Vi + Rm(3,Y)y +2VyRic(3,) = VsRie(Y,) = 5 V2R(Y,") = 0.

(2.17)
For v = ~, this becomes, when parameterized in ¢,
A’y
=7 2t°V2R(p, t*)(Y,-) = 0. (2.18)

It is easy to see that for small 7, Y (0) = 0 and Y (/7) = 0 imply that Y = 0. The
same holds for each 7 if V2R(p,7) > 0 for each 7. Applying this to Y, we arrive at
the desired conclusions. |

Proposition 2.6 If Ric > —cg on [0,7] for a nonnegative constant ¢, then there
exists a minimal Ly --geodesic from p to q for each q. Consequently, explf’T s onto.

The same conclusions hold if Ric < Cg on [0,7] for a nonnegative constant C'.

Proof. For a given ¢ € M we minimize the L-energy in the reparametrized form (2.6)
among Sobolev curves which connect p to ¢q. By the estimate (2.9) we can find a
minimizer 7. By the standard elliptic regularity, it is a smooth L£-geodesic connecting
p to q. Set v =+'(0)/2. Then exps™(v) = q. [

Definition 4 1) We define the injectivity domain (1) at time 7 to be
Q1) ={q € M : there is a unique minimal £ — geodesic v : [0,7] — M

with (0) = p,v(7) = ¢; q is not conjugate to p along ~}.

Here, “conjugate” means the same as in ordinary Riemannian geometry of geodesics,
i.e. there is a nontrivial £-Jacobi field J along v with J(0) =0, J(7) = 0.

The cut-locus C(1) is defined to be M — Q(7).

The corresponding concepts, the L., injectivity domain Q(e,7) and cut-locus
C(e, ) associated with L. -geodesics, are defined in a similar way.

2) The tangential injectivity domain Qr(7) at time 7 is defined to be

Q™ (1) = {v €U(T) : Y|, is & unique minimal L—geodesic s.t. 7 is not a conjugate

time. }

It is easy to see that Q(7) = exps™ (7 (7)).
The tangential L., injectivity domain Q77 (e, 7) is defined in a similar way.



Lemma 2.7 exp5” is a smooth diffeomorphism from Q' (7) onto Q(r), depending
smoothly on the parameter . L(q,T) is a smooth function on U.Q(1) x {7}.
Similarly, empg is a smooth diffeomorphism from Q% (,e,7) onto Q(e,7), de-
pending smoothly on € and 7, and L. (q) is smooth on U, {(e,7)} x Q(e, ), where
L. ,(q) is defined to be the infimum of L., () for v : e, 7] — M such that v(g) =

p.(1) =4q.

e,T

Proof. This is similar to the theory of ordinary geodesics in Riemannian geometry. l

Lemma 2.8 Let v be a minimal Lo --geodesic. Then | is the unique minimal
Lo - -geodesic from p to y(7') for any 7" € (0,7). Moreover, ' is not a conjugate
time. Thus y(1') € Q(7"). We also have y(7) € Q(e, ) for any € € (0,7), where the
reference point p for Q(e, ) is chosen to be y(e).

As a consequence, we have QT (15) C Qr (1) for 7o > 7.

Proof. The arguments in the theory of ordinary geodesics can be applied directly. Il

Note that if ¢ € Q(7) and ~ is the unique minimal £-geodesic from p to g, then
we have

Y(s) = VI((s)),7'(s(t)) = VL(y(s(1))) (2.19)
for s € [0, 7] and s(t) = ¢*.

Proposition 2.9 Let 7 € (0,T). Assume that Ric > —cg on [0,7] for a nonnegative
constant c. Then L(-,T) is locally Lipschitz with respect to the metric g(1) for each
T € (0,7]. Moreover, for each compact subset E of M, there are positive constants
Ay and Ay such that /7L < Ay on E x (0,7] and

. A 1

F(s)* < =21+ ) (2.20)
s T

for s € (0,7], where 7 € (0,7 and y denotes an arbitrary minimal Lo ,-geodesic from

p toq forq e E.

Proof. We first derive an upper bound for \/7L(q, 7) on B,(p, 7) x (0, 7] for a given p >
0. By smoothness, there is a positive constant C' such that R < C on B,(p, ) x [0, 7].
For ¢ € B,(p,7) and 7 € (0,7] we choose a minimal geodesic v : [0,1/7] — B,(p,7)
from p to ¢ with respect to g(7). By (2.2) and (2.6) we have

VT -d T
L(y) < / (€T [2 5 + 20t%)dt < eQCTM +3Cre,
0 9 \/F

It follows that
VTL(q,T) < A(p),



where A(p) = e*p + 3CT.
Next consider a given p > 0. Choose p; such that B,(p,0) C B,,(p,7). We set

pr = max{e‘ﬁ\/%f? +2A(p1),2p}. By the smoothness of g, there is an upper bound
K for |Ric| and |VR| on B,-(p,0) x [0, 7].

Now consider ¢i,¢2 € B,(p,0) and 7 € (0,7]. Let ; be a minimal £, ,-geodesic
from p to ¢;,i = 1,2. (By Lemma 2.6, they exist.) Let vy : [0,1] — M be a minimal
geodesic from ¢ to ¢ with respect to g(0). By the choice of p*, the image of v is
obviously contained in B,-(p,0). We claim that the images of 7, and 7, are also
contained in B,«(p,0). Indeed, we have

A 2
/ V(R +il*)ds < L(gi, 7 / ViRds < A1) | 2ne g (2.21)
NG 3
for i =1,2 and 7’ € [0, 7]. By (2.8) and (2.9) (applied to 7') we then deduce
Alp, (), 0 < 4627 (VT L g ) + ") < 7 (2:22)

for i = 1,2 and 7" € [0, 7]. It follows that the images of v; and -, are contained in

B p* (p ) O)
Next we estimate |y;| and |7y2|. It is more convenient to handle 71 and ~5. By the
arguments in the proof of Lemma 2.3 we deduce

d
L) < 28 4 6K (223
for i = 1,2 and ¢t € [0, /7] and hence

alyi' (t)P — 2 < [y (t2) P < Culv (81) ]2 + Co (2.24)

for t1,ty € [0,+/7],i = 1,2 and positive constants ¢i, ¢, C1, Cy depending on K and
7. It follows that
L(q;,7) 2nc

4shi()* = hil* < 27 (=22 + o) + et (2.25)

fori=1,2 and s € [0, 7].

To proceed, we set d = d(q1, ¢2,0) and assume that d < 7. We define 4,(s) = v1(s)
for s € [0,7 — 2d], 1(s) = 11(7 —2d + 2(s — 7 + 2d)) for s € [T — 2d,7 — d] and
Y1(s) =0(5(s =7 +d)) for s € [t — d, 7). Then we have

Lig7) < LGn) < LigT / VaRe)ds + [ R(RGw) + Ak s
+ [ VaRO) + hol)ds, (2.26)



where the arguments for 7; and = in the second and third integrals correspond to

the defintion of 4;. We have

(NI

[ VeR(w)ds < (et — (r - 20,

3
2

N

7 VERO) < Sk (7 - ) — (7 - 2a)h),

and

Nl

| VeRGos < gnK(Tg (=)}

By (2.3) we have |7o|*> < e*7d?, hence

Njw

- 1. 2 g s
| Vghioltds < Se7(r — (7 — )F).

On the other hand, we infer from (2.25) that

T—d 2d A 2
[ avalpas < 2 AR 20
r—2d T T 3 2

We deduce
L(q?7 T) S L(qla T) + ](T’ d)?

3 3
2 2

I(r,d) = §(2nc F K 4 e (r3 (7 — 2d)3)

2d
+—c '

A(p1)  2nc e
T 73 T 2)'

Similarly, we have
L(q1,7) < L(qe, 7) + I(7,d).

).

(2.27)

(2.28)

(2.29)

(2.30)

(2.31)

(2.32)

(2.33)

(2.34)

The desired Lipschitz continuity follows. The estimate (2.20) follows from (2.25).
Finally, we would like to point out that the local Lipschitz continuity of L(-,7)
also follows from its local semiconcavity, which is given by Lemma 2.11 below. Note

however that the proof of Lemma 2.11 below uses some arguments here.

Proposition 2.10 Assume that the Ricci curvature is bounded from below on [0, 7).
Then L(q,-) is locally Lipschitz on (0,7 for every ¢ € M. Moreover, 72|L,| is

bounded on E x (0, 7] for each compact subset E of M.



Proof. This is similar to the proof of Proposition 2.9 above. Fix p > 0 and let p* and K
have the same meanings as in the proof of Proposition 2.9. Consider ¢ € B,(p,0) and
71,72 € (0, 7] such that 7 < 7 and 7 < 273. Choose a minimal L ,-geodesic v, from
p to ¢ and a minimal L ,,-geodesic v, from p to ¢. As in the proof of Proposition 2.9,
the images of 71 and 7, are contained in B,«(p,0). We define 4;(s) = 71(s),s € [0, 7]
and 41 (s) = ¢, s € [11,72]. Then

2
L(q,m) < Lo+ (1) < L(g,n +/ VsR(q,s)ds < L(q, 1) + 3nK( 2 7'3/2).

(2.35)
Next we set 73 = 271 — 7o, J2(8) = 7a(s) for s € [0, 73] and Ao(s) = Y2(13+2(s—73))
for s € [r3,71]. Then

+/ﬁ () + s, (2.36)
73

where the argument of 7, in the last integral on the right hand side is 73 4+ 2(s — 73).
Applying (2.20) we then obtain

2n(c+ K), 3 1.1

Ligm) € La,m) + 02 = rf) 484014 )(rf 7). (2.3

Clearly, (2.35) and (2.37) imply the desired Lipschitz continuity and derivative bound.
[

Proposition 2.11 Assume that the Ricci curvature is bounded from below on [0, 7].
Then I(-, ) s locally semi-concave for each 7 € (0,7|, i.e. for every point ¢ € M
there is a smooth function ¢ on a neighborhood U, of q such that l(-, )+ ¢ is concave
in the sense that the composition of l(-,T) + ¢ with every geodesic in U, is a concave
function.

Proof. By [(7.9), P| we have for each 7 € (0,7'),q € Q(7) and v € T,M

Hessp(v,v) <

\/_W — 2T Ric(v,v) / VSH(X,Y)ds (2.38)

where X = 4 with v denoting the unique minimal £-geodesic from p to ¢, Y is a
suitable extension of v along 7 such that [Y(s)|* = £Jv|?, and

H(X,Y)=-VyVyR—2< Rm(Y,X)Y,X > —4(VxRic(Y,Y) = VyRic(Y, X))

1
—2Ric.(Y,Y) + 2|Ric(Y,-)|* — ;Ric(Y, Y). (2.39)

10



To estimate H(X,Y') we fix p > 0 and assume ¢ € B,(p,0) N Q(7) and 7 € (0, 7].
Let p* be given in the proof of Proposition 2.9. As in the proof of Proposition 2.9,
the smoothness of g implies an upper bound C for |V?R|, |V Ric|, |Ric,|, |Rm| and
|Ric| on B, (p,0) x [0, 7]. By the proof of Proposition 2.9, 7 is contained in B, (p, 0).
Hence we have |[H(X,Y)| < £(C(3+2C + 1) +8C|X| 4 2C|X|?)|v|*. Applying (2.20)
we then deduce |H(X,Y)| < (s + 1+ L[v|? for a positive constant C;. It follows
that

Hessp(v,v) < Colv|? (2.40)

for a positive constant Cy = Cy(7). (Note that if the curvature operator is non-
negative, then H(X,Y) can be estimated as in [7.2, P], namely Hamilton’s Harnack
inequality implies H(X,Y) > —R(% -+ 701_8)|Y|2, where 7 < 79 < T. One can e.g.
choose 7o = (7 4+ T') if T is finite.)

We claim that (2.40) holds true for all ¢ € B,(p, 0) in the sense of barriers, provided
that C5 is chosen large enough. This means that for each point ¢ € B,(p,0) and each
e > 0 we can find a smooth function f on a neighborhood of ¢ (called an e-barrier at
q) such that f > L(-,7), f(q) = L(¢,7) and Hess¢(q)(v,v) < (Cy + €)|v|?. Consider
q € B,(p,0). (We can assume that ¢ € C-.) Choose a minimal £-geodesic v from p
to g. For a given € > 0 we define

f=1L(y(€)7) + Le~(q), (2.41)

where L, , is defined in Lemma 2.7 with the reference point p = y(¢). By Lemma 2.7,
L . is smooth at g. We can estimate its Hessian at ¢ in the same fashion as above.
Indeed, all the relevant lemmas can easily be extended to the situation of L. .. Then
one infers readily that f is an e-barrier at q.

For each ¢ € M we choose a suitable smooth function on a neighborhood of ¢ (for
example ¢ = —C"d(q, -, 7)? for a suitable C’) and deduce that

Hessp14 <0 (2.42)

on a neighborhood of ¢ in the sense of barriers. The maximum principle then implies
that L + ¢ is concave in this neighborhood (see e.g. [Y]). |

Lemma 2.12 Assume that the Ricci curvature is bounded from below on [0, 7] for
T € (0,T). Then the cut-locus C(7) is a closed set of measure zero. Consequently,
|VI| and I, are measurable on M x [0,T), provided that the Ricci curvature is bounded
from below on [0, 7| for each T € [0,T). The same conclusions hold if we assume upper
bounds for the Ricci curvature.

Proof. Set B(1) = {q € M : 3 more than one minimal £, , — geodesics from p to ¢}
and D(s) = {¢ € M : 3 a unique minimal £, ,—geodesic v from p to ¢, ¢ is conjugate
to p along v}. By Lemma 2.6, we have C(7) = B(7)U D(7). As in the theory of ordi-
nary geodesics, D(7) is contained in the set of critical values of expﬁ”. By Sards’ the-
orem, it has zero measure. On the other hand, L(-,7) is obviously non-differentiable

11



at any point of B(7). Since L(-,7) is almost everywhere differentiable by Proposition
2.9, B(7) has zero measure. (The idea of using the Lipschitz continuity of L was
suggested by G. Wei.) It follows that C'(7) has zero measure.

Another argument was suggested by Perelman. By Proposition 2.11 and Alek-
sandrov’s theorem (see [Y]), L(-,7) is twice differentiable almost everywhere. This
immediately implies that B(7) has measure zero. On the other hand, one can show
that at a point in D(7), L(-,7) cannot be twice differentiable. Hence D(7) also has
measure zero. (Of course, Aleksandrov’s theorem yields more information than the
mere statement that C'(7) has measure zero.)

The arguments in the theory of ordinary geodesics apply to show that C(7) is
closed.

Next we assume that the Ricci curvature is bounded below on [0, 7] for each 7.
Obviously, U, (C(7) x {7}) is a closed set of measure zero. Since [ is smooth outside
of U-(C(1) x {7}), it follows that |VI| and [, are measurable on M x [0,T).

In the case of upper bounds for the Ricci curvature, Proposition 2.9 is not ap-
plicable. But one can follow the argument outlined in [KL] in this case. (It can
also be used in the case of lower bounds for the Ricci curvature.) More precisely,
we have as above C(7) = B(7) U D(7). By Sards’ theorem, we only need to show
that B(7)* has zero measure, where B(7)* is the intersection of B(7) with the set of
regular values of ea:pzf’T. Consider g € B(7)*. Then there are vy, vy € T,M such that
vy # Vg, exps T (v1) = expsT(v2) = q, and L(vy, ) = L(va, 7), where L(v,7) = L(7,).
Since v; and vy are non-critical for expﬁ”, there are disjoint neighborhoods U; of v,
and Uy of vy such that Fy = exps 7|y, and Fy = exps 7|y, are diffeomorphisms onto
their common image U, which is a neighborhood of g.

To proceed, we define L, (v, w) = L(v,7)— L(w, ), and set S = {(v,w) € Uy xUs :
Fi(v) = Fy(w)}. Obviously, S is a codimension 1 submanifold of U; x U;. We claim
that 0 is a regular value of L,|s. Indeed, consider a curve (v(t),w(t)) in S which
represents a tangent vector (v'(0),w’(0)) of S at a given point (v(0),w(0)). Since
exps™(v(t)) = exps T (w(t)), we have

d(exps)vio)(v'(0)) = d(exps™)uw(oy(w'(0)). (2.43)
On the other hand, by the first variation formula [(7.1), P] for the £ energy, we have

dL*(v(t), w(t))
dt

where Y1 = d(exp5T)u(0)(v'(0)) and Y = d(exps™) (o) (w'(0)). Since v(0) # w(0), we
have 4,(0)(T) # Yuw(o)(7)- It follows that dL{, ) w0 ((v'(0),w'(0))) # 0. By the im-
plicit function theorem, L, |5"(0) is an (n—2)-dimensional submanifold. Consequently,
S* =m0 F(L*|5'(0)) is an (n — 2)-dimensional submanifold, where F = (F}, F) and
7, denotes the projection from U x U to the first factor. We call S* a local container
for B(7)*.

(0) = 2v/7(< A(0)(0), Y1 > — < () (0), Y2 >), (2.44)
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It is easy to see that B(7)* is contained in a countable union of local containers.
Hence it has zero measure. |

Lemma 2.13 Assume that the curvature operator is nonnegative for each 7. Then
we have
Cl

R< — (2.45)
T
everywhere,
Cl
V> < — (2.46)
T
almost everywhere in M for every 7 > 0, and
Cl
<< (2.47)
T

almost everywhere in (0,T) for every q, where C' depends only on n. Integrating
(2.47) yields

(=) < Ha.m) (2)e (2.48)

for allqg € M and 11,15 € (0,T) with 75 > Ty.

Proof. By [(7.16), P] we have

l
VI +R< C- (2.49)

on U, (Q(7) x {7}). The first and second estimates follow from this, Proposition 2.9,
and Lemma 2.12. To derive (2.47) we observe that it is invariant under the rescaling
g(t) — ég(aT), hence it suffices to prove it for 7 = 1 at points ¢ such that [(g, -) is
differentiable at q. By Hamilton’s Harnack inequality ([(11.1), P]), R, < 0 and hence
R(q,s) < R(q,1) in (2.35) with 4 = 1. By (2.45) we then infer

L(q,7) < L(g. 1) + CL(g, 1)(r2% — 1). (2.50)
On the other hand, we can apply (2.45) and (2.46) in (2.36) to deduce

L(g,1) < L(q,7) + CL(q,7)(\/T2 — /73)- (2.51)

Obviously, (2.50) and (2.51) imply |I.(¢,1)| < Cl(g,1).
Alternatively, we have by [(7.5), P] and [(7.6), P]

[VL[®
L. = — 2.52
== (2.52)
on U,Q(7). Applying Lemma 2.12 and (2.46) we also obtain (2.47). |
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Lemma 2.14 Assume that the Ricci curvature is bounded on [0,7|. Then there is a
positive constant C' = C(1*) for every 7" € (0,7) with the following properties. For
each T € (0,7*] we have

¢
T
almost everywhere in M. For each ¢ € M we have

IVI? < =(I+7+1) (2.53)

C
| <—=(I+74+1) (2.54)
T
almost everywhere in (0, 7*].

Proof. Consider 7* € (0,7),7 € (0,7*] and ¢ € M. By the arguments in the proof of
Proposition 2.9 we deduce for a minimal £ ;-geodesic v from p to ¢

C
A< < Ugm) +7+1) (2.55)
for a positive constant C' = C(7*). Taking s = 7 in (2.55) and applying Lemma 2.12
we then arrive at (2.53).

The estimate (2.54) follows from (2.55) and the arguments in the proof of Propo-

sition 2.10. [ |

Lemma 2.15 Assume that the Ricci curvature is bounded from below on [0,7]|. Then
there holds for every T € (0, 7]

/M IAGdq < / _ oAldq (2.56)

for nonnegative smooth functions ¢ with compact support, where the integral [,,,
means liminf._g [y;_y , with U. = U(C;) denoting the e-neighborhood of C- (€ > 0).
Consequently, we have

_ /M VI Vdg < /  oAldg (2.57)

for nonnegative Lipschitz functions ¢ with compact support.

Proof. Consider qo € M. By Proposition 2.11, there is a neighborhood U of ¢y and
a smooth function 1 on U such that [ 4+ v is concave. We can assume that [ + v
is actually strictly concave, i.e. it is the sum of a concave function and a smooth
concave function with negative Hessian. By [GW] or [Y], there exists a sequence of
smooth concave functions f, with negative Hessian on a neighborhood UcUof
go such that: 1) fi converge uniformly to [ + ¢ on U, and 2) the derivatives of fj
converge uniformly to the derivatives of [ + ¢ on U — U.(C/(7)) for each e > 0.
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Let ¢ be a nonnegative smooth function with compact support contained in U.
Setting U, = U.(C(7)) we then have

[ fidoda = [ Afiodg= [ Afodg+ | Afodg < [ Afiod. (259

Taking limit we deduce

[ a+w)aodg< [ AQ+v)sdy (2.59)
M M-U.
It follows that
/ (I + ¥)Addg < liminf / A+ ¥)dg. (2.60)
M =0 JM-U.
Since C'(7) is closed and has zero measure by Lemma 2.12 there holds
lim Addg = / Addg = / bAGdg. (2.61)
=0/ M-U. M M

Hence we conclude that
/ IAGdg < lim inf / bAldg. (2.62)
M e—0  JM-U.

Since ¢ is arbitrary, we deduce by using a partition of unity that (2.56) holds true
for all nonnegative smooth functions ¢ with compact support. [

Lemma 2.16 We have on U.Q(1) x {7}

lT—Al+|Vl|2—R+% >0 (2.63)
and

2A1 — |VI* + R+ Z_Tn <0. (2.64)
Moreover, (2.63) becomes an equality at a point if and only if

1
Al= R+ — K (2.65)

2T 27'%

holds true at that point, and (2.64) becomes an equality at a point if and only if (2.65)
holds true at that point, where K is defined on page 16 in [P].

Proof. The inequality (2.63) is [(7.13), P], while the inequality (2.64) is [(7.14), P].

The claims about the equality cases follow from the arguments in [P] for [(7.13), P]
and [(7.14), P]. |
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Theorem 2.17 Assume that the Ricci curvature is bounded from below on [0, 7] for
each 7 € (0,T). Then the equations

zT—Az+|VZ|2—R+2£ >0 (2.66)
T

and l
2Al—|Vl|2+R+7n <0 (2.67)
’7_

hold true on M x (0,T), when Al is interpreted in the weak sense, i.e.
/ / {16+ (L + VI = R+ )d)}dda >0 (2.68)

for nonnegative Lipschitz functions ¢ on M X [11, 7] with 0 < 71 < 79 < T such that
the support of ¢(-,7) is compact for each T € |11, 7], and

[ =291V + o(- VI + R+ Z_T”)}dq <0 (2.69)

for nonnegative Lipschitz functions ¢ on M with compact support and each T € (0,T).

Proof. We first consider (2.66). Let ¢ be a nonnegative Lipschitz function on M x
[71, To] with compact support. By Proposition 2.9, Proposition 2.10, Lemma 2.12 and
Lemma 2.15 we have

/ /{vz Vo + (- + VI — R+ )gb}dqdr > / / (I, — AL+ | VI —
+E)¢dqd7, (2.70)

where the integral [;; means the limsup of the integral on M — U, as ¢ — 0. By (2.63)
the right hand side in (2.70) is nonnegative.

The inequality (2.67) follows from the same argument, using the inequality (2.64)
instead of (2.63). |

3 Basic Properties of the [-Function 11

Lemma 3.1 Assume that the Ricci curvature is bounded from below on [0,7]. Then
the minimum of I(-, 7) does not exceed %.

Proof. By the argument in the proof of Proposition 2.11, one readily shows that the
differential inequality [(7.15), PJ:

L, +AL<2n (3.1)
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holds true in the sense of barriers, where L(q,7) = 2/7L(q,7). More precisely, for
each ¢ € M, each 7 € (0,7T) and each € > 0, there is a smooth function u (an e-barrier
at (¢, 7)) on a neighborhood of (g, 7) in M x [, T) such that u > L,u(q,7) = L(q, 7)
and u,(q,7)+ Au(q, 7) < 2n+e. (We use the forward interval [1,T") here because the
left hand side of (3.1) is the backward heat operator.) By Lemma 2.2 the minimum
of I(-,7) and hence of L(-,7) is achieved for every 7. Consequently, the maximum
principle implies that the minimum of L(-,7) — 2n7 is nonincreasing. The desired
bound for the minimum of [ follows.

The details of the said maximum principle are as follows. Set v = L — 2n7. Then
v satisfies v; + Av < 0 in the sense of barriers. Let h(7) = minwv(-,7). Consider 7
and a minimum point ¢ for v(-,7). For e > 0 let u. be an e-barrier of v at (g, 7).
Then we have for 7" > 7 sufficiently close to 7

r) = h(r) v, 7) —vle,r) o we, ) —ulg,7) (3.2)
T -7 T —T T —T
Taking limit we obtain
dth 0
< 5o(a,7) < —Au(g ) + e, (3.3)
where % = limsup,,_ o+ w Obviously, ¢ is a minimum point for wu(:, 7),

whence Au(g,7) > 0. Letting € — 0 we then arrive at

+
dh g (3.4)
dr

Consequently, h is nonincreasing, cf. [H]. [ |
Next we present the following lemma of Perelman on comparison of [ with the
distance, which strengthens Lemma 2.2. The basic idea of the lower bound for [ in

this lemma was communicated to us by Perelman. We present the estimates in a
scaling invariant form.

Lemma 3.2 Assume that the curvature operator is nonnegative for each 7. Fix a
point x € M. Then we have

&(x,9,7) (3.5)

d2
o)~ 14+ LT <y 0 <o) + G
T
for all ¢ € M, where Cy and Cy are positive constants depending only on n.

Proof. Note that [ and the quantity d*(z, ¢, 7) /7 are both invariant under the rescaling
g(1) — a~'g(ar). Hence it suffices to prove (3.5) for the case T = 1.
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Since (1) is dense in M, it suffices to consider the case x,q € Q(1). Let v,,, be
the minimal £ ;-geodesics from p to x, ¢ respectively. Then

L d

d(l‘, q, 1) = 0 %d(’}/x(s)a 711(5)? S)ds

= /01 lgi(’h(@fm@),s)+V1d-fy;(s)+vnd.%’](s> ds, (3.6)

where V7 refers to the gradient with respect to the first argument, and V;; that with
respect to the second argument.
By (2.19) we have 7, (s) = VI(7(s), s) and 7;(s) = VI(74(s), s). We also have

I(7a(s), 5) = zlﬁco,s(%rm,so < Qlﬁco,l(fn,) - jgzm, 1), (3.7)

Hence we can apply (2.46) to deduce

()] < VOs™41(g, 1), 17, (s)] < VO™ Iz, 1). (3.8)

Next we estimate 2d(v,(s),7,(s),s). It follows from (2.46) that

VI < f (3.9)
Set ro(s) = s%4(I(g,1) + 1)~Y/2. Then we have for ¢ with d(g,v,(s),s) < ro(s)
13(,5) < 13 (3(s), 8) + 2@%(3) < (s “f) lg.1) + 1. (3.10)
By (2.49) again, we infer
R(7.5) < Cs (s 4 *fm(q, 1) +1). (3.11)
Similarly, we have
R(g,s) < Cs s Y4 + ?)2(5(90, 1)+ 1) (3.12)
for g with d(q,7,(s), 5) < ro(s).
Now we apply [P, (8.3 (b))] to deduce
a5 () ) < 2n = 1) (2Kro(s) +mols) ) (3.13)

< (8_3/4 +s572 4 83/4) l(g,1) + 1. (3.14)

Combining (3.6), (3.8) and (3.14) finally yields the left hand side of (3.5) for 7 = 1.
The right hand side of (3.5) follows from (3.9). |
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Theorem 3.3 Assume either that the curvature operator is nonnegative for each T
or that the Ricci curvature is bounded on [0, 7| for each . Then the inequality (2. 68)
holds true for nonnegatwe Lipschitz functions ¢ on M x |11, 73] such that ¢ < Ce™
and |V¢| < Ce™ for a positive constant C' which depends on ¢. Similarly, the
inequality (2.69) holds true for nonnegative Lipschitz functions ¢ such that ¢ < Ce™
and |Vé| < Ce=! with C depending on ¢. In both cases, the involved integrals are
absolutely convergent. In particular, we obtain by choosing ¢ = e~ in (2.68)

/ / (= R+ )e L% dgds > 0. (3.15)

Proof. We present the case of (2.68), while the case of (2.69) is similar. We can assume
that M is noncompact. We first handle the case of nonnegative curvature operator.
Let n. be a sequence of Lipschitz continuous functions with compact support such
that 0 < nx < 1,|Vn| < 1 and 7, = 1 on the geodesic ball By (z(7), ) for a minimum
point z(7) of I(-,7) and 7 € [1, 2]. By (2.68) we have

/ " /M{vz (Viud + V) + (I + [VI2 — R+ %)nm}dda >0 (3.16)

By the volume comparison, the volume of ¢g(7) grows no faster than the euclidean
rate. Hence we can apply (3.5) and Lemma 3.1 in the case of nonnegative curvature
operator to deduce

) Cl
[ VI-Vnodg < C Ve g < C [ \/7 “ldg
M M—By(z(7),7) M =By (z(1),7)
< Cie ok (3.17)

for suitable positive constants C; and ¢;. Using Lemma 3.2, Lemma 3.1 and Lemma
2.13 we also obtain

/M SN (R R (A VI + R+ )qb}dda < Gyt (3.18)
— DL

for suitable positive constants C and cy. Taking limit in (3.16) we then arrive at the
desired inequality.

In the case of bounded Ricci curvature we choose x(7) = p and apply Lemma 2.2
and Lemma 2.14 instead of Lemma 3.2. [ |

4 The Reduced Volume

We continue with the solution (M, g = g(7)) of the backward Ricci flow on [0,7") as
before (assuming that ¢(7) is complete for each 7 € [0,7)).
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Definition 5 We define the reduced volume V(1) to be

V(r) = V,(r) = /M e @) dq. (4.1)

Our goal is to obtain monotonicity of the reduced volume and its upper bounds.
For this purpose, we need as in [P] the following weighted monotonicity of the Jacobian
of the L-exponential map given in [P].

Lemma 4.1 Let J(7)(v) = J,(7)(v) denote the Jacobian of the L-exponential map

expf” at v € QM (1) where T,M is equipped with the metric g(7),. Then we have
iT_%(a_l(”’T)J(T)(U) <0 (4.2)
dr— -

for each v € QTPM (1), where (v, 7) = 1(7,(7),T) (Vo is given in Definition 2). More-
over, if 7y 2e ') I (1) (v) = 7y 2e7 O™ (1) (v) for 1y < T and v € QM (1y), then
the equation

1
Ric— —g+ V=0 4.3
e 27g + (4.3)
holds true along -y, on the interval |1, Ts].

Proof. This follows from the arguments on pages 16 and 17 in [P]. |

Lemma 4.2 Consider v € QU(7) for some 7. Then

lim 7727 O J(r)(v) = e T (4.4)
Consequently,
v 2
T Ee O (r)(v) e T (4.5)
for each T.

Proof. Set J(7)(v) = 7= 2e "7 J(7)(v). The following transformation formula is
easy to verify:

Jgo (T)(av)dvg, o) = J(aT)(v)dv, (4.6)
where ¢,(7) = a 'g(at) and ar < 7. In particular
Joa(1)(@v)dvy, o) = J(@)(0)do. @)

Using exp™” we pull back ¢,0 < 7 < 7 to Q%»(7), and then pull it back by the scaling
map D, (v') = av’,v" € T,M. The resulting metrics will be denoted by ¢g*. Applying
(4.7) to g* we deduce that

J(a)(v) = Jg; (1)(v) (4.8)



for 0 < a < 7. Next observe that over [0, 2], g* converge smoothly on compact sets of
T,M to the euclidean steady soliton ¢°(T) = ¢(0), as a — 0. Moreover, the image of
the minimal £-geodesic from the reference point 0 to v remains in a fixed compact set
during the convergence, which follows from the arguments in the proof of Proposition

lv|?

2.4. Tt follows that lim, .o J(a)(v) = Je(1)(v) = e 1.
The inequality (4.5) follows from (4.4) and Lemma 4.1. |

Theorem 4.3 Assume that the Ricci curvature is bounded from below on [0,7] for
some 7. Then V(1) < (47)2 for each T € (0,7]. The same holds if the Ricci curvature
is bounded from above on [0, T].

Proof. By Lemma 2.12 and Lemma 4.2 we have

V(r) = /T ( )T*Qe*l(””)J(r)(fu)dv < e dy = (47)3.
Qr(r

(4.9)

OTp (1) T JTM

Theorem 4.4 Assume that the Ricci curvature is nonnegative for s € [0,7]. Then
V(1) < (47)% unless (M, g(O)) is isometric to R™ and g(s) = ¢(0) for all s € [0, 7],
in which case V() = (47)%.

Proof. By (2.1), we have dq = Rdq. This and (2.9) imply that
f/(r)gr*%/ ! *%/ ~EE12 ke, (4.10)
M

By volume comparison, we have

dQ(quo) n
/ e~ dglo </ 55 de = (4n7)t. (4.11)
M

Hence we arrive at the desired inequality. If V(7) = (47)%, then (4.11) must be an
equality, and hence (M, g(0)) is isometric to R"™. The second inequality in (4.10) must
also be an equality. Consequently, R = 0 and hence Ric =0 for s € [0, 7]. It follows
that g(s) = ¢(0) for s € [0, 7]. |

Theorem 4.5 If the Ricci curvature is bounded from below on [0, 7] for each T, then
V() is a nondecreasing function. The same holds if the Ricci curvature is bounded
from above on [0, 7] for each T.

Proof. By Lemma 2.12 we have
V(r :/ 7 2e U9y :/ 72707 J(1)dv, 4.12
@=/. . (") (412

where dv denotes the euclidean volume form on T, M determined by ¢(7),. By Lemma
2.8 we have for 7y < 7, the inequality V() — V(r) < Jogm) 7y 2e7l0m) J(1y)dv —
Joagm) T CZemllvm) g (11)dv. By Lemma 4.1 we then obtain the desired monotonicity. l
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Proposition 4.6 Assume either that the Ricci curvature is bounded on [0, 7| for each
T or that the curvature operator is nonnegative. Then there holds

V() =V(n) = / / (I, —R+ )e L3 dgdr (4.13)

forall0 < <1 <T.

Proof. We first assume nonnegative curvature operator. Consider 75 > 71. Applying
Proposition 2.10, Lemma 2.13 and Lemma 3.2 we deduce

V() —V(n) //T —T ze @) dg) =

—/ / (I, — R+ —)e_lT%dda. (4.14)
M Jr 2T

Indeed, the last integral is absolutely convergent, see the proof of Lemma 3.3. In
particular we can switch the integration order to arrive at (4.13).

The proof of (4.13) in the case of bounded Ricci curvature is similar, cf. the proof
of Lemma 3.3. Note that in this case we also have

av ] . n
o= | =R+ et (4.15)

for every 7. This can be seen by computing the relevant difference quotient and
applying the dominated convergence theorem to pass to limit. 3
We remark that (4.13) and Lemma 3.3 also imply the monotonicity of V(7). W

Definition 6 In this definition, let g be a smooth solution of the backward Ricci flow
on N x [ for a smooth manifold N and an interval I. We say that g is a gradient
shrinking soliton with time origin 79 and potential function f on an open subset O
of N x I, where f is a smooth function on O, provided that g satisfies the gradient
shrinking soliton equation

: 1 2
S = 4.1
Ric 2(7—7’0)g+vf 0 (4.16)

in O.

Lemma 4.7 Let g be a gradient shrinking soliton on N x I with time origin 79 and
potential function f. Then g evolves by the pullback of a family of diffeomorphisms
coupled with scaling. More precisely, we have

= (@79, (4.17)

where T € I and ¢ is the solution of the equation % = Vf(¢) with ¢(7) = id (id
denotes the identity map of N ).

T —1T0

g =
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Proof. We have

g , 1 5 1 _
22 — 9Rics = V3 f = — Lv_+G. 4.1
or Ttics T — Tog Vo T— ng Va9 (4.18)
Hence 5 )
—@*g = *g. 4.19
5-9°0=— Tocb g (4.19)
The equation (4.17) follows. |

Lemma 4.8 As in Definition 6, let g be a smooth solution of the backward Ricci
flow on N x I. Let f be a smooth function on an open subset O of N x I. We set
u= (4r1)" 3¢ and v = [r(2Vf — |Vf|? + R) + f —n]. Then we have

1
Ov = —27|Ric + V*f — ~g|*u + 27ulA(u "' Ou), (4.20)
T

where Ou = u, — Vu + Ru. Consequently, if u satisfies the heat equation Ou = 0, or
equivalently

of n
—A ~R+—=0 4.21
L Af+IVIP-R+ - =0, (421)
then v satisfies the equation
1
v = —27|Ric+ V2f — ~g|*. (4.22)
T

In particular, if (4.21) holds, then g is a gradient shrinking soliton on O with time
origin 0 and potential function f if and only if Ov =10 in O.

Proof. This is a reformulation of [Proposition 9.1, P]. The formula (4.20) follows from
routine computations. |

Now we return to our previous g on M x [0, 7).

Proposition 4.9 Assume either that the Ricci curvature is bounded on [0, 7] for each
7 < T, or that the curvature operator is nonnegative. Assume that V(’l’l) V(TQ) for
some 71 < To. Then 1 is smooth on M x (11,72) and g is a gradient shrinking soliton
on M x (11, Ty) with time origin and potential function .

Proof. Assume V (1y) = V(7y) for some 7, < 75. By Proposition 4.6 we have

/ / e '3 dgdr = 0. (4.23)
We set

Q@) = [ [ {V1-V6+ (1 + VI = R+ J-)0}dadr (4.24)
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for admissible ¢, which are Lipschitz functions ¢ on M x [11, 73] such that |¢| < Ce™!
and |VI| < Ce! for some C (depending on ¢). Then the equation (4.23) says that
Qr (77 2€7Y) = 0. For an arbitrary nonnegative admissible ¢ with bound factor C
we have by Theorem 3.3, Q,, ,(C7 3¢~ — ¢) > 0, whence Q,, ,(¢) < Qry () <
CQrr(773e7Y) = 0. By Theorem 3.3 again we deduce that Q,, ,,(¢) = 0. By
linearity of @, ., we then infer that @, -,(¢) = 0 for all admissible ¢, in particular
for all Lipschitz ¢ with compact support. The standard regularity theory for parabolic
equations implies that [ is smooth on M x (71, 75) and satisfies

ol
A AN+ VIP-R+ =0 (4.25)
or 2T

By Lemma 2.16 we then also have

2Nl — |v1|2+R+lT” =0 (4.26)

Now we can apply Lemma 4.8 with f = [. By (4.25), the equation (4.21) holds
true. By (4.26), v = 0. Hence we conclude that g is a gradient shrinking soliton with
time origin 0 and potential function {. (The implication of Lemma 4.8, i.e. [9.1, P]
was first pointed out to us by G. Wei. Note that a similar argument is used in the
proof of Theorem 10.1 in [P].) [ |

Theorem 4.10 Assume that the Ricci curvature is bounded on [0,7]. Then V(1) <
(4m)2 unless (M, g(0)) is isometric to R™ and g(s) = g(0) for each s € [0, 7].

Proof. By Theorem 4.3, V(1) < (47)%. Assume the equality holds. By Theorem 4.5
an Proposition 4.9, g is a gradient shrinking soliton on M x (0,7) with time origin
0 and potential function . By Lemma 4.7, g(7) = T;/gb*g(T’) for 7,7 € (0, 7). Since
the Ricci curvature is bounded, we can let 7/ — 0 to deduce that ¢(7) is Ricci flat for
each 7 € (0,7). The desired conclusion then follows from Theorem 4.4. |

5 Asymptotic Limits of x-Solutions

Let g(t), —oo < ¢t < 0 be a k-solution for some x > 0 on a manifold M. Recall [P]
that this means that §(¢) is a solution of the Ricci flow

g

— = —2Ric 5.1
on M x (—o0,0], such that for each ¢, the metric g(¢) is a complete non-flat metric
of bounded curvature and nonnegative curvature operator. Moreover, each §(t) is
r-noncollapsed on all scales. To understand the structures of §(t), we analyse its
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rescaled asymptotical limits at the time infinity. One needs to use a blow-down
rescaling, because the Ricci flow equation and nonnegative curvature imply that g(¢)
expands as t decreases.

Pick an arbitrary time t5 < 0 and set 7 = tg —t for ¢t < t3. Then g(7) =
g(to — 1), 7 € [0,00) is a solution of the backward Ricci flow (2.1). We choose a
reference point p € M and apply the constructions from the previous sections. By
Proposition 4.5, Vi = lim,_., V(7) exists. Let z = z(r) be a minimum point for
I(-,7). By Lemma 3.1, [(z,7) < §. We'll use z as the center for pointed convergence.
(The reference point p is not suitable for this purpose, because the estimates around
p are not good enough after rescaling.)

For 7 > 0, we set as before g-(7) = Lg(77). The following theorem is Proposition
11.2 in [P].

Theorem 5.1 Let 7, — oo be given. Then the pointed flows (g, (), M, x(x)) for
T € (0,00) subconverge smoothly to nonflat gradient shrinking solitons (Mo, Goo, Too)
with time origin 0 and limits of the l-function of g, as potential functions. These
solitons will be called “asymptotic solitons” of g.

Proof. Part 1

We set g, = g-, and consider [, and \N/gk (the [-function and reduced volume
associated with gi). Since the [-function and reduced volume are invariant under
rescaling, we have

Ly (2(70), 1) < /2 (52)
and V,, (1) = V(r7). It follows that

lim Vo (1) = Voo (5.3)
for each 7.
By (3.5) we deduce
n
ly(4:1) < C(5 + dg, (x(7), ¢, 1)). (5:4)

Then it follows from (2.47) that (with a different C)
n
I (0.7) < OO (2 4 &2 (7). 0, 1), (5.5)

where £ is 4+ if 7 > 1 and — if 7 < 1. Consequently, we obtain from (2.45) and the
nonnegativity of curvature the estimate

n
[Bimgel(a,7) < CT7 0 4+ & (a(m), 0, 1). (56)
Part 2
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By the k-noncollapsing assumption, we obtain injectivity radius estimates on com-
pact sets for each g;(7) which depend only on dg, (z(7%),-, 1), 7 and k. By Gromov-
Cheeger-Hamilton compactness we then obtain pointed smooth subconvergence of
(M, g, x(7)) to limit flows on the time interval (0, 0o).

Let (M, goo(T), Zoo), 7 € (0,00) be such a limit whose corresponding converging
subsequence will still be denoted by gr. By Lemma 2.13, the recaling invariance and

(5.5), we can assume that [, converge locally uniformly to a locally Lipschitz function
loo O My X (0,00).

Part 3
Let 75 > 7 > 0. By (4.13) we have
- - algk . _n
Vou(12) = V(1) = —/ / - 27)6 kT 2dgdT
= / / nge’lgk7'75dqd7'+/ elgk(q’”)dq]T2
1 M M
_/ elgk(Q7Tl)dq|T1’ (57)
M

where dg = dg,,. The estimates in the proof of Lemma 3.3 imply that the three
integrals on the right hand side of (5.7) converge to the corresponding integrals on
M with respect to lo, goo and dgqy . By (5.3) we then conclude that

T2 "
/ R, e 172 dqdr —|—/ el @) g —/ e l@mdgl,, =0, (5.8)
T1 Moo Mo Moo

where dg = dg,. . This is equivalent to

/ / 87’ Ry + 5o)e > ¥dgdr = 0. (5.9)

Part 4 By Theorem 2.17 and the local uniform convergence of [, we deduce
that [, satisfies the differential inequality (2.66) when Al is interpreted in the weak
sense, i.e.

Qrim(9) 2 0 (5.10)

for arbitray 7 > 7 > 0 and nonnegative Lipschitz functions ¢ on M., X [, 72] such
that the support of ¢(-,7) is compact for each 7 € [y, 73|, where

T2 Ol
Q@) = [ [ (Voo Vi + (5 4 [Vilel? = By 4+ 5 )6 }dgdr. (5.11)

(Of course, the inner product and norm are also measured in g.) Next we deduce
from (3.5) that

2
n dgoo (xom q, T)

d2 (o oB} )
S e g, (70,4, 7)

<lolg7) < 5+ (5.12)
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By this and the proof of Theorem 3.3 we infer that (5.10) holds true for nonneg-
ative ¢ such that B
(g, 7) < Ce'=(q,7) (5.13)

for each ¢ € M., and 7 € [r, 7] and some positive constant C' depending on ¢.
Now we can apply the arguments in the proof of Theorem 4.9 to conclude that [, is
smooth and g, is a gradient shrinking soliton with potential function /..

Part 5
Finally, we show that the limit g, or g is nonflat. Assume that g, is flat. Then
the soliton equation implies

1
Vil = 5o (5.14)

It follows that [ (-, 1) is a strictly convex function with a unique minimum point (by
the construction it has a minimum point z,). By (5.13), its level sets are compact.
Hence M, is diffeomorphic to R™ and then each (M, goo(7)) is isometric to R™.
Next we observe that (5.14) implies that A, [ = which together with (4.26)
leads to

l
lo]® = =. 1
Vieof? = = (5.15)

For a fixed 7, we identify (Mu, goo) with R™ via an isometry. Let z denote the
coordinates on R™. Then (5.14) implies that

2
Vi (x,7) = Vﬁ +v(7) (5.16)
4T
for a constant vector v(7). Hence
|z
lo(x,7) = T v(T) -z +¢(7) (5.17)
T

for a constant ¢(7). A simple calculation using (5.15), (5.16) and (5.17) yields ¢(7) =

7|v|?. Tt follows that lo(z,7) = W and hence V, = (47)%. But V, < Vi, <
(47)% by Theorem 4.4. Thus we arrive at a contradiction. (Actually, V, = V... ) Rl
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