AFFINE JACQUET FUNCTORS AND
HARISH-CHANDRA CATEGORIES

MILEN YAKIMOV

ABSTRACT. We define an affine Jacquet functor and use it to describe the
structure of induced affine Harish-Chandra modules at noncritical levels, ex-
tending the theorem of Kac and Kazhdan [10] on the structure of Verma
modules in the Bernstein—Gelfand—Gelfand categories O for Kac—-Moody al-
gebras. This is combined with a vanishing result for certain extension groups
to construct a block decomposition of the categories of affine Harish-Chandra
modules of Lian and Zuckerman [13]. The latter provides an extension of the
works of Rocha-Caridi, Wallach [15] and Deodhar, Gabber, Kac [5] on block
decompositions of BGG categories for Kac-Moody algebras. We also prove a
compatibility relation between the affine Jacquet functor and the Kazhdan—
Lusztig tensor product. A modification of this is used to prove that the affine
Harish-Chandra category is stable under fusion tensoring with the Kazhdan—
Lusztig category (a case of our finiteness result [17]) and will be further applied
in studying translation functors for Kac-Moody algebras, based on the fusion
tensor product.

1. INTRODUCTION

Let g be a complex semisimple Lie algebra and g be the corresponding affine
Kac-Moody algebra.

In this paper we define an affine version of the Jacquet functor [4, 16], introduced
by Casselman and Wallach, and use it to deduce properties of the affine Harish-
Chandra categories and the Kazhdan—Lusztig fusion tensor product.

The standard Harish-Chandra category, associated to a real form go of g (consist-
ing of finite length, admissible (g, £)-modules) will be denoted by H. The Jacquet
module of V' € H is given by

j(V) = lim Annx V* C V*

where ng is the nil radical of a minimal parabolic subalgebra q¢ of go. It is a faith-
ful and exact (contravariant) functor from H to a generalized Bernstein—Gelfand—
Gelfand category, to be denoted by O’. (On the latter (qo/ng)c only acts locally
finitely, but in general not semisimply.)

The affine Harish-Chandra category H, consists of finitely generated smooth
g-modules of central charge x —h" on which the Sugawara operator L acts locally
finitely and the corresponding generalized eigenspace decomposition of Ly has the
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form

(1.1) V= @ V¢ for some &y, ..., &, €C
§: E—E§i€l>0

where V¢ € H, considered as g-modules. These categories were introduced by Lian
and Zuckerman [13, 14] in a slightly different way. See section 2.3 for details. (As
usual hY denotes the dual Coxeter number of g.)

The generalized affine Bernstein—Gelfand—Gelfand category @; is the category
of smooth g-modules of central charge x — hY with the above property (1.1) and
Ve . R

The affine Jacquet functor is a faithful and exact (contravariant) functor j: H, —
(/’)\;, given by

(1.2) JV) = [H(V)H(0)]
Here (.)* denotes the twist of a g-module by the automorphism of g : (zt")f =
z(—t)", z € g, K = —K. By (.)(c0) we denote the strictly smooth part of a g-
module, see section 2.3. The notation WClLol=F" is for the C[Lg] locally finite part
of W. This can be omitted in the case k ¢ Q>o.

If the g-module V € 7—7,.1 has the Lo generalized eigenspace decomposition (1.1),
then

V)= @ limAnng (Ve
§:§—E&i€l>0
as g-submodules of (V*)f where (V¢)* is identified with the subspace of V*, con-
sisting of functionals vanishing on P/, Ve
For every irreducible g-module M the induced g-module

Ind(M) = U(9) ®@u(gieck) M

and its unique irreducible quotient Irr(M), belong to 7:\[,.;. Here K acts on M by
k — hY and g[t] acts on M through the quotient g[t] — g[t]/tg[t] = g.
We prove that

(1.3) J(Ind(M),) = D(Ind(j(M)?).)

where (.)¢ and D(.) refer to certain natural duality functors in H and ﬁm respec-
tively, see section 2.1 and 2.3.

The idea to use the Jacquet functor to study the structure of induced modules
in the affine Harish-Chandra categories belongs to Lian and Zuckerman [14]. They
formulated a version of (1.3) but with the use of the standard Jacquet functor
which makes it slightly incorrect.

From (1.3) we prove a generalization to the affine Harish-Chandra categories of
the result of Kac and Kazhdan on the structure of Verma modules for Kac-Moody
algebras:

If M is an irreducible Harish-Chandra module with infinitesimal character xx €
h* /W for some A\ € h*, then all irreducible subquotients of Ind(M),, are isomorphic
to Ind(Ms),, for some irreducible Harish-Chandra modules My with infinitesimal
character xx, such that there exists w € W for which the pair [wA, A2] € b* X b*
satisfies the condition (x) of Kac-Kazhdan, reviewed in Definition 2.7.

We further obtain in section 4.3 a block decomposition of the categories 7'A{,{,
extending the works of Rocha-Caridi, Wallach [15] and Deodhad, Gabber, Kac [5]
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on block decomposition of the categories O for Kac-Moody algebras. Define the
equivalence relation ~ in B, induced by X\ ~ p if pw € WX or the pair [\, u] € b* x h*
satisfies the condition (x) in Definition 2.7. Then the categories of affine Harish-
Chandra modules H,, posses the block decompositions
A= @ 7L
Xe(b*/~)
The subcategories 7:\[,’:‘ consist of modules V' € 7/-2,.i with a filtration by g-submodules

O=WoycWyC...CWn=V

for which the subquotients W;/W;_1 are isomorphic to quotients of Ind(M), for
irreducible Harish-Chandra modules with infinitesimal characters in the class X €
(b*/ ~). Similar result is proved for infinitely generated affine Harish-Chandra
modules in analogy with [5].

We also show vanishing of Ext groups between different blocks in a much larger
category in the spirit of the results of Rocha-Caridi and Wallach [15], and the
vanishing of Ext’s between blocks of H in the larger category of all (g, £)-modules
(neither finitely generated, nor admissible, in general), see [3, Theorem 4.1, Ch 1]
and Proposition 2.1 below. This is done in section 4.2.

Our approach is very similar to the one of Rocha-Caridi, Wallach [15] and De-
odhar, Gabber, Kac [5]. (The paper [5] discusses only the case of vanishing of Ext?
groups in the the O category for an arbitrary Kac-Moody algebra and [15] the
general case.) The proof of the vanishing of Ext groups in the category O in [15, 5]
uses the fact that modules from this category, restricted to the Cartan subalgebra
of the extended affine Kac-Moody algebra belong to a semisimple category. On
the contrary modules from the category 7-A{,i, which we treat, restricted to g — g
form essentially the Harish-Chandra category (which is non-semisimple). The use
of semisimplicity in [5, 15] can be avoided. When written in terms of spectral se-
quences the arguments of [15, 5] simplify a lot, as it is always the case in similar
situations.

In section 5 we derive the following compatibility property between the affine
Jacquet functor and the Kazhdan—Lusztig tensor product:

Let k ¢ Q>¢. For any module U in the Kazhdan—Lusztig category and V € 7—7,.@
the following isomorphism holds:

(1.4) jUéev)=D [U@D}'(V)} .

In [17] we showed that for any subalgebra f of g which is reductive in g the affine
analogs of the categories of finite length, admissible (g, f)-modules are stable under
the fusion tensoring with the Kazhdan—Lusztig category for x ¢ Rso. This is an
affine version Kostant’s theorem [12].

A modification of (1.4) provides another proof of a case of our result [17], namely
that the affine Harish-Chandra category is stable under fusion tensoring with mod-
ules from the Kazhdan—Lusztig category.

The above compatibility of the fusion tensor product and the affine Jacquet
functor will be further used in studying fusion translation functors in the spirit of
Zuckerman [18] and Jantzen [8].

After the work of Beilinson and Bernstein [1] a very general nonvanishing of the
Jacquet modules of a g-module with an infinitesimal character (associated to the
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nilradicals of Borel subalgebras in a dense subset of the flag variety) is known. It
is interesting to understand if this can be used to define block decomposition of
the category of all smooth (Lg-locally finite) g-modules for which V¢ are finitely
generated U(g)-modules on which the center of U(g) acts locally finitely. In this
way the affine Jacquet functor would substitute very efficiently the triviality of the
center of an affine Kac-Moody algebra.

Acknowledgments: I am indebted to Dan Barbasch, Yuri Berest, and Edward
Frenkel for very helpful discussions and comments.

2. PRELIMINARIES ON REAL SEMISIMPLE LIE ALGEBRAS AND AFFINE
KAC-MOODY ALGEBRAS

2.1. Real semisimple Lie algebras. Let gy be a real semisimple Lie algebra with
complexification g = (go)c. Fix a Cartan decomposition of g

go = €0 @ po.

Let ag C po be a maximal commutative subalgebra. Denote by ¥ a fixed set of
positive restricted roots of gg with respect to ag and set

A
= P -
AEX 4

Define the minimal parabolic subalgebra of gg
o = Mo D ap b ng

where mg = Zg, (ao).
Fix a maximal commutative subalgebra ty C my and consider the related maxi-
mally noncompact Cartan subalgebra

ho=to @ ao

of go. Then the complexification h = (ho)c is a Cartan subalgebra of g and one can
find a set of positive roots A, for g relative to h which extends >4, i.e.

Alg, = ¥ U {0}.

Denote the nil radical

ny = @9’\

AEA L

of the related positive Borel subalgebra. Then
ny O (no)c.

Recall that the category H of Harish-Chandra modules for the pair (g, £) is the
category of finitely generated g-modules V' such that

V]e = Pve)em

where V# are representatives of the equivalence classes of all irreducible finite di-
mensional ¢-modules and the multiplicities m,, are finite (admissibility condition).
All Harish-Chandra modules have finite length.
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The generalized Bernstein—Gelfand—Gelfand category O’ for g related to the
choice of Borel subalgebra b and Cartan subalgebra h as above, consists of finitely
generated g-modules V' on which ny acts locally nilpotently and

Vip= @D Va, dimVy < oo
Aeh*

where V) denote the generalized eigenspaces of b :
Va={veV|(h—Ah))kv=0,Vh € b for some k € Z¢}.

The usual BGG category for g for the choices of Cartan and Borel subalgebras
made will be denoted by O.

The center of g will be denoted by Z(g). By the Harish-Chandra isomorphism
Z(g) = S(h)" and the characters of Z(g) are parametrized by h*/W. The character
corresponding to A € h* will be denoted by x,: Z(g) — C. Recall that for the
Casimir element of U(g)

(2.1) Xa(Q) = A = ol

where p is the half-sum of the positive roots of the Borel subalgebra of g used to
define the Harish-Chandra isomorphism.

For a g-module V' possessing an infinitesimal character, by x(V') we will denote
the latter.

The categories H and O posses block decompositions

(2.2) H= P n, 0= P o~
xeb*/w xeb* /W

where HX and O'X are the full subcategories of H and (', respectively, consisting
of modules with filtrations by g-modules with infinitesimal character .

Later we will need an important result on vanishing of Ext groups between
Harish-Chandra modules modules from different blocks of H, see [3, Chapter I,
Theorem 4.1]. Denote by C(4,¢) the category of (g,€) modules, i.e. g-modules which
are locally £-finite and £-semisimple. It is well known that these categories have
enough projectives and injectives, see e.g. [3, Chapter I, 2.4].

Proposition 2.1. Assume that V; € HX*, i = 1,2 and x1 # x2. Then
EX‘D;E(Vl, va) =0,ne ZZQ
where Ex‘cgJ3 refer to the Ext groups in the category Cg.¢)-

The categories H and O’ have natural duality functors (involutive antiequiva-
lences). Both of them will be denoted by V + V<. They are given by

(2.3) V= (v)UO-iin v e,
(2.4) Vi = (v)VoI=fin -y ey,

Here and later for any module W over a Lie algebra by W* we denote the (full)
dual module. For a C-algebra A and an A-module W we denote by WA= the
A-submodule of W consisting of A-finite vectors, i.e.

WA = Ly € W | dim Aw < oo}

Clearly (.)? restricts to a functor from HX* to HX-* and from O to O'X-*,
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2.2. The Jacquet functor. Fix V € H. The natural increasing subsequence of
mg @ ag-submodules of V'
nV oOndVo...

gives rise to the increasing subsequence of my @ ag-submodules of V*
(V/ngV)* — (V/n2V)* — ...

Here for a subspace Vi of V, (V/V1)* is naturally identified with the subspace of
V* that consists of n € V* such that 7|y, = 0. Note that

(V/nfv)* = Ann, V"
Finally the Jacquet module of V' is defined by
§(V) = lim Ann V* = lim(V/ngV)*.

Since the adjoint action of ng on go is nilpotent the space j(V) is a g-submodule of
V.

Theorem 2.2. (i) For any V € H, dim(V/n§V) < oo and j(V) € O'.
(ii) The contravariant functor j: H — O’ is faithful and exact.

Because of part (i) of the above theorem, the Jacquet functor is also given by
j(V) = lim Ann, V™ = lim(V/nf V)",

see section 2.1 for the definition of n,..

In fact the Jacquet functor takes values in the subcategory of O’ consisting of
g-modules on which the Levi factor (mo@ag)c of the parabolic subalgebra q = (qo)c
of g acts locally finitely.

It is also clear that j: HX* — O'x=x,

Recall that the Harish-Chandra category H is stable under tensoring with finite
dimensional modules. We have the following property, relating this tensoring with
the Jacquet functor.

Proposition 2.3. For any finite dimensional g-module U and a Harish-Chandra
module V' the Jacquet module of U @ V € H is given by

JUV)2U* (V).

2.3. Untwisted Affine Kac—Moody algebras. Consider the loop algebra g[t,t~!] =
g®c C[t,t ). The untwisted affine Kac-Moody algebra g associated to g is the cen-
tral extension of this loop algebra by

(2.5) [2t", yt™] = [z, y|t" T + ndp —m (2, y)K, z,y €9

where (., .) is an invariant nondegenerate bilinear form on g normalized by (o, a)) = 2
for long roots « of (g, h). For a full exposition of Kac-Moody algebras we refer to
Kac’s book [9].

A g-module V is called smooth if any v € V is annihilated by xt" for all z € g
and n > 0.

On any smooth g-module of central charge x — hY (k # 0) one has a natural
representation of the Virasoro algebra [9], given by the Sugawara operators

(2.6) Ly = i DSOS (wpt ) (@pt )

p JEZL
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Here {x,} is an orthonormal basis of g with respect to the bilinear form (.,.). The
normal ordering in (2.6) prescribes pulling to the right the term zt™ with larger n.
Here and later hY denotes the dual Coxeter number of g. The following commutation
relations hold

(2.7) [Li, 2t"] = —n(xt™ ).

For any smooth g-module V' define the generalized eigenspaces of Ly
VE={veV|(Ly—&"v =0, for some integern}, ¢ € C.

Because g < g commutes with Lg every V¢ C V is naturally a g-module.

Definition 2.4. Let C be a category of finitely generated g-modules that is closed
under tensoring with finite dimensional g-modules. Define the category AFF(C),
to be the representation category of finitely generated smooth g-modules of central
charge k — hY which are Lg locally finite and satisfy

(2.8) V= @ V& for some &,&,...,6, €C
§: §—&i€Ly

with V¢ € C, considered as g-modules.

If Fin is the category of finite dimensional g-modules then the Kazhdan—Lusztig
categories [11] for g are KL, = AFF(Fin), in the case k ¢ Q>o.

Denote

O, = AFF(O)y, O.=AFF(O)., r#0.

Recall that the extended Kac-Moody algebra g associated to g is the Lie algebra

g @ Cd where
[d,zt"] = nat™, [d,K] =0,

see [9] for details. Consider its Cartan subalgebra h = h & CK @ Cd and Borel
subalgebra b, @ g[t] @ CK @ Cd. The associated affine BGG category of noncritical
central charge k — h" is essentially the category O, with the difference that the
generator d can act on any module V & ON by const — Ly for any choice of the
constant involved.

The categories of affine Harish-Chandra modules defined by Lian and Zuckerman
[13, 14] are AFF(H),. They will be denoted by H,.

The Lie algebra g is Z-graded by

(2.9) degzt" = —n,n € Z,x € g; deg K = 0.

Each module in the categories AFF(C), is naturally C-graded with respect to the
grading (2.9) of g using the generalized eigenvalue decomposition (2.8) of Ly. This
is the reason for the choice of the negative sign in (2.9). Moreover each morphism

in AFF(C), preserves the grading (2.8).
For simplicity we will denote the maximal parabolic subalgebra of g

(2.10) pr =g[t] ® CK
and its ideal
(2.11) ny = tglt].

Clearly py/ny =2 g @ CK. Later we will also need “the opposite to fi; subalgebra”
of g

(2.12) no=ttg[t™.
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For any subalgebra f of g the component of degree N of U(f) will be denoted by
U(f)N. Recall:

Definition 2.5. (Kazhdan-Lusztig) For a given g-module V set
V(N) = Anny i, )-~V, N € Zxo.
A g-module V is called strictly smooth if UyV(N) = V.
Note that V(N) C V is naturally a g-module for the embedding g < g, = +— xt°.
For any g-module W the strictly smooth part of it
(2.13) W(oo) = UxyW(N)

is a g-submodule of W. The functor W — W {(c0) in the category of g-modules is
left exact.

The commutation relation (2.7) implies that any g-module in AFF(C), is strictly
smooth. The following equivalent characterization of the categories AFF(C),, for
k ¢ R>( was obtained in [17] and in the case C = Fin (k ¢ Q>¢) previously in [11].

Proposition 2.6. Assume that C is a category of finite length g-modules and is
closed under tensoring with finite dimensional g-modules. If k ¢ R>o then all
modules in AFF(C), have finite length. The category AFF(C), coincides with the
category of finitely generated, strictly smooth § modules of central charge k —h" for
which

V(N) e,

considered as a g-module, for all N € Z~g.

For a given g-module M consider the induced g-modules
(2.14) nd(M), = U(§) ®u,) M
where p acts on M through the quotient py — p1 /iy =2 g@ CK and the central
element K acts by x — hV.

If M is an irreducible g-module and x # 0 then Ind(M),, has a unique irreducible
quotient, to be denoted by Irr(M),. Both modules belong to AFF(C), if M € C
and the modules of the latter type exhaust all irreducible modules in AFF(C),.

For central charge k — hY, k ¢ R>( the categories H,, O’ have natural duality
functors, to be denoted by D(.) :

(2.15) D(V) = (VHi(0), V € HyorO..
Given a g-module W the notation W stays for its twist by the automorphism of g
(2t*)f = 2(-t)F, z €9, ke Z; K' = K.

Assume that the g-module V € H, or O, is given by (2.8) with V¢ € H or O,
respectively. Denote

(VO ={ne V| nlye =0forg #&}.
The underlining space of the dual module D(V') is the following subspace of of V¢
(2.16) DV)= P vt
§: §—&i€L>o
and the generalized Lo-eigenspaces of D(V') are
(2.17) D(V)* = (V)5
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see [11, 17]. The exactness of the functor D on H, and 6; follows from the first
equality.

The functors D on 7—7,.1 and 5; restrict further to a duality functor in KL, which
in a more simple way is given by

(2.18) D(V) = (V*)¥ (o), V eKL,.

2.4. Structure of the categories ON. Denote by M) the highest weight module
for g corresponding to highest weight A € h*, with respect to to the choice of Cartan
and Borel subalgebras, made in Section 2.1. Denote by L, its unique irreducible
quotient. Consider the Cartan and Borel subalgebras

h=haCK & Cd, by =hdn, @ tglf

of the extended affine Kac-Moody algebra g, defined in Section 2.3. Recall from
[9] the notation

5€h”, 8ly =0, 5(K) =0,8(d) =1,
AO S i)\*, AO") =0, AQ(K) =1, Ao(d) =0.

The induced module Ind(My),;, viewed as a module over the extended Kac—
Moody algebra by setting d = —Lg is isomorphic to the highest weight module
with highest weight

AA+2
(2.19) At (5 — hY)Ag — %
K

Computing the determinant of the Shapovalov form on a highest weight module
and using the Jantzen filtration, Kac and Kazhdan described the structure of Verma
modules for all Kac-Moody algebras by an extension of Jantzen’s argument [8].
We will state the result for affine Kac-Moody algebras in terms of the modules
Ind(M)), rather than the affine weights (2.19).

d.

Definition 2.7. One says [10] that pair [\, u] € b* x h* satisfies the condition (x) if
there exists a sequence of roots {3;}¥_; C A and a sequence of nonnegative integers
{mi}k | CZso (Bi € Ay if m; =0) such that {\; =A—3; —... — 61-}?:0 satisfies

(220) )\1‘+1 = Tﬁi ()\1) —+ Iimlﬂz\/ and (/\761\/) —+ 2/£m1/|51|2 S Z>0, 7= 1, ceey k,
)\k = M.

The second condition in (2.20) means that A\;+1 —A; € @ which can only happen
if A\j41 — A = n;0; for some positive integer n;.

Theorem 2.8. (Kac-Kazhdan) The module Irr(Ly), is a subquotient of Ind(M,,),
if only if the pair [\ + p, p + p] satisfies the condition (x).

Denote by @n,inf the category of g-modules, satisfying the conditions for O,
except the condition to be finitely generated. Each g-module V' € O, ;,r has a
filtration by g-submodules
(2.21) 0=WocWiC...CV
such that each subquotient W, /W, _ is isomorphic to a quotient of Ind(Lx, —,)x

for some A, € h*, see [5]. The modules in O, have finite filtrations with this
property.
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Consider the equivalence relation on h* induced by A ~ p if the pair [A, u] satisfies
the condition (). The equivalence class of an element A € h* will be denoted by
Xx- - R

For a given X € (h/ ~) define Osz to be the subcategory of O, in s, consisting
of g-modules having a filtration of the type (2.21) with the property that for all
subquotients W,,/W,,_1, A, € X.

This construction gives rise to the subcategories (/’)\,% = (5N N 5,’5 inf of (/’)\N. In

the case k € Q¢ all modules in (5N have finite length and (5% consists of those
modules having a composition series with subquotients isomorphic to Irr(Ly), for
A+peEX.

Theorem 2.9. (Rocha-Caridi-Wallach [15] and Deodhar-Gabber-Kac [5])
The category Oy iny has the block decomposition

Or,inf = @ Of,mf'
xXeh/~
Moreover
Eth-E(Vh VQ) =0,n¢€ ZZO
if Vi € 5,’?, 1 =1,2 and X1 # X2. Here ExtgA refer to the Ext groups in the category

of g-modules of central charge x — hY which area locally finite and semisimple.

3. AFFINE JACQUET FUNCTORS AND VANISHING OF Hom GROUPS FOR INDUCED
AFFINE HARISH-CHANDRA MODULES

Throughout this section we will assume
K §é Rzo,
except in subsection 3.3 where we will generalize most of the results to the case of

arbitrary noncritical central charge.

3.1. Affine Jacquet functors. Let V € 7-A{,i. Define the affine Jacquet functor by

(3.1) J(V) = §(V)(o0).

Here j(V') refers to the Jacquet module of V' considered as a g-module under the
natural inclusion g — g.
Since (ng)c C g acts locally nilpotently on g the subspace j(V) C V* is a g-
submodule and thus j(V) is naturally a g-module of central charge k — h".
Assume that the module V has the form (2.8) with V¢ € H. The g-submodule

(V= {n eV [n(ve) =0if¢ £}
of V* is naturally identified with (V¢)*. Under this identification the g-module
(3.2) eV | n(V¥)=0if¢ #& n€UyAm,V"}

is naturally identified with j(V¢). By abuse of notation we will denote the g-
submodule (3.2) of V* by j(V¢). Then as a g-submodule of (V*)#(c0), the affine
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Jacquet module (3.1) j(V) is
(3.3) ivy= @ w9

§: §—&i€ELy
c P v =)o)
§: §—&i€ELy
The fact that the rhs of (3.3) is a subset of the lhs is obvious. The opposite inclusion
follows from the following lemma proved analogously to [11, Proposition 2.21].

Lemma 3.1. LetV € ﬁ,{ then:

(i) There exists a real number ¢ such that the map g @ V& — V& given by
r®@v+— (vt~ is an isomorphism for Re > (.

(ii) For any positive integer N there exists ( € R such that ®ree>c VS C U(R_)"NV.

Eq. (3.3) implies that the affine Jacquet functor is exact and faithful. It can
also be used as a definition of the affine Jacquet functor. In this definition of j the
(standard) Jacquet functor j is applied only to the finitely generated, admissible
(g,%)-modules V¢ as opposite to (3.1) where the Jacquet functor is applied to the
(g, 8)-module V' € C(y ¢y which is neither admissible, nor finitely generated.

It is straightforward to show that

(3-4) (G(V))E = 5(Ve).

The fact that j(V) has finite length is not obvious. It will be deduced from the
following Proposition.

Proposition 3.2. If M € 'H then

(3.5) J(Ind(M),) = D(Ind(j(M)")s),

(3.6) F(D(nd(M),)) = Ind(j(M%),)

where in the left and right hand sides D refers to the duality functor in the categories
H,. and (’);, respectively.

Proposition 3.2, the exactness, and the faithfulness of j imply that j(V) is a
g-module of finite length for any V € H,. This coupled with (3.4) shows that
e H — O Thus we obtain:

Proposition 3.3. The affine Jacquet functor j given by (3.1) or (3.3) is faithful
and ezact (contravariant) functor from H, to O..

Proof of Proposition 3.2 We will show (3.5). Eq. (3.6) can be proved analogously.
Since the Jacquet functor j and the induction functor Ind(.),: H — H, commute

with finite direct sums, it is sufficient to prove the statement of the lemma for a
module M € HX*, A € h*. Because of (2.7)

(3.7) Ind(M), = P Ind(M)FM+
N€EZsg

where

(3:8) S(N) = (A2 —[p[?)/x,

recall (2.1). Under the natural isomorphism of g-modules
Ind(M), =2Un_) ®c M,
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Ind(M)i()‘HN C Ind(M),, is mapped to U(n_)N @c M C U(f_) ®c M. Here g acts
on U(n_) by the adjoint action. We obtain the chain of natural isomorphisms of
g-modules

(39) jImd(M))= @ JUG )N ecM)= P (UGE-)Y) @cj(M) =

NEZxq N€Z>o
= P Ui 9ci(dnh) = D).
N€Z>¢

The first isomorphism comes from (3.3), the second is an application of Propo-
sition 2.3, and the forth one is from (2.16).
It is straightforward to check that (3.9) is an isomorphism of g-modules. O

Corollary 3.4. If M € HX*, X\ € b* then j(Ind(M),.) has a filtration by Weyl
modules Ind(L_xi4,), for X; € WA,

3.2. Structure of induced Harish-Chandra modules. The main result of this
subsection is the following analog of Kac-Kazhdan’s Theorem 2.8 for the affine
Harish-Chandra categories.

Theorem 3.5. If M; € H, i = 1, 2 are two irreducible g-modules then Irr(Ms),
is a subquotient of Ind(My), only if My, My have infinitesimal characters xx, and
Xx, Jor a pair (A1, A2] € b* x b* satisfying the condition (x) from Definition 2.7.

Proof. Assume that Irr(Ms), is a subquotient of Ind(My),;,. Then
Hom(Ind(Myz),, Ind(M;),./V1) #0

for some g-submodule V; of Ind(M;),. The exactness and the faithfulness of the
affine Jacquet functor imply that

Applying Proposition 3.2, we see that Irr(j(Mg)), is a subquotient of Ind(j(M{)),.
Thus Irr(Ly, ), is a subquotient of Ind(Ly, ), for some A\; € x(M;), i = 1,2. Then
Corollary 3.4 and Kac-Kazhdan’s Theorem 2.8 imply the statement of the propo-
sition. O

3.3. The general case of noncritical central charge. The affine Jacquet func-
tor (3.1) and most of its properties can be extended to the case k # 0. This in
particular gives extensions of Theorem 3.5 to all noncritical levels k # 0, and of
Proposition 2.6 to the case k ¢ Q>o.

In this section we will assume that the central charge x — h" is noncritical, i.e.
that

Kk # 0.
Introduce the categories ﬁminf of g-modules of central charge x —h", satisfying the

same properties as the modules in ﬁﬁ except the condition to be finitely generated.

There are natural duality functors in the categories ﬁmn ¢ and @;m f (defined

in section 2.4), extending the duality functors D in H, and (5;, defined by

(3.11) D(V) = (V¥ (c0)CtEol=Fin v e Hy g or O 45



AFFINE JACQUET FUNCTORS 13

If the g-module V € ﬁn,inf or O has the decomposition (2.8), then as a

K,anf

submodule of (V4)# the dual module D(V) is given by
(3.12) D(V)=EP*

4
in the notation (2.17).
One can define an extension of the affine Jacquet functor (3.1) to a functor from
the category Hy inys to the category O by

Kyinf
(3.13) J(V) = (V)i (oo)FtEol=in

If the g-module V € ﬁn,inf has the decomposition (2.8) then as a submodule of
V*, the affine Jacquet module j(V) is given by

B14) V)= @ JivHc P (V= ((V)(oe)) el S
§: E—&ELy §: E—& €Ly
assuming the identification of j(V¢) with the g-submodule (3.2) of V*. This implies
that
(V) €Ol iy, forall V e Hy g
and the validity of an extension of Proposition 3.2 and Proposition 3.3 for the
categories ﬁminf-

Proposition 3.6. (i) The affine Jacquet functor (3.13) j: ﬁn,inf — @;mf is
exact and faithful.

(ii) For any M € H we have the isomorphisms of g-modules in the category
@/

Kyinf
J(Ind(M),) = D(Ind(j(M)")s0),
J(D(Ind(M)y)) = Ind(j (M?))..

From part (ii) of Proposition 3.6 one obtains the following extension of Proposi-
tion 2.6 and Theorem 3.5.

Proposition 3.7. (i) The statement of Theorem 3.5 is valid for any noncritical
central charge.

(i) If k ¢ Q> then every module in the category H, has finite length. In
addition the category ﬁn consists of all finite length, strictly smooth g-modules of
central charge k — hY for which

V(N) e H,
considered as g-modules, for all N € Z~y.

According to [17, Section 3], to prove part (ii) of Proposition 3.7 we need to
show that Ind(M),, has finite length for any irreducible g-module M € H. Because
of the faithfulness of the affine Jacquet functor and part (ii) of Proposition 3.6 it is
sufficient to show that Ind(Lx_,), has finite length for all A € h*, recall the notation
from section 2.4. The latter follows from Theorem 2.8 of Kac and Kazhdan. What
needs to be proved is that Irr(L,_,), is an irreducible subquotient of Ind(Lx—,),
for finitely many p € h*. If the pair [\, u] € h* x bh* satisfies the condition (*) from
Definition 2.7 then

(3.15) p=A+a=wh+ kB witha,s € Q
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for some element w € W. Notice that given w € W there is at most one weight
i € b* that satisfies (3.15) for some «, 8 € Q. Indeed if (3.15) is satisfied then

a+ kB =wA— A\
which uniquely defines a and 3 since @ N kQ = 0.

4. BLOCK DECOMPOSITION OF AFFINE HARISH-CHANDRA CATEGORIES

4.1. Relation of Ext groups for g and g-modules. In this subsection we will
assume that the central charge x — h" is noncritical, i.e.

Kk # 0.

By C(g,e,s) and Cp, ¢,x) We will denote the categories of C-graded g and p-
modules, respectively, (with respect to the grading (2.9)) of central charge kK — hY
which are locally finite and semisimple when restricted to ¢ C g. For each module
V € Cigem) OF Cp, by we will denote by V¢ its degree (€ C) subspace which is
naturally a g-module in Cg ¢).

The category H, is canonically embedded in C(g.e,x) using the grading (2.8)
related to the generalized eigenvalue decomposition of the Sugawara operator Lo
onV € H Clearly each morphism in H,.i preserves this decomposition.

Similarly to the category Cq ¢), the categories C(z ¢ x) and Cs, ¢,x) have enough
projectives. Indeed if V € (,’(9737N is generated as a U(g)-module by the ¢ stable
graded subspace E of V' then

U@)/(K —k+h")@uw E
is a projective cover of V. Here (K — k + h") denotes the (two-sided) ideal of U(§)
generated by K — x + h". The first factor U(g) is graded using (2.9). Analogously
one shows that C;, ¢ ) has enough projectives.

By Extgex(.,.) and Exts ¢ .(.,.) we will denote the extension groups in the
categories Cgex) and C(s, ¢x), respectively. For simplicity the Hom groups in
C(g.e,x) and C(z, ¢ ) Will be denoted by Homg and Homg

In this subsection we relate Ext-groups between induced modules in C(g¢ ) to
Ext-groups in C(g.¢)-

Consider the induction functor

I0): Cipp ) = Catm)
defined by
I(P)=U(g) QUy) P, PEC(;}JF)E)H).
Since it is exact, the canonical isomorphism
HOm@(I(P),{, V) = HOInfJ+ (P, V), Pe C Pibk) , Ve C(@)e)ﬁ)
gives rise to the isomorphisms of the corresponding Ext groups
(4.1) Extgen(I(P)y, V) 2 Exts, ¢ o(P,V), P €Cs, ex) V €Cainx):
In particular we obtain the isomorphisms

(4.2) Extg)eﬁ(lnd(M),{,V) Exty (M, V), MeH,VeClqsenx

Ptk
where in the rhs M € H is considered as a p-module in the category Cpyt.r) DY
setting py to act on M through the quotient p; — p; /iy = g&® CK and K to
act on M by (k—h¥)id. If M =D, ¢y M** is the decomposition of M with
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respect to (2.2) then MX*» C M is put in degree ¢()), recall (3.8). (Recall also the
definition (2.14) of the induction functor Ind(.),: Cig¢) — C(z,e,x)-)

Assume for simplicity that M € HX* for some A € h*. Consider the natural
isomorphism
(4.3)  Homg, (M, V) = Homg(M, (V*MN)*+), M eH, V€ Cgun

where M is thought of as a p, module in C;, ¢ . as described above.

Given a complex number ¢, denote by H9(n,.)¢ the ¢-th derived functor of the
left exact functor V s (V&) from Cpyt.r) 10 Cige), for any § € C. A version
of the Hochschild—Serre spectral sequence relates the Ext groups, corresponding to
Hom’s in (4.3):

(4.4)
B2, = Extl (M, HI(fy,V)*N) = Ext? o (M, V), M €Cgr), V €Ce, e

Since

Vi =PV, WV e C
geC
if H9(,.) denotes the ¢-th derived functor of the functor V + V™ from Cipy bi)
to Cg,¢), then

(4.5) He(fy,.) = P H (R, )"
gec
Combining (4.2) and (4.4) we obtain:

Proposition 4.1. For all modules M € HX* and V € C(g¢,.) one has the spectral
sequence

+,86,K)

E}, = Ext? (M,Ha,,V)*™) = Ext}

Ges(Ind(M),, V).

Consider the equivalence relation ~ in h* induced by the relation A ~ p if u € WA
or the pair [\, u| satisfies the condition (x) from Definition 2.7.
Proposition 4.2. If \; € h*, i = 1,2 and A1 ¢ Ag, then
(4.6) Ext? , . (Ind(M; )., D(Ind(M),.)) = 0,
for all g-modules My € HX*1 and My € HX>2.

We will deduce Proposition 4.2 from the following lemma to be proved at the
end of the subsection.

Lemma 4.3. If M € H
H"(ny, D(Ind(M),)) =0
forn > 0.

Proof of Proposition 4.2. Lemma 4.3 shows that the spectral sequence from Propo-
sition 4.1 degenerates at the E? term in the case Vo = D(Ind(M3),). Therefore

4.7) Extg ¢ . (Ind(M1),, D(Ind(Ma),)) = Exty o (M, D(Ind(My),)™),

for all M7 € HX* My € HX>2,

Theorem 3.5 and part (i) of Proposition 3.7 imply that any irreducible subquo-
tient of Ind(M4),, is isomorphic to Irr(M), for some irreducible g-module M € HX*,
—AX ~ Aa. Recall that

(4.8) D(Ind(M%),) = Ind(M),, for all irreducible M € H
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according to [17, Proposition 4.1, part 3]. Because of this all irreducible subquo-
tients of D(Ind(M4),, are of the type Irr(M),, for irreducible g-modules M € HX*,
A ~ Ag. Therefore

(D(nd(M)o))™ = D(Ind(MF).)(0) & T] #**.
A~ g

Eq. (4.7) and Proposition 2.1 imply (4.6). O
Proof of Lemma 4.3. We follow the strategy of the proof of [5, Proposition 4.7] of
Deodhar, Gabber, and Kac.

Because of (4.5) we need to show

(4.9) Hi(a,, D(Ind(M),))* =0

for all ¢ € C.
Denote by C the trivial p;-module in degree 0. We have the U (i} )-free resolution
of C[—{]in Cj, ¢y, :

.= R'—- R C[-¢—0
where
R =U(ny) ®c ANy [—¢]

and p, is defined to act on R’ as follows. The ideal ny acts by left multiplication
on the first term, g acts by adjoint transformation on all factors, and K acts by
(k — hY).id. The grading (2.9) is used in the definition of the graded components
of R?. By (.)[—¢] we denote the standard operator of shift of the grading by ¢ € C.

The group H4(f,, D(Ind(M),))¢ is the g-th homology group of the associated
complex {Hom(R®, D(Ind(M),)))}. Note that the latter consists of finite dimen-
sional vector spaces.

One has the isomorphism of vector spaces

Hom(R*®, D(Ind(M),))) = Homyg, (A*04, D(Ind(M),)))

where Homg,- denotes the spaces of degree 0 homomorphism of graded vector spaces.
Consider the complex defining the homology groups Hy(n—, Ind(M),) :

0—>Ind(M), — Co—Cy— ...

where
Cyq = Nn_ ®@c Ind(M),.

It is a complex of C graded vector spaces using the grading (2.9) of n_ and the
grading (2.8) of Ind(M),;. The differential preserves this grading. Denote the com-
ponent of degree £ € C of C, by Cg . Note that it is a finite dimensional vector
space.

There is a natural isomorphism of complexes

*

{Homg, (A*fiy, D(Ind(M))))} = {[(A®A_ ®c Ind(M),)*] "}
by ¢ = [w®@v— pw)(v)], w € A*Ry, v € Ind(M),.

Since Hy(n—,Ind(M),) = 0 for ¢ > 0 (Ind(M), is a free n_-module) we obtain
(4.9). O
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4.2. Block decomposition of 77(,1 for k £Q>p. In this subsection we will assume
that

K §é on.
For any X» € (h*/ ~) denote by HX* the full subcategory of H, consisting
of g-modules having composition series with subquotients Irr(M),, for irreducible

g-modules with infinitesimal character y s for some X ~ A.
Theorem 3.5 implies

(4.10) Ind(M). € HP, if x(M) = xa.

The main result in this section is the following generalization of the important
Proposition 2.1 on vanishing of Extg e-groups between different blocks in the stan-
dard Harish-Chandra category.

Theorem 4.4. If X1,X2 € (h*/ ~) are such that

(4.11) X1 # X2
then
(4.12) Ext? . (V1,V2) =0

for all Vi € HY and Vy € HX2, n € Zy.

The special case of Theorem 4.4 for vanishing of Ext! groups implies a block de-

composition of the categories H,, for k ¢ Q>¢ which is a generalization of the block
decomposition Theorem 2.9 of Deodhar—Gabber—Kac and Rocha-Caridi—-Wallach
for the BGG category O for Kac—Moody algebras.

Proposition 4.5. For k ¢ Q>¢ the category ﬁn is a direct sum of its subcategories
HY
o= @ AX
xe(b*/~)
We will prove Theorem 4.4 in two steps. First we will prove an auxiliary lemma.

Lemma 4.6. Assume that A1, s € b* and

(4.13) A A Ao
If My € HX and Vy € HX: then
(4.14) Ext? y . (Ind(M),, V2) = 0

for all n € Z>y.

Proof. We will show (4.14) by induction on n. The case n = 0 follows from Theorem
3.5. Assume the validity of (4.14) for some n € Z>o. Every g-module in HXx> has
a finite composition series with subquotients of the type Irr(M), for irreducible
g-modules M € H with infinitesimal character x(M) = xx such that X ~ Ao.
Using the long exact sequence for the Ext groups one see that to prove (4.14) for
n + 1 one only needs to show that

Eth,E,n(Ind(Ml)ﬁv IIT(M2)N) =0

for My € H**1 and My € HX*2, assuming (4.13).



18 MILEN YAKIMOV

Denote the maximal, nontrivial g-submodule of Ind(Mz), by X (M4g),.. Then one
has the exact sequence of g-modules
0— X(M$), — Ind(M¢),, — Irr(Mg), — 0
Applying the exact duality functor D and using the fact that D(Irr(Mg),) =
Irr(Ms) ., see (4.8), we get the exact sequence
(4.15) 0 — Irr(Ms), — D(Ind(M%),.) — D(X(M),) — 0.
This finally gives the exact sequence of Ext groups

(4.16)  Extg,  (Ind(My)x, D(X(M5),)) — Ext2t ] (Ind(M)),;, Irr(Ms),.) —

— Bxt? ! (Ind(M;) ., D(Ind(M§) ).

The induction implies that the first group vanishes because D(X (M§),.) is a quo-
tient of D(Ind(Mg),) € H%2. The third group vanishes, as proved in Proposition
4.2. This implies that the middle group vanishes and completes the induction ar-
gument. ([l

Proof of Theorem 4.4. Again we use induction on n. The case n = 0 is trivial.
Assume the validity of the statement in Theorem 4.4 for an integer n. Since every
module in the categories H,, has finite length for k ¢ Q>0, to show that (4.12) holds
for n + 1, we only need to prove

(4.17) Extg ¢ . (Irr(Mi),, V2) =0

for an irreducible g-module M; € H with infinitesimal character x(M1) = x», €
h* /W such that X, # Xo. Using the exact sequence

0— X(M), — Ind(My), — Irr(M;), — 0
we obtain the exact sequence

Extgy (X (M), Va) — Exti il (Irr(My),, V) —

— Ext?tL (Ind(My) ., Va)

RN

The first term vanishes due to the induction hypothesis. The third term vanishes
because of Lemma 4.6. This implies (4.17) and completes the proof of Theorem
4.4. O

4.3. A block decomposition of ﬁn,inf for arbitrary noncritical central
charge. In this section we extend the block decomposition of the categories ﬁ,.@
from section 4.2 to the case of arbitrary noncritical central charge. Even more
generally we provide such a decomposition for the categories 7—7,.@ of not necessarily
finitely generated affine Harish-Chandra modules. Note that they are naturally
embedded in the categories Cz ¢ x), defined in section 4.1.

It is easy to show by induction that:

(o) Every module V in ﬁn,inf has an increasing filtration

0O=WycW,C...CcV
for which the subquotients W;/W,_1 are isomorphic to quotients of induced modules
Ind(M;), for some irreducible g-modules M; € 'H.
The subcategory H of 7-(N .ins consists of those g-modules in 7-(N 4nyf that have a

finite filtration with the property (). If & € Q¢ the modules in H,. have in general
infinite length.
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Given any Y € (h*/ ~) for some A € h* denote by ﬁf*mf the subcategory of

Hy,ing consisting of g-modules possessing a filtration with the property (o) such
that

(4.18) X(M;) = x for some X ~ .

A

Theorem 3.5 and part (i) of Proposition 3.7 imply that ﬁfm 5 can be characterized

as the subcategory of 7/-2,.i consisting of g-module for which all irreducible subquo-
tients are isomorphic to Irr(M), for some irreducible g-module M € H satisfying
(4.18).

The subcategories 7—7,’:‘* = ﬁn N ﬁg*mj of ﬁn consist of those g-modules V €
7'A{,i, having a finite filtration by g-modules with subquotients that are isomorphic
to quotients of induced modules Irr(M), for irreducible g-modules M € H with
infinitesimal character as in (4.18). In the case k ¢ Q>¢ the definition of ﬁ;? is
consistent with the one from section 4.2.

The main result of this section is the following generalization of the basic de-
composition theorem of Deodhar—Gabber—Kac and Rocha-Caridi-Wallach for the
BGG category O for Kac-Moody algebras.

Theorem 4.7. For any noncritical central charge the category ﬁﬁ,inf s a direct

sum of its subcategories H;{,inf :

Hing = @ Hi,mf-
Xe(h*/~)

Theorem 4.7 follows from Proposition 4.11 below as [5, Theorem 4.2] of Deodhar,
Gabber, and Kac.

First we state two corollaries of Theorem 4.7. There exists a coarser block decom-
position of the affine Harish-Chandra categories H, which more closely resembles

the finite dimensional case. To state it, consider the equivalence relation on h*,
defined by

Axpifpe WA+QY and u— X\ € Q.

Corollary 4.8. For any noncritical central charge the affine Harish-Chandra cat-
egory has the block decomposition

He= P HE
xe(h*/~)
where for X € (h*/ =), ﬁ§ is the subcategory of H, consisting of affine Harish-
Chandra modules possessing a finite filtration with subquotients isomorphic to quo-
tients of induced modules Ind(M),, for x(M) = xx, X € X.

This block decomposition is even more explicit in the case of rational central
charge. Define 7/-22"’5 to be the subcategory of ﬁn consisting of g-modules V' for which
all g-submodules V¢ have composition series with subquotients with infinitesimal
characters in P/W where P is the weight lattice of g. In other words ﬁ;"t is
the subcategory of H, consisting of g-modules possessing a finite filtration with

subquotients isomorphic to quotients of induced modules Ind(M), for x(M) = xx,
Ae P



20 MILEN YAKIMOV

Corollary 4.9. Assume that kK = p/q for two nonzero, relatively prime integers p
and q. Then the subcategory Hi™ of H, has the block decomposition

P Sint.%
e @ e
Xr€b*/(WxpQY)
where H™MXx s the subcategory of 7—72"’5 consisting of modules possessing a finite

filtration with subgquotients isomorphic to quotients of induced modules Ind(M),, for
X(M) = xu, 1 € WA+ pQY.

Remark 4.10. Corollary 4.8 and Corollary 4.9 are easily extended to the infinitely
generated version (the category H™ ) of the category H'"!. The category H " §is

Kyinf K,in
the full subcategory of H, in s, consisting of g-modules V' for which all g-submodules
V¢ have composition series with subquotients with infinitesimal characters in P/W.
We state them only in the case of H!™* to avoid extra technical details.

Now we return to the proof of Theorem 4.7.
Proposition 4.11. If 1, X2 € (h*/ ~) and X1 # X2, then
Extl . (V1,V2) =0, for all Vi € HY', Vo € HY2.
For the proof of Proposition 4.11 we will need the following lemma.

Lemma 4.12. Let V € ﬁn,inf' For any real number ¢ the module V' has a finite
filtration by g-submodules

O=WocCcWyC...CWn=V

such that there exists a subset J C {1,... N} with the following properties.

(1) If j € J, then

V;/Vi—1 = Trr(Mj),, for some irreducible g-modules M € H.

(ii) If ¢ J, then (V;/V;—1)% =0 for Re€ < (.

For a g-module V € ﬁn,inf and a real number ¢ define the g-module
(4.19) Vo= @ Vvien

€€C: Re€<(

Note that the above sum is finite.

We prove Lemma 4.12 by induction on the length of the g-module V(<)

If V{9 is trivial, then the statement of the lemma is obvious. Otherwise choose
& € C such that Reéy < ¢,

(4.20) V& £0 and V& " =0ifn € Zso.

Let M be an irreducible g-submodule of V<. Then M is annihilated by fi; and we
get a canonical homomorphism f: Ind(M), — V. Denote the image of f by Us and
the image of the maximal, nontrivial submodule of Ind(M),, under f by U;. Then

UQ/Ul = II‘I‘(M)K
and the lengths of the g-modules Ul<<> and (V/U,)$¢) are strictly less than the length

V<. This completes the induction argument. (|
We need an auxiliary lemma for the proof of Proposition 4.11.
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Lemma 4.13. Let M € 'H be an irreducible g-module with infinitesimal character
Xxs A € bH*. R
(1) If Vo € H,, is such that
V2<Re¢>(/\)> -0
then Extg e . (Irr(M),, V2) = 0, recall (3.8).
(ii) If Vo € HX2

K

and X 7 X2 then

Ext}  .(Ind(M),, V2) = 0.

Proof. Part (i): We need to show that any extension in C,¢ ) of Ind(M), by V2
splits. Consider one such extension
(4.21) 0—Vy > W —Ind(M), — 0.

The functor V +— V¢ is an exact functor from C(g,e.x) to H for any complex number
&. This, combined with the hypothesis, implies that
WM = Ind(M)?WN = Ind(M),.(0) = M.

Moreover W=7 = for n € Zso because of the assumption and (3.7). Thus
W) C W(0) and there exists a canonical homomorphism from Ind(M), to W
which defines a splitting of (4.21).

Using the long exact sequence for the Ext groups and Lemma 4.12, one sees that
to prove part (i) it suffices to to show that

Extg ¢ (Ind(M),, Irr(M2),.) =0
for any irreducible g-module My € H with infinitesimal character x(Mz) = xa,
such that
/\2 ¢ WA+ pQ.
This is done analogously to Lemma 4.6. Recall from (4.15) the exact sequence
0 — Trr(Ms),, — D(Ind(MY),) — D(X(M3),) — 0.
It gives rise to the exact sequence

Hom(Ind(M),, D(X (M3).)) — Extg ¢ . (Ind(M),, Irr(Ms),.) —

— Ext} ¢ . (Ind(M),., D(Ind(Mg)..)).

The first term vanishes because D(X (M4),) € 2 The third term vanishes as

Kyanf®
a consequence of Proposition 4.2. This completes the proof of part (ii). O
Proof of Proposition 4.11. We will show that
(4.22) Extl, (U, V) =0

for any g-modules that is a quotient of an induced module Ind(M), from an ir-
reducible g-module M € HX* such that A is in the class of X1. This implies the
general case using the long exact sequence for the Ext groups and the fact that any
module V; € ﬁgl has a finite filtration by such g-modules U.
Let
0—X—->IndM), -U—0

be the long exact sequence defining U. From it we deduce the exact sequence

Hom(X, V3) — Extg (U, V3) —

— Extj . (Ind(M),, V2).
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Since X € HX* and X # Y2 the Hom group vanishes. The last Ext group vanishes
due to Lemma 4.13. This implies that the middle term vanishes which proves
(4.22). O

5. COMPATIBILITY OF THE AFFINE JACQUET FUNCTOR WITH THE
KAZHDAN-LUSZTIG TENSOR PRODUCT

In this section we prove a compatibility relation between the affine Jacquet func-
tor and the Kazhdan—Lusztig tensor product which can be considered as an affine
(fusion) analog of Proposition 2.3.

Throughout the section we will assume

k¢ Q>0

and will use the notation from the appendix.
5.1. Main result.

Theorem 5.1. For any two g-modules U € KL, and V € H, there exists a
canonical isomorphism

(5.1) ﬂU®V)gD[U®Dﬂvﬂ.
Theorem 5.1 follows from Proposition 5.4 and Proposition 5.5 below.
We will need some notation. For M € H set

(5.2) p(M) = (M?)".

It defines an exact functor from the category of Harish-Chandra modules to the
category of g-modules. For V € H,; set

(5.3) (V) = [D(V)]"* (c0).

If V has the decomposition (2.8) with respect to the action of Lo, then the under-
lining g-module of (V) is canonically identified with

P o).
§: §—&i€L>o

Clearly @ is an exact functor from ﬁn to the category of strictly smooth g-modules
of central charge x — h".
Given V € H, the embedding of g-modules V(N) < V induces the embedding

(5.4) P(V(N)) = &(V).
It is easy to see:
Lemma 5.2. ForanyV € ﬁn the embedding (5.4) is an isomorphism of g-modules.
For a g-module M define also its g-submodule
oM = UNezs,Anngy M.

The Jacquet module of M € H is given by j(M) = jO(M*). If V is a g-module then
79(V) is a g-module as well.
Fix two g-modules U and V as in Theorem 5.1. Set for shortness

(5.5) W=UaV.
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The natural embedding g <— I' by constant functions induces structures of g-
modules on the spaces W and W/GW for all k € Z~, as well as on their full and
restricted duals. Note the canonical isomorphism of g-modules

(5.6) Anng W = (W/GW)?,  Anng W* = (W/GLW)*.

Lemma 6.1 and the fact that H is stable under tensoring with finite dimensional
g-modules imply

(5.7) W/GW € H, k € Zso.

Lemma 5.3. Under the above assumptions on the g-modules U, V, and W there
exists a canonical isomorphism of g-modules

[(AnnGde)d} = Anng, W™,
for all k € Z~y.
Proof. Because of (5.7) we have the canonical isomorphism of g-modules
(W/GW) N 22 W/ G W
Combining this with (5.6) gives the need canonical isomorphism of g-modules

[(AnnGde)d]* o [((W/GkW)d)dr >~ (W/GW)* 2 Anng, W™

One can define a structure of a strictly smooth g-module on the space
Ukez.,Anng, W™
in exactly the same way as the g-action on
T'(U,V) = Ugez.,Anng, W
from the appendix.

Proposition 5.4. In the above notation for U, V, and W there exists a canonical
isomorphism of g-modules

[} [UkeZ>OAnnGde] = UkeZ>OAnnGk wH.

Under it the g-submodule 5’(U®V) of the first module is sent to the g-submodule
Jo(Ukezo,Anng, W*) of the second one.

Proof. Lemma 5.2, Lemma 5.3, and (6.6) give rise to the canonical isomorphisms
of g-modules

(5.8) ® [Ugez. o Anng, W] (N) = (Anng, W%) = Anng, W*.

One checks directly that they are consistent for different N € Z-( and when put
together, define an isomorphism of g-modules as stated in (5.8).
The second part is straightforward. (Il

Similarly to the above discussion, there is a canonical embedding of g-modules

. d
(Dj(V)) < jOV*,
It gives rise to the embedding of I'-modules

(U ® Dj(V))d SU® (Dj’(V))d < U ®jOV*.
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One further has the embedding of I'-modules
U*® V" — (U®;°V)*.
Proposition 5.5. The above embeddings of I'-modules
(U ® Dj(V))d S U@V < (U j0V)*
gives rise to the isomorphisms of I'-modules

. d
(59) Uk€Z>OAnnGk (U & (Dj(V))) = Uk€Z>OAnnGk (UA< ®j0(v*))) >~
= Ukez>ojoAnng, (U @ V)"

Each of the three spaces in (5.9) is equipped with a structure of g-module analogously
to T'(U, V).

5.2. Finiteness of the fusion tensoring of ﬁn by KL,. Here we modify The-
orem 5.1 to give another proof of the case of Theorem 1.6 from our work [17] when
the reductive subalgebra f of g is equal to € (see Theorem 6.2 below).

For any positive integer N denote by O'N the truncation of the category O’
for g, consisting of finitely generated g-modules M with (generalized) weight space

decompositions
M= m*
Aeh*

such that
N

[1(hi = A(hi)Vm =0, for allm € M, h; € b.

i=1
Similarly the categories (5; posses the truncations @;N consisting of finitely gener-
ated, strictly smooth g-modules V' for which

V(N) e O'N, YN € Zs,.

The union of the categories @,;N is the category (5;

The categories @;N can be also described in terms of the Borel and Cartan
subalgebras of the extended affine Kac-Moody algebra g, see section 2.4. Consider
the categories of finitely generated modules V of central charge x — h" for g with
the properties:

(i) The subalgebra n, @ tg[t] of g acts locally nilpotently on V.

(ii) The module V has a generalized weight space decomposition with respect to

~

)
(hi — A(hs))Nv =0Vh; €.

>)
=

V= @ VX, such that for allv € V
Xebp =

The categories @;N are essentially the above truncations of the generalized BGG
category for g : for each module from oN , consider infinitely many copies of it on
which the operator d acts by const — Lg for an arbitrary choice of the constant.

Lemma 5.6. Any strictly smooth g-module V' of central charge N such that
(5.10) V(k)e ON, VEk e Zsg
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has a finite filtration by g submodules
0O=WocCcWyC...CWr =V

with strictly smooth g-submodules W; such that

(5.11) (Wig1/Wi)(k) € O, Vk € Z~o.

Proof. For j € Z~q define the subspace W; of V' by

J
V; = span{v € V| there exists A € h* such that I_I(hZ — (i)' =0, Vh; € b}.
i=1
It is a g-submodule of V' because the adjoint action of h on g is semisimple. For
some sufficiently large integer L < N.dim b we have Wy = V.
Define the generalized weight spaces of V' with respect to b by
VA={veV|(h—Ah)Nv=0forall h € b},
for A € h*. The assumption (5.10) implies that V D,y VA
Observe that for each h € § the linear transformation
Yr(v) = (h— AR))v, ifv e VA
is a g-endomorphism of V.
We will show that the g-module V/W; satisfies
(V/Wh)(k) € O =D Yk € Zy.

From this (5.11) follows by induction. Moreover it is obvious that (V/W7)(k) is
spanned by vectors v such that
L1
[T (hi = A(R))v =0, Vhi €
i=1
and ny acts locally nilpotently on (V/W7). So we only need to show that (V/W7)(k)
are finitely generated g-modules.
Denote the projection p: V' — V/Wj. Then

(5.12) (V/Wa) (k) = p~t [(V/W)(R)]/ (p~ " [(V/WA) (R)] N W)
Besides this
(5.13) p L {(V/W)(E)] = {v €V | ¢n(uv) =0, Yu € U(ny) ", h € b}
= Nnenty " [VIN)].
Fix a basis hy, ..., hy, of h. Then (5.12) and (5.13) imply that (V/W1)(k) is
isomorphic to the image of the g-homomorphism
Wnas-- s tn,): p7 (VW) (R)] = V(B) & ... @ V(k), (r times).
Since V' (k) is finitely generated this gives that (V/W7)(k) is a finitely generated
g-module. O

The main ingredient of Kazhdan—Lusztig’s finiteness result [11] that KL, is
closed under the fusion tensor product is a hard characterization of the category
O, only in terms of the modules V (k). It is based on the BGG reciprocity for Kac—
Moody algebras of Rocha-Caridi and Wallach [15] or equivalently Soergel’s gener-
alized BGG reciprocity [2]. Later this characterization was extended by Finkelberg
to the category Oy, [6].



26 MILEN YAKIMOV

Theorem 5.7. (Kazhdan—Lusztig [11], Finkelberg [6]) If V is a strictly smooth
g-module of central charge k — hY such that

V(k) € O, Yk € Zxo
then V' has finite length and thus V € O..
Theorem 5.7, combined with Lemma 5.6, implies:

Proposition 5.8. IfV is a strictly smooth §-module of central charge k — h" such
that )

V(k) e O, Vk € Zsg
for some fized integer N, then V has finite length and V € @,;N

Finally using affine Jacquet functors and Proposition 5.8 we obtain a second
proof of the following special case of our finiteness result [17, Theorem 1.6] for the
Kazhdan—Lusztig tensor product.

Theorem 5.9. Assume that k ¢ Q>g. Then the categories @;N, O', and 7'A(,{ are

stable under Kazhdan—Lusztig tensoring with KL.
We will need the following lemma.

Lemma 5.10. Every g-modules of central charge k — h" such that
(5.14) V(k) € H, respectively O’

belongs to ﬁn,inf, respectively (5;71-7#.

Proof. Fix a g-module with the property (5.14). The action of Lo on V preserves
V (k). On each V(k)/V(k — 1), Lo acts by 1/x€ where Q is the Casimir operator
of g. This implies that Ly acts locally semisimply on V. Denote the generalized
eigenvalues of Lo on V(1) by &, ..., &,. Since gt maps V¢ to VE~1 and V(k)\V (1)

isomorphically to V(k — 1) we have

V& =0unless & — & € Zsg for somei=1,...,n.
Then for any ¢ € C, V& C V(k) for some sufficiently large k¥ and therefore V¢ € H
or V€O’ for the two cases in (5.14). O

Proof of Theorem 5.9. Fix two g-modules U € KL,, and V € H,. Due to Lemma
6.1
T'(U,V)(k) € H, Vk € Z~o.
Lemma 5.10 implies
T'(U,V) and UV € Hyins.
We need to show that U®V has finite length.

The proof of Theorem 5.1 can be easily extended to show that (5.1) holds in this
situation, where in the lhs of (5.1) j denotes the affine Jacquet functor from ﬁn,inf
to @;m -

Since V € ‘H,, from Proposition 3.2 we obtain j(V) € O for some sufficiently
large integer N. Then Lemma 6.1 implies that

T'(U,DG(V))(k) € O'N Yk € Zsp.

Applying the characterization of the categories @;N from Proposition 5.8, we get
that T"(U, D(j(V))) belongs to O.N. Then (5.1) gives that j(U®V) belongs to O,
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as well, and in particular 7(U®V) has finite length. Since the affine Jacquet functor
is faithful we finally obtain that U®V has finite length. O

6. APPENDIX: THE KAZHDAN—-LUSZTIG FUSION TENSOR PRODUCT

In this appendix we review the definition of the Kazhdan—Lusztig fusion tensor
product [11]. Consider the Riemann sphere CP' with three fixed distinct points
pi, © = 0,1,2 on it. Choose local coordinates (charts) at each of them, i.e. iso-
morphisms 7; : CP! — CP! such that ~;(p;) = 0 where the second copy of CP! is
equipped with a fixed coordinate function ¢ vanishing at 0.

Set R = C[CP*\{po, p1,p2}] and denote by T the central extension of the Lie
algebra g ® R by

(6.1) [f1z1, fawa] = fifa]z1, x2] + Resp, (f2df1)(x1, 22) K,

for f; € R and x; € g. Here (.,.) is invariant bilinear form on g from section 2.3.
There is a canonical homomorphism

(6.2) T —gog, of— @Ex(;) (), 2Ex(y3) (), K — -K

where Ex(.) denotes the power series expansion of a rational function on CP* at 0
in terms of the coordinate function t.
Define

Gy = span{(fiz1) ... (fnxN) | fi vanish at po, z; € g} C U(T).

Let fo be a rational function on CP! (unique up to a multiplication by a nonzero
complex number) having only one (simple) zero at pp and only one (simple) pole

at p1. For instance when ~o(p1) is finite fo(t) = av§(¢)/ (v () —Y0(p1)), a # 0. Set
(6.3) Xn =span{(fox1)...(foxn) |z € g} CU(T).

Clearly XN C Gn.

Let § be a subalgebra of g which is reductive in g. Denote by Hgy s the category
of finite length g-modules which are f-locally finite, semisimple, and admissible.
The last condition on a g-module M means that every finite dimensional f-module
appears with finite multiplicity in M|s. By V — V4 we will denote the duality
functor in Hg; given by M? = (M*)V(D=/in By D(.) we will denote the duality
functor in AFF (Hg.1)s given by D(V) = (V4)¥(c0), see [17, Section 4] for details.

Fix two smooth § modules U and V of central charge x — h" such that

UeKLyandV € AFF(Hge)n.

Using the homomorphism (6.2) U ®¢ V becomes a I' module of central charge
—k + hY. Note that the restricted dual (U ® V)¢ is naturally a I' submodule of
(U® V), having central charge x — h". (The restricted dual is taken with respect to
the embedding ¢ — g — T using constant functions on CP!.) Following [11] define
the following I' submodule of (U @ V)¢

(6.4) T'(U,V) := Uns1 T(U, V){N}

where
T(U,V){N} := Anng, (U @ V)<
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Eq. (6.4) indeed defines a T' submodule of (U ® V)9 since for any y € T' and
any integer N there exists an integer ¢ such that Gy4;y € 'Gy. In other words
T'(U,V){N} is defined as

T'UVH{N}={ne UaV)" [n(GnyW) =0, dimU(f)n < co}.

The spaces T'(U, V){N} inherit a natural g-action, using the embedding of g in
I" by constant functions. Kostant’s theorem [12] that Hg ¢ is stable under tensoring
with finite dimensional g-modules and the following lemma of Kazhdan and Lusztig
imply that the spaces T"(U, V){N}, equipped with this g-action belong to Hg ¢.

Lemma 6.1. [11, Proposition 7.4] Assume that V; are two strictly smooth g-modules
of central charge k — hY, generated by V;(N;), respectively. Then
N-1
UV ="> Xy(UN1)®V(N2))+Gn(UaV)
k=0
for all N € Z~y.

There is a canonical action of g (“the copy attached to py”) on the space T'(U, V),
defined as follows. Let n € T(U,V){N}. Fix w € C[t,t7!], # € g and choose f € R
such that f —+{(w) has a zero of order at least N at pg. Then

(6.5) (wz)n == (fx)n
correctly defines a structure of smooth g-module on T'(U,V) of central charge
k — hY. Moreover

(6.6) T'(U,V)(N)=T'(U,V){N}.

The Kazhdan—Lusztig fusion tensor product of the strictly smooth g-modules U
and V is defined by

(6.7) UV = DT'(U,V)

In [17] we proved the following affine version of Kostant’s theorem that the
categories Hg ¢ are stable under tensoring with finite dimensional g-modules.

Theorem 6.2. Assume that § is a subalgebra of g which is reductive in g and x ¢
R>q. Then the categories AFF(Hg,5)w are stable under Kazhdan-Lusztig tensoring
with modules from the Kazhdan—Lusztig’s category KCL,,.

The hardest step in Theorem 6.2 is to show that U®V is finitely generated
(equivalently has finite length) for any U € KL, and V € AFF(Hg,5) -

The case f = g recovers the finiteness result of Kazhdan and Lusztig [11] that
KL, is a monoidal category.
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