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Abstract The Schrodinger-Poisson-Landau-Lifshitz-Gilbert (SPLLG) system
is an effective microscopic model that describes the coupling between conduc-
tion electron spins and the magnetization in ferromagnetic materials. This
system has been used in connection to the study of spin transfer and mag-
netization reversal in ferromagnetic materials. In this paper, we rigorously
prove the existence of weak solutions to SPLLG and derive the Vlasov-Poisson-
Landau-Lifshitz-Glibert system as the semiclassical limit.
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1 Introduction

This paper is devoted to the study of spin-magnetization coupling in fer-
romagnetic materials by analyzing the semiclassical limit of the Schrédinger-
Poisson-Landau-Lifshitz-Gilbert (SPLLG) system. The spin-magnetization cou-
pling plays a key role in the active control of domain-wall motion [29,[28][17]
and magnetization reversal in magnetic multilayers [4], which are the core
techniques used in magnetoresistance random access memories and race-track
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memories [9]. The SPLLG system is used to describe a mechanism known as
spin-transfer torque that transfers the spin angular momentum to magnetiza-
tion dynamics via spin-magnetization coupling, and was introduced in the the
seminal works of Slonczweski [34] and Berger [7,8]. The SPLLG system com-
bines two different models, one to describe the conduction electron spin and
one to describe the magnetization dynamics, and will be described in details
as follows.

Model description. We start from the quantum mixed-state theory where
the pure state wave functions {1)]}32, satisfy the following Schrédinger equa-
tion [31],

2
e % (a, 1) = f%A@bj(az,t) + VoS (a,t) — %ms eyS(x,t). (L)

Here 0 < ¢ <« 1 is the renormalized Planck constant in the semiclassical
regime, ¥5 = (¢5 ,,¢5 )" stands for the j-th spinor with “+” indicating spin
up and down respectively, and the Pauli matrices & = (01, 09,03)7 are defined

as follows:
01 0—i 10
o1 = <1 0), 09 = (l 0), 03 = <0 _1) (12)

The position density p°, current density j°, spin density s°, and spin current
JE are given by

io:/\5 |95 (, 1) (1.3a)
Z T, t)Varp (2, 1)), (1.3b)
ZA Trea (& “(z, )95 (=, t))) (1.3¢)

JE (@, 1) = sz ASTm (Tr(cz (& @ Vot (@, )05 (a, t))) : (1.3d)

J=1

where the coefficients A\; > 0 are the occupation probabilities of the L?(R3)-

orthonormal initial states {cp? 521 Note that 1/}? is the complex conjugate
transpose of '¢§, Tre2 is the trace operator of a 2 X 2 complex matrix, and ®
means a tensor product of two 3-vectors. Therefore s° is a 3-vector and JS is
a 3 X 3 matrix.

The potential V¢ in is given self-consistently by the Coulomb inter-
action,

VE=—Nxp°, (1.4)
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with the kernel function given by

1

N((B) = —m,

(1.5)
and * is the convolution operator in .
We assume that the ferromagnetic material occupies a compact domain {2

with smooth boundary. The magnetization m® satisfies the Landau-Lifshitz-
Gilbert equation [241[20],

om® = —m® x Hog + am® x 9ym®, with |[m®(x,t)| =1, and ¢ € 2, (1.6)
with Neumann boundary conditions,
0,m® =0 on 012, (1.7)

where « is the dimensionless damping constant, and v is the outward unit
normal vector on 0f2. The first term on the right-hand-side of describes
the precession of magnetization around the local effective field Hgg, and the
second term is the Gilbert damping.

In (1.6), the effective field Hgg is defined as the variational derivative (with
respect to m®) of the Landau-Lifshitz energy

1 1
FiL = / <|Vm5|2 +w(m®) — —H -m° — st m8> dx, (1.8)
o \2 2 2
which is given by
e 5FLL 5 / I3 € € €
eff:*gma:Am *w(m)+Hs+§3- (1.9)

The term w(m®) in (1.8) stands for the anisotropy energy, and we assume
that w > 0 is a polynomial up to degree 4. In particular, this assumption is
satisfied for uniaxial anisotropy given by

w(m?) = m§® +m5>, (1.10)
and the cubic anisotropy given by [23]
w(m®) = m5*ms® + m§*ms? + m§*ms2, (1.11)

We use w'(mf) in the variational derivative instead of V,,w(m?®) for ease
of notation. The coupling term s° - m* gives rise to the spin transfer torque,
which converts the spin angular momentum to magnetization dynamics; and
H: = —Vu is the stray field, where the magnetostatic potential u is given by

u=VN % -m°, (1.12)

and thus
H:(x) = -V (VN *-m®). (1.13)

S
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Main result. Our previous work [I6] introduced a systematic (but formal)
way of deriving mean-field models for spin-magnetization coupling in ferro-
magnetic materials using the Wigner transform,

_ 1 .- ey Pl YN

(1.14)
We also numerically implemented the mean-field models in three dimensions,
and applied them to predict current-driven domain wall motion [15]. In the
current work, we rigorously prove that the SPLLG system has the Vlasov-
Poisson-Landau-Lifshitz-Gilbert (VPLLG) system as its semiclassical limit.
We describe the main result in the following theorem.
Theorem. Under certain assumptions on the initial conditions to be specified
later, there exists a sequence of solutions (W€, m®) to the SPLLG system

(TI) - (T6) and (TI4), such that
we =% W oin L=((0,T), L*(R3 x R3)) weak* |
m® =% m in L™((0,T), H'(2)) weak* |

and (W, m) is a weak solution to the following VPLLG system,

OW =—v -V W4V, V-V, W+ %[6’ -m, W1,
oym = —m X H.g + am X Oym,
where the potential V' is given by
V =—N xp,
and the effective magnetic field H og is given by

Hg=Am —w'(m)+ Hs, H(x)=-V (VN x-m),

with N given in and the density p = W dw.
R3

Related works. The Wigner transform, first introduced by Wigner in [35], is
a powerful tool in studying the semiclassical limit of quantum systems. Under
the Wigner transform, the Schrédinger equation becomes a phase-space quan-
tum Liouville equation. Markowich and Neuzert proved that the semiclassical
limit of the Schrodinger equation in the presence of an external potential is
given by a Liouville equation [27]. There is also a natural connection between
semiclassical limits and homogenization analysis, as discussed in [19]. The elec-
tron dynamics with spin were considered by the Wigner transform in [3] with
a magnetic field given by a fixed, external vector potential. In the spin-less
case, the existence and uniqueness of the three-dimensional Schriédinger sys-
tem with a self-consistent Poisson potential were analyzed in [T0,2[14], and
the semiclassical limit of the Schrodinger-Poisson system to the Vlasov-Poisson
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system was derived rigorously in [25l[30], and with an additional periodic po-
tential in [26)5l6]. The Landau-Lifshitz-Gilbert (LLG) system has also been
intensively studied in the literature. Alouges and Soyeur studied the global
weak solutions and showed the existence and non-uniqueness in [I]. In [13]
12], local existence and uniqueness of the regular solution was proven in three
dimensions, and the global existence of regular solutions was proven in two
dimensions for small initial data. The spin-polarized dynamics was studied
in [I§] by coupling the LLG system with a spin-transport equation, and the
existence and non-uniqueness of the weak solutions was discussed in three di-
mensions. The global existence of weak solutions to several model equations of
magnetization reversal by spin-polarized current was also studied in [22]. The
existence of a global smooth solution of the spin-polarized transport system
was provided in one and two dimensions in [2I] and [32], respectively.
Organization of the paper. In Section [2| we prove the existence of weak
solutions to the Schiodinger-Poisson-Landau-Lifshitz-Gilber (SPLLG) system.
We introduce the assumptions, conserved quantities and a priori estimates
needed for taking the semiclassical limit of SPLLG in Section [3] In Section
we rigorously prove the semiclassical limit as the Vlasov-Poisson-Landau-
Lifshitz-Gilbert system.

2 Existence of the Weak Solution

Without loss of generality, we consider ¢ = 1 and the following coupled
system consisting of the Schrodinger equation

. _ 1 1 ~ .
’lp](t = O,IE) = Soj(x)v
and the Landau-Lifshitz-Gilbert equation
Om=-mx H+am x dm, (x,t) € 2 xR,
m(t =0,z) = mo(x), x € {2, (2.2)
0,m =0, (z,t) € 002 x RT,
where the Poisson potential
V = =N x p|¥&], (2.3)
the effective field
, 1
H:Arn—w(Tn)—i—HS—l—is[!l'/]7 (2.4)
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and p[¥], s[¥] and H; given by

=Z&mﬁ (2.52)
Z)\ Trea ( (] )) (2.5b)
H, = fV(VN * M), (2.5¢)

respectively. Here N(z) and w(m) are given by and respectively,
and we have used the short-hand notation ¥ = {1, }jen and introduce & =
{®;}jen to be used later. For each A = {\;}72; and each r € R, we introduce
the following Hilbert norm for ¥ defined on some measurable domain K C R3,

121325 () = > Xl 3 (2.6)
j=1

then we say ¥ € H} (K) if ||| (k) < 0o, and we denote H3 (K) by L3 (K).
We use the following definition of weak solutions:

Deﬁnition 1 Let @ € HL(R?), mg € HY(2), |mo| = 1 a.e. in 2. We say
(¥, m) is a weak solution to the Schrodinger-Poisson-Landau-Lifshitz system

. .1f for all T' > 0,

— ¥ € L>([0,00),H5(R?)), m € L>([0,00), H'(£2)) n H'([0,T] x £2), and
lm| =1 a.e.

— For all x € Hl([O T] x 2) and n € C([0,T], H:(R?)), the following holds

[ fyoae b v [ [

_Z 2.7
[ [ 2.7

T T T
/ 8tm-xza/ mx@tm-x—/ /(mxH)-X
0o Jo 0o Jo 0o Jo
where
T T 1
//mxH~X:/ /m><<Hs+s—w’(m)>~X
0o Jo o Jo 2

T
—/ m x Vm-Vy,
0o Jo

and V| p, s, and H are given as (2.3)-(_2.5).
— ¥(x,0) = &(x) and m(x,0) = mo(x) in the trace sense.

We summarize the result in the following existence theorem:
Theorem 1 Let §2 be a bounded domain with smooth boundary. Given any
initial conditions with & € H3(R®) and mo € H'(12), there exists ¥ €
L>([0,00),HA(R?)) and m € L>°([0,00), H'(£2)) N H*([0,T] x 2) for all
T > 0, such that (¥, m) is a weak solution to (2.1)-(2.2).
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2.1 Bounded domain

We first consider the Schrédinger equation in K = {x € R3, |z| < R} in
the coupled SPLLG system, i.e., for each A = {;}32,

iatd)j:_%A'l:bj—i_Vdjj_%m'&d’j, jeN, (z,t) € K xR,
'¢j(t =0,z) = (Pj(x>7 reK (2.8)
Y;(z,t) =0, (x,t) € OK x RT,

with the potential given by the Poisson equation

—AV = pl¥] (x,t) € K x RT (2.9)
V(iz,t)=0 (x,t) € 0K x RT, ’
and magnetization given by the Landau-Lifshitz-Gilbert equation
Om=-mx H+am x dm, (x,t)€ 2 xR,
m(t =0,z) = mo(x), x € 02, (2.10)

d,m =0, (x,t) € 02 x RT.
We assume the initial condition satisfies |mg(x)] =1 a.e. in 2, and let
¥=0,in (RK) xR, and m=0, n (R*\2) x R*.
The main result of this subsection is summarized as the following theorem.

Theorem 2 Let {2 be a bounded domain with smooth boundary. Given K C
R3 as a ball large enough such that 2 C K, and given initial condition
with @ € H3(K) and mo € H'(2), then for all T > 0, there exists ¥ €
L>([0,00), H3(K)) and m € L>([0,00), H*(£2)) N H'([0,T] x §2), such that
the system - holds weakly.

To prove this theorem, similar to [I], instead of directly considering (2.10)),
we first construct weak solutions to a penalized problem, where the constraint
|m| =1 is relaxed,

adm+m x Oym = H — k(lm]*> — )m, (z,t) € 2 xRT,
m(t =0,x) = mg(x), x € 2, (2.11)
d,m =0, (z,t) € 02 x RT,

with k£ > 0 as a penalization constant. We then apply the Galerkin method to
show that the system ([2.8) and (2.11)) has weak solutions and then let & go to
infinity to get weak solutions to the system (2.8)) and (2.10).
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Galerkin approximation.
Let {0, }nen be the normalized eigenfunctions of
~A0=ph inK, 0o, = 0. (2.12)
Let {wp nen be the normalized eigenfunctions of
— Aw = pw in £2, Oywla, = 0. (2.13)

Note that 6,, € C*(K) and w, € C=(£2). We define the orthogonal projec-
tions IT% and IT$ as

)12 (k)0 vu € HY(K), (2.14)

Wn)L2(Q)Wn, VU E H' (). (2.15)

N

N
Z (u
Consider the approximate solutions ¥y = {%; }jen and my in the forms of

Yin(@,t) = Zam O, ( my (1) = B,(Hwn(), (2.16)

where o, and 3, are two- and three-dimensional vector-valued functions
respectively, and are chosen such that

. 1 1 .
/K (13t'¢jN + §A'¢jN - VNnyYjy + smy - 0"‘ij> On =0,

2 (2.17)
’lij(',O) = Hll\f(sojv

and

/ (a@tmN +my x Oymy — Hy + k(|mN|2 — l)mN) wyn =0,
? (2.18)

mN(-,O) = H]{?mo,
for n = 1,2,...,N, where Vy satisfles —AVy = py, Vnlox = 0, Hy =

Amy+Hoy + sy —w'(my), Hiv = =V(VN x-my), py = Z)\j|¢jN|2,
j=1
and sy = Z AjTree (&ijw,b;N) The local (in time) existence of solutions

-1
to the Cauchy problem (2.17)-(2.18) follows from Picard’s theorem.
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Lemma 1 Let (¥ n,mpy,VN,pn,Sn, Hsy) be the solution to (2.17)-(2.18]).
Then the interval of definition of (¥ n,mpy, VN, pn, SN, Hsn) can be extended

to [0,00), with

Uy € LR, HY(K)), (2.19a)
PN € L®RT, H (K)), (2.19b)
my € LR, H(2)), (2.19¢)
omy € L*(RT, L*(0)), (2.19d)
w'(my) € L°(RT,L7(2), 1<r<2, (2.19¢)
py € L®(RT L7(K)), 1<r<3, (2.19f)

sy € L°(RT, L"(K)), 1<r<3, (2.19g)

Vn € LR, L°(K)), (2.19h)
VVy € L®(RT, L*(K)), (2.19i)
H,y € L™(R*, L*(RY)), (2.19j)
|my|? — 1€ LR, L*(02)), (2.19Kk)

and the sequences are uniformly bounded in the corresponding spaces.

Proof Multiplying (2.17)) by a;—n, summation over n, and separating the real
and imaginary parts produce

d
@/K ;nl? =0, (2.20)
therefore

YN )2 ) = IR (0) |l 12 (10 - (2.21)

T

da;
Multiplying (2.17) by —2* and summation over j (with the weight \; ) and

n bring
2, 2
2dt/ Z)\ IV, v |= + 2dt/ [VVN|® = /Katszv'mzv. (2.22)
Bn
Multiplying (2.18]) by — and summation over n yield
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Adding (2.22)) and (2.23)) gives
d - 2 d 2
= , ‘ = Vi
= /K J§:Iixg|vwﬂv| + 5 [ ol

Lihui Chai et al.

d d d
"‘*/ |VmN|2+—/ |HsN|2+f/ 2w(my) (2.24)
dt Jgo
k d d
+§a (Imn]?—1) +2&/ Oy |? = dt/ SN -my.
Thus
[ Soniwwnt+ [ v
K5 K
+/ |VmN\2+/ |HSN|2+/ 2w(my) (2.25)
Q R3 Q
k 9 2 t 9
+ = (|mN| —1) + 2c [Ompy|* = | sy -my + In,
2 Jo 0 Jo Q
where

IN:/ ZAJ‘\V%N(%O)IH/ IVVy (z,0)[?
K j=1 K

+/9|va(513,0)|2+/]1§3 ‘HSN(m’O)|2+L2w(mN($,O)) (226)
+§/ﬂ(|mN(“’70)\2—1)2_/931\,(@‘,0)'7711\/(%,0).

Note that

/ ma - sx <Imalzoe 153 o) < ClVmalza 153 o s,
0

3/4 1/4
<OVmn |22 55155 o) I8 ot

e

L)
SC”va”LQ(Q) Z/\J ||¢JN||22(]R3)
j=1

Al

Z)‘j Hv'lijH2L2(R3)
j=1

Al

<ClIVmnlzo) | N IV¥in e | (2:27)
j=1
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then together with (2.25) we reach that there exists a constant C', which may
depend on the initial datum @ and mg but is independent of N, such that for
allt >0

1 [ & 1
3 [ NIl [P g [ vmal e [ EP
j=1

k t
+*/ (|mN\2—1)2+2a/ / |8tmN\2 SC
2 2 0o J

Then, by (2.21)) and (2.28]), (2.191) and (2.19¢g)) follows from Sobolev interpo-
lations. Furthermore, from (2.17)) it follows that

(2.28)

‘/ Ot'tij Hn < C||9n||H1(K), Vn € N, (2.29)
K
therefore,
{8t1/JjN} is uniformly bounded in H~*(K). (2.30)
O

It follows from Lemma[l] that up to subsequences

Wy 20 @k e [o(RT, HL(K)) weak* (2.31a)
Wy N2 9,0 € LO(RT, Hy(K)) weak* (2.31D)
my —=2 mk e L°(RY, H(2)) weak* (2.31c)
Oymy 22 8tm € L*(R*, L*(2)) weakly , (2.31d)
w' (my) 222w/ (m*) € LR, L7(R2)) weak* , 1<r <2, (2.3le)
PN Moo, ph e L>®RY, L7 (K)) weak* , 1<r <3, (2.31f)
sy D2 gk e L®(RT,L"(K)) weak* , 1<r <3, (2.3lg)
Vy 222 vk e L°(RT, LS(K)) weak* | (2.31h)
VVy 222 vk e L°(RY, L3(K)) weak* (2.31i)
imy |2 — 1 222 |mF2 — 1 e L°(RT, L2(2)) weak* | (2.31j)
then by Aubin’s lemma
Wy N2 gk e C([0,T], L3 (K)) strongly , (2.31k)
by the Sobolev embedding theorem
my 22 mb e L2([0, T), L2(£2)) strongly | (2.311)
and by the continuity of the map from my to Hyy
H,y Y22 HY € L2([0,T), L*(R?)) strongly , (2.31m)

and HY = —V(VN x-mP*).
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Lemma 2 The limit (*, p* s*) satisfies [2.5a) and ([2.5D).
Proof Let p= 372, )\j|'¢/)§|2 and n € C§°(K), and because of (2.31k]),

\/Ko»N —ﬁ)n‘ S;Aj/K s + 819 — I

<C (I lez 00 + 125 ez ) (128 = 2523 1))

N —oc0

Then we get pF = p[@F] = Py )\j|'¢/;?|2. A similar argument shows s* =

s[P"] = 3252 A (6 )). 0
Lemma 3 The limit (V¥ p*) satisfies (2.9).

Proof 1t is easy to see that V* is a weak solution of —AV* = pF on K xR*. In
addition, by (2.191), since ||py||2(x) is uniformly bounded, we know that Vi
are uniformly bounded in H?(K), so we know V¥ € L>(R*, H?(K)), which
implies V' is a strong solution. a

Lemma 4 The limit (!l'/k,mk) satisfies (2.8) and (2.11) weakly, i.e. for all
x € HY([0,T] x 2) and n € C([0,T], H'(K)), it holds that

T T T
. 1
[ [ o= [ [ vebevas [ viel
0 R3 0 R3 0 R3
T

1
0 JR3
T T ) (2.32)
/ / adymPy = —/ / (mk x oymk — HY — ~s* +w’(mk)> X
o Jo 0o Jo 2
T
+/ / k(|m"? — 1) m*x + VmF* - V.
0 2
Furthermore, there is a constant C such that
[ oniwutis [ovips [ vmte [
K3 K ¢, R3 (2.33)

k_ t
+f/ (|mk\2—1)2+2a/ / om*P < C,
2Ja 0 Joe
uniformly in k.

Proof Tt is easy to see that is true for all x € C*([0,T] x £2) and
n € C([0,T], H'(K)) by passing the limit N — oo in and (2.18). Then
by a density argument, (2.32)) is also true for all x € H'([0,T] x £2). Taking
the limit N — oo in ives the estimate by A}i_1>nOO|mN(as,O)\ =

mo(@)| = 1. 0
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Limit as k tends to co.

2
From Lemma in particular / (jm** —1)" < C/k, we can get, up to a
Q
subsequence,

mF 2% m pointwise a.e. with |m| = 1. (2.34)

In a similar way to (2.31)), we can also get

ok E2 g e Lo(RY, HA(K)) weak™ | (2.35a)
O 122 9w e L (RY, 1y (K)) weak* (2.35b)
ok E22 @ € ([0, 7], £2(K)) strongly | (2.35¢)

mb 222 e Lo(RY, HY () weak* | (2.35d)
Oym* E22% g,m e L2(RY, L3(12)) weakly | (2.35¢)
mb E2% m e 12([0,T), L*(R2)) strongly (2.35¢)

mb E22% e LA([0,T] x 2) weakly |, (2.35g)

mF? -1 2= b2 0 e L*([0,T] x ) weakly and a.e. (2.35h)
w' (mF) 22 o/ (m) € L®(RY, L7(2)) weak* | 1<7r <2, (2.35i)
pF E22 e Lo(RY, L7(K)) weak* , 1<r<3,  (2.35)

sF B2 g e L®(RY, L7(K)) weak* , 1<r<3,  (2.35k)

vk E22 1 e Loo(RT, LS(K)) weak™ | (2.351)

HY 22 g e 12([0,T), L2(R?)) strongly . (2.35m)

Proof (Proof of Theorem@) Let £ € C=([0,T] x §2), and x = m* x £. As
x € HY([0,T] x £2), we get from (2.32) that

T
/ / (—Ocm’C x 9ymP 4+ |m*|?9,mF — (m” . 8tmk)mk) €
0 % (2.36)

T _ 1
:/ /mkamk-VE—mkx(Hf—i—st—w’(mk))-{.
0o Jo

Since

//|mk28m €= //|m | - 1)o,mF* . £+//8tm €,

(2.37)

/OT/Q|m“atmk.gﬁi°—%/oT/Qatm.g. (2.38)

we have
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On the other hand,

/OT /Q(mk  HemFymk - ¢ ’€—>_O<>>/OT/Q(m,3tm)m.g—o, (2.39)

Eventually we obtain that for all & € C*°([0,T] x §2) it holds

[ fms= [ [ (e (st 1))
+/OT/Qm><Vm~V§.

Since |m| =1 a.e. , by a density argument, we also obtain the above equation
holds for all € € H([0,T] x £2). In the mean time, by passing the k — oo limit
in the Schrodinger equation in (2.32)), we can obtain

T 1 T T
[ o= [ [ ve v [ Ve
0 R3 R3 0 R3
T

(2.40)

0 (2.41)
L e
2 Jo Jes m-oy;n,
for all n € C([0,T], H'(K)). This ends the proof of Theorem O

The weak solutions have the following property:

Proposition 1 Let (¥, m,V,p, s, H;) be one solution in Theorem@ then

19;()ll2(x) = llpjllexy,  [Im(t)]|L2(2) = [mollL2 (o), (2.42)

and

d = ) 2 d 2 d/ 2
dt/}(;AﬂV’lﬁﬂ +dt/K|VV| ) IV

(2.43)
d d d
S HP S 20m) — 5 [ somt2a [ 9m]? =0
+dt/Rs| \+dt/9w(m) gy Qsm+04/n|tm|
Moreover, there exists a constant C' such that for all t > 0,
[ onlve 2+ [ vve
Kj=1 K (2.44)

t
+/ |Vm|2+/ |Hs|2+2a/ / 0ml? < C.
(9] R3 0 (7]
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2.2 Whole space

We then consider the Schrédinger equations in R? in the SPLLG system
and show the existence by representing the solution as a limit of the solutions
of bounded-domain problems defined on a sphere whose radius goes to infinity
[1a].

We denote the sphere of radius R by Br = {x € R?, |z| < R}, and without
loss of generality assume {2 C Bpg.

We consider the sequences (¥ r, mpg, Vg, Pr, Sr, Hsr), which are defined
for R > Ry and satisfy the following coupled system consisting of the Schrédinger
equation

iatWR:—%AWR+VWR—%mR~6’WR, (ac,t)EBRxR+,
q;R(t = 07 m) = ¢R(m% HARS BR7 (245)
Yp(x,t) =0, (z,t) € OB x RT,

the Poisson equation

—AVr = pp (z,t) € Bg x RT, (2.46)
Vr(x,t) =0 (x,t) € Br x RT, ’
and the Landau-Lifshitz-Gilbert equation
Omr=-mXx Hg +ampg x Oympg, (z,t)€ 2 xRT,
mg(t =0,z) = mo(x), x € 12, (2.47)
d,mpr =0, (x,t) € 02 x RT,
where the effective field
1
HR:AmR—w/(mR)+HsR+§sR7 (248)
and pp, sp and Hgg given by
Pr = Z Aj |¢jR‘23 (2.49a)
j=1
sp=3 AT (&(%Rzij)) : (2.49D)
j=1
H.,p =—-V(VN % -mpg), (2.49¢)

respectively. In (2.45)) we have used the notation ¥ = {9,5} en and Pr =
{cpj r}jen, and (2.45) should be understood component-wisely for each Vi,

j € N. We also assume |mg(x)| =1 for all € 2 and set

Urp=0, in (R°\Bg) xR", and m=0, in (R°\Q2) xR".  (2.50)
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We assume that the initial & = {¢;};en € H)(R?), and choose $p =
{SDjR}jeN as

0, 7> R,
#inl®) = {sojma(m/m <R, (251)

where o(x) € C5°(B1),0 <0 <1, and o(x) = 1 for x € By .

Theorem [2[ implies that the problem — has at least one weak
solution (¥ g, mp, Vg, pr, Sr, Hsr). By Proposition [1| and the Gagliardo-
Nirenberg interpolation inequality, we can get

/ 301V al? ¢ / Va2
Br j=1 Br

t
“r/ \Vm3|2+/ |HSR|2+2a/ / |8tm3\2 <C,
2 R3 0 (P

where the constant C' only depends on the initial conditions but not on time
t and the radius R. Then

(2.52)

lprllLrBr) + ISRllLr(BR) <C, 1 <7 <3, (2.53a)
3
IVellLs(5r) <C. (2.53¢)

Therefore, as R — 00, there exists a subsequence {¥r, mpg, Vg, pr, Sk, Hsr}
(not relabeled) such that

R—o0

Urp 5w e L°(RY, Hy(R?)) weak* | (2.54a)
pr 222 pe LR, LT(R?)) weak® , 1<r <3,  (2.54b)
sp 2% s € LDO(R+,L’“(R3)) weak® | 1<r<3,  (2.54c)
Vi 222 V e L°(RY, LS(R?)) weak* (2.54d)

Ve 222 VV € L®(RT, L2(R?)) weak* | (2.54e)
mp 22 m e L°(RY, H'(2)) weak* (2.54f)
Oymp 222 9ym € LA(RT, L2(£2)) weakly | (2.54g)
mp 222 m e L2([0,T), L*(12)) strongly |, (2.54h)
W' (mp) 2222w/ (m) € L°(RY, L7(Q)) weak® , 1<r <2, (2.54i)
and
Hyp 222 H, = —V(VN % -m) € L*([0,T], L*(R?)) strongly .  (2.54j)

We then show the limit (¥, m, V, p, s, H) satisfies the whole-space Schrodinger-
Poisson-Landau-Lifshitz system ([2.1])-(2.5)). First we state the following con-
vergence result:



Semiclassical limit of the SPLLG system 17

Lemma 5 For every T > 0 and bounded K C R3, there exists a subsequence
such that
W B2 9,0 € L°((0,T), Hy (K
R—o0

N 2.55a
Urp —=we (0,7, L3(K
Ll

2.55b

) weak* (
) strongly, (
)

Pr Eimi Ny c([0, 1], strongly, (2.55¢

) )
(K) )
(K) )
sp 222 s € C([0,T], L*(K)) strongly. (2.55d)
Proof We omit the proof of this lemma and remark that this is essentially the

same as Lemma 4.4 and 4.5 in [10]. O

By passing the R — oo limit in (2.45]) — (2.47)), we obtain :

Lemma 6 The limit (¥,m,V,s, Hy) satisfies (2.7) for all T > 0, all x €
HY([0,T] x £2), and all n € C([0,T],H5(K)) for some bounded K C R3. And

p = pl¥] and s = s[W] satisfy (2.5a]) and (2.5b|) respectively.
We refer to Lemma 4.10 in [10] for the Poisson potential:
Lemma 7 The limit (V, p) satisfies (2.3)), i.e.

Viw,t) = / oY1) 4, (2.56)

dm Rs [T — Y|

Lemma@ andimply that the limit (¥, m,V, p, s, H;) is a weak solution of the
Schrodinger-Poisson-Landau-Lifshitz system, and we have proved Theorem

3 Semiclassical limit: Assumptions and preliminaries

In this section, we introduce assumptions, conserved quantities and a priori
estimates that are needed for taking the semiclassical limit of SPLLG system

©I).
Assumption 1 For fized € € (0,e0], we assume \; > 0, Vj € N, {¢5}jen
is orthonormed in L*(R* C?). A5 > 0, Vj € N, {¢5}jen is orthonormal in
L?(R3;C?)
Assumption 2 There is a constant C' > 0 independent of € € (0,e9] such
that

(oo}

DN+ Y NIV T+ D (NP <G 31)

j=1 j=1 j=1
fore € (0,¢,].

Assumption 3 The initial condition of the LLG equation (1.6)) is given by
mé(x,t = 0) =0 for x € 2° and m®(x,t = 0) = mo(x) for x € (2, where
mgy € HY (), /mo| =1, and 9,my =0 on 912.
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Remark 1 Assumptions [1] and 2| have been used in [30L255L[6] for proving the
semiclassical limit of the Schrodinger-Poisson system, and Assumption [3] was
used in [ILTILI8] for proving the existence of solutions to the LLG equation.
The first two terms in the inequality indicate that the total mass and total
kinetic energy are bounded resp., while the third term in is a technical
assumption used in proving the regularities of the physical observables.

We next introduce the mixed state density matrix,
(z,y,t Z)\E (a: t), (3.2)

and the p-norm,

1271, = (e ) o oranypz1 55)

Then the Wigner transform (1.14]) can be rewritten as

e 1 e Y oY) e

Note that the Wigner function W¢ is a 2 x 2 matrix and is connected to the
densities and currents via its moments,

P (1) = /R T (W@ ,0) o (3.50)
i (@,t) = /R T (W@, 0) o (3.5D)
ss(w,t):/R% Tres (6W* (, v, 1)) dv, (3.5¢)
JE (@, t) = /]R 0T (0 Wz 0.)) do, (3.50)

and the kinetic energy

B, = / Zﬂvw x, 1) dz

2
- / / iTrcz (W= (2, v, 1)) dv da. (3.6)
RS JRS 2
Direct calculations from (1.1]) show that the Wigner function (3.4)) satisfies
DW= —v -V W* + (QE[VE] + ;Ff[m€]> we,

(3.7)
WE(.’B,’U,t - O) - WIE(:IZ,’U),
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where the operator ©°¢ is given by

€ € y £ z—:y
OV W (@, v) 27r // ie 2 ) v ( 2 )} (3.8)
X Ws(ac, v")el V)Y dy do’,

and the operator ¢ is given by

IEmiWe(z, v)

{ME )WE(CL’,'U/)

— WE(:E, ,U/)Me (:B + %) :|ei(’v—'u/)'y dy d’Ul,
(3.9)

with the matrix M¢ = 6 - m°.
The initial datum W7 is the Wigner transform of the initial density matrix

Z5(x,y) = ZA€6 o5l (), (3.10)

which is

€ 1 € €Y €Y iv-
Wie.0) = s /R Z,( 2+, a:—?)e vdy. (3.11)

In what follows, we give a list of conserved quantities that the SPLLG system
preserves.
Conservation of the total mass.

/ wtdm—/ / Trez (We(z,v,t)) dv de
RZ RS JRZ

= /Rg . Trez (Wi (x,v)) dvde (3.12)
= [ pFla0)dz=> x
‘/]RS p (w7 ) T Z ¥l
Conservation of the L?-norm of W¢.
W (0)132 3 cms) = / [ tre{ [ @v.0] ) dvaa
R(}

_/R:; /R% Trcz{[Wf(a:,v)]Q}dvdx (3.13)

2 o0
=Wz e cry) = Gmays 22 05)°
j=1
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This can be seen by left-multiplying We' = W< on (3.7) and integrating

—ii/ [Wa(a:,v,t)]Qd'udm

dt Jers Jry

_ 9 / W, v, ) [VE]W* (2, v, t) dv da (3.14)
m3 JRg

+/ We(x, v, t) [ [MF)W*e(x,v,t) dv de.
RS VR
The second term on the right of the above equation is
/ W (@, v, £) DS [ME]WE (2, 0, £) do da
RS JRS
= /// We(x, v, t)M* (w - %) We(z, v, )Y v dy dv da
- /// We(z, v, t)We(x, v t)M*® (33 + %y) (=Y o’ dy dv dz
:/// We(z,v,t)M® (:1: - g?y) Ws(a:,v’,t)ei(”_”l)'y dv' dydvdz

- //// We(z,v', t)W*(z, v, t) M® (w - %) =) 4y dy dv’ da.

By taking trace on both side of the above equation, the right hand side vanishes
since Tre2(AB) = Trez2(BA), and one has

Tr (/ We (@, v, £) DS [ME]WE (2, v, ) do dw) 0. (3.15)
R3 JRY
Essentially the same argument also yields
Tr (/ We(x,v,t)O° [VEIWE (z, v,t) dv dw> =0. (3.16)
R3 JRY

Therefore, taking trace on both side of ([3.14]) produces (3.13)).

Energy dissipation. An extension of (2.43|) implies that

Oz/o /v(2 |3tm5|2 + Fsc(t) + FLL(t) = Fsc(O) + FLL(O), (317)

where we have defined the energy connected the Schrodinger equations as

g2 > 1
Fso = — X |Vyps|?d 7/ vVel2d
sc 2/1&;;]2_; 5IVs| fc+2 Ri| |“dx

1 1
f/ / |v|2TrC2(WE(:c,v,t))dvdw+7/ |VVE(x,t)|? dee,
2 Jrg Jr3 2 Jrg
(3.18)
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and the by Landau-Lifshitz energy as

1 1
FLsz/ |Vm5\2d:c+f/ |HZ|? dze
2 0 2 ]R3

—|—/w(m)dw—i/sa-m6dm.
o 2 Je

In the end, we shall give a priori estimates of densities and currents using
the following classical interpolation lemma [30,25L21516].

Lemma 8 Let 1 <p<oo,q=Bp—3)/Bp—1), s=(5p—3)/(4p — 2), and
0 = 2p/(5p — 3). Then and there exists a constant C > 0 such that

(3.19)

_ —6
16 oes) < CNZ7N0 (62 Ein) " (3.20)
. _ 1-6
15 ee gy < CNZ7N, (£ 2BR) (3.21)

with Ej,, given by (3.6).

By (3.12)-(3.13) and Assumption [2| we conclude that there exists a con-
stant C' independent of ¢ such that

101 e ((0,00). L1 ®2)) = 17 (5 0)[ L1 (mg) < O, (3.22)

[WE oo ((0,00), L2 ®E xR2)) = W] || £2(R2 xRZ) < C. (3.23)
By (1.4)-(L.5), and the Holder’s inequality, one has

IVVEDOIT2@ay < IVE@Ols@e)llo® ()] porsrs) - (3.24)
Then the Gagliardo-Nirenberg-Sobolev inequality || f||Lagn) < C||V fllLr@n)
for =1 — L implies

q p n
IVVED) | L2wz) < Cllp® ()l Lors @s) - (3.25)

Applying Lemma [§] brings

4/7
167 ()l /sy SCNWE @) 7o e wrg) Bian)™”
3/7 (3.26)
go(/ / |v|2Tr(cz(WE(a:,v,t))dvdzc> .
R JRE

Then applying the interpolation between L'(R2) and L7/°(R2) leads to

1/4
1% ()l o gy SC(/RS/RS |v|2Tr(cz(W5(sc,v,t))dvdw> (327

and therefore

1/2
||vva<t>%2<m)sc</ / o Tres (W* (v, 1)) dvdm) . (328)
* RS /R
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For the coupling energy between spin and the magnetization, one has

/ss-medw S/ |s® - mf|dx
o o

< / 17l < SN0 e < €
4 j=1

(3.29)

Then by applying (3.28)) and (3.29) to (3.17)) we get

¢ 1
o [ [lome 45 [ [9mOF de o+ By 6) < C 4+ Fua0) + 265, (0)
0o J2 2

and then by Assumption [2] we have

1
B (t) = 7/ / [v[*Tree (We (2, v,t)) dvde < C, (3.30)
2 Jry Jmg
IVEl Lo ((0,00),28®2)) + [IVVE| | Loo ((0,00), 223 )) < C,s (3.31)
and

t

A O P O P S CE ™)
0 2

Then by Lemma [§ we have
1%l o= (0,00, La(r2)) < Cy g € [1,7/5], (3.33a)
13N o ((0,00), L5 R3)) < C; s € [1,7/6]. (3.33b)
Similarly, one can also have the estimates for s* and Jg,

18°1 Los ((0,00),L0R3)) < C,  q € [1,7/5], (3.33¢c)
||J:||Loo((0’oo)’Ls(Ri)) < C, S € [1, 7/6] . (333(1)

4 Semiclassical limit of the SPLLG system

In the section, we rigorously derive the semiclassical limit of the Schrédinger-

Poisson-Landau-Lifshitz-Gilbert (SPLLG) system (|1.1)-(1.6]). Using (3.23)), (3.33al)-
(3-33d)), (3.32), and (3.31)), and applying the Banach-Alaoglu theorem, after
restriction to a sub-sequence if necessary, we have

Ws £20, Wi in LQ(]R‘;’c X Ri) weakly, (4.1a)
We 2% Woin L°((0, 00), L2(R2 x R3)) weak* | (4.1b)
p* == pin L((0,00), L4(RY)) weak* ,q € [1,7/5],  (4.1c)
35 =% 5 in L((0,00), L (R2)) weak* s € [1,7/6],  (4.1d)



Semiclassical limit of the SPLLG system 23

s° 2% s in L°((0,00), L(R3)) weak* ,q € [1,7/5],  (4.1e)

JE 2% Join L°((0,00), L*(R3)) weak™ ;s € [1,7/6],  (4.1f)

m® =% m in L((0, 00), H'(£2)) weak* (4.1g)

dym® == 9,m in L2([0, T, L2(£2)) weakly, (4.1h)
w'(m?) ==% w'(m) in L®(RY, L7(R2)) weak™ , 1<r<2, (4.11)
Ve 2% Voin L((0, 00), LO(R3)) weak* | (4.1j)

Ve 2% UV in L((0, 00), LA(R3)) weak* . (4.1k)

Further more, from by Aubin’s lemma we get, up to a subsequence,
m® =% m in L2([0, T, L(£2)) strongly, (4.11)
and this together with the continuity of the map from me to HZ implies
H: =% H in L*([0,T), L2(R?)) strongly, (4.1m)
and

H,(z)= -V /Q VN — y) - m(y) dy,

Then we have the following lemma.

Lemma 9 The limit observables can be calculated by taking moments to W :

plx,t) = Tree (W(m,v,t)) do,
RS

J(x,t) :/ vTre: (W(z,v,t)) dv,
R}

s(a:,t):/ Trez (6W (z, v, t)) dv,
R}

Jy(x,t) = / v ® Trez (6 W (z,v,t)) do.
R3

The proof of this lemma is analogous to Lemma 3.1 in [25].

4.1 The limit of the Wigner-Poisson equation as € — 0

We denote ¢ = ¢(x,v,t) to be a C®-test function such that the support
of Fy y[#] is compact in RZ x Rg x [0, 00), where F, , is the Fourier transform

Fosll) = Gy [ o) o, (42)
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Multiplying equation (3.7)) by ¢ and integrating by parts yield

/// (We(a“b +v- Vo) + (QE[VE] + ;Fs[mao W%) da dv dt = 0.
(4.3)

By (4.1)), W* converges to W in the weak® sense, and taking the limit e — 0
gives

iii%///Ws(aw—kv-Vw@da:dvdt:///W(atcé—s—v-vmqb)dwdvdt.
(4.4)

Next we study the limit of the ©¢ and I'® operators as € — 0,resp..
The limit of the operator ©°.
Lemma 10 Let W€ be the solution to the Wigner equation (3.7) coupled with

the LLG equation (1.6), then for any C>-test function ¢ = ¢(x,v,t) such that
Foyld] defined in (4.2) has compact support in R3, x Rfj x [0, 00), we have

lim ///QE[V‘E]W%d:dedt: —// WV,V - Veddrdydt.  (4.5)

e—0

To prove this lemma, we first need to prove the following estimate.

Lemma 11 We rewrite ©O¢[V¢] as

O [VEIWE (x,v) = ﬁ // 65[V5}(w’y,t)WE(w,v/,t)ei(’vf’v/)-y dy dv’,
where

5[V (, y, ) = é Ve (z-2)-ve (= +2)].

then the symbols 6°[VE](x,y,t) can be written as
5E[V6](m’ y7 t) = iy ! vas(m’t) + Rs(m7y7 t)7
where R satisfies

17 < C(R)EM, (4.6)

oo
((0,00),L2(BRr x BR))

for every R > 0. Here Br denotes the ball in R3 with radius R and center in
origin.
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Proof Direction calculations show that R® should be of the following form

R (x,y,t) = ;/_11 Y- (VEVE (x + %ﬂf) — VmVE(w,t)) ds.

Then by the estimates in [25], we know
IR (Ol L2(BrxBr) < Co(R)E7|VaVE () lwe2(py)- (4.7)

The embedding W27/5(Bygr) € W'%2(Byg) with o = 5/14, together with
(13.31) and the standard localization argument for the Poisson equation, pro-
duces

IVE@llwrte2(Bar) < Co(R)VE(#)llwz7/5 (5,5 (48)
< Co(R)p* (D)l 75 ms) < Co(R),
which implies (4.6]). O

Proof (Proof of Lemma@) Notice that the ©¢ part of the weak form of (4.3])

can be written as

// O° [VE] W da do dt — — // WEVLVE - Voo da do dt -

- // R (Fo gy W) (Fory [6]) da dy dt,

with F, , defined in (4.2). Then by (4.1), Lemma and taking the limit
€ — 0, one has

lim / / / RE(Foy[We)) (Foyl¢]) dz dy dt = 0gxo. (4.10)

To pass to the limit of the term containing V V¢ in (4.9)), one only needs to
show the strong convergence of V¢ in C ([0, T], H'(Bgr)). Equation({4.8) implies

IVE@ Lo ((0,00);w27/5(BR)) < C(R) (4.11)

for every R > 0. By ({1.4)) and the continuity equation

Op°+Vg-j° =0, (4.12)
one has
o) ——— [ YIWwh L[ @2y T Wl) g
Ar Jrs |z -yl Ar Jrs 2 —yl?
Then and Young’s inequality for convolution yield
106Vl Lo ((0,00),L7(Br) < C(R), withr = 2 (4.14)

11
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Since
W27/5(Bg) € W't 7/5(Bg) ¢ H'(Bg) ¢ L*(Bg) C L (Bg)  (4.15)

for 0 = 5/14 and r = 21/11, by (4.11) and (4.14)), one can apply the com-
pactness result in [33] to conclude that, for every R > 0 and T > 0 there is a

subsequence such that

e—0

Ve 2% Viin C([0,T), HY(Bgr)) strongly. (4.16)

Therefore one can pass the limit of the ©° part in (4.3)) and prove Lemma
Ia g

The limit of the operator I'=.

Lemma 12 Let W€ and m® are the solutions to the Wigner equation
coupled with the LLG equation , and /m&| =1 in 2 and is 0 in 2°, then
for any C*°-test function ¢ = ¢(x,v,t) such that F, 4[¢] defined in has
compact support in RS x Rz x [0, 00), we have

Ln(l)///rf[ms]wwdmdvdt:gig%///[M,Wmdxdvdt, (4.17)

where M = m - &, m is the limit of m* in L?([0,T), L*(£2)), and [-,-] denotes
the commutator [A, Bl = AB — BA.

One difficulty in proving this lemma is to deal with the jump discontinuities
of m® across the boundary of 2. We first prove the following lemma for a
smooth m? in R3.

Lemma 13 Suppose m® converge to m strongly in L*([0,T], L*(R2)), and
[me (t)]| sy < C. Suppose W converge to W in L>((0,00), L*(R3, x R3))
in the weak™ sense, and ||We|| Lo ((0,00),02(r3 xr3)) < C. Then for any C*-test
function ¢ = ¢(x,v,t) such that F, 4[#] defined in has compact support
in RY x RS x [0,00), we have

gigé///ﬁ[mf]wwdmavdt:///[M,W]qbdwdvdt.

Proof To show this, we write I'* = I'® — I'{, where
IimfWe(z,v) = L // We(z,v')M® (a: + §> )Y 4y do’
=+ 9 (277)3 9 2 9

1 : ,
e [mE}WE(QLU) — W // ME (.’L’ _ %) WE(.’L', ,U/)el(v—v Yy dy dv’,

and

M (2 + ) = M (@) + <R (),
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where

1
Y[ v (z e )
2/, 2

Then we can estimate
1

||R5(t)HL2(BR><BR):/B /B Ve (w+57;757t> ds2
R R
L[t
<CO(R / / / ‘v ME ,t)rdsd:ndy
Br JBgr
cof [ |

<C) [ [ 19 ) ey s
0 Br
(R)IVaM* (1) 32eg). (118)

N
<
=

dx dy

2
5 ,t)‘ dsdx dy

2
Vo M€ +— t)‘ dae dy ds

Since [|m*(t)[| g1 (rs) < C, we get

R ()| L2(BrxBr) < C(R). (4.19)

And since we have HWEHLW((O,OO),LZ(R;XR%)) < C and ||R6(t)||L2(BR><BR) <
C(R), then if taking the limit e — 0, we get

hms///}'v o [WER? vy[gb] dx dy dt = 0945. (4.20)

Thus we have

limo/// I$mflWegpdadvdt = // WM¢dzxdvdt. (4.21)
e—

Similarly we have lim /// IrEmfWegdedovdt = // MW ¢ de dv dt, and

e—0
that completes the proof.

O

Proof (Proof of Lemma We define

mP =me *(p
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where ¢? () = p(x/B) and ¢ is a positive mollifier.

‘/// (e [meJW* — [, W])qﬁdmdvdt’
< ’///F [m® — m=7] qubdwdvdt’
+ ’/// (I [m=P we — [Mﬁ,W])qua:dvdt‘
‘/// ~ M,W] ¢dadvdt|,

where we have use the notation M? = M %P, By the property of the mollifier
function, the third term on the right hand side of (4.22)) can be bounded by

'/// ~ M, W] ¢d:1:d'udt’ < Cp, (4.23)

where Cj is a constant that goes to zero when 3 goes to zero. Since m® €
H(£2) and m® = 0 in 2°, we have m*% € H'(R2). Further more, since as
e — 0, m* — min L%([0,T] x R3) strongly, we have as ¢ — 0, m*# — m# .=
mx P in L2([0, T] x R2) strongly. Then we can apply Lemmato m&# and
WE to get the limit of the second term on the right hand side of

lim / / / (re [m=P]we — [M?,W]) ¢dzxdvdt = 0. (4.24)

e—0

(4.22)

For the first term on the right hand side of (4.22)), we have

’///F [m® — m®7] W%dwdvdt’
< ’///F [mgm]ngbda:dvdt‘ = ‘///F [m — mP] We¢dz dv dt
'///F m="] ngbd:cdvdt‘

R)T|[m* — m| r2(jo,77xr3) W || o< ((0,00), 2 (RS xR3))

)T [l — mP(| L2 (jo, 1)) W || Low (0,00, 22 (23 xE3 )

C(R)T||m*® — m||L2([0,T]x1R;) +C(R)T||m — mﬁ”LQ([O,T]ng)

(
C(R)THmﬂ — || 20, 7)) WS || Lo ((0,00), 22 (R2 xR3))
)( (4.25)

R)T||m” —m®P| L2 (10,11 xR3),

where R is the radius of the support of F,, 4[¢#]. Using the Young’s inequality
for convolution and the fact that [ P da = 1, one gets

lm? —m®P| 20, 1)xrz) < Cllm® —ml| 20,7 x3)- (4.26)
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Then since m® converge to m strongly in L2([0,T] x R3), we have the first
and third terms on the right hand side of (4.25)) converge to zero as e — 0. By
the property of the mollifier function,

lm — mP || 2o, 71xr2) < Cp- (4.27)
Thus we have

lim
e—0

/// e [m® —m*?| We¢de dv dt‘ < 0. (4.28)

Then the estimates (4.22)), (4.23), (4.24) and (4.28) yield

lim
e—0

/// (I [m W= = [M, W] )¢ da dv dt‘ < Cp. (4.29)

But the left hand side of above inequality is independent of 3, we then have

lim / / / (I [mf W= — [M, W] )¢ da dv dt’ —0, (4.30)
e—
which completes the proof of Lemma [T2] i

In summary, by (4.4)), Lemma [10] and Lemma [12] one can take ¢ — 0 in (4.3)
to get the semiclassical limit of the Schrédinger equation (1.1),

/// {W(m + vVt — VaV - Voo + %[& -m, W]¢} dz dvdt = 0.
(4.31)

Next we shall study the limit e — 0 of the LLG equation ([1.6).

4.2 The limit of the Landau-Lifshitz equation as ¢ — 0

Multiplying (1.6) by a test function ¢ in C°°((0,00) x {2) with compact
support yields

/ oymSode dt :a//mE X 8tm5¢dzcdtf/ m® x Hg ¢ dedt.
(4.32)
According to (4.11) and (#.1h), m® — m and 9;m® — 9,m* in L2([0, T}, L*(£2))

strongly and weakly resp., and thus taking the limit ¢ — 0 of the left-hand-side
and the first term on the right-hand-side of (4.32)) produces

lil% // 8tm8¢dwdt:/ oyme de dt, (4.33)
e—

lim // m® x dympda dt :/ m x Oyma¢ da dt. (4.34)

e—0
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According to ([1.9]), one has
/ m® x Higdpdaedt = / m® x w'(m®)¢dxdt

—/ m® x Vm® - Vo dx dt

(4.35)
+/ m® x He¢da dt
€
+ 5/ m® x s°¢dx dt.
By (1), (1), (ETm), and ([ETg), one has

lin%//m x w' (m®)¢dx dt = / m x w' (m)¢dedt (4.36a)
E—r
nn%//ms y (H§+H0)¢d:cdt:/ m x (Ho+ Ho) pdadi, (4.36b)
e—
lir% // m® x Vm® - Vodadt = / m x Vm - V¢ dzdt. (4.36¢)
e—

Notice that (3.29) implies

lim g // me x sSpdzdt = 0, (4.37)

e—0

Together with (4.36]) and (4.37)), we get from (4.35) that
hm//m x Higpdxdt = / m x H.g¢dedt, (4.38)

where Hog = Vw(m) + Am + H. Then by (#.33), , and (4.38)), one
can take the ¢ — 0 limit in the LLG equation ([1.6]).
We summarize all results of the semiclassical limit of the SPLLG system

(1.1)-(1.6) in the following theorem.

Theorem 3 Under Assumptions[1] and[3 there exists a sequence of solutions
(We, me) to the Wigner-Poisson-Landau-Lifshitz system (3.7)), (1.4), (1.6]),
and (L.13) such that

Wi — 2% Wy i L*(R3 x R3) weakly,

e—0

We =25 W oin L((0,00), L2(R3 x R3)) weak* |
Ve 2%V in L™ ((0,00), L°(R2)) weak* |
Ve 2% UV in L°((0,00), L2(R3)) weak* |
me =% m in L>((0,00), H' (£2)) weak* |
p° 20, p in L*((0,00), LY(R3)) weak* ,q € [1,7/5],
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s° <% s in L((0,00), L*(RY)) weak* s € [1,7/6].

T
e—0

HS == H, in L>=((0,00), L*(12)) weak* .
and for all T > 0,

m =% m in L*([0,T), L*(£2)) strongly,

e—0

HS = H, in L*([0,T), L*(R2)) strongly.
Here W is a weak solution of the following Wigner equation
OW = —v- VoW + VgV - VW + %[& “m, W],
m is the weak solution of
om =-—m x H g+ am x oym,

and the potential V', magnetic fields H . and H ¢ and densities p and s are
given by

V=—-Nxp, H.=-w'(m)+Am+ H,,

H;=-V(VNx-m), p= W dv, s:/ Trez2 (6W) dv,
R3 RS

v

with N given in (|1.5]).
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