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ON THE FUNDAMENTAL GROUPS OF MANIFOLDS 

WITH ALMOST-NONNEGATIVE RICCI CURVATURE 


GUOFANG WEI 

(Communicated b! Jonathan M. Rosenberg) 

~ B S T R A C T  We gibe an upper bound on the g r o ~ t h  of n l  (31)for a class of 
manifolds Zf nith Ricci cur\ ature RicM 2 -6 . diameter d (  Zf) = 1 . and 
volume voli ll)2 ( '  

In 141, Milnor proved that every finitely generated subgroup of the fundamen- 
tal group of a manifold M" with nonnegative Ricci curvature is of polynomial 
growth with degree 5 n . It is conjectured by Gromov [2] that the fundamental 
group of a near-elliptic manifold (in the sense of Gromov) is of polynomial 
growth. The purpose of this note is to present the following theorem. 

Theorem I .  For any constant 1 1  > 0,there e-xists e = e ( n ,  21) > 0 such that if 
a complete manzfold M" admlts a metric sati~fizng the condztzons Ric, > -e , 
d(,l.I) = I , and vol(,M) > v , then the.fundamenta1 group of is ofpolynomial 
g r o ~ ~ hwith degree 5 n .  

Our proof depends essentially on a recent result of M. Anderson [I] .  

Theorem 2 (M. Anderson). In the class of compact n-dimensional Rzemannzan 
inanlfolds L'Msuch that Rictl 2 (n - l ) H ,  vol(M) 2 21, and d ( M )  5 D ,  there 
are only finltely many ~sonzorphlsm classes ~f x i(,M) . -
Proof of Theorem 1. Choose a base point Zo in the universial covering M 3 
,M,and let xo = p(2,) and g, , . . . , gl be a set of generators of the fundamen- 
tal group ni(AM)viewed as deck transformations in the isometry group of lG. 
Denote T(s) = (distinct words in 7il ( M )  of length 5 s )  , y(s) = #T(s) ,  and 

i = m a x , r 1 5 1 { d ( ~ o >g1(-To))I. 

Choose a fundamental domain F of 7z1 which contains ko ; then 


U g (F) > 

g e r  (SI 

where d = d ( M )= 1 . Therefore, 

( 1 )  y (s) .voi ( M )Ivol (BAl+l (.go)) . 
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Now suppose, on the contrary, that for any E > 0, there is a manifold M" 
with a metric satisfying R i c ,  2 -E ,  d ( M )  = 1 , vol(M) 2 u , and n , ( M )  is 
not of polynomial growth with degree _< n . By the proof of Theorem 2, n, ( M )  
has a presentation which obeys the following: 

( 1 )  	The number of generators g, , . . . , g, is uniformly bounded with N < 
N(u/D",  H D ~ ) ,  

(2) d(g,(.?,), 2,) 5 3 0 ,  
(3) every relation is of the form g,g, = gk . 

The statements (2) and (3) have already been proved by Gromov [3]. By 
our assumption, n , ( M )  is not of polynomial growth with degree 5 n .  In 
particular, when taking the above generators, we can find real numbers s, for 
all i such that 

It is crucial that this relation is independent of e , as follows from (1) and (3). 
On the other hand, by ( 1 )  we have 

For any fixed, sufficiently large so ,  there is eo = &(so) such that for all s 5 s o ,  

Now take io > 6"lnu . Then for E < e(sL0) ,using (2) and ( 3 ) ,  we get a contra- 
diction. 

We would like to mention that Peter Peterson, working from a different ori- 
entation and with different technique, has obtained a slightly weaker result. In- 
stead of a lower volume bound, he imposes a lower bound on the contractibility 
radius and arrives at the same conclusion. 

The author would like to thank Detlef Gromoll and Michael Anderson for 
very helpful conversations. 
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