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Proof. If A = a + ib, it follows by induction that

—~Im(\F)
Re(\F)

3
—nf

@ -b]*  [Re(nk)
LY -

: | Im(A%)

where Re and Im denote the real

_ and imaginary parts of the complex
number A respectively. Thus,

cos b
sin b

—sin b
cosb|

Note that if a = 0 in Corollary 3, then e is simply a rotation through
b radians.

Corollary 4. If

¥ i
0 a
then p LB
g == gt
|_0 1—|
Proof. Write A = o + B where
0 b]
o= 0 o]
Then al commutes with B and by Proposition 2,
EEA oy euIEB m EaﬁB.

And from the definition

e’ =I1+B+B%/21+...=+B

since by direct computation B2 = B3 = ... — (.

We can now compute the matrix e”* for any 2 x 2 matrix 4. In Section 1.8
of this chapter it is shown that there is an invertible 2 x 9 matrix P (whose
columns consist of generalized eigenvectors of A) such that the matrix

B =P lApP
has one of the following forms
A O A Ll b
B w [ ] y = | v OF oW |y o i
o il ] R A g b ! f - a "

I
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I then follows from the above corollaries and Definition 2 that

_‘ At ] 9
- [ B e = [0 1| or e’f=e

cos bt
Siri bt

— sin bt
cos bt

t

pectively. And by Proposition 1, the matrix e4? is then given by
| et = peBtp-1

we ghall see in Section 1.4, finding the matrix e?? ig equivalent to Sleing
10 linear system (1) in Section 1.1.

ROBLEM SET 3

i‘_f; Compute the operator norm of the linear transformation defined by
the following matrices:

(20
(@) o -3
i o
® o
1 &0
. (c) La 1|

Hint: In (c) maximize |Ax|*> = 2622 + 10z 2, + z5 subject to the
constraint z7 + x2 = 1 and use the result of Problem 2; or use the

- fact that ||A] = [Max eigenvalue of AT A)Y2. Follow this same hint
- for (b).

3. Show that the operator norm of a linear transformation 7" on R”
~satisfies

T'({x
|T| = max |T(x)| = sup T )’
| 1 X|=1 - X#0 ||

4, Use the lemma in this section to show that if 7 is an invertible linear
transformation then ||7|| > 0 and

1"

4, I[7 is a linear transformation on R™ with |7 — I|| < 1, prove that T

I8 invertible and that the series 2 koI = T)* converges absolutely
1 1

- Hint: Use the geometric series.

b, Compute the exponentialys of the following matrices:
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5 —6 & - e . 0 1]
(@) 13 i 2 {1 0]
6. (a) For each matrix in Problem 5 find the eigenvalues of 4.

h{}w that if x is an eigenvector of A corresponding to the eigen-

~ value A, then x is also an eigenvector of e4 corresponding to the
eigenvalue e”.

(c) If A= Pdiag[A;]P~!, use Corollary 1 to show that
det EA o Etrace.ﬁl'

Also, using the results in the last paragraph of this section, show
that this formula holds for any 2 x 2 matrix A,

7. Compute the exponentials of the following matrices:

10 0 10 0 2 0 0]
(a) [0 2 0 by [0 2 1 () |1 2 o]
0 0 3 0 0 2 0 1 2]

Hint: Write the matrices in (b) and (c) as a diagonal matrix .S plus
a matrix /N. Show that S and N commute and compute e as in
part (a) and e’V by using the definition.

3. Find 2 x 2 matrices A and B such that e4+58 £ el

9. Let T be a linear operator on R™ that leaves a subspace F C R"

invariant; i.e., for all x € F, T(x) € E. Show that e7 also leaves E
invariant.

1.4 The Fundamental Theorem for Linear
Systems

Let A be an n xn matrix. In this section we establish the fundamental fact
that for xg € R™ the initial value problem

X = AX
x(0) = xo )

has a unique solution for all ¢ € R which is given by

x(t) = e

7".J'Cu. (2)
Notice the similarity in the form of the solution (2) and the solution w(t) =

"'y of the elementary firat-ordor differontial oquation & = e and initial
condition 2(0) = 2. Ll 1, .

[
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In order to prove this theorem, we first compute the derivative of the
_.bnential function e
wrgent limit processes can be interchanged if one of them converges uni-
This is referred to as Moore’s Theorem; cf. Graves [G], p. 100 or
Rudin [R], p. 149.

Al using the basic fact from analysis that two con-

Jomma. Let A be a square matriz, then

d
__eAt e AEAt.
(it

Broof. Since A commutes with itself, it follows from Proposition 2 and
Jufinition 2 in Section 3 that

A(t+h) _ At

E—em — lim - -
dt fh— 0 h

— lim e (EAh ik

h—0 h
2h Ak pr—1
= ' lim lim AEA + - A )
h-0 k— 00 2! k!

= Aefdt.

he last equality follows since by the theorem in Section 1.3 the series deﬁx_f-
§ ¢ converges uniformly for |k| < 1 and we can therefore interchange

o two limits.

heorem (The Fundamental Theorem for Linear Systems). Let A

an n x n matriz. Then for a given xg € R", the initial value problem

X = AxX | )
X(O) — X0
a8 4 unique solution given by
p x(t) = exg, (2)

By the preceding lemma, if x(t) = e*'xq, then

}C’(f;) = 3‘%8‘“3{[} = AﬁAt}(n — A‘K(t)

ball t € R, Also, x(0) = Ixg = %o. Thus x(t) = eflx is a solution. To
ALhint this fs the only solution, let x(1) be any solution of the initial value
blom (1) and wet ;

3 (“t - Al ‘(t)n
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Then from the_ above lemma and the fact that x(t) is a solution of {1)
y'(t) = —Ae™Mx(t) + e~ A/ (1)
= —Ae % (t) + e Ax(t)
= ()
for all t € R since e and A commute. Thus, y(t) is a constant. Setting
t = 0 shows that y(¢) = x¢ and therefore any solution of the initial value

problem (1) is given by x(t) = e**y(t) = e*x. This completes the proof
of the theorem.

Example. Solve the initial value problem

for

< § B

and sketch the solution curve in the phase plane R*. By the above theorem
and Corollary 3 of the last section, the solution is given by

A1) 2 gy s o cost —smt| (1f 5 fcost
o e 5 sin t cost! o] — € 3 '
: St 1N t_

e

It follows that |x(t)| = e™** and that the angle 8{t) = tan™'z5(t)/z, (t) = t.
The solution curve therefore spirals into the origin as shown in Figure 1
below.
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1. Use the forms of the matrix e

f
Given

PROBLEM SET 4

Bt computed in Section 1.3 and the

theorem in this section to solve the linear system x = Bx for

A 0
a) B =
(a) 0
a1
(b) B = 0 A
a —b]
(C). B = _b a '

2. Solve the following linear system and sketch its phase portrait

. [-1 -1
X = 1 —1 X.

The origin is called a stable focus for this system.

' 3. Find e?* and solve the linear system x = Ax for

e —

(a) A=

]P-'

Cd hmt et (D

(b) A=

1

3
-
1-—-

g

Cf. Problem 1 in Problem Set 2.

0
0

—1

Compute the 3 x 3 matrix e”! and solve x = Ax. Cf. Problem 2 in
Problem Set 2. |

A =

ok ok ek
o O

5. Find the solution of the linear system x = Ax where




