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Abstract

We give a new proof based on the recent very elegant argument of Marques Alves and
Svaiter that the subdifferential of a proper, convex lower semicontinuous function on a real
Banach space is maximally monotone. We also show how the argument can be simplified
in the reflexive case.

Basic notation and preliminary results

We suppose throughout that E is a nonzero real Banach space. In this note, we
give a new proof of Rockafellar’s maximal monotonicity theorem (first proved in [5]) that
the subdifferential of a proper, convex lower semicontinuous function on E is maximally
monotone. Our proof is based on the very elegant argument by M. Marques Alves and B.
F. Svaiter, which appeared recently in [2]. We refer the reader to Remark 5 for compar-
isons between the argument given here and those of [2] and [6], and to Remark 6 for an
explanation of how the argument can be shortened when E is reflexive.

We recall that if f :E → ]−∞,∞] then f is said to be proper if there exists x ∈ E
such that f(x) ∈ R. If f :E → ]−∞,∞] is proper and E∗ is the norm–dual of E then
f∗:E∗ → ]−∞,∞] is defined by f∗(x∗) := supE [x∗ − f ]. If f :E → ]−∞,∞] is proper and
convex then the multifunction ∂f : E ⇒ E∗ is defined by: x∗ ∈ ∂f(x) exactly when

y ∈ E =⇒ f(x) + 〈y − x, x∗〉 ≤ f(y).

This is easily seen to be equivalent to the statement that

f(x) + f∗(x∗) = 〈x, x∗〉.

We write G(∂f) for the graph of ∂f , that is to say

G(∂f) :=
{
(x, x∗) ∈ E × E∗: f(x) + f∗(x∗) = 〈x, x∗〉

}
.

To say that ∂f is maximal monotone means that if (t, t∗) ∈ E × E∗ and

(s, s∗) ∈ G(∂f) =⇒ 〈s− t, s∗ − t∗〉 ≥ 0 (1)

then
(t, t∗) ∈ G(∂f). (2)

We now state the three basic results from convex analysis that we will use. Lemma
1 follows from the Fenchel–Moreau theorem, which was first proved in [3, Section 5–6,
pp. 26–39]; Lemma 2 follows from Rockafellar, [4, Theorem 3(a), p. 85]; Lemma 3 is the
Brøndsted–Rockafellar theorem, which was first proved in [1, p. 608].
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Lemma 1. Let k:E → ]−∞,∞] be proper, convex and lower semicontinuous. Then k∗ is
proper.

Lemma 2. Let k:E → ]−∞,∞] be proper and convex and g:E → R be convex and
continuous. Then, for all x ∈ E, ∂(k + g)(x) = ∂k(x) + ∂g(x).

Lemma 3. Let h:E → ]−∞,∞] be proper, convex and lower semicontinuous, α, β > 0,
(x, x∗) ∈ E×E∗ and h(x)+h∗(x∗) ≤ 〈x, x∗〉+αβ. Then there exists (z, z∗) ∈ G(∂h) such
that ‖z − x‖ ≤ α and ‖z∗ − x∗‖ ≤ β.

The main result

Theorem 4. Let f :E → ]−∞,∞] be proper, convex and lower semicontinuous. Then
∂f : E ⇒ E∗ is maximally monotone.

Proof. Let (t, t∗) ∈ E × E∗ and (1) be satisfied. Let k := f(· + t), g := 1
2‖ · ‖

2, and
h := k + g. It is well known that g∗ = 1

2‖ · ‖
2 (on E∗). From Lemma 2, for all x ∈ E,

∂h(x) = ∂k(x) + ∂g(x) = ∂f(x + t) + Jx, (3)

where J : E ⇒ E∗ is the duality map. The properties of J that we will need (which are
easy to check by direct computation) are that

J0 = {0} and x∗ ∈ Jx =⇒ 〈x, x∗〉 = ‖x‖2. (4)

From Lemma 1, there exists y∗ ∈ E∗ such that k∗(y∗) ∈ R. It is easily seen that, for all
x ∈ E,

〈x, t∗〉 − h(x) = 〈x, t∗〉 − k(x)− g(x)
≤ 〈x, t∗〉 − 〈x, y∗〉+ k∗(y∗)− g(x) = k∗(y∗) + 〈x, t∗ − y∗〉 − g(x)

≤ k∗(y∗) + g∗(t∗ − y∗) = k∗(y∗) + 1
2‖t

∗ − y∗‖2 < ∞,

 (5)

and so h∗(t∗) < ∞. Consequently, for all n ≥ 1, there exists xn ∈ E such that

〈xn, t∗〉 − h(xn) ≥ h∗(t∗)− 1/n2. (6)

Lemma 3 now gives (zn, z∗n) ∈ G(∂h) such that

‖zn − xn‖ ≤ 1/n and ‖z∗n − t∗‖ ≤ 1/n, (7)

and (3) gives y∗n ∈ Jzn such that (zn + t, z∗n − y∗n) ∈ G(∂f). From (1),

〈zn, z∗n − y∗n − t∗〉 ≥ 0,

and so 〈zn, y∗n〉 ≤ 〈zn, z∗n − t∗〉. From (4), 〈zn, y∗n〉 = ‖zn‖2, thus (7) implies that
‖zn‖2 ≤ ‖zn‖/n, from which ‖zn‖ ≤ 1/n and so, using (7) again, ‖xn‖ ≤ 2/n, thus
xn → 0 as n → ∞. Passing to the limit in (6) and using the lower semicontinuity of h,
h(0) + h∗(t∗) ≤ 0, from which t∗ ∈ ∂h(0). Using (3) and (4) again,

t∗ ∈ ∂f(t) + J0 = ∂f(t).

This completes the proof of (2) and, consequently, also that of Theorem 4.
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Remark 5. We now compare the argument that we have given above in Theorem 4 with
those of [6, Chapter VII, pp 111–139] and [2]. The argument of Theorem 4 is completely
analytic, while that of [6, Theorem 29.4, pp. 116–118] is much harder and has a much
more geometric feel. On the other hand, this latter argument leads to the more general
results in the later parts of [6, Chapter VII]. We now know that all these more general
results can be established using the results on maximal monotone multifunctions of type
(ED) established in [7]. This being the case, there is obviously an incentive to give the
simplest possible proof of Theorem 4. The proof given here is based on the very elegant one
found recently by M. Marques Alves and B. F. Svaiter in [2], but is structurally simpler,
and exploits the properties of subdifferentials and the duality map to avoid some of the
computations in [2].

Remark 6. (5) implies that, for all x ∈ E,

〈x, t∗〉 − h(x) ≥ h∗(t∗)− 1 =⇒ 1
2‖x‖

2 − ‖x‖‖t∗ − y∗‖ ≤ 1 + k∗(y∗)− h∗(t∗).

Thus {
x ∈ E: 〈x, t∗〉 − h(x) ≥ h∗(t∗)− 1

}
is a bounded subset of E.

So if E is reflexive, it follows from a standard weak compactness argument that t∗−h attains
its maximum on E, that is to say there exists z ∈ E such that 〈z, t∗〉−h(z) = h∗(t∗), from
which t∗ ∈ ∂h(z), and so (3) gives y∗ ∈ Jz such that (z + t, t∗ − y∗) ∈ G(∂f). Then (1)
and (4) imply that 〈z,−y∗〉 ≥ 0 and 〈z, y∗〉 = ‖z‖2, from which z = 0. Thus t∗ ∈ ∂h(0),
and the rest of the proof of Theorem 4 proceeds as before. Thus Lemma 3 is not needed
if E is reflexive.

Acknowledgment. It was pointed out to the author by L. Thibault that there is also a
proof of the result of Theorem 4 by him using the calculus rule established in [8], and an
unpublished proof by D. Zagrodny using the mean value theorem established in [9].
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