A new version of the Hahn—Banach theorem

S. Simons

0. Introduction

In this paper, we discuss a new version of the Hahn—Banach theorem that has a number of
applications in different fields of analysis. We shall give applications to linear and nonlinear
functional analysis, convex analysis, and the theory of monotone multifunctions.

After a few preliminaries, the main result appears in Theorem 1.5, which uses the
concept of “S—convexity” introduced in Definition 1.3. The full force of this concept will
be used only in Theorem 2.4, a result on convex functions with applications to a minimax
theorem. For all the other applications of Theorem 1.5 in this paper, the reader can
substitute “affine” for “S—convex”. This change shortens the proof of Lemma 1.4 by a few
lines.

In Section 2, we sketch how Theorem 1.5 can be used to give the main existence
theorems for linear functionals in functional analysis, and also how it gives the result
referred to above that leads to a minimax theorem.

Section 3 contains two applications of Theorem 1.5 to convex analysis. The first,
Theorem 3.4, is a “localized” version of the Fenchel-Moreau formula. Even in the situa-
tion when the classical Fenchel-Moreau formula is valid, the proof of it given here using
Theorem 1.5 allows us to avoid the problem of the “vertical hyperplane”. The second
application is a short proof of a fundamental result on dual problems and Lagrangians due
to Rockafellar.

Theorem 1.5 has many applications to the theory of monotone multifunctions. In Sec-
tion 4, we describe one of these, the (well-known) result that if a monotone multifunction
on a normed space has bounded range then it has full domain. We will describe another
application to the theory of monotone multifunctions in Section 6.

Section 5 is also motivated by the theory of monotone multifunctions. Theorem 5.1
is an existence theorem without any a priori scalar bound that has proved very useful in
the investigation of these multifunctions. There is a certain formal similarity between the
statements of Theorem 5.1 and Theorem 1.5. The main result of Section 5 is Theorem 5.4,
which generalizes and unifies Theorem 5.1 and Theorem 1.5.

In Section 6, we show how the estimates obtained in Section 5 can be applied to
Rockafellar’s surjectivity theorem for maximal monotone multifunctions in reflexive Banach
spaces.

The author would like to express his thanks to Professors J. Borwein and R. T. Rock-
afellar for illuminating discussions on some of the results in this paper, and to Professor
J. Zhu for finding a mistake in the original definition of “S—convex”.

Part of the work for this paper was done while the author was visiting the Centro de
Modelamiento Matematico, Universidad de Chile in Santiago. The author would like to
thank the Centro de Modelamiento Matematico for its hospitality.
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1. The main result

Theorem 1.5 contains the new version of the Hahn-Banach theorem that forms the main
topic of this paper. Theorem 1.5 is proved using the technique of the “auxiliary sublinear
functional” that has been used extensively by Prof H. Konig — most of the work for it is
actually done in Lemma 1.4.

We start this section by recalling in Theorem 1.2 the classical Hahn—Banach theorem
for sublinear functionals.

Definition 1.1. Let E be a nontrivial vector space. We say that S: E +— R is sublinear
if
r,weE = Sx+y) <S)+Sy)

and
reFand A >0 = S(\z)=AS(z).

Theorem 1.2. Let E be a nontrivial vector space and S: E +— R be sublinear. Then
there exists a linear functional L on E such that L < S on FE.

Proof. See Kelly-Namioka, [5, 3.4, p. 21] for a proof using cones, Rudin, [11, Theorem
3.2, p. 56-57] for a proof using an extension by subspaces argument, and Konig, [6] and
Simons, [12] for a proof using an ordering on sublinear functionals.

Remark 2.5 contains some comments on the appropriateness of the various methods
of proof for Theorem 1.2.

Definition 1.3. Let E be a nontrivial vector space and S: E — R be sublinear. Let A
be a nonempty convex subset of a vector space and g: A — E. We say that ¢ is S—convex
if, for all z € F,

ar,az € A, pi,pe >0and pn+pe =1 = Sz 49> miai)) < S(x+ 32, pig(aq)).

Note that if we define an ordering “<g” on E by declaring that y <g z if, for all x € F,
S(x+y) < S(x+ 2) then g is S—convex if, and only if,

ar,a2 €A, pi,pe >0and p +pe =1 = g3, wiai) <s >, tig(a;).

An affine function is clearly S—convex. As observed in the introduction, apart from the
application in Theorem 2.4, all the S—convex functions in this paper will, in fact, be affine.

Lemma 1.4. Let E be a nontrivial vector space and S: E +— R be sublinear. Let A be
a nonempty convex subset of a vector space, g: A — E be S—convex and f: A +— R be
convex. Let o :=inf 4 [f + 5 og} €R. Forallx € F, let

T(x) = aefilr,lf>\>o [S(z + Ag(a)) + Af(a) — Ae]. (1.4.1)

Then T: E +— R, T is sublinear, T < S on E and, for alla € A, =T (—g(a)) + f(a) > a.
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Proof. If x € £, a € A and A\ > 0 then
S(z+ Ag(a)) + Af(a) — Aa > S(Ag(a)) + A f(a) — Aa — S(—z) > =S (—x) > —o0.

Taking the infimum over a € A and A > 0, T'(z) > —S(—x) > —oco. Thus T: E — R. It
is now easy to check that T is positively homogeneous, so to prove that T' is sublinear it
remains to show that 7' is subadditive. To this end, let x1, o € E. Let a1, as € A and
A1, A2 > 0 be arbitrary. Write  := > z;, A:=> . A, i := A\;/Aand a := ), p;a;. Then

2o [+ Nig(ai) + Nif (ai) = Mia] > S22 + 32 Miglai) + 22 Nif (i) — 2, i

=S(@+ 32 Aiglai)) + 22 Aif(ai) — A

= AS(z/A+ >0 miglai)) + A 32, i f(ai) — Aa,
using the S—convexity of g and the convexity of f,

> AS(x/A+g(a)) + Af(a) — A

— Sz + Ag(a) + Af(a) — Aa

>T(x) =T(x1 + z2).
Taking the infimum over a;, as, A\ and Ay gives T'(x1) + T'(x2) > T(x1 + z2). Thus T is
subadditive, and consequently, sublinear. Fix a € A. Let x be an arbitrary element of E.
Then, for all A > 0, T(z) < S(z) + A[S(g(a)) + f(a) — a]. Letting A — 0, T'(z) < S(z).
Thus T' < S on E. Finally, Let a be an arbitrary element of A. Then, taking A = 1 in
(1.4.1),

T(—=g(a)) < S(=g(a) + g(a)) + f(a) —a = f(a) — o,
hence —T'(—g(a)) + f(a) > a, which completes the proof of Lemma 1.4. |

Theorem 1.5. Let E be a nontrivial vector space and S: E — R be sublinear. Let A be
a nonempty convex subset of a vector space, g: A — FE be S—convex and f: A — R be
convex. Then there exists a linear functional L on F such that L < S on F and

i%f[f—l—Log}:igf[f—i—Sog]. (1.5.1)

Proof. Let o :=infy [f +So g}. If @« = —o0, the result is immediate from Theorem 1.2
(take any linear functional L on E such that L < S on E). So we can suppose that o € R.
Define T" as in Lemma 1.4. From Theorem 1.2, there exists a linear functional L on E such
that L <T on E. Since T'< S on E, L <8 on F, as required. Let a € A. Then

L(g(a)) + f(a) = —L(—g(a)) + f(a) = =T(—g(a)) + f(a) = a.
Taking the infimum over a € A,

irfllf[f—i—Log} Za:igf[f+Sog}.

On the other hand, since L < S on E, infu [f + Log| <infs [f+Sog].|

Remark 1.6. It is worth pointing out that the definition of the auxiliary sublinear func-
tional used to prove Theorem 1.5 is “forced” in the sense that if L is linear, L < S on F
and (1.5.1) is satisfied with o :=inf4 [f + S0 g] € R then, as the reader can easily verify,
L<TonkF.
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2. Applications to functional analysis and minimax theorems

If E is a nontrivial vector space, let PC(F) stand for the set of all convex functions
h: E +— (—o00,00] such that dom h # (), where dom h, the effective domain of h, is defined
by

domh := {x € E: h(z) € R}.

(The “P” stands for “proper”, which is the adjective frequently used to denote the fact
that a function is finite at at least one point.)

Theorem 2.1 is the sandwich theorem (see [6, Theorem 1.7, p. 112]). It follows
immediately from Theorem 1.5 with A := domh, g(a) :=a and f := h|a.

Theorem 2.1. Let E be a nontrivial vector space, S: E +— R be sublinear, h € PC(E)
and —h < S on E. Then there exists a linear functional L on E such that —h < L < S on
E.

Theorem 2.1 implies in turn two other well known existence results: the extension
form of the Hahn—Banach theorem, Corollary 2.2, (see [6, Corollary 1.8, p. 112]) and the
Mazur—Orlicz theorem, Corollary 2.3, (see [6, Theorem 1.9, p. 112]). We leave to the
reader the details of the substitutions that have to be made to derive them.

Corollary 2.2. Let E be a nontrivial vector space, A be a linear subspace of £, S: E — R
be sublinear, M: A — R be linear and M < S on A. Then there exists a linear functional
L on FE such that L < S on E and L|4 = M.

Corollary 2.3. Let E be a nontrivial vector space, S: E — R be sublinear and A be
a nonempty convex subset of E. Then there exists a linear functional L on E such that
L<SonFEandinf4 L =infs S.

Theorem 1.5 can also be used to give a very simple proof of Theorem 2.4 below, which
was essentially proved by Fan—Glicksberg—Hoffman, (see [3, Theorem 1, p. 618]).

Theorem 2.4. Let A be a nonempty convex subset of a vector space and f1,..., f,, be
convex real functions on A. Then there exist A1,..., A, > 0 such that \y +---+ \,, = 1
and

H}if [fl\/‘”\/fm} :i%f [)\1f1—|—"'—|—)\mfm}.

Proof. Let a := infy [fl \VAERRIY, fm]. If « = —oo, the result is immediate with any
A1, ..., A satisfying the other conditions, so we can suppose that & € R. The result follows
from Theorem 1.5 with E :=R"™, S(u1,..., ttm) := 1V -Vm, g(a) :== (fi(a),..., fm(a))
and f(a) = —a. |

Theorem 2.4 leads in turn to a short proof of the minimax theorem proved by Fan in
[2] (see [13, Theorem 3.1, p. 17| for details of this).

Remark 2.5. Since we have given Corollary 2.2 as (ultimately) a consequence of Theorem
1.2, in order to dispel any suspicion of circularity, it would seem better to avoid the
“extension by subspaces” proof of Theorem 1.2, using instead the “cone” argument of
Kelly-Namioka, [5], or the “minimal sublinear functional” argument outlined below, which
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is most in tune with the other analysis in this paper. It is easy to see from Zorn’s lemma
that if U: E +— R is sublinear then there exists a sublinear functional S on E such that
S < U on E and S is minimal with respect to the pointwise ordering of R”. Let a be an
arbitrary element of E. If we define A := {a}, g(a) := a and f(a) := 0 then Lemma 1.4
yields a sublinear functional 7" on E such that " < S on E and —7'(—a) > S(a). The
minimality of S now gives T' = S, thus we have proved that —S(—a) > S(a). Since S is
sublinear, it follows easily from this that S is linear. This gives us a proof of Theorem
1.2 that does not depend on an “extension by subspaces” argument. More details of this
approach can be found in Konig, [6] and Simons, [12].

3. Applications to convex analysis

Let E be a nontrivial real Hausdorff locally convex space with dual E*. S(F) stands for
the family of all continuous seminorms on E. If f € PC(FE), the Fenchel conjugate, f*, of
f is the function from E* into (—oo, 00| defined by

fr(@") = Slép(x* - )
It follows easily from the definitions above that, for all y € E|
1Y) Z sup(y — 7). (3.0.1)

One of the fundamental results in convex analysis is the Fenchel-Moreau formula that if
f € PC(F) is lower semicontinuous then we always have equality in (3.0.1). (See Moreau,
[7], Section 5-6, p. 26-39.)

Now suppose that f is not necessarily lower semicontinuous. Let us say that y € Y is
a Fenchel-Moreau point of f if equality holds in (3.0.1). It is very tempting to speculate
that every point of lower semicontinuity of f is a Fenchel-Moreau point of f. Remark 3.1
shows that this is false. However, we establish in Theorem 3.4 that every point of lower
semicontinuity of f is a Fenchel-Moreau point provided that f is lower semicontinuous at
at least one point of its effective domain. Our proof goes by way of Theorem 3.2, which
contains a simple characterization of the Fenchel-Moreau points of f.

Remark 3.1. Let E be infinite-dimensional. Fix z* € E*\ {0} and a discontinuous linear
functional L on E. Define

| oo, if (z,2*) < 1;
fx) = {L@), if (2 2%) > 1.

Clearly, f € PC(E) and f is lower semicontinuous at 0. Let y* be an arbitrary element of
E*. Since x* and y* — L are linearly independent, there exist u,v € E such that
(u,z*) =1, (v,2*) =0, (y* — L)(u) =0, and (y* — L)(v) = 1.
Let A € R, and set  := u + Av. Then (z,2*) = (u,2*) =1, and so f(z) = L(z). Thus
") = (2, y") — fla) = (y" = L)(z) = Ay" — L)(v) = A
Since this holds for all A € R, f*(y*) = co. Thus we have

f(0) =00 > —o0 = sup(0 — f*),
E*
and so 0 is not a Fenchel-Moreau point of f. (This example can also be justified using the
Moreau—Rockafellar theorem on the conjugate of the sum of two convex functions.)
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We now come to the promised characterization of Fenchel-Moreau points.

Theorem 3.2. Let f € PC(F) andy € E. Then f(y) < supg-(y — f*) if, and only if,

(3.2.1)

for all A < f(y), there exists S € S(FE) such that
redomf = f(z)+S@x—-y)>A\

Proof. Applying Theorem 1.5 with A := dom f and g(z) := = — y, (3.2.1) is equivalent

to:
for all A < f(y), there exist S € S(F)

and a linear functional L on E such that
L<SonFE and zé€domf= f(x)+ L(x—1y)> A,

which is exactly equivalent to:

for all A < f(y), there exists * € E* such that
redomf = @)+ (y—aa) >N

which is, in turn, equivalent to
for all A < f(y), there exists ™ € E* such that (y,z*) — f*(z*) > A\

This completes the proof of Theorem 3.2. |

Lemma 3.3 contains a positive result on Fenchel-Moreau points (which will be
subsumed by Theorem 3.4).

Lemma 3.3. If f € PC(F) is lower semicontinous at y € dom f then y is a Fenchel-
Moreau point of f.

Proof. We will establish (3.2.1), and Theorem 3.2 will then give the desired result. Let
A < f(y). Choose S € S(FE) such that

Su—-y) < fly)y-r = [fluw)>A (3.3.1)

Let x be an arbitrary element of E. If S(x —y) < f(y) — A then (using (3.3.1) with «
replaced by )

f@) + S —y) = flz) 2 A

If, on the other hand, S(z —y) > f(y) — A, let v := (f(y) — A)/S(x —y) € (0,1) and put
u:=~vx+ (1 —7)y. Then S(u—y):’yS(x— ) f(y) — X\ and so, from (3.3.1),

A< fu) = flyz+ 1 =7)y) <vf(e)+ 1 =7)f(y),

from which
Yf(x) + fly) = A >f(y) > A

Substituting in the formula for v and clearing of fractions yields:
flz)+ Sz —y) >\
Thus (3.2.1) is satisfied, which completes the proof of Lemma 3.3. |
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Theorem 3.4. If f € PC(F) is lower semicontinuous at z € dom f and at y € E then y
is a Fenchel-Moreau point of f.

Proof. We will establish (3.2.1), and Theorem 3.2 will then give the desired result. Let
A < f(y). Lemma 3.3 gives T' € S(F) such that

rel = fx)+T(x—2)>f(z)—1, (3.4.1)
and, by making T larger if necessary, we can also suppose that
fle) <A = T(x—-y) >1. (3.4.2)

Choose M so that M > 1 and M > A — f(z) +T(y — z) + 2, and define S := MT € S(E).
Let = be an arbitrary element of E. If f(z) > A then obviously

f(@) +5(x —y) = A

If, on the other hand, f(x) < A, (3.4.2) gives T'(x — y) > 1 and so, using this and (3.4.1),

f(@)+S(x—y) = flx) + MT(z —y)
=f(@)+T(x-y)+(M-1)T(z—y)
zf(-r)+T(-r—z) T(y—z)+M-1T(zx—y)
> f(z)-1-T(y—2)+(M—-1) >\

Thus (3.2.1) is satisfied, which completes the proof of Theorem 3.4. |

Remark 3.5. Of course, Theorem 3.4 provides a proof of the original Fenchel-Moreau
formula when f is lower semicontinuous. This is usually proved using the Eidelheit sepa-
ration theorem in F¥ x R. The advantage of the method of proof given here is that we do
not have to deal with the elimination of the “vertical hyperplane”.

In [10], Rockafellar develops a theory of dual problems and Lagrangians that gives
a very large number of results in convex analysis. We will show in Theorem 3.6(c) how
Theorem 1.5 can be used to give an efficient proof of [10, Theorem 17(a), p. 41], one of the
main existence results in [10]. We note, in passing, that Theorem 3.6(b) gives a necessary
and sufficient condition for (3.6.4). (Compare [10, Theorem 16, p. 40].)

Theorem 3.6. Let X be a real vector space, U be a real locally convex space with dual
U* and F: X x U +— [—00,0] be convex. (P) is the “primal problem” of finding the value
of f := infex F(x,0), and (D) is the “dual problem” of finding sup,.cy« h(u*), where
h: U* — [—00, 0] is defined by

h(u*) = (m7u§2§(XU[F(x,u) + (u, u™)].

Finally, let o € [—00, 00]. We consider the four conditions

there exists u* € U™ such that inf  [F(z,u) + (u,u")] > a, (3.6.1)
(z,u)eX XU
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there exists S € S(U) such that ( )1n£( U[F(x,u) + S(u)] > «a, (3.6.2)
xr,u)eX X
there exists S € S(U) such that inf  [F(z,u)+ S(u)] > 5, (3.6.3)
(z,u)eX XU
and
inf(P) = sup(D) and there exists u* € U™ solving (D). (3.6.4)
Then

(a) (3.6.1) <= (3.6.2).

(b) (3.6.3) <= (3.6.4).

(c) Suppose that the optimal value function u +— inf,cx F(x,u) is bounded above on a
neighborhood of 0. Then (3.6.4) is satisfied.

Proof. (a)(=) This follows because any element of U* is dominated by an element of
S(U). («=) Since (3.6.1) is automatic if &« = —o0o, we can and will suppose that o > —oc.
(3.6.2) now implies that F: X x U +— (—o0,00]. If F is identically +oco then, again,
(3.6.1) is automatic, so we can suppose that F' € PC(X x U). The result now follows
from Theorem 1.5 with A := dom F' and g(z,u) := u, since any linear functional on U
dominated by an element of S(U) is continuous.

If u* € U* then h(u*) < inf,cx[F(z,0) 4 (0,u*)] = (8, and so (b) is immediate from
(a).

The assumption in (c) is that there exist 7' € S(U) and M € R such that
T(u) <1 = there exists z € X such that F(z,u) < M, (3.6.5)

and we shall show that there exists S € S(U) satisfying (3.6.3) — the result then follows
from (b). It is clear by taking v = 0 in (3.6.5) that 5 < M. If § = —oo then (3.6.3) is true
with S := 0, so we can and will suppose that § € R. Let S be the continuous seminorm
(M — )T: we shall show that (3.6.3) is true for this value of S. So let (z,u) € X x U.
Let A > T'(u). Since T'(—u/\) < 1, (3.6.5) gives z € X such that F(z,—u/\) < M. But
then, from the definition of § and the convexity of F,

T+ Az 1 A U 1 A
<F < —F +—F|z,— )| <—F + -2 M
A< (1+)\’O)_ + A (,u) 1+ A (z, )\>_ + A (@, u) 1+ A

Clearing of fractions, we obtain F'(x,u)+ (M — )\ > (. If we now let A\ — T'(u)+ in this,
we derive F(z,u) + (M — 8)T(u) > 3, that is to say F(x,u) 4+ S(u) > . Since this holds
for all (z,u) € X x U, we obtain (3.6.3), completing the proof of (c). |

4. An application to monotone multifunctions

We showed in [13] how the minimax theorem of Fan referred to after Theorem 2.4 can be
used to obtain a large number of results on (or related to) monotone multifunctions on a
Banach space. In some of these cases, these results can be obtained using Theorem 1.5
instead. (Specifically, Lemma 11.1, p. 41, Lemma 18.1, p. 65-66, Lemma 20.1, p. 77-78,
Corollary 29.2, p. 114, Lemma 36.1, p. 141-142, Theorem 38.2, p. 146-147 and Theorem
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38.3, p. 147-149 of [13] fall into this category.) Since Theorem 1.5 uses the sublinear
functional (nearly always, a scalar multiple of the norm) directly, this alternative method
of proof is not only shorter, but also avoids the use of the Banach—Alaoglu theorem. As
an illustration, we give in Theorem 4.1 a proof of the least technical of the above results
([13, Lemma 11.1, p. 41]) using Theorem 1.5. Theorem 4.1 can also be established using
the Debrunner—Flor extension theorem (which depends on Brouwer’s fixed—point theorem,
see Phelps, [8, Lemma 1.7, p. 4] and the comments preceding), or the Farkas Lemma (see
Fitzpatrick—Phelps, [4, Lemma 2.4, p. 580-581]). In words, Theorem 4.1 says that if a
maximal monotone multifunction on a normed space has bounded range then it has full
domain.

Theorem 4.1. Let E be a non-trivial normed space with dual E* and S: E — 2F be a

maximal monotone multifunction with graph GG. Suppose that there exists M such that,
for all (z,x*) € G, ||z*|| < M. Then, for all x € E, Sx # (.

Proof. It follows from the monotonicity of S that there exist a convex subset A of a (large)
vector space V and maps 0:G— A, p: A— E, ¢:A— E* and r: A — R such that

A is the convex hull of 6(G), (4.1.1)

p,q and r are affine, (4.1.2)
(r,z*) e G = pod(x,z") ==z, qod(r,z") =2 and rod(x,z*) = (x,z"), (4.1.3)

and
acA = r(a)>(pla),q(a)). (4.1.4)

(We can take V' to be the direct sum of E x E* copies of R, for (x,2*) € G, §(z,x*) € V
defined by

* *\ 1 ((87 S*) = (.’L‘,I*))
§(x,x")(s,s") := {O ((s,s%) # (x,2%)),

and p, ¢ and r, defined by p(p) := >_ s yepwme H(S,8)S: A1) = 305 syemx - H(S; 7)s”
and r(p) = D yepxm- H(S,87)(s,8%) — see [13, Section 9, p. 32-33].) Let x be an
arbitrary element of E. Then, using (4.1.1), (4.1.2) and (4.1.3), for all a € A, ||q(a)| < M
and so, using (4.1.4),

r(a) — (z,q(0)) + M||z — p(a)]| > r(a) — (z,q(a)) + (= — p(a), q(a))
= r(a) — (p(a), q(a)) > 0.

From Theorem 1.5 with S := M| ||, f(a) := r(a) — (z,q(a)) and g(a) := x — p(a), there
exists x* € E* such that (||z*|| < M and)

aed = r(a)— (zq(a)+ {z - pa),z”) > 0.
In particular, setting a = §(s, s*), it follows from (4.1.3) that
(s,s")eG = (s,8")—(x,s")+{(x—s,2") >0 <= (z—s,2"—5")>0.

The maximal monotonicity of S now implies that (z,x*) € G, which gives the required
result. ||
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5. Existence theorems without a priori scalar bounds

We first state as Theorem 5.1 an existence theorem for linear functionals which appeared in
[13, Theorem 7.2, p. 27-28], and was used in [13, Section 10] to obtain a number of criteria
for a monotone multifunction on a reflexive Banach space to be maximal monotone, in [13,
Sections 20-23] to obtain conditions for the sum of maximal monotone multifunctions on
a reflexive Banach space to be maximal monotone, and in [13, Section 27] to obtain results
on the closure of the range of a maximal monotone multifunction of Gossez’s type (D) on
an arbitrary Banach space.

The proof of Theorem 5.1 given in [13, Theorem 7.2] was quite nonconstructive, so it is
not clear from the conditions assumed what would be an appropriate estimate for the value
of ||z*||. One of the by—products of the analysis given here (see Remark 5.7) is an estimate
for ||z*|| which (happily) coincides with the estimate obtained by working backwards from
the conclusion of the theorem. One issue that might be worth pursuing is whether this new
information gives any further insight into the theory of maximal monotone multifunctions.

Theorem 5.1. Let A be a nonempty convex subset of a vector space, E be a Banach
space, g: A — E be affine and f: A — R be convex. Then (5.1.1)<=(5.1.2).

acA = fla)+]g(a)|*>0. (5.1.1)

There exists * € E* such that a € A = f(a) — 2{g(a),z*) > ||z*|*. (5.1.2)

Note that (5.1.1) can be written inf 4 [f+¢oSog] > 0, where 1: R — R is defined by
Y(A) ;==X and S := || ||, and inf4 [f 4+ Sog] in (1.5.1) can be written inf4 [f+ 1o Sog]
where ¢: R — R is defined by ¥(\) := A. Thus it is natural to ask whether there is a
result that simultaneously generalizes Theorem 1.5 and Theorem 5.1. Indeed, there is such
a result, which we will state as Theorem 5.4. The work for Theorem 5.4 will actually be
done in Lemma 5.3, which depends on Theorem 1.5.

We first consider the conditions on the function v that we need for Theorem 5.4.

Definition 5.2 Let S: F +— R and g: A — E. We shall say that 1 is S, g—compatible if
Y € PC(R) and dom ) N J,c4(S 0 g(a),00) # 0. If ip: R +— R is convex (as is the case
with the two examples mentioned above) then v is clearly S, g—compatible whatever the
values of S and g.

Lemma 5.3. Let E be a nontrivial vector space and S: E +— R be sublinear. Let A be
a nonempty convex subset of a vector space, g: A — E be S—convex and f: A — R be
convex. Suppose, further, that 1 is S, g—compatible and

a€Aand Sogla)<a = f(a)+¢¥(a)>0. (5.3.1)

Let
0+ 0)
M= f{ﬂ—Sog(b)

Then there exist v € [0, M] and a linear functional L on E such that

. be A, B domu, 5>Sog(b)}.

L<~vSonE and f+ Log>1*(y)on A. (5.3.2)

10
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Proof. We first observe from (5.3.1) and the .S, g—compatibility of ¢ that M € [0, 00). We
now show that
a€Aand a €domty = f(a)+(a)+M(Sog(a)—a)t >0. (5.3.3)

Let a be an arbitrary element of A, and « be an arbitrary element of dom . If Sog(a) < «
then, from (5.3.1),

fla) + () + M(Sog(a) —a)t = f(a) +¢(a) > 0.
Suppose, on the other hand, that S o g(a) > «. Let b be an arbitrary element of A, and 3
be an arbitrary element of dom subject to 3 > S o g(b). Write
_ Sog(a) —a
N =509
The sublinearity of S and the S—convexity of g now imply that
a+uB  Sog(a)+ uSog(d 1 a—+ pb
ui (a) + 4 (>25(———gmy+—ﬂ—aw)25og( u)
1+p 1+p 1+ p 1+p I+ p
thus, using (5.3.1) for the third time (with a replaced by (a + ub)/(1 4+ 1) and « replaced
by (o + pB)/(1+ p)),
a + pb o+ uB fla) +¢¥(a) + pf(b) + pp(6
0§Lf< /L>_+¢< p ) < f(@) +¥() + uf(b) + mp(B).
1+ p 1+p L+p
Consequently,

0 < fla) + () + pu(f(0) +¢(B)) = fla) + ¢(a) +

Taking the infimum over b and ( gives

0 < fla) +¢(a) + M(Sog(a) —a),
which completes the proof of (5.3.3).
_ Now let E := E xR, §: E — R be defined by S(z,\) = M(S(z) — N7,
A= Ax dom ¢, g: A — FE be defined by g(a,a) = (g(al, a) and f: A — R be
defined by f(a,@) := f(a) + ¢(a). It is easy to check that S is sublinear on E, and
routine but tedious to check that g is S—convex. (5.3.3) can now be written

f+S0G>0o0n A4,

and so it follows from Theorem 1.5 that there exists a linear functional L on E such that
L <SonFE and

> 0.

f(0) +4(B)

ﬂ—SOg(b) (SOg<CL) —(1/)

f+Log>0o0n A, (5.3.4)
Let L be a linear function on E and 7 € R be chosen so that for all (x,\) € E, Z(.CI?, A) =
L(z) —~y\. Now —y = L(0,1) < §(0,1) = 0 and v = L(0,—1) < S(0,—1) = M, and so v €
[0, M]. If 2 is an arbitrary element of E then L(z) —vS(z) = L(z, S(z)) < S(x, S(x)) = 0.
Thus we have proved that L < S on E. Finally, substituting the formulas for Z, g and f
into (5.3.4) gives us that

a€Aand o €edomy = f(a)+¢(a)+ Logla)—vya>0,
which leads rapidly to (5.3.2), and thus completes the proof of Lemma 5.3. |

11
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Finally, we give the promised result that unifies Theorems 5.1 and 1.5. We will show
how these generalizations work in Remarks 5.5 and 5.6.

Theorem 5.4. Let E be a nontrivial vector space and S: E — R be sublinear. Let A
be a nonempty convex subset of a vector space, g: A — E be S—convex and f: A — R
be convex. (So far, these are the conditions of Theorem 1.5). Suppose, further, that 1 is
S, g—compatible and

1 is nondecreasing on U e [S o g(a),o0). (5.4.1)

Then (5.4.2)<=(5.4.3).
f+1voSog>0on A. (5.4.2)

There exist v > 0 and a linear functional L on E such that} (5.4.3)

L<~SonE and f+ Log>v*(y)on A.

Proof. (=) Ifa € A and Sog(a) < « then, from (5.4.1), f(a)+¥ () > f(a)+1poSog(a)
and so (5.3.1) follows from (5.4.2). The result now follows from Lemma 5.3.

(<=) This is immediate since, for all a € A, Lo g(a) <~vSog(a) <(Sog(a))+ *(7).
(We note that (5.4.3) implies that 1*(v) € R.) |

Remark 5.5. Let us first show that Theorem 5.4 implies Theorem 5.1. We consider the
implication (5.1.1)==(5.1.2), since the opposite implication is not difficult. So we suppose
that S = || || and ¢()\) := A%, Since

U,_, [Seat@.) =] _, lg(@ll,o0) € [0,00),

(5.4.1) is clearly satisfied. So if (5.1.1) (or equivalently, (5.4.2)) is satisfied then Theorem
5.4 gives v > 0 and L € E* such that ||L|| < v and f + Log > 4?/4 on A. Then
f+Log>|L|*/40on A, and so (5.1.2) is satisfied with z* := —L/2.

Remark 5.6. We next show that Theorem 5.4 implies Theorem 1.5. So we suppose that
P(A) := A, and (5.4.1) is again satisfied. As in the proof of Theorem 1.5, we can and will
suppose that « := inf 4 [f +So g] € R. Then, replacing f by f — «, we can suppose that
(5.4.2) is satisfied. Now ¥*(y) =0 1if v = 1 and ¥*(y) = oo otherwise. Theorem 5.4 now
gives (5.4.3), which forces 1*(y) < oo, from which v = 1, and so ¢¥*(y) = 0. Now (5.4.3)
implies (1.5.1).

Remark 5.7. Suppose, in the context of Theorem 5.4, that v > 0 and L is a linear
functional on E such that L < S on E and f+ Log > ¥*(y) on A. Let b € A and
B> Sog(b). Then

F(b) + 7S o0g(b) > f(b)+ Log(b) >*(y) >3 —(3),
from which it follows easily that

f(b) +9(8)

S EEr0

. be A, §edomap, 5>sog(b)}.

12
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So the value of M defined in Lemma 5.3 coincides with the a posteriori bound for
obtained by working backwards from (5.4.3). In the situation of Theorem 5.1 and Remark
5.5, after some elementary calculus, we obtain the corresponding upper bound for ||z*|| to
be

inf [lg(0)l| + /£ () + [lg(®)]?].

6. Rockafellar’s surjectivity theorem

Rockafellar proved in [9, Proposition 1, p. 77-78] that if E is a non—trivial reflexive Banach
space with dual E* and duality map J: E — 2E° J and J~! are single—valued and
T: E — 2% is a monotone multifunction then 7' is maximal monotone <= T + J is
surjective. Now (<=) of the above statement fails if J or J~1 is not single-valued (see [13,
Remark 10.8, p. 39] for a discussion of this), while (=) remains true (see [13, Theorem
10.7, p. 38]). It follows from a simple translation argument that, in order to prove that
T + J is surjective, it suffices to prove that there exists y € E such that Ty + Jy 3 0. In
Theorem 6.1 below, we give a proof of this result with an upper bound on ||y|| obtained
from Remark 5.7. (See also [13, Theorem 10.3, Corollary 10.4 and Theorem 10.6 p. 36-37]
for characterizations of maximal monotonicity that are valid in general reflexive spaces with
no restriction on .J.) We mention parenthetically that the result of Rockafellar mentioned
above depends on results of Browder, [1], which depend, in turn, on Brouwer’s fixed—point
theorem.

Theorem 6.1. Let E be a non—trivial reflexive Banach space with dual E* and T: E —
2F" be a maximal monotone multifunction. Let A, p: A— E, ¢: A— E* and r: A — R be
as in the proof of Theorem 4.1. Then there exists y € E such that

lyll < %;gg [p(@)ll + lla(@)ll + v/4r(a) + (Ip(a)l + la(a)l)?]. (6.1.1)

and
Ty+ Jy > 0. (6.1.2)

Proof. From (4.1.4), for all a € A,

4r(a) + (Ilp(@)ll + lla(@)I)? = (lp(@)ll + lla(@)l)? + 4(p(a), a(a))
(lp(a)ll + llg(a)])* — 4llp(a)llg(a)ll
|

(lp(a)ll = lla(a)])* = 0.

Now write F := E x E* with ||(x,z*)| := ||z|| + ||=*|| and, for all a € A,

>
>

f(a) :=4r(a) and g(a):= (p(a)7q(a)).

It follows from Theorem 5.1 and Remark 5.7 (with E replaced by F') that there exists
x* € F* such that

2|l < inf [lip(a)ll + la(@)]l + v/4r(a) + (Ip(a)ll + [a(@)])?] (6.1.3)

13
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and
acA = dr(a) —2{(g(a),z*) > |z*|* (6.1.4)

Now we can write x* = (2y*,2y) for some (y,y*) € E x E*, and ||z*| = 2||y|| Vv 2||y*|-
(6.1.1) follows immediately from (6.1.3). Dividing (6.1.4) by 4, we obtain

acA = r(a)—(p(a),y") = (y.ala)) = Iyl v Iy I* = (IylI* + lly*II*)/2.

Now let G and §:G — A be as in Theorem 4.1. If now (s,s*) € G and we substitute
a = 0(s,s*), we obtain from the above and (4.1.3) that

(5,5 €G = (s,8") = (s,97) = (y, ") = (Iyl” + " [1*)/2.

from which
(5,8 )€G = (s—y,s"—y") = (lyll>+ Iy I” + 2y, y"))/2. (6.1.5)

Since [[y[l*+I[ly*1*+2{y, y*) > [lylI>+y* 2 =2lylly*l| = (lyll—lly*[)* = 0, (6.1.5) and the
maximal monotonicity of 7" imply that (y,y*) € G, that is to say, y* € T'y. Substituting
(s,5%) = (y,y*) in (6.1.5) yields |ly||* + [ly*||* + 2(y,y*) < 0, from which it follows easily
that —y* € Jy. Since 0 = y* + (—y*), (6.1.2) is now immediate. |

Remark 6.2. In this remark, we show how (6.1.2) implies (6.1.1), in other words, the
bound for ||y|| obtained in (6.1.1) coincides with the a posteriori bound. So suppose that
y € E and (6.1.2) holds. Then there exists y* € Ty such that ||y[|* + |ly*||* + 2(y,y*) = 0.
Reversing the steps of Theorem 6.1, we find that

(5,8 €G = (5,8 —(s;57) = (v:5") = (yll* + y"I1*) /2,
hence, using (4.1.3),

(s,57)€eG = 1(3(s,5")) — (p(5(s,5")),y") — (¥, a(3(s,57))) = (Il + lly*[1*)/2-
Since p, ¢ and r are affine on A, it follows from (4.1.1) that

acA = r(a)—(p(a),y") — (y,qla)) > ([yll*> + lly*11*)/2.

Now ||y*|| = ||y|| and so, on completing the square, we obtain that

acAd — r(a)+ (Hp( )+ lla@) DIyl = 1lyl®

= vl <3 [Hp( )+ la(a)ll + V/4r(a) + (Ip(a)]l + lla(a)[)?].

Of course, (6.1.1) is an immediate consequence of this. We emphasize that Theorem 6.1
gives the existence of a solution y of (6.1.2) satisfying (6.1.1). The argument above shows
that all solutions of (6.1.2) satisfy (6.1.1).

One can perform a similar extension to the computations of [13, Lemma 10.1, p. 34-35]
using the technique of Theorem 6.1, and one obtains the bound:

||y|!§%322[\/llp( )12+ llg(a)l? + v/2r(a) + Ip(a) 2 + llg(a)]? ).

We leave it to the reader to show that the bound obtained in (6.1.1) is tighter.
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