Hahn—Banach theorems and maximal monotonicity
S. Simons

0. Introduction

In this paper, we discuss new versions of the Hahn—Banach theorem that have a number of
applications in different fields of analysis. We shall give applications to linear and nonlinear
functional analysis, convex analysis, and the theory of monotone multifunctions. All vector
spaces in this paper will be real.

The main result appears in Theorem 1.7, which is bootstrapped from the special case
contained in Lemma 1.4.

In Section 2, we sketch how Theorem 1.7 can be used to give the main existence
theorems for linear functionals in functional analysis, and also how it gives a result that
leads to a minimax theorem. We also discuss three applications of Theorem 1.7 to convex
analysis, pointing the reader to [26] for further details in two of these cases. One noteworthy
property of proofs using Theorem 1.7 is that they allow us to avoid the problem of the
“vertical hyperplane”.

In Section 3, we show how Theorem 1.7 can be used to obtain considerable insight on
the existence of Lagrange multipliers for constrained convex minimization problems. The
usual sufficient condition for the existence of such multipliers is normally found using the
Eidelheit separation theorem. In Theorem 3.5, we use Theorem 1.7 to derive this sufficient
condition, with the added bonus that we obtain a bound on the norm of the multiplier.
Here again, the proof using Theorem 1.7 allows us to avoid the problem of the “vertical
hyperplane”. More to the point, the results leading up to Theorem 3.5, namely Lemma 3.1
and Theorem 3.2, use Theorem 1.7 to obtain a necessary and sufficient condition for the
existence of Lagrange multipliers, with a sharp lower bound on the norm of the multiplier.

Section 4 is motivated by the theory of monotone multifunctions. Theorem 4.1 is an
existence theorem without any a priori scalar bounds in normed spaces that has proved
very useful in the investigation of these multifunctions, and will be used in Theorem 5.5. A
new feature of the result as presented here is a sharp lower bound on the norm of the linear
functional obtained. Theorem 4.3 is a two—stage result obtained by combining Theorems
4.1 and 1.7, and will be used in the proof of Theorem 6.4.

In Section 5, we discuss the free convexification technique, which has many applica-
tions to the theory of monotone multifunctions. We list several of these without proof.
We also use Theorem 4.1 to derive Rockafellar’s surjectivity theorem for general (i.e., not
renormed) reflexive spaces, with a sharp lower bound for solutions of the problem. Apart
from its intrinsic interest, we have given this result here to introduce the techniques that
are used in the more difficult problem treated in Section 6.

Maximal monotone multifunctions of “type (D)” were introduced by Gossez in order
to generalize to nonreflexive spaces some of the results previously known for reflexive spaces
(see Gossez, [10, Lemme 2.1, p. 375] and Phelps, [15, Section 3] for an exposition). Maximal
monotone multifunctions of “type (FP)” were introduced by Fitzpatrick—Phelps in [8,
Section 3] under the name of “locally maximal monotone” multifunctions. The motivation
for their introduction was as follows. If E is reflexive then every maximal monotone
multifunction on E can be approximated by “nicer” maximal monotone multifunctions
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using the Moreau-Yosida approximation. If E is nonreflexive then every subdifferential can
also be approximated by “nicer” subdifferentials by using the operation of inf-convolution.
So the question arises whether a general maximal monotone multifunction on a nonreflexive
space can also be approximated by “nicer” maximal monotone multifunctions in some
appropriate sense. Fitzpatrick—Phelps defined an appropriate sense of approximation in
[8], and showed that the multifunctions of type (FP) can be approximated by “nicer”
maximal monotone multifunctions in their sense. There has been considerable speculation
for the past several years about the relationship between multifunctions of type (D) and
multifunctions of type (FP). The main result of Section 6 (in Theorem 6.4) is then that
that every maximal monotone multifunction of type (D) is necessarily of type (FP).

In the final section, we return to our consideration of abstract Hahn-Banach theorems.
Noting a certain formal similarity between the statements of Theorem 4.1 and Theorem
1.7, we ask the question whether these two results can be unified. Indeed, they have a
common generalization, which is given in Theorem 7.1.

1. The main result

Theorem 1.7 contains the new version of the Hahn-Banach theorem that forms the main
topic of this paper. Theorem 1.7 is proved by bootstrapping from the special case contained
in Lemma 1.4 — most of the work is actually done in Lemma 1.3.

We start by recalling in Lemma 1.2 the classical Hahn—Banach theorem for sublinear
functionals.

Definition 1.1. Let E be a nontrivial vector space. We say that S: E +— R is sublinear
if

r,ye B = Sx+y) <Sx)+S(y)

and
reFand A>0 = S(\z)=AS(z).

Lemma 1.2. Let E be a nontrivial vector space and S: E — R be sublinear. Then there
exists a linear functional L on E such that L < S on E.

Proof. See Kelly-Namioka, [11, 3.4, p. 21] for a proof using cones, Rudin, [20, Theorem
3.2, p. 56-57] for a proof using an extension by subspaces argument, and Koénig, [12] and
Simons, [21] for a proof using an ordering on sublinear functionals. |

Lemma 1.3. Let E be a nontrivial vector space and S: E +— R be sublinear. Let D be a
nonempty convex subset of a vector space, a: D +— E be affine and 3 := infp Soa € R.
For all x € F, let
T(z):= inf Aa(d)) — A\G|. 1.3.1
(z) = oL [S(z+2a(d) —20] (1.3.1)
Then T: E +— R, T is sublinear, T'< S on FE and, for all d € D, —T(—a(d)) > f.

Proof. If x € £, d € D and A > 0 then
S(z+ Aa(d)) = A8 > —=S(—z) + AS(a(d)) — A3 > —S(—z) > —o0.
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Taking the infimum over d € D and A > 0, T'(z) > —S(—x) > —oo. Thus T: E — R. It
is now easy to check that T is positively homogeneous, so to prove that T is sublinear it
remains to show that 7' is subadditive. To this end, let x1, xo € E. Let di, dy € D and
A1, A2 > 0 be arbitrary. Write x := x1 + 22, A := Ay + Ao, i := \i/ A and d := p1dy + pods.
Then, using the fact that pya(dy) + pa(ds) = a(d),
[S(l’l + Ala(dl)) - Alﬁ] + [S(ZL’Q + )\2a(d2)) — )\2/8]

> S(z+ Ma(dy) + Xa(da)) — AB

= AS(2/A + pa(di) + poa(dz)) — A8,

= )\S(x/)\ + a(d)) -\

= S(z + Xa(d)) — A3

>T(x) =T(x1 + z2).
Taking the infimum over dy, da, A\ and Ao gives T'(z1) + T'(z2) > T(x1 + z2). Thus T is
subadditive, and consequently, sublinear. Fix d € D. Let x be an arbitrary element of FE.
Then, for all A > 0, T'(z) < S(z) + A[S(a(d)) — B]. Letting A — 0, T(z) < S(z). Thus
T < S on E. Finally, let d be an arbitrary element of D. Then, taking A =1 in (1.3.1),

T(~a(d)) < S(~a(d) +a(d)) — = -6,

hence —T(—a(d)) > 3, which completes the proof of Lemma 1.3. |

Lemma 1.4. Let E be a nontrivial vector space and S: E — R be sublinear. Let D be
a nonempty convex subset of a vector space and a: D — E be affine. Then there exists a
linear functional L on E such that L < 5 on E and

inf L oa = inf S o a.

D D
Proof. Let 8 := infp Soa. If f§ = —oo, the result is immediate from Lemma 1.2 (take
any linear functional L on E such that L < S on F). So we can suppose that g € R.

Define T" as in Lemma 1.3. From Lemma 1.2, there exists a linear functional L on E such
that L < T on E. Since T'< S on E, L <8 on E, as required. Let d € D. Then

L(a(d)) = —L(~a(d)) > =T (~a(d)) > 5.
Taking the infimum over d € D,

inf Loa>( =infSoa.
D C

On the other hand, since L < S on E, infp Loa < infp Soa. |

Definition 1.5. Let C be a nonempty convex subset of a vector space and PC(C') stand
for the set of all convex functions k: C' +— (—00,00] such that domk # ), where dom k,
the effective domain of k, is defined by

domk := {z € C: k(z) € R}.

(The “P” stands for “proper”, which is the adjective frequently used to denote the fact
that a function is finite at at least one point.)
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Definition 1.6. Let E be a nontrivial vector space and S: E — R be sublinear. Let C'

be a nonempty convex subset of a vector space and j: C'+— E. We say that j is S—convex

if

21,82 € C, pa,po > 0and pi4pp =1 = S(j(par +pewe) —paj(zr) —pej(z2)) <O0.
<0

Note that if we define an ordering “<g” on E by declaring that y <g z if S(y — z)
then j is S—convex if, and only if,

x1,02 € C, pi,pe>0and py +pp =1 = j(pazr + pexe) <s p1j(r1) + p2j(zs).

An affine function is clearly S—convex.

Theorem 1.7. Let E be a nontrivial vector space and S: E +— R be sublinear. Let C
be a nonempty convex subset of a vector space, k € PC(C) and j: C — E be S—convex.
Then there exists a linear functional L on E such that L < S on E and

inf [Loj+ k] =inf [Soj+k]. (1.7.1)

Proof. Let E := E x R, and define S: E—R by
S\ =8+ ((y,\ €E).
Then, as the reader can easily verify, S is sublinear. Let
D:={(z,y,A) € C x ExR: S(j(z)—y) <0, k(z) <A},
and a: D +— F be defined by
a(x,y,\) = (y,\) ((x,y, A) € D).

Then D is a convex set and a is an affine function. Lemma 1.4 with F replaced by E , S
by S, and C' by D now gives a linear functional L on F such that

zggonE and infLoa=infSoa.
D D
Since L < S on F , there exists a linear functional L on E such that
L<SonE and (y,\)e€E= L(y,\) = L(y) + A.

The result follows since, by direct computation,

inf L oa = inf [Loj—i—k:} and infSoa = inf [Soj—f—k].l

D c D C

2. Applications to functional analysis and minimax theorems

In this section, we mention without proof a number of applications of Theorem 1.7 that
were discussed in [26]. We then state and prove in Theorem 2.5 a (necessary and sufficient)
criterion for the Fenchel duality condition to hold.

Theorem 2.1 is the sandwich theorem (see [12, Theorem 1.7, p. 112]). It follows
immediately from Theorem 1.7 with C' := E and j(x) := x.
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Theorem 2.1. Let E be a nontrivial vector space, S: E — R be sublinear, k € PC(E)
and —k < S on E. Then there exists a linear functional L on FE such that —k < L < S on
E.

Theorem 2.1 implies in turn two other well known existence results: the extension
form of the Hahn—Banach theorem, Corollary 2.2, (see [12, Corollary 1.8, p. 112]) and the
Mazur—Orlicz theorem, Corollary 2.3, (see [12, Theorem 1.9, p. 112]).

Corollary 2.2. Let E be a nontrivial vector space, F' be a linear subspace of £, S: F — R
be sublinear, M: F +— R be linear and M < S on F'. Then there exists a linear functional
L on FE such that L < S on E and L|p = M.

Corollary 2.3. Let E be a nontrivial vector space, S: E — R be sublinear and C' be
a nonempty convex subset of . Then there exists a linear functional L on E such that
L <SonkFE andinfo L =infs S.

Theorem 2.4 below was essentially proved by Fan-Glicksberg-Hoffman (see [6,
Theorem 1, p. 618]), and leads to a short proof of the minimax theorem proved by Fan
in [5] (see [23, Theorem 3.1, p. 17| for details of this). Theorem 2.4 follows easily from
Theorem 1.7 with E :=R™, S(p1, ..., pm) = p1 V-V i, j(¢) := (f1(c), ..., fm(c)) and
k(c) := 0.

Theorem 2.4. Let C' be a nonempty convex subset of a vector space and f1,..., f,, be
convex real functions on C'. Then there exist A1,...,\, > 0 such that \y +---+ X\, =1
and

inf [fiVV f] = inf Aifi4 4 A Sl

Let E be a nontrivial Hausdorff locally convex space with dual E*. If f € PC(FE), the
Fenchel conjugate, f*, of f is the function from E* into (—oo, o] defined by

fr(@*) == sup(z” — f).

E

It follows easily from the definitions above that, for all y € E,

fly) = S}}le(y = [ (2.4.1)

It was proved by Moreau in [14, Section 5-6, p. 26-39] that if f is lower semicontinuous
on E then, for all y € E, we have equality in (2.4.1). If f is lower semicontinuous at y € E
but not on E then it does not follow that equality holds in (2.4.1) (see [26, Remark 3.1]).
On the other hand, Theorem 1.7 can be used to find a necessary and sufficient condition
for equality to hold in (2.4.1) for a given y € E (see [26, Theorem 3.2]). This provides a
proof of Moreau’s original result with the advantage that we do not have to deal with the
elimination of the “vertical hyperplane”.

We now show how Theorem 1.7 leads to a version of the Fenchel duality theorem.
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Theorem 2.5. Let E be a nontrivial Hausdorff locally convex space with dual E*, and
f, g € PC(E). Then

there exists z* € E* such that ff(=2")+g%(z") <0 (2.5.1)
if, and only if, writing S(F) for the family of continuous seminorms on E,
there exists S € S(F) such that z,y€ E= f(x)+g(y)+S(x—y) >0. (2.5.2)

Proof. Suppose first that (2.5.1) is satisfied. Then, for all z, y € E,

(w,=2") = f(z) +(y,2") —g(y) < f(=2") + 97" (z") <0,

consequently,
fx)+9(y) +{z —y,2") =0,

and (2.5.2) follows with S := |z*|. Suppose, conversely, that (2.5.2) is satisfied. Then we
apply Theorem 1.7 with C' := EX E, j(x,y) := z—y and k(z,y) := f(x)+g(y) and obtain
a linear functional L on E such that L < S and

v,y € E= f(x)+g(y) + Lz —y) >0,

or equivalently,
z,y € B = (—L)(z) — f(z) + L(y) — g(y) < 0.

(2.5.1) now follows (with z* = L) by taking the supremum over z and y. |
In the normed case, Theorem 2.5 takes the following form:

Corollary 2.6. Let E be a nontrivial normed space with dual E*, and f, g € PC(E).
Then
there exists z* € E* such that [ (=2")+¢%(z") <0 (2.5.1)

if, and only if,
there exists M > 0 such that r,y€ FE= f(x)+g(y) + M|z —y| > 0.

Corollary 2.6 leads easily to proofs of the versions of the Fenchel duality theorem and
the formula for the subdifferential of a sum due to Moreau—Rockafellar (see [17, Theorem 3,
p. 85]) and Attouch—Brézis (see [1, Theorem 1.1, p. 126-127] and [1, Corollary 2.1, p. 130—
131]). Yet again, we do not have to deal with the elimination of the “vertical hyperplane”.
We emphasize that Theorem 2.5 and Corollary 2.6 give a necessary and sufficient condition
for the existence of the linear functional, and not merely sufficient conditions.

In [19], Rockafellar develops a theory of dual problems and Lagrangians that gives a
very large number of results in convex analysis. It was shown in [26, Theorem 3.6] how
Theorem 1.7 can be used to give an efficient proof of [19, Theorem 17(a), p. 41], one of
the main existence results in [19].
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3. A sharp result on the existence of Lagrange multipliers

This section is about Lagrange multipliers for the constrained convex optimization problem
outlined below. The main result is Theorem 3.2 which, combined with Lemma 3.1, gives a
necessary and sufficient condition for the existence of a Lagrange multiplier, with a sharp
lower bound on its norm. We also show in Theorem 3.5 how Theorem 3.2 implies the
classical result, with an upper bound on the norm as a bonus. The analysis in this section
depends only on Theorem 1.7 — it does not depend on Section 2 in any way.

Let (E,||-||) be a nontrivial normed space, C' be a nonempty convex subset of a vector
space, k: C +— R be convex, j: C'— FE, and < be a partial ordering on F compatible with
its vector space structure. Let N be the negative cone {y € E: y < 0}. Suppose that

r1,02 € O, pi,pp >0and py +po =1 = j(pazr + pore) = pij(xr) + paj(re) (3.0.1)
(i.e., 7 is convex with respect to <), and

_ingvk; =inf {k(z): v € C, j(z) 20} =po € R. (3.0.2)
J—l

A Lagrange multiplier for the problem is an element z; of E* such that

sup z5 < 0 (3.0.3)
N

(i.e., 2§ is positive with respect to <), and

inf [(j(2),25) + k(2)] = po. (3.0.4)

Clearly 0 is a Lagrange multiplier <= infc k > po. In order to exclude this trivial case,
we shall suppose that info k < pg. Let

A:={z€C: k(z) <po} and B:={veC: jv) =<0}, (3.0.5)

where we write j(v) < 0 to mean that j(v) € int N. The above conditions imply that
A # (). We start off with a simple consequence of the existence of a Lagrange multiplier.

Lemma 3.1. Let z} be a Lagrange multiplier, and A be as in (3.0.5). Then

po — k(z)
0 <su
meg dist (j(z), N)

Proof. Let z € A, and u be an arbitrary element of N. Then, from (3.0.3) and (3.0.4),
l7(2) = ulllz5ll = (5(x), 20) = {u, 25) = (G (%), 20) = po — k(x) > 0.

Taking the infimum over v € N,

< [zl < oo

dist (j(x), N) |25 | > o — k() > 0.

The result follows on division by dist ( jlx), N ) and then taking the supremum over z € A. |

The main result of this section is the following partial converse to Lemma 3.1.
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—k
Theorem 3.2. Suppose that 0 < M := Sup_uo,—(x)
zea dist(j(z), N)

a Lagrange multiplier 2z such that ||z§| < M. It then follows from Lemma 3.1 that
M =min {||z}||: 2§ is a Lagrange multiplier}.

Proof. Let S: E — [0,00) be defined by S(y) := dist (y, N) = infuen |ly — ul| (y € E).
It is easily checked from this definition that

< 00. Then there exists

S is sublinear, (3.2.1)
S<|-|lonE, (3.2.2)

and
yeN = S(y)=0. (3.2.3)

The definition of M gives
re A= MSojx)+k(zx)> up.
Since k > pp on C'\ A and S > 0 on E, in fact
reC = MSoj)+k(z)> po,
that is to say
igf [MSoj—l—k} > L.
Let x1,22 € C, p1,p2 >0 and py + po = 1. Then it follows from (3.0.1) that

Ju1zy + pox2) — prj(w1) — poj(ra) € N,

and so (3.2.3) implies that j is M.S—convex. Thus (3.2.1) and Theorem 1.7 give a linear
functional L on E such that L < MS on F and

inf [Loj+ k] =inf [MSoj+k] > po. (3.2.4)

We now derive from (3.2.2) and (3.2.3) that L € E*, ||L|| < M and supy L < 0. Since
r€j YN)= j(z) e N= Loj(z) <0, (3.0.2) now gives

uozji_l}ljvkzji_r}%[Loj+k] zigf[Loj—i—k}.

Thus we have equality in (3.2.4), which gives the required result (with 2z = L). |

Remark 3.3. At this point, we make some comments about the formulation of the pre-
ceding analysis in terms of Lagrangians. Let P := {z* € E*: supy 2* < 0}, and define
L: C x P+ Rby L(z,z*) := (j(z),z*) + k(z). Then 2§ is a Lagrange multiplier exactly
when inf,cc L(x, 2}) = po. Arguing as in the final few lines of Theorem 3.2, if z* € P
then inf,co L(x, 2*) < ug, so in fact
inf L Y= inf L 3) = po-

S Jnf L) = I Liws75) = o
In the event that there exists zg € 571NN such that k(xg) = uo then (zq, z%) is a saddle
point of L. See [13, Corollary 8.3.1, p. 219] for details of the argument.
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We recall from (3.0.5) that B := {v € C: j(v) < 0}. The classical sufficient condition
for the existence of Lagrange multipliers is that B # (). (See [13, Theorem 8.3.1, p.
217-218].) This will be improved in Theorem 3.5. We first give a preliminary lemma.

Lemma 3.4.
(a) Letz € A,ue N,veB,0<n<dist(j(v), E\ N) and a := |j(z) — u||. Then

j(naz+av) <0
n+a

(b) Let x € A and v € B. Then
dist (j(z), N) (k(v) — po) > dist(j(v), E\ N)(po — k(z)) > 0.

Proof. (a) If & =0 then j(x) = u and so

.(771‘—{-0[1)

=j(z)=u =0,
J n+a> j(@) =u =

which gives the required result. If e > 0 then
|2 (@) —w)|| = n < dist (i), B\ N)

and so

2 (i) = u) +j(v) € N,

from which
nj(z) +aj(v) 2 nu = 0.

(3.0.1) now gives

,<7733 + av) < nj(x) + aj(v)

<0
N+« N+« -

?

which completes the proof of (a).

(b) Let w € N and « and 7 be as in (a). Using (a), the convexity of k and (3.0.2), we

obtain
nk(x) + ak(v)

n+a

nr + avu
n+o

Zk< )2#0,

from which a(k(v) — po) > n(po — k(x)). If we now let n — dist(j(v), £\ N) and then
take the infimum over u € N, we obtain that

dist (ji(z), N) (k(v) — po) > dist(j(v), E\ N) (no — k(x)),

and (b) follows from (3.0.5). |
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Theorem 3.5. Suppose that B # (). Then there exists a Lagrange multiplier z§ such that

k(v) — o
< inf .
I=] HelB dist (j(v), E\ N)

Proof. Let z € A and v € B. From Lemma 3.4(b), dist(j(z), N) > 0 and

po — k() < k(v) —
dist (j(z), N) ~ dist(j(v), E\ N)’

Taking the supremum over z € A and the infimum over v € B,

po — k(z) k(v) — po
222 dist (j(z), N) =] veB dist (j(v), E\ N)

The result now follows from Theorem 3.2. |

4. Existence theorems without a priori scalar bounds for normed spaces

The main result is this section is Theorem 4.1. The equivalence of (4.1.1) and (4.1.2)
actually first appeared in [23, Theorem 7.2, p. 27-28|, and was used in [23] to obtain a
number of criteria for a monotone multifunction on a reflexive Banach space to be maximal
monotone (including Rockafellar’s “surjectivity theorem”, which we revisit in Theorem
5.5), to obtain conditions for the sum of maximal monotone multifunctions on a reflexive
Banach space to be maximal monotone, and to obtain some results on maximal monotone
multifunctions of Gossez’s type (D) on an arbitrary Banach space. For more information,
see the introductions to Sections 5 and 6 of [26]. This equivalence was also used in [25] to
prove other results on maximal monotonicity. We will revisit the least technical of these
in Theorem 6.4, but this time using Theorem 4.3, obtained by combining Theorems 4.1
and 1.7.

The proof of the equivalence of (4.1.1) and (4.1.2) given in [23, Theorem 7.2] was quite
nonconstructive, and a more constructive proof was given in [26, Theorem 5.1], together

with the bound inf.co [H] M+ Vk(e) + 15 (c HQ] on the norm of ||y*| (see [26, Remark

5.6]). We now give a new proof of this equivalence, which relies on the direct Dedekind
section argument (4.1.6)—(4.1.7) and is much simpler than the proofs given in [23] and [26].

Furthermore, as is clear from (4.1.4), the bound sup_.cc |:||j ) = v/k(e) + [li (e ||2] V0 on

the norm of ||y*|| found in Theorem 4.1 is sharp. The analysis in this section depends only
on Theorem 1.7 — it does not depend on Sections 2-3 in any way.

Theorem 4.1. Let C be a nonempty convex subset of a vector space, F' be a nontrivial
normed space, j: C — F be affine and k € PC(C). Then

ceC = k(&) +]|j)]?>0 (4.1.1)
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if, and only if,

there exists y* € F* such that ceC = k(c)—20e),y") > |lv*|I°. (4.1.2)
Furthermore, if
M = sup [[1§()]| — VA + T (F| v 0 (4.1.3)
ceC
then
min {||y*|: y* is as in (4.1.2)} = M. (4.1.4)

Proof. Since the values of ¢ in C'\ dom k have no impact on (4.1.1), (4.1.2) or the def-
inition of M, we can and will suppose that k: C' — R. We first prove the implication
(4.1.2)==(4.1.1). Suppose that y* is as in (4.1.2). Then

ceC = k(o) 22(i(c).y") + Iy
= k(o) +li(II* = li()lI* +2Gi(e), y™) + NIy
= k(o) +li@l* = 1i(* =2l lly” || + [ly*|I?
— k() + @17 = (i) = lyl)* = (4.1.5)
= V() + 152 2 li)ll = lly"|
= ly*l = i) = Vk(e) + [l ()l

(4.1.5) gives (4.1.1) and, since ||y*|| > 0, this also establishes that ||y*| > M. We now
prove the implication (4.1.1)=(4.1.2). So suppose that (4.1.1) is satisfied. We first show
that

a,beC = [i®)] - VkO) +1iOI? < ia)] + Vk(a) + [l (@) (4.1.6)

To this end, let a,b € C, A > /k(a) + [j(a)[? > 0 and p > /k(b) + [ (b)]|2 > 0. Write
= |lj(a)]| + A and 3 := ||5(b)|| — u. Then, since j is affine,

0< H (““Jr)‘b)H HW +Aj(b)H < M@l + AlFO) _ po+ A

[+ A w4 A pt A
. ua + Ab ) 9
Thus, from (4.1.1) applied to ¢ = A € C, and the convexity of k and (),
0<k<ua—l—)\b> <ua+>\ﬁ>2 pk(a) + Mk(b) + pa? ~|—)\ﬁ2
- A A - [+ A

Multiplying by u + A gives
0 < pk(a) + Mk(b) + pa’ + N3
= n(k(a) + o) + A(k(b) + 5°)
= p(k(a) + [l7(@)[1* + 2M[l7 (@)]| + A%) + A(k(b) + 17O = 2415 (B) | + 1?)
< u(2X + 2[5(@)]) + A22% — 20]§®)]) = 26A (A + (@) + 1~ [ B)])-

11
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On dividing by 2,u)\ we obtain [|j(b)|| — p < ||j(a)| + A, and (4.1.6) follows by letting
1 — /k®)+ [l7®)]? and A — \/k(a) + [|7(a)[[2. Now (4.1.3) and (4.1.6) imply that, for
all c e C,

i)l = VE(e) + 15()IF < M and M < |j(e)]| + Vk(e) + [li(c)lI?, (4.1.7)

from which

ceC = i) - M| < VE(@) + i()]?

= (Il - M)* < k(c) + [Ij(e)]?
— k() + 2M|j(e)]| > M.

It now follows from Theorem 1.7 that there exists L € F* such that ||L| < 2M and
k+Loj>M?onC.

Thus (4.1.2) is satisfied with y* := —L/2. This completes the proof of (4.1.2), and also
shows that we can find y* satisfying (4.1.2) with |y*|| < M, establishing (4.1.4). |

Remark 4.2. We note that y* = 0 satisfies (4.1.2) exactly when & > 0 on C and, in this
case, M = 0. In all other cases, M is given by the simpler formula

sup [[17(6)| = v/k(e) + ()]

Theorem 4.3. Let C be a nonempty convex subset of a vector space, ' be a nontrivial
normed space, (): F' — R be sublinear, h: C' — F be (Q—convex, j: C — F be affine,
k € PC(C) and

ceC = k(c)+Qoh(c)+|j(c)|* > 0. (4.3.1)

Then there exist a linear functional A on F such that A < Q on F, and y* € F* such that
ceC = k(c)—2{c),y") +Aoh(c) > |y*|* (4.3.2)

Proof. Since k+ Q) o h is convex, we first apply Theorem 4.1, with k replaced by k+Qoh
and obtain y* € F* such that

ceC = k(o) +Qoh(c)—2(j(e),y") = [ly*|?
= k(c) = 2(j(c),y") + Qo h(c) = [ly"|*.

The result now follows from Theorem 1.7, with E, S, k, and j replaced by F', Q, k—2y* o7,
and h, respectively. |

12
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5. The free convexification technique

The main idea introduced in this section is a technique, the free convexification technique,
which we will discuss in Definitions 5.1 and 5.2, Lemma 5.3 and Corollary 5.4. If we com-
bine this technique with Theorem 1.7, Theorem 4.1 or Theorem 4.3, we can obtain a large
number of results on (or related to) monotone multifunctions on a Banach space. (Specif-
ically, Lemma 11.1, p. 41, Lemma 18.1, p. 65-66, Lemma 20.1, p. 77-78, Corollary 29.2,
p- 114, Lemma 36.1, p. 141-142, Theorem 38.2, p. 146-147 and Theorem 38.3, p. 147-149
of [23] fall into this category, as well as some of the results of [24] and [25].) These results
had been obtained previously using the minimax theorem of Fan referred to before The-
orem 2.4. Since Theorem 1.7, Theorem 4.1 and Theorem 4.3 use the sublinear functional
(nearly always, a scalar multiple of the norm) directly, this alternative method of proof is
not only shorter, but it also avoids the need for the Banach—Alaoglu theorem, required to
establish the compactness needed for the minimax theorem. As an illustration, we gave
in [26, Theorem 4.1] a proof using Theorem 1.7 that a maximal monotone multifunction
on a normed space with bounded range necessarily has full domain. This result can also
be established using the Debrunner—Flor extension theorem (which depends on Brouwer’s
fixed—point theorem, see Phelps, [15, Lemma 1.7, p. 4] and the comments preceding), or
the Farkas Lemma (see Fitzpatrick—Phelps, [8, Lemma 2.4, p. 5807581]). In Theorem 5.5
of this section, we will show how Theorem 4.1 leads to a proof of Rockafellar’s surjectivity
theorem for reflexive Banach spaces, with a sharp lower bound on the norm of solutions.
For more details, see the discussion preceding Theorem 5.5. In Theorem 6.4 of the next
section, we will show how Theorem 4.3 leads to a proof of a more recent result on maximal
monotone multifunctions on nonreflexive Banach spaces. The analysis in this section does
not depend on Sections 2-3 in any way.

Definition 5.1. Let X # () and R™) be the direct sum of X copies of R, the vector space
of functions p: X — R such that

{z € X: p(x) #0} is finite.
Define the injection dx: X +— R by

sxm ={y 22

(R(X), 5X) is the free vector space over X. Since dx(X) is a Hamel basis of RO i Vs
any vector space and f: X — V is any function whatsoever then there exists a linear map
g R¥) 5 V such that godyx = f. We define CO(X) := codx(X), the convex hull of
5x(X) in R, If h = gleo(x) then his affine and hodx = f. We call (CO(X),dx) the free
convexification of X. We can give the following explicit description of h: if ¢ € CO(X) then

there exist uniquely determined a1, ..., 0, > 0 and z1,...,2, € X such that ) «a; =1
and ¢ = ), ;0x (x;). In this case, h(c) =), o f(zi).

Definition 5.2. Let E be a nontrivial Banach space with dual E*, and T: E = E* be a
multifunction with

G(T) :={(t,t*): t € E, t* € Tt} #0.

13



Hahn—Banach theorems and maximal monotonicity

We say that (C,0,p,q,7) is an (E, E*, R)—convexification of T if C' is a convex subset of a
vector space, p: C'+— E, q¢: C — E* and r: C +— R are affine, §: G(T) — C with

C =cod(G(T)) (5.2.1)

and
(t,t*) € G(T) = pod(t,t*)=t, qod(t,t*) =t* and rod(t, t*) = (t,t*). (5.2.2)
It is clear from Definition 5.1, applied with V = E, V = E* and V = R in turn, that there

always exist (E, E*, R)—convexifications of 7T

Lemma 5.3. Let E be a nontrivial Banach space, T: E = E* be a multifunction with
G(T) # 0, and (C,d,p,q,7) be an (E, E*,R)—convexification of T. Then T is monotone if,
and only if

ceC = r(c) = (p(c),q(c)). (5.3.1)

Proof. (=) Let ¢ € C. From (5.2.1), ¢ = ), a;6(t;,t), where aq,...,0p, > 0,
Yo,a =1, and (t1,t7),..., (tm,t},) € G(T). Then

1) — (ple), a(e)) = s asltis 1) — (5, aiti, X, )
= Z” i (ti, t7) — Zz] ;i (ti, t7)
= Z” o (ti, 1 — t5)
=D i oyt ty — ) + 2 it ] — 1)
=D i oyt ty —t5) + >0, aa(ty, t — tF)
= Dy ia(t; —t, 7 —5) >0,

where the final inequality follows from the monotonicity of 7.

E<:))Let (z,2*), (y,y*) € G(T). Then 16(z,z*)+ 15(y,y*) € C and so, from (5.2.2) and
5.3.1),

2(x,x") + 2(y,y") = 2r o §(z,x*) + 2r o 0(y, y*)
= 4r(56(x,2*) + 50(y,y"))
> 4(p(50(z,2*) + 50(y,y")), (30 (x, 2) + 36(y,47)))
—~ 4<%p05 z,2%) + 3pod(y,y*), tqo d(z,2*) + 3q 0 d(y,y*))
=437 + 3y, 57" + 3y%) = (@ +y, 2" +y).

It follows from this that 7" is monotone. ||

Corollary 5.4. Let E be a nontrivial Banach space, T: E = E* be a monotone multi-
function with G(T') # 0, and (C,0,p,q,r) be an (E, E*,R)—convexification of T. Then:

(a) ceC = ar(e)+ (Ip(c)l| + lla()])” > 0
(b) (1, 7)€ G(T)andce C = r(c)> <p(c),7‘*> + <7‘,q(c)> — (1, 7%).

14



Hahn—Banach theorems and maximal monotonicity

Proof. (a) Let ¢ € C. From Lemma 5.3,

ar(e) + (@)l + a1 = (@)l + la@))* + 4(p(c), a(e))
> (Ip(@)l + la@))* = 4llpe)llla(e)
= (Ip(e)ll - lla(e)l)* = 0.

(b) Let (1,7*) € G(T) and ¢ € C. From (5.2.2) and the monotonicity of T, for all
(t,t*) € G(T),

r(6(¢, %) — (p(6(t,t)), 7*) — (1, q(6(t, t*))) + (T, 7") = (&, t*) — (¢, 7%) — (7, ") + (7, 77)
(t—m7,t"—7")>0

Thus, from (5.2.1) and the affineness of p, ¢, and r, r(c)—(p(c), 7*) — (7, q(c))+(7, 7*) > 0. |

Rockafellar proved in [18, Proposition 1, p. 77-78] that if E is a non—trivial reflexive
Banach space with dual E* and duality map J: £ = E*, J and J~! are single-valued
and T: E = E* is a monotone multifunction then 7" is maximal monotone <= T + J is
surjective. Now (<=) of the above statement fails if J or J~1 is not single-valued (see [23,
Remark 10.8, p. 39] for a discussion of this), while (=) remains true (see [23, Theorem
10.7, p. 38]). It follows from a simple translation argument that, in order to prove that
T + J is surjective, it suffices to prove that there exists y € F such that Ty + Jy > 0.
In Theorem 5.5 below, we give a proof of this result with a sharp lower bound on ||y||
obtained from Theorem 4.1. (See also [23, Theorem 10.3, Corollary 10.4 and Theorem
10.6 p. 36-37] for characterizations of maximal monotonicity that are valid in general
reflexive spaces with no restriction on J.) We mention parenthetically that the result of
Rockafellar mentioned above depends on results of Browder, [3], which depend, in turn,
on Brouwer’s fixed—point theorem. We note for future reference that

G(J) ={(z,2*) € E x E*: ||z|]* V [|2*|* = (z,2%) }.

Theorem 5.5. Let E be a non—trivial reflexive Banach space, T: E = E* be a maximal
monotone multifunction, (C,d,p,q,r) be an (E, E*,R)—convexification of T" and

M = sup [Ip(@)] + (@) = /4r(@) + (@) + la@) 1) ] v . (5.5.1)

Then there exists x € E such that Tz + Jx 5 0, and
M =min{|z||: z € E, Tz + Jz > 0}. (5.5.2)

Proof. Write F' := E x E* with [[(z,2%)]| := ||z| + ||=*|| and, for all ¢ € C, k(c) := 4r(c)
and j(c) := (p(c), q(c)). It follows from Corollary 5.4(a) and Theorem 4.1 that there exists
y* € F* such that

Il = sup (1) + @)l = /ar(e) + (Ipe)] +llale))* | vo=221  (5.53)

15
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and
ceC = dr(c)—2{j(c),y") > lly*|I*. (5.5.4)

Now we can write y* = (2z*,2x) for some (z,z2*) € E x E*, and ||y*|| = 2||z| V 2||z*|.
(This is where we use the reflexivity of F.) Dividing (5.5.4) by 4, we obtain
ceC = r(c)—(plc),z*) — (z,q(c)) > ||z]|* V [|=*|>.

If now (t,t*) € G(T') and we substitute ¢ = §(¢,t*), we obtain from (5.2.2) that

(tt)eGT) = (tt") = (t,z") = (z,t") = [|l=[* V "%,
= (t—a,t"—2") = [2* V 2" + (2, 27)

Now ||z]|2V ||z*||?+ (x, 2*) > ||z]|?V||z*||>—]||z||||=*|| > 0, and so the maximal monotonicity
of T implies that (z,z*) € G(T). Substituting (t,t*) = (x,2*) yields ||z||® V [|z*||* +
(x,z*) < 0, from which —z* € Jz. Since 0 = z* + (— *), it is now immediate that
Tz + Jx 30, and it follows from (5.5.3) that ||z|| = M

Suppose, conversely, that x € E and Tx + Jx 5 0. Then there exists * € Tz such
that ||z||* V ||z*]|> + (z,z*) = 0. Since T is monotone, using (5.2.2),

(L) EGT) = (t—at"—a") > ||zl vV [|2"|* + (z,27)
= (t,t") = (t,2") — (2,t") > ||=[I* V [|=7]%,

— r(6(t, 7)) = (p(8(t, t%)), 2*) — (z, q(5(t,%))) = [l v [
It follows from (5.2.1), the affineness of p, ¢ and r on C and the fact that ||z*| = ||=|| that

ceC = r(c)—(ple),x") — (z,q(c)) > [|lz|* v [[«*|
= (C) +lp Ml + Iz lllalell = ) v [l
= () + (Ip@)ll + la@ DIzl > [l

On completing the square, we obtain that

ceC = |all 2 HIp)ll + @)l — y/4r(e) + (@] + la())*].

Since ||z|| > 0, it is immediate from this that ||z| > M, completing the proof of Theorem
5.5. 1

Remark 5.6. It was shown by Zalinescu that the existence of x € E such that Tx+Jxz 3 0
in Theorem 5.5 can also be established by an argument using the Fitzpatrick function on
E x E* (see [7]), a technique due to Burachik and Svaiter (see [4]), and the Moreau—
Rockafellar formula for the subdifferential of a sum, though it is not clear that this argu-
ment leads easily to a sharp lower bound on ||z||. See [27] for details.

16



Hahn—Banach theorems and maximal monotonicity

6. Type (D) implies type (FP)

In Theorem 6.4 of this section, we show how Theorem 4.3 and the free convexification
technique introduced in Section 5 lead to a proof that every maximal monotone multifunc-
tion of type (D) on a (possibly nonreflexive) Banach space is of type (FP) (i.e. locally
maximal monotone), thus settling a question that has been open for some time. Yet again,
the analysis in this section does not depend on Sections 2-3 in any way.

We now proceed to the definitions of the terms introduced above. In order to define
maximal monotone multifunctions of types (D), we must introduce a concept due to Gossez:

if W: E = E*, we define the multifunction W: E** = E* by:

ot € Wa** = inf (w* — ", w—z*) >0,
(w,w*)eG(W)

where @ is the canonical image of w in £**. In what follows, R(W) := |J,cp Wz.

Definition 6.1. Let W: E =% E* be maximal monotone. W is said to be of type (D) if,

for all (z**,2*) € G(W), there exists a bounded net {(w., w:)} of elements of G(W') such

that (w5, w?) — (z**,2*) in w(E**, E*) x T | (E*), where 7} | (E*) is the norm topology
of E*. Clearly

e if F is reflexive then every maximal monotone multifunction W: E = E* is of type (D).
It was essentially proved by Gossez in [10] (see Phelps, [15, Theorem 3.8, p. 221] for an
exposition) that

e if W is maximal monotone of type (D) then R(W) is convex.

It was proved by Gossez in [10, Théoreme 3.1, p. 376-378] that

o if f: E +— (—00,00] is proper, convex and lower semicontinuous then 0f: E = E* is
maximal monotone of type (D).

Definition 6.2. A monotone multifunction W: E = E* is said to be of type (FP) or
locally maximal monotone provided the following holds: for any open convex subset U of
E* such that UN R(W) # 0, if (v,v*) € E x U is such that

(w,w*) e GW)and w* e U = (w—v,w" —v")>0

then (v,v*) € G(W). (If we take U = E*, we see that every multifunction of type (FP)
is maximal monotone.) It was proved by Fitzpatrick and Phelps in [8, Proposition 3.3, p.
585] that

e if F is reflexive then every maximal monotone multifunction W: E = E* is of type
(FP).

It was proved by Fitzpatrick and Phelps in [8, Theorem 3.5, p. 585] that

e if W is maximal monotone of type (FP) then R(W) is convex.

It was proved in [22, Main theorem, p. 470] and [23, Theorem 30.3, p. 120] that

o if f: E + (—00,00] is proper, convex and lower semicontinuous then 0f: E = E* is
maximal monotone of type (FP).

Finally, it was proved by Fitzpatrick and Phelps in [9, Theorem 3.7, p. 67| that

e if W is maximal monotone and R(W) = E* then W is of type (FP).
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Most of the work for Theorem 6.4 will be done in the rather technical Lemma 6.3,
below.
Lemma 6.3. Let E be a nontrivial Banach space, S: FE +— R be sublinear, T: E = E*
be monotone and such that, for some 7* € R(T) and € > 0,

reE = Sx)>(x,7")+¢|z|. (6.3.1)

Write B := {z* € E*: 2" < S on E}. Then there exists (z*,2**,y**) € B x E** x E**
such that

inf o *,%\_ B > * 2\/ Hok 2+ *7 Y g B— *’ **N > 0. (6.3.2
(t,t*l)IéG(T)< z 27y 2 |ZHP VT (T, 2 Hsup(B -2, y™) = 0. ( )

Proof. We fix 7 € T717*, and then write M := ||7|| V ||7*| and N := 3M?/e. Now let
(C,d,p,q,7) be a (E, E*,R)—convexification of T"and D := C x E x B. We first prove
that, for all (¢, z,z*) € D,

r(e) + S(2) + Nla(e) — z*[| + §(Ip(e) + Il + lla()]))” > 0. (6.3.3)

So let us suppose that (¢, z,xz*) € D. If ||z|| < N then, from Lemma 5.3 and the definition
of D,

r(c) + S(2) + Nllg(c) — «*[| + L (Ip(e) + zl| + lla(e)ll)*
>r(c) + (z,2") + Nllg(c) — 2| + [[p(c) + z|l[lg(c)]
> r(c) + (z,2*) + (z,q(c) — ) — (p(c) + z, q(c))
> r(c) = (p(e), q(c)) = 0,

which gives (6.3.3). Suppose, on the other hand, that ||z| > N. Then, from (6.3.1),
S(z) > (x,7*) +ellz|| > (=, 7*) +3M?, (6.3.4)
and, from Corollary 5.4(b),
0 2 (ple)y ") + (1,a(@)) — (1.7 2 (e ™) — Mlla(@)| - M2 (6.3.5)

Using (6.3.4) and (6.3.5), we have

r(e) + S(2) + 1 (lIp(e) + z|| + lla(e)]))*

> [(p(c), 7) — Mllg(e)]| — M?] + [{&,7) +3M2] + L [|Ip(c) + 2] + lla(c)|I]
= 2M2 + (p(c) + 2, 7*) — Mllg(e)]| + LlIp(c) + 2l|? + Llq(c))?

> 2M2 — M|p(c) +z|| - Mlg(e)]| + LlIp(e) +z|? + Lllg(o)]?

= (3lp(e) + 2] = M)* + (3lla(e)| - M)* >0,
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and (6.3.3) follows, since N||q(c) — z*|| > 0. Write F' := E x E*, normed by

(@, )| = [zl + [|="],
and define Q: F— R, h: D— F, j: D+— F and k: D — R by
Qz,z") == S(x) + Nz, ((z,2%) € F)
h(c,z,x*) := (ac,q(c) — ac*), ((c,x,f‘) € D)
jle,z,x%) = 5 (ple) + =, q(c)), ((c,z,2*) € D)
and
k(c,z,z%) :=r(c). ((c,z,z*) € D)

We note then that (6.3.3) can be written in the form
(c,z,xz") e D = k(c,z,xz")+Qoh(c,z,x")+ Hj(c,:z:,ac*)||2 > 0.

We now apply Theorem 4.3, with C' replaced by D, and obtain a linear functional A on F
such that A < @Q on F, and y* € F*, such that

(c,z,2") €D = () = ((p(c) + 2, q(c)),y") + Az, q(c) — =) = [ly"[|*.
Now there exists (z*, 2**) € E* x E** such that y* = (2%, 2**). Furthermore, the form of

() implies that there exist a linear functional L on F such that L < S on E, and y** € E**
with ||y**|] < N such that A = (L, y**). Consequently,

(c,x,x*) € D
= () = (p(e) +x,2%) = (ale), z**) + L(z) + (q(c) — 2, y™*) > ||y*|®
= (L=2)(2) +7(c) = (p(c), 2") = (ale), 2" —y™*) — (&",y™) > |ly*||?

thus, adding (x*,y**) to both sides of the above, and then taking the supremum over
r* € B,

(c,x) eCx E
= (L —2")(z) +r(c) — (p(c),z*) — {q(c), =™ — y™*) > |ly*||* + sup(B, y**).

For the moment fix c¢. It follows by taking the infimum over x € E that L = z*, thus
z* < Son F, and so z* € B, as required. Substituting L = z* in the above, we have

ceC = ()= (plc),z") = (ale), =™ —y™) = lly"[I* + sup(B, y™).
It follows by taking ¢ = §(t,t*) and using (5.2.2) that
(t, 1) € G(T) = (t,t*) — (t,2%) — (t*, 2" —y™) > ||y*||* + sup(B, y**)
= (tF =2y — (5, 2) > ||y |2+ sup(B — 2, ).
We obtain the first inequality in (6.3.2) by adding (z*, 2**) to both sides of the above and

observing that [ly*||? = ||z*]|? V ||2**||?, and the second inequality follows since
(e B (E e S i = (E A (E e (R | [0 (6.3.6)
and
sup(B — 2", y*™) > (2" — 2", y*™) > 0. (6.3.7)

This completes the proof of Lemma 6.3. ||
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Theorem 6.4. Let W: E = E* be maximal monotone of type (D). Then W is of type
(FP).

Proof. Let U be an open convex subset of E* such that UNR(W) # () and (v,v*) € ExU
be such that

(w,w*) e GW)and w* €U = (w—v,w" —2v")>0.

We want to prove that (v,v*) € G(W). Now define T: E = E* by G(T) := G(W)—(v,v*).
Further, writing V := U — v*, we have that V is an open convex subset of E* such that
V30, VNR(T) # 0 and

(t,t") e G(T)and t" €V = (t,t")>0 (6.4.1)
and now what we must prove is that

(0,0) € G(T). (6.4.2)
We first find 7% € V N R(T") and choose € > 0 so that
0,7]+ {z* € E*: ||z*]| <e} C V.

We define the sublinear functional S: E +— R by S(z) := (z,7*) V0 + ¢||z||, and B as in
Lemma 6.3. It is then easy to see that B = [0,7*] 4+ {z* € E*: |2*|| <&} C V. Lemma
6.3 then gives us (z*, 2**, y**) € B x E** x E**, such that
inf t*— *’%\_ **+ LAY * 2\/ * %k 2_|_ *’ * % + B— *7 * ok > 0. (6.3.2

(= g 2 [PV [ P () fsup(B -y 2 0. (632)
It follows from this that (2** — y**, 2*) € G(T). Since W is of type (D), the same is true
of T and so there exists a bounded net { (¢, t;)} of elements of G(T') such that (¢, t;) —
(2" —y*™, 2%) in w(E™, E*) x 7| | (£7). This implies that (¢} — 2t — 2yt — 0,

and so putting (¢,t*) = (tw,ti‘;) and passing to the limit in (6.3.2),
0> [["* v [l2"*||* + (2, 2) + sup(B — 2", y™*).

(6.3.6) now implies that

0> sup(B — z*,y™), (6.4.3)
and (6.3.7) that
0> [|2*)2 v [|2%%)|* + (2%, 2*%). (6.4.4)
Since B D {z* € E*: ||z*|| < e}, (6.4.3) gives
(z%,y™") 2 sup(B,y"") = elly™|. (6.4.5)

Now z* € B C V and t} — 2* in 7| | (£*), so by truncating the net {(tw ti‘y)} if necessary,
we may suppose that, for all v, t3 € V. Using (6.4.1), we now derive that, for all -,
<t,*y,tA7> = <t7,t,*y> > 0. Passing to the limit in this, (z*,z** — y**) > 0 and, combining
with (6.4.5), we obtain (z*, 2**) > ¢|ly**||. If we now substitute this into (6.4.4), we obtain
0> |12*1* V ||2**||* + ¢lly**||, hence 2* = 0 and 2** = y** = 0. Substituting back into
(6.3.2) yields inf ; syeq(r) (t* — 0,t — 0) > 0, that is to say,

inf (t—0,t"—0) > 0.
(t,t*)eG(T)

Since T is maximal monotone, this gives (6.4.2) and completes the proof of Theorem 6.4. |
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We note that it was proved in Bauschke and Borwein [2, Theorem 4.1] (see also
[16, Theorem 8.1, p. 327]) that every continuous single-valued linear maximal monotone
multifunction of type (FP) is necessarily of type (D). However, we do not know the solution
to the following problem:

Problem 6.5. Is every maximal monotone multifunction of type (FP) necessarily of type
(D)?

7. An existence theorem without a priori scalar bounds for
sublinear functionals

We note that (4.1.1) can be written info [k: +o Soj} > 0, where ¥: R +— R is defined by
¢ :=(-)? and S:= | - |, and infc [Soj + k] in (1.7.1) can be written infc [k + 1) 0 S o j]
where ¢: R — R is defined by v := (-). Thus it is natural to ask whether there is a result
that simultaneously generalizes Theorem 1.7 and Theorem 4.1. Theorem 7.1, which is such
a result, is the topic of this section. The equivalence of (7.1.3) and (7.1.4) was first proved
in [26, Theorem 5.4] using a rather technical product space argument and giving a weaker
bound on N than that given here. We give here a new proof of this equivalence, which
relies on the much simpler Dedekind section argument (7.1.7)—(7.1.11). Furthermore, as
is clear from (7.1.6), the bound on N found in Theorem 7.1 is sharp. We refer the reader
to [26, Remarks 5.5 and 5.6] for the details of how Theorem 7.1 implies Theorem 1.7 and
Theorem 4.1.

We first discuss the conditions (7.1.1) and (7.1.2) on the function . (7.1.1) is to
ensure that the quantity M defined in (7.1.5) is finite, while (7.1.2) is needed in (7.1.8). Of
course, (7.1.1) is automatically true if v is real-valued, as is the case with the two examples
mentioned above. As for (7.1.2), if ¢ := (+), ¢ is increasing on R and so (7.1.2) is automatic
while, if 1 := (-)2 and S := || - ||, (7.1.2) is true since Soj(c) <y = Soj(c),y € [0,00)
and 1 is increasing on [0,00). (We note that (7.1.1) was described in [26] by saying that
Y is “S, jfcompatible”.)

Theorem 7.1. Let C be a nonempty convex subset of a vector space, E be a nontrivial
vector space, S: E — R be sublinear, j: C — E be S—convex and k € PC(C). Let
Y € PC(R) satisfy

(S0 j(domk) + (0,00)) Ndomp # (7.1.1)
and
ceCandSojlc)<vy = YoSojlc)<y(v). (7.1.2)
Then
k+1YoSoj>0o0nC (7.1.3)

if, and only if,

there exist N > 0 and a linear functional L on E such that} (7.1.4)

L<NSonE and k+Loj>4y*(N) onC.
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Furthermore, if

k(c) 4+ (S oj(c) + p)

M := sup V0 (7.1.5)
ceC, u<0 2
then
min {N: N is as in (7.1.4)} = M. (7.1.6)

Proof. Suppose first that (7.1.4) is satisfied, from which ¢*(N) € R. Then, for all c € C
and v € R,

k(c) +¢(Soj(c)+v) > k(c)+N(Soj(c)+v)—
(c) + NSoj(c)—*(
(c) + Loj(c) — ¢ (

N)—I—NV

k
k N)+ Nv > Nv.

v

If we put v = 0 in this, we obtain (7.1.3). On the other hand, we also derive that

k(c) + (S o j(c) + u)
o

<N

ceCand p<00 =

and, since N > 0, this also shows that N > M. Suppose, conversely, that (7.1.3) is
satisfied. We first show that

RO) +9(S0j0) +1) _ k@) +9(Seja)+A)

a,beCand p<0< A= p < 3

(7.1.7)

To this end, let a,b € C and p < 0 < A. Write o := Soj(a)+ X and § := S o j(b) + pu.
Then, from the S—convexity of 7 and the sublinearity of S,

b Aj(b) = pi(a)y _ ASoj(b) —pSoj(a) _ AB— pa
SOJ(A—M>§S< A— >§ A= R

Thus, using (7.1.2) with ¢ := (Ab — pa)/(A — p) and v := (AB — pa) /(A — p), (7.1.3) and
the convexity of k and 1,

ng@i—ua) Hp(Af:Za) < Ak(b)—uk(altlw(ﬁ)—uw(a)’

(7.1.8)

and (7.1.7) follows on multiplication by A — i > 0 and substituting in the values of « and
B. From (7.1.2) and (7.1.3), for all c € C and A > 0,

KO+ (S 0i(e) +) _ M) +voSoje)
A - A -7

(7.1.9)

and (7.1.1) provides a € domk and A > 0 such that S o j(a) + A € dom ), from which

k(a) +9(S0j(a) +2)
A

< 0. (7.1.10)
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(7.1.7) and (7.1.10) imply that M € [0,00), and (7.1.7) and (7.1.9) that, for all ¢ € C' and
<0<\,

Re)+9(Sej@)+nm) _ o ko) +¥(Soj(c)+A)
p T A '

Combining this with (7.1.3), we obtain

(7.1.11)

ceCandveR = k(c)+9¢(Soj(c)+v)>Mv
—  k(c)+MSoj(c)>M(Soj(c)+v)—¢(Sojlc)+v).

Taking the supremum of the right—hand side over v € R shows that
ceC = k(c)+MSoj(c)>y*"(M)

and (7.1.4) (with N replaced by M) now follows from Theorem 1.7. This completes the
proof of Theorem 7.1. |
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