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1. Introduction

This paper is about a new version of the Hahn–Banach Theorem, which we will call the
“Hahn–Banach–Lagrange theorem”, since it deals very effectively with certain problems
of Lagrange type as well as giving numerous results in functional analysis, convex analysis
and monotone operator theory. We will discuss several of them in this paper.

The Hahn–Banach–Lagrange theorem appears in Theorem 2.9, which is bootstrapped
from the special case contained in Lemma 2.4, which is, in turn, bootstrapped from
the classical Hahn–Banach theorem for sublinear functionals contained in Lemma 2.3.
Theorem 2.9 uses the concept of “S–convexity” introduced in Definition 2.7. The full
force of this concept will be used only in Corollary 3.4, a result on convex functions with
applications to a minimax theorem, and the analysis of Lagrange multipliers in Theorem
10.1(a). For all the other applications of Theorem 2.9 in this paper, the reader can sub-
stitute “affine” for “S–convex”. This change shortens the proof of Lemma 2.2 by a few
lines.

In Section 3, we sketch how Theorem 2.9 can be used to give the main existence
theorems for linear functionals in functional analysis, and also how it gives the result
referred to above that leads to a minimax theorem.

Sections 4–8 contain various applications of the Hahn–Banach–Lagrange theorem to
convex analysis. In Section 4, we show how Theorem 2.9 leads to a necessary and suffi-
cient condition for the Fenchel duality inequality to hold in locally convex spaces. As a
consequence, we deduce a sufficient condition in which neither function satisfies a semicon-
tinuity condition, and also a classical result due to Rockafellar. In Section 5, we discuss
an application of Theorem 2.9 to a “localized” version of the Fenchel–Moreau formula. In
Section 6, we give applications of the results of Section 4 to the normed case, and obtain a
sharp lower bound for the norm of the functional produced by the Fenchel duality theorem.
In Section 7, we bootstrap the results of Section 4, and obtain the corresponding results
on the conjugate of the sum of two convex functions. We also give an example of a very
“unstable” conjugate duality. In Section 8, we investigate some properties of the function
1
2‖ · ‖

2, and prove a sharp version of the Fenchel duality theorem that has been very useful
in the investigation of monotone multfunctions.

In Section 9, we give a short proof of a fundamental result on dual problems and
Lagrangians due to Rockafellar.

In Section 10, we show how the Hahn–Banach–Lagrange theorem can be used to
obtain considerable insight on the existence of Lagrange multipliers for constrained convex
minimization problems. In Theorem 10.1, we use Theorem 2.9 to obtain a necessary and
sufficient condition for the existence of Lagrange multipliers, with a sharp lower bound on
the norm of the multiplier. In Theorem 10.3, we deduce the classical sufficient condition,
with the added bonus that we obtain a bound on the norm of the multiplier.
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Many of the results in this paper which are already known are usually proved using
the Eidelheit separation theorem. The proofs of these results given here using Theorem
2.9 avoid the problem of the elimination of the “vertical hyperplane”.

Some (but not all) of the results in this paper have appeared already in [14] and [15]. In
both of these papers, the analysis was directed to applications to monotone multifunctions.
In this paper, we have concentrated more on the aspect of these results that are of interest
in optimization theory.

All vector spaces in this paper will be real.

2. The Hahn–Banach–Lagrange theorem

The Hahn-Banach-Lagrange theorem, Theorem 2.9 is the main topic of this paper, and is
proved using the technique of the “auxiliary sublinear functional”. Most of the work for
it is actually done in the technical Lemma 2.2.

Definition 2.1. Let E be a nontrivial vector space. We say that S: E 7→ R is sublinear
if

x, y ∈ E =⇒ S(x + y) ≤ S(x) + S(y)

and
x ∈ E and λ > 0 =⇒ S(λx) = λS(x).

We note then that it follows automatically that S(0) = 0.

Lemma 2.2. Let E be a nontrivial vector space and S: E 7→ R be sublinear. Let D be a
nonempty convex subset of a vector space, a: D 7→ E be affine and β := infD S ◦ a ∈ R.
For all x ∈ E, let

T (x) := infd∈D, λ>0

[
S

(
x + λa(d)

)
− λβ

]
. (2.2.1)

Then T : E 7→ R, T is sublinear, T ≤ S on E and, for all d ∈ D, −T
(
−a(d)

)
≥ β.

Proof. If x ∈ E, d ∈ D and λ > 0 then

S
(
x + λa(d)

)
− λβ ≥ −S(−x) + λS

(
a(d)

)
− λβ ≥ −S(−x) > −∞.

Taking the infimum over d ∈ D and λ > 0, T (x) ≥ −S(−x) > −∞. Thus T : E 7→ R. It
is now easy to check that T is positively homogeneous, so to prove that T is sublinear it
remains to show that T is subadditive. To this end, let x1, x2 ∈ E. Let d1, d2 ∈ D and
λ1, λ2 > 0 be arbitrary. Write x := x1 +x2, λ := λ1 +λ2, µi := λi/λ and d := µ1d1 +µ2d2.
Then, using the fact that µ1a(d1) + µ2a(d2) = a(d),[

S
(
x1 + λ1a(d1)

)
− λ1β

]
+

[
S

(
x2 + λ2a(d2)

)
− λ2β

]
≥ S

(
x + λ1a(d1) + λ2a(d2)

)
− λβ

= λS
(
x/λ + µ1a(d1) + µ2a(d2)

)
− λβ,

= λS
(
x/λ + a(d)

)
− λβ

= S
(
x + λa(d)

)
− λβ

≥ T (x) = T (x1 + x2).
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Taking the infimum over d1, d2, λ1 and λ2 gives T (x1) + T (x2) ≥ T (x1 + x2). Thus T is
subadditive, and consequently, sublinear. Fix d ∈ D. Let x be an arbitrary element of E.
Then, for all λ > 0, T (x) ≤ S(x) + λ

[
S

(
a(d)

)
− β

]
. Letting λ → 0, T (x) ≤ S(x). Thus

T ≤ S on E. Finally, let d be an arbitrary element of D. Then, taking λ = 1 in (2.2.1),

T
(
−a(d)

)
≤ S

(
−a(d) + a(d)

)
− β = −β,

hence −T
(
−a(d)

)
≥ β, which completes the proof of Lemma 2.2.

We now recall in Lemma 2.3 the classical Hahn–Banach theorem for sublinear func-
tionals.

Lemma 2.3. Let E be a nontrivial vector space and S: E 7→ R be sublinear. Then there
exists a linear functional L on E such that L ≤ S on E.

Proof. See Kelly–Namioka, [5, 3.4, p. 21] for a proof using cones, Rudin, [11, Theorem
3.2, p. 56–57] for a proof using an extension by subspaces argument, and König, [6] and
Simons, [12] for a proof using an ordering on sublinear functionals.

Remark 3.5 contains some comments on the appropriateness of the various methods
of proof for Lemma 2.3.

Lemma 2.4 below is an intermediate result that we establish on our way to Theorem
2.9. Splitting the proof of Theorem 2.9, as we have done here, enables us to avoid a
considerable amount of computation compared to the original method used in [14].

Lemma 2.4. Let E be a nontrivial vector space and S: E 7→ R be sublinear. Let D be
a nonempty convex subset of a vector space and a: D 7→ E be affine. Then there exists a
linear functional L on E such that L ≤ S on E and

infD L ◦ a = infD S ◦ a.

Proof. Let β := infD S ◦ a. If β = −∞, the result is immediate from Lemma 2.3 (take
any linear functional L on E such that L ≤ S on E). So we can suppose that β ∈ R.
Define the auxiliary sublinear functional, T , as in Lemma 2.2. From Lemma 2.3, there
exists a linear functional L on E such that L ≤ T on E. Since T ≤ S on E, L ≤ S on E,
as required. Let d ∈ D. Then

L
(
a(d)

)
= −L

(
−a(d)

)
≥ −T

(
−a(d)

)
≥ β.

Taking the infimum over d ∈ D,

infD L ◦ a ≥ β = infC S ◦ a.

On the other hand, since L ≤ S on E, infD L ◦ a ≤ infD S ◦ a.

Remark 2.5. It is worth pointing out that the definition of the auxiliary sublinear func-
tional used to prove Lemma 2.4 is “forced” in the sense that if L is linear, L ≤ S on E
and β = infD S ◦ a = infD L ◦ a ∈ R then, as the reader can easily verify, L ≤ T on E.
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Definition 2.6. Let C be a nonempty convex subset of a vector space and PC(C) stand
for the set of all convex functions k: C 7→ ]−∞,∞] such that dom k 6= ∅, where dom k, the
effective domain of k, is defined by

dom k :=
{
x ∈ C: k(x) ∈ R

}
.

(The “P” stands for “proper”, which is the adjective frequently used to denote the fact
that a function is finite at at least one point.)

Definition 2.7. Let E be a nontrivial vector space and S: E 7→ R be sublinear. Define
the ordering “≤S” on E by declaring that y ≤S z if S(y − z) ≤ 0. Let C be a nonempty
convex subset of a vector space and j: C 7→ E. We say that j is S–convex if

x1, x2 ∈ C, µ1, µ2 > 0 and µ1 + µ2 = 1 =⇒ j(µ1x1 + µ2x2) ≤S µ1j(x1) + µ2j(x2).

An affine function is clearly S–convex. As observed in the introduction, apart from the
applications in Corollary 3.4 and Theorem 10.1(a), all the S–convex functions in this paper
will, in fact, be affine.

Remark 2.8. “S–convex” can mean different things under different circumstances. Con-
sider the special case when E = R. If S(y) := |y|, S(y) := y, S(y) := −y or S(y) := 0,
respectively then “S–convex” means “affine”, “convex”, “concave” or “arbitrary”, repec-
tively.

Theorem 2.9. Let E be a nontrivial vector space and S: E 7→ R be sublinear. Let C
be a nonempty convex subset of a vector space, k ∈ PC(C) and j: C 7→ E be S–convex.
Then there exists a linear functional L on E such that L ≤ S on E and

infC

[
L ◦ j + k

]
= infC

[
S ◦ j + k

]
.

Proof. Let Ẽ := E × R, and define S̃: Ẽ 7→ R by

S̃(y, λ) := S(y) + λ
(
(y, λ) ∈ Ẽ

)
.

Then, as the reader can easily verify, S̃ is sublinear. Let

D :=
{
(x, y, λ) ∈ C × E × R: S

(
j(x)− y

)
≤ 0, k(x) ≤ λ

}
,

and a: D 7→ Ẽ be defined by

a(x, y, λ) := (y, λ)
(
(x, y, λ) ∈ D

)
.

Then D is a convex set and a is an affine function. Lemma 2.4 with E replaced by Ẽ, S
by S̃, and C by D now gives a linear functional L̃ on Ẽ such that

L̃ ≤ S̃ on Ẽ and infD L̃ ◦ a = infD S̃ ◦ a.

Since L̃ ≤ S̃ on Ẽ, there exists a linear functional L on E such that

L ≤ S on E and (y, λ) ∈ Ẽ =⇒ L̃(y, λ) = L(y) + λ.

The result follows since, by direct computation,

infD L̃ ◦ a = infC

[
L ◦ j + k

]
and infD S̃ ◦ a = infC

[
S ◦ j + k

]
.
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3. Applications to functional analysis and minimax theorems

Corollary 3.1 is the sandwich theorem (see [6, Theorem 1.7, p. 112]). It follows immediately
from Theorem 2.9 with C := E and j(x) := x.

Corollary 3.1. Let E be a nontrivial vector space, S: E 7→ R be sublinear, k ∈ PC(E)
and −k ≤ S on E. Then there exists a linear functional L on E such that −k ≤ L ≤ S on
E.

Corollary 3.2 is the extension form of the Hahn–Banach theorem. It follows immedi-
ately from Theorem 2.9 with C := F , j(x) := x and k := −M . It can also be deduced
from Corollary 3.1

(
see [6, Corollary 1.8, p. 112]

)
.

Corollary 3.2. Let E be a nontrivial vector space, F be a linear subspace of E, S: E 7→ R
be sublinear, M : F 7→ R be linear and M ≤ S on F . Then there exists a linear functional
L on E such that L ≤ S on E and L|F = M .

Corollary 3.3 is the Mazur–Orlicz theorem. It follows immediately from Lemma 2.4
with a(x) := x. It can also be deduced from Theorem 2.9 or Corollary 3.1

(
see [6, Theorem

1.9, p. 112]
)
.

Corollary 3.3. Let E be a nontrivial vector space, S: E 7→ R be sublinear and D be
a nonempty convex subset of E. Then there exists a linear functional L on E such that
L ≤ S on E and infD L = infD S.

Corollary 3.4 below was essentially proved by Fan–Glicksberg–Hoffman
(
see [4,

Theorem 1, p. 618]
)
, and leads to a short proof of the minimax theorem proved by Fan

in [3]
(
see [13, Theorem 3.1, p. 17] for details of this

)
. Corollary 3.4 follows easily from

Theorem 2.9 with E := Rm, S(µ1, . . . , µm) := µ1∨· · ·∨µm, j(c) :=
(
f1(c), . . . , fm(c)

)
and

k(c) := 0.

Corollary 3.4. Let C be a nonempty convex subset of a vector space and f1, . . . , fm be
convex real functions on C. Then there exist λ1, . . . , λm ≥ 0 such that λ1 + · · ·+ λm = 1
and

inf
C

[
f1 ∨ · · · ∨ fm

]
= inf

C

[
λ1f1 + · · ·+ λmfm

]
.

Remark 3.5. Since we have given Corollary 3.2 as (ultimately) a consequence of Lemma
2.3, in order to dispel any suspicion of circularity, it would seem better to avoid the
“extension by subspaces” proof of Lemma 2.3, using instead the “cone” argument of Kelly–
Namioka, [5], or the “minimal sublinear functional” argument outlined below, which is most
in tune with the other analysis in this paper. It is easy to see from Zorn’s lemma that if
U : E 7→ R is sublinear then there exists a sublinear functional S on E such that S ≤ U on
E and S is minimal with respect to the pointwise ordering of RE . Let d be an arbitrary
element of E. If we define D := {d} and a(d) := d then Lemma 2.2 yields a sublinear
functional T on E such that T ≤ S on E and −T (−d) ≥ S(d). The minimality of S now
gives T = S, thus we have proved that −S(−d) ≥ S(d). Since S is sublinear, it follows
easily from this that S is linear. This gives us a proof of Lemma 2.3 that does not depend
on an “extension by subspaces” argument. More details of this approach can be found in
König, [6] and Simons, [12].
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4 The Fenchel duality theorem in the locally convex case

In this section we show how Theorem 2.9 leads to a necessary and sufficient condition for
the Fenchel duality inequality (4.1.1) to hold. As a consequence, we deduce a sufficient
condition in which neither function satisfies a semicontinuity condition, and also a classical
result due to Rockafellar.

Let E be a nontrivial real Hausdorff locally convex space with dual E∗. S(E) stands
for the family of all continuous seminorms on E. If k ∈ PC(E), the Fenchel conjugate, k∗,
of k is the function from E∗ into ]−∞,∞] defined by

k∗(x∗) := supE(x∗ − k).

Theorem 4.1 or its proof will be used not only in Corollary 4.2 and Theorem 4.3, but
also in Corollary 6.1.

Theorem 4.1. Let E be a nontrivial Hausdorff locally convex space with dual E∗, and
f, g ∈ PC(E). Then

there exists z∗ ∈ E∗ such that f∗(−z∗) + g∗(z∗) ≤ 0 (4.1.1)

if, and only if,

there exists S ∈ S(E) such that infx, y∈E

[
f(x) + g(y) + S(x− y)

]
≥ 0. (4.1.2)

Proof. Suppose first that (4.1.1) is satisfied. Then, for all x, y ∈ E,

〈x,−z∗〉 − f(x) + 〈y, z∗〉 − g(y) ≤ f∗(−z∗) + g∗(z∗) ≤ 0,

consequently,
f(x) + g(y) + 〈x− y, z∗〉 ≥ 0, (4.1.3)

and (4.1.2) follows with S := |z∗|. Suppose, conversely, that (4.1.2) is satisfied. Then we
apply Theorem 2.9 with C := E×E, j(x, y) := x−y and k(x, y) := f(x)+g(y) and obtain
a linear functional L on E such that L ≤ S and infx, y∈E

[
f(x) + g(y) + L(x − y)

]
≥ 0,

or equivalently, supx, y∈E

[
(−L)(x) − f(x) + L(y) − g(y)

]
≤ 0. (4.1.1) now follows (with

z∗ = L) by taking the supremum.

Corollary 4.2 or its proof will be used explicitly in our discussion of Fenchel–Moreau
points in Theorem 5.2, and also in Corollary 6.4.

Corollary 4.2. Let E be a nontrivial Hausdorff locally convex space with dual E∗, x ∈ E,
λ ∈ R and g ∈ PC(E). Then there exists z∗ ∈ E∗ such that 〈x, z∗〉 − g∗(z∗) ≥ λ if, and
only if, there exists S ∈ S(E) such that infy∈E

[
g(y) + S(x− y)

]
≥ λ.

Proof. Define f ∈ PC(E) by f(z) :=
{
−λ, if z = x;
∞, otherwise . Then, for all z∗ ∈ E∗, f∗(−z∗) =

−〈x, z∗〉+ λ, and the result follows from Theorem 4.1.
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Theorem 4.3 is a version of the Fenchel duality theorem for locally convex spaces in
which neither of the functions satisfies any semicontinuity conditions. It will be boot-
strapped in Theorem 7.1.

Theorem 4.3. Let E be a nontrivial Hausdorff locally convex space with dual E∗, f, g ∈
PC(E), f + g ≥ 0 on E, and g be (finitely) bounded above in some neighborhood of a
point of dom f . Then

there exists z∗ ∈ E∗ such that f∗(−z∗) + g∗(z∗) ≤ 0. (4.1.1)

Proof. Choose z ∈ dom f , N ∈ R and T ∈ S(E) such that T (w) ≤ 1 =⇒ g(z + w) ≤ N ,
and define M := f(z) + N ≥ f(z) + g(z) = (f + g)(x) ≥ 0, and S := MT ∈ S(E).

Let x and y be arbitrary elements of E, λ be any real number such that λ > T (x−y) ≥
0, and write w := (x− y)/λ. Since T (w) < 1, our hypotheses imply that

M = f(z) + N ≥ f(z) + g(z + w). (4.3.1)

Now x = y + λw, and so

x + λz

1 + λ
=

y + λw + λz

1 + λ
=

y + λ(z + w)
1 + λ

.

Since f + g ≥ 0 on E,

0 ≤ f
(x + λz

1 + λ

)
+ g

(y + λ(z + w)
1 + λ

)
≤ f(x) + λf(z) + g(y) + λg(z + w)

1 + λ
.

Consequently, from (4.3.1),

f(x) + g(y) + λM ≥ f(x) + g(y) + λ
[
f(z) + λg(z + w)

]
≥ 0.

Letting λ → T (x − y) in this, we have f(x) + g(y) + MT (x − y) ≥ 0, that is to say,
f(x) + g(y) + S(x − y) ≥ 0. This gives (4.1.2), and the result now follows from Theorem
4.1.

Corollary 4.4 is an immediate consequence of Theorem 4.3
(
see Rockafellar, [9,

Theorem 1, p. 82–83] or Zălinescu, [17, Theorem 2.8.3(iii), p. 123]
)
:

Corollary 4.4. Let E be a nontrivial Hausdorff locally convex space with dual E∗, f, g ∈
PC(E), f + g ≥ 0 on E and g be finite and continuous at a point of dom f . Then

there exists z∗ ∈ E∗ such that f∗(−z∗) + g∗(z∗) ≤ 0. (4.1.1)
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5. Fenchel–Moreau points

Let E be a nontrivial real Hausdorff locally convex space with dual E∗ and g ∈ PC(E). It
follows easily from the definition of g∗ in the previous section that, for all x ∈ E,

g(x) ≥ supE∗
(
〈x, ·〉 − g∗

)
. (5.0.1)

One of the fundamental results in convex analysis is the Fenchel–Moreau formula that if
g ∈ PC(E) is lower semicontinuous then we always have equality in (5.0.1).

(
See Moreau,

[8, Section 5–6, p. 26–39].
)

Now suppose that g is not necessarily lower semicontinuous. Let us say that x ∈ E is
a Fenchel–Moreau point of g if equality holds in (5.0.1). It is very tempting to speculate
that every point of lower semicontinuity of g is a Fenchel–Moreau point of g. Remark 5.1
below shows that this is false. However, we establish in Theorem 5.3 that every point of
lower semicontinuity of g is a Fenchel–Moreau point provided that g is bounded below in
a neighborhood of at least one point in its effective domain. Our proof goes by way of
Theorem 5.2, which contains a simple characterization of the Fenchel–Moreau points of g.

Remark 5.1. Let E be an infinite–dimensional normed space. Fix x∗ ∈ E∗ \ {0} and a
discontinuous linear functional L on E. Define

g(x) :=
{
∞, if 〈x, x∗〉 < 1;
L(x), if 〈x, x∗〉 ≥ 1.

Clearly, g ∈ PC(E) and g is lower semicontinuous at 0. Let y∗ be an arbitrary element of
E∗. Since x∗ and y∗ − L are linearly independent, there exist u, v ∈ E such that

〈u, x∗〉 = 1, 〈v, x∗〉 = 0, (y∗ − L)(u) = 0, and (y∗ − L)(v) = 1.

Let λ ∈ R, and set x := u + λv. Then 〈x, x∗〉 = 〈u, x∗〉 = 1, and so k(x) = L(x). Thus

g∗(y∗) ≥ 〈x, y∗〉 − g(x) = (y∗ − L)(x) = λ(y∗ − L)(v) = λ.

Since this holds for all λ ∈ R, g∗(y∗) = ∞. Thus we have

g(0) = ∞ > −∞ = sup
E∗

(0− g∗),

and so 0 is not a Fenchel–Moreau point of g. (This example can also be justified using
the Moreau–Rockafellar theorem on the conjugate of the sum of two convex functions that
will appear in Corollary 7.2.)

We now come to the promised characterization of Fenchel–Moreau points.

Theorem 5.2. Let E be a nontrivial Hausdorff locally convex space with dual E∗, x ∈ E
and g ∈ PC(E). Then x is a Fenchel–Moreau point of g if, and only if,

for all λ < g(x), there exists S ∈ S(E) such that infy∈E

[
g(y) + S(y − x)

]
≥ λ.
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Proof. This is immediate from Corollary 4.2.
Theorem 5.3 contains a positive result on Fenchel–Moreau points.

Theorem 5.3. If g ∈ PC(E) is bounded below in a neighborhood of z ∈ dom g, and lower
semicontinuous at x ∈ E then x is a Fenchel–Moreau point of g.

Proof. We will use Theorem 5.2. Let λ < g(x). Choose ν ∈ R and T ∈ S(E) such that

T (y − z) ≤ 1 =⇒ g(y) > ν (5.3.1)

and
T (y − x) ≤ 1 =⇒ g(y) > λ. (5.3.2)

Write ρ := g(z)− ν > 0. We first prove that

infy∈E

[
g(y) + ρT (y − x)

]
≥ ν − ρT (x− z). (5.3.3)

To this end, let y be an arbitrary element of E. If T (y − z) ≤ 1 then (5.3.1) implies that

g(y) + ρT (y − z) ≥ g(y) > ν ≥ ν − ρT (x− z).

If, on the other hand, T (y− z) > 1, let γ := 1/T (y− z) ∈ ]0, 1[ and put u := γy +(1−γ)z.
Then T (u− z) = γT (y − z) = 1 and so, from (5.3.1) with y replaced by u,

γg(y) + (1− γ)g(z) ≥ g
(
γy + (1− γ)z

)
= g(u) > ν,

thus the definition of ρ implies that γ
(
g(y) − g(z)

)
+ ρ ≥ 0. Substituting in the formula

for γ and clearing of fractions yields g(y) + ρT (y − z) ≥ g(z). Consequently, using (5.3.1)
and the fact that T (z − z) ≤ 1,

g(y) + ρT (y − x) ≥ g(y) + ρT (y − z)− ρT (x− z) ≥ g(z)− ρT (x− z) > ν − ρT (x− z).

This completes the proof of (5.3.3). Now choose µ so that µ ≥ ρ and µ − ρ ≥ λ − ν +
ρT (x− z). We will prove that

infy∈E

[
g(y) + µT (y − x)

]
≥ λ. (5.3.4)

To this end, let y be an arbitrary element of E. If T (y − x) ≤ 1 then (5.3.2) implies that
g(y) + µT (y − x) ≥ g(y) > λ. If, on the other hand, T (y − x) > 1 then, from (5.3.3) and
the choice of µ,

g(y) + µT (y − x) = g(y) + ρT (y − x) + (µ− ρ)T (y − x)
≥ ν − ρT (x− z) + (µ− ρ) ≥ λ.

This completes the proof of (5.3.4), and the result now follows from Theorem 5.2 with
S := µT ∈ S(E).

Remark 5.4. Another way of stating the result of Theorem 5.3 is that if there is a point
of lower semicontinuity of g that is not a Fenchel–Moreau point then g is unbounded below
in every neighborhood of every point of dom g. Of course, Theorem 5.3 provides a proof
of the original Fenchel–Moreau formula when g is lower semicontinuous.
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6 The Fenchel duality theorem in the normed case

In this section, we revisit the analysis of Section 4 in the normed case, and obtain a sharp
lower bound for the norm of the functional produced by the Fenchel duality theorem.

Corollary 6.1. Let E be a nontrivial normed space with dual E∗, and f, g ∈ PC(E).
Then:
(a) There exists z∗ ∈ E∗ such that f∗(−z∗) + g∗(z∗) ≤ 0 if, and only if,

there exists M ≥ 0 such that infx, y∈E

[
f(x) + g(y) + M‖x− y‖

]
≥ 0.

(b) If z∗ ∈ E∗ and f∗(−z∗) + g∗(z∗) ≤ 0 then

sup
x, y∈E, x6=y

−f(x)− g(y)
‖x− y‖

≤ ‖z∗‖ < ∞.

(c) If f + g ≥ 0 on E and sup
x, y∈E, x6=y

−f(x)− g(y)
‖x− y‖

< ∞ then

min{‖z∗‖: z∗ ∈ E∗, f∗(−z∗) + g∗(z∗) ≤ 0} = sup
x, y∈E, x6=y

−f(x)− g(y)
‖x− y‖

∨ 0. (6.1.1)

Proof. (a) is immediate from Theorem 4.1.
(b) (4.1.3) implies that, for all x, y ∈ E, −f(x) − g(y) ≤ 〈x − y, z∗〉 ≤ ‖x − y‖‖z∗‖,

which gives the required result.
(c) The inequality “≥” in (6.1.1) follows from (b) and the fact that ‖z∗‖ ≥ 0. Now

write M for the right hand side of (6.1.1). Then M ≥ 0 and

x, y ∈ E and x 6= y =⇒ −f(x)− g(y)
‖x− y‖

≤ M =⇒ f(x) + g(y) + M‖x− y‖ ≥ 0.

If x = y then f(x) + g(y) + M‖x − y‖ = (f + g)(x) ≥ 0. Thus (4.1.2) is satisfied with
S := M‖·‖ ∈ S(E). It now follows from the proof of Theorem 4.1 that there exists z∗ ∈ E∗

satisfying (4.1.1) such that z∗ ≤ M‖ · ‖ on E. Since this implies that ‖z∗‖ ≤ M , we have
established the inequality “≤” in (6.1.1).

Remark 6.2. In this remark, we discuss a geometric interpretation of Corollary 6.1(c).
We write CA(E) for the set of all continuous affine real functions on E. If a ∈ CA(E)
then a can be written uniquely in the form a = z∗ + α, where z∗ ∈ E∗ and α ∈ R. Since
z∗ is the derivative of a in any reasonable sense, we shall write z∗ = Da. Turning now
to Corollary 6.1(c), write h = −f , so that h is proper and concave and h ≤ g on E.
Let a ∈ CA(E). Then it is easily seen by direct computation that if h ≤ a ≤ g on E
then f∗(−Da) + g∗(Da) ≤ 0 and, conversely, if f∗(−z∗) + g∗(z∗) ≤ 0 then there exists
a ∈ CA(E) such that Da = z∗ and h ≤ a ≤ g on E. Furthermore,

sup
x, y∈E, x6=y

−f(x)− g(y)
‖x− y‖

= sup
x, y∈E, x6=y

h(x)− g(y)
‖x− y‖
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Now suppose, in addition, that supE h > infE g, to avoid the “∨” in (6.1.1). Then the
conclusion of 6.1(c) is that

min
{
‖Da‖: a ∈ CA(E), h ≤ a ≤ g on E

}
= sup

x, y∈E, x6=y

h(x)− g(y)
‖x− y‖

.

The quotient on the right hand side of the equality above is, of course, the slope of the
line–segment going from the point

(
y, g(y)

)
on the graph of g to the point

(
x, h(x)

)
on the

graph of h.

Remark 6.3. It is shown in [13, Section 14, pp. 49–51] how Corollary 6.1 leads to a proof
of the version of the Fenchel duality theorem due to Attouch–Brezis

(
see [1, Theorem

1.1, p. 126–130]
)
. We emphasize that Theorem 4.1 and Corollary 6.1 give a necessary

and sufficient condition for the existence of the linear functional, and not merely sufficient
conditions.

Our next result will be used in Lemma 8.1.

Corollary 6.4. Let E be a nontrivial normed space with dual E∗, x ∈ E, λ ∈ R, g ∈
PC(E), g(x) ≥ λ and g be bounded above in some neighborhood of x (in particular, this
is true if g is continuous at x). Then

min
{
‖z∗‖: z∗ ∈ E∗, g∗(z∗)− 〈x, z∗〉+ λ ≤ 0

}
= sup

y∈E, y 6=x

λ− g(y)
‖x− y‖

∨ 0 < ∞.

Proof. Define f ∈ PC(E) as in Corollary 4.2. Then the result follows from Theorem 4.3
and Corollary 6.1(b,c).

7 The conjugate of a sum

Let E be a nontrivial Hausdorff locally convex space with dual E∗, and f, g ∈ PC(E). If
y∗, z∗ ∈ E∗ and x ∈ E then

〈x, y∗ + z∗〉 − (f + g)(x) ≤ 〈x, y∗〉 − f(x) + 〈x, z∗〉 − g(x) ≤ f∗(y∗) + g∗(z∗).

Thus, taking the supremum over x ∈ E, we have (f + g)∗(y∗ + z∗) ≤ f∗(y∗) + g∗(z∗).
Consequently,

x∗ ∈ E∗ =⇒ (f + g)∗(x∗) ≤ inf
{
f∗(y∗) + g∗(z∗): y∗, z∗ ∈ E∗, y∗ + z∗ = x∗

}
.

In this section, we will be concerned with the question when

x∗ ∈ E∗ =⇒ (f +g)∗(x∗) = min
{
f∗(y∗)+g∗(z∗): y∗, z∗ ∈ E∗, y∗+z∗ = x∗

}
. (7.0.1)

We now bootstrap Theorem 4.3.

Theorem 7.1. Let E be a nontrivial Hausdorff locally convex space with dual E∗, f, g ∈
PC(E), and g be (finitely) bounded above in some neighborhood of a point of dom f . Then
(7.0.1) is true.
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Proof. We can and will suppose that (f + g)∗(x∗) ∈ R. Let x∗ ∈ E∗. The Fenchel–Young
inequality implies that

(
f −x∗+(f + g)∗(x∗)

)
+ g = (f + g)+ (f + g)∗(x∗)−x∗ ≥ 0 on E.

Since dom
(
f −x∗+(f + g)∗(x∗)

)
= dom f , Theorem 4.3 implies that there exists z∗ ∈ E∗

such that
(
f − x∗ + (f + g)∗(x∗)

)∗(−z∗) + g∗(z∗) ≤ 0. However,(
f − x∗ + (f + g)∗(x∗)

)∗(−z∗) = f∗(x∗ − z∗)− (f + g)∗(x∗),

and so f∗(x∗−z∗)−(f +g)∗(x∗)+g∗(z∗) ≤ 0. Writing y∗ := x∗−z∗, we have y∗+z∗ = x∗

and f∗(y∗) + g∗(z∗) ≤ (f + g)∗(x∗), which gives (7.0.1).

Corollary 7.2 is an immediate consequence of Theorem 7.1
(
see Rockafellar, [9, The-

orem 3(a), p. 85] or Zălinescu, [17, Theorem 2.8.3(iii), p. 123]
)
:

Corollary 7.2. Let E be a nontrivial Hausdorff locally convex space with dual E∗, f, g ∈
PC(E) and g be finite and continuous at a point of dom f . Then (7.0.1) is true.

The two results above indicate the (well known) fact that results on the conjugate of
a sum are very close to the Fenchel duality theorem. The purpose of the next example is
to draw a distinction between these two results. Examples 7.3 and 7.4 were worked out in
collaboration with Regina Burachik.

Example 7.3. We give an example of proper, convex lower semicontinuous functions f
and g on R2 for which the Fenchel duality theorem is satisfied but, for most r ∈

(
R2

)∗ = R2,
it is not true that there exist p, q ∈ R2 such that p+ q = r and f∗(p)+g∗(q) = (f +g)∗(r).

Let C = {x ∈ R2: ‖x‖ ≤ 1} and x0 = (1, 0) ∈ R2. Write A := C + x0, B := C − x0,
f := IA and g := IB , where IX is the indicator function of X. Since f∗(0) = g∗(0) =
(f + g)∗(0) = 0, the Fenchel duality theorem is satisfied for this choice of f and g.

Now, for all p, q ∈ R2, f∗(p) = IC
∗(p)+〈x0, p〉 = ‖p‖+p1 and g∗(q) = IC

∗(q)−〈x0, q〉 =
‖q‖ − q1. Consequently

f∗(p) ≥ 0 and
(
f∗(p) = 0 =⇒ p1 ≤ 0 and p2 = 0

)
, (7.3.1)

and
g∗(q) ≥ 0 and

(
g∗(q) = 0 =⇒ q1 ≥ 0 and q2 = 0

)
. (7.3.2)

If p, q ∈ R2 are such that p + q = r and f∗(p) + g∗(q) = (f + g)∗(r) then, since
(f + g)∗(r) = 0, (7.3.1) and (7.3.2) imply that f∗(p) = 0 and g∗(q) = 0, consequently
p2 = 0 and q2 = 0, from which r2 = 0. Thus if r2 6= 0 then there do not exist p, q ∈ R2

such that p + q = r and f∗(p) + g∗(q) = (f + g)∗(r).
We can look at this another way: if the Fenchel duality theorem is satisfied for f and

g − r then there exists p ∈ R2 such that (f + g − r)∗(0) = f∗(p) + (g − r)∗(−p), that is
to say f∗(p) + g∗(r − p) = 0, and the analysis above shows that r2 = 0. This argument
can easily be reversed: if r2 = 0 then there exist p, q ∈ R2 such that p + q = r and
f∗(p) + g∗(q) = (f + g)∗(r), and the the Fenchel duality theorem is satisfied for f and
g − r. At any rate, f and g fail “stable Fenchel–Rockafellar duality” in the sense of [2,
Theorem 3.2(i)].
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Example 7.4. [2, Theorem 3.2(ii)] tells us that epi f∗ + epi g∗ is not closed in R2 × R in
Example 7.3. We now give an explicit description of this set. If p1 ≤ 0 ≤ q1 then

f∗(p) =
‖p‖2 − p1

2

‖p‖ − p1
≤ p2

2

2|p1|
and g∗(q) =

‖q‖2 − q1
2

‖q‖+ q1
≤ q2

2

2|q1|
. (7.4.1)

Let r be an arbitrary element of R2 and n > |r1|. Then, from (7.4.1),

f∗
(

r

2
− ne1

)
≤ r2

2

4(2n− r1)
and g∗

(
r

2
+ ne1

)
≤ r2

2

4(2n + r1)
.

Thus (
r

2
− ne1,

r2
2

4(2n− r1)

)
∈ epi f∗ and

(
r

2
+ ne1,

r2
2

4(2n + r1)

)
∈ epi g∗,

and so (
r,

r2
2

4(2n− r1)
+

r2
2

4(2n + r1)

)
∈ epi f∗ + epi g∗.

Since epi f∗ + epi g∗ recedes vertically, it follows by letting n →∞ that{(
r1, r2, λ

)
: r2 = 0, λ ≥ 0

}
∪

{(
r1, r2, λ

)
: r2 6= 0, λ > 0

}
⊂ epi f∗ + epi g∗.

It is also clear from (7.3.1) and (7.3.2) that epi f∗ + epi g∗ ⊂ R2 × R+. Suppose now
that

(
r, 0

)
∈ epi f∗ + epi g∗. Then there exist (p, λ) ∈ epi f∗ and (q, µ) ∈ epi g∗ such that

(p + q, λ + µ) =
(
r, 0

)
. Then 0 = λ + µ ≥ f∗(p) + g∗(q) so, from (7.3.1) and (7.3.2),

f∗(p) = 0 and g∗(q) = 0. Arguing as in Example 7.3, r2 = 0.
Combining all this together, we have

epi f∗ + epi g∗ =
{(

r1, r2, λ
)
: r2 = 0, λ ≥ 0

}
∪

{(
r1, r2, λ

)
: r2 6= 0, λ > 0

}
(which is obviously not closed).

We now investigate an even more unstable case of Fenchel duality. However, the
analysis is a little more technical. We shall say that proper, convex, lower semicontinuous
functions f and g on a Banach space E are totally Fenchel unstable if the Fenchel duality
theorem is satisfied for f and g but, for all x∗ ∈ E∗ \{0}, the Fenchel duality theorem fails
for f and g − x∗.

Example 7.5. We recall that if C is a convex subset of a Banach space E and x ∈ C
then x is a support point of C if there exists x∗ ∈ E∗ \ {0} such that 〈x, x∗〉 = sup〈C, x∗〉.
We will give an example below of a nonempty closed convex subset C of a Banach space
E (actually `2) such that C = −C, and there exists an extreme point x0 of C which is not
a support point of C. Again, write A := C + x0, B := C − x0, f := IA and g := IB . As in
Example 7.3, the Fenchel duality theorem is satisfied for this choice of f and g.
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Now, for all y∗, z∗ ∈ E∗, f∗(y∗) = sup〈C, y∗〉+ 〈x0, y
∗〉 = sup〈−C,−y∗〉−〈x0,−y∗〉 =

sup〈C,−y∗〉 − 〈x0,−y∗〉 ≥ 0 and g∗(y∗) = sup〈C, z∗〉 − 〈x0, z
∗〉 ≥ 0.

Let y∗, z∗ ∈ E∗ be such that y∗+z∗ = x∗ and f∗(y∗)+g∗(z∗) = (f +g)∗(x∗). The fact
that x0 is an extreme point of C implies that f + g = I{0}, and so (f + g)∗(x∗) = 0. Thus
f∗(y∗) + g∗(z∗) = 0, from which f∗(y∗) = 0 and g∗(z∗) = 0. Consequently, 〈x0,−y∗〉 =
sup〈C,−y∗〉 and 〈x0, z

∗〉 = sup〈C, z∗〉. Since x0 is not a support point of C, −y∗ = 0 and
z∗ = 0, thus x∗ = y∗ + z∗ = 0. So we have established that f and g are totally Fenchel
unstable.

Here is the promised example, which was suggested by Jon Borwein. Let E = `2,
1 < p < 2, and C :=

{
x ∈ `2: ‖x‖p ≤ 1

}
. Since the function ‖ · ‖p is lower semicontinuous

on `2, C is closed, and obviously C is convex and C = −C. Then x is an extreme point of
C if, and only if, ‖x‖p = 1.

Let x ∈ C and ‖x‖p = 1. We shall prove that x is a support point of C if, and only if,

x ∈ `2(p−1). Suppose first that x is a support point of C. Then there exists y ∈ `2 =
(
`2

)∗
such that y 6= 0 and

〈x, y〉 = sup〈C, y〉 = ‖y‖q = ‖x‖p‖y‖q.

Thus we have equality in Hölder’s inequality, and so there exists λ > 0 such that, for all
n ≥ 1, |yn|q =

(
λ|xn|

)p. Since y ∈ `2,
∑

n≥1

(
λ|xn|

)2p/q
< ∞, that is to say, x ∈ `2(p−1),

as required. Suppose, conversely, that x ∈ `2(p−1). For all n ≥ 1, let yn = sgnxn|xn|p−1.
Then y ∈ `2 =

(
`2

)∗. Further,

〈x, y〉 =
∑
n≥1

xnyn =
∑
n≥1

xnsgn xn|xn|p−1 =
∑
n≥1

|xn|p = 1

and

sup〈C, y〉 = ‖y‖q =
( ∑

n≥1

|xn|q(p−1)

)1/q

=
( ∑

n≥1

|xn|p
)1/q

= 11/q = 1,

so x is a support point of C. Since 2(p − 1) < p, there are plenty of extreme points of C
that are not support points.

Problem 7.6. Let E, C, f and g be as in Example 7.5, with x0 an extreme nonsupport
point of C. Write {0}c for `2 \ {0}. Then is

epi f∗ + epi g∗ =
(
{0} × [0,∞[

)
∪

(
{0}c× ]0,∞[

)
?

The inclusion “⊂” is clear from the discussion in Example 7.5.

8 Some properties of 1
2‖ · ‖

2

In this section, we prove a sharp version of the Fenchel duality theorem that has been
very useful in the investigation of monotone multfunctions. Let E be a nontrivial normed
space with dual E∗. We define g: E 7→ R by g(z) := 1

2‖z‖
2. Then g is continuous and

convex and, for all z∗ ∈ E∗, g∗(z∗) = 1
2‖z

∗‖2. We will use the following curious geometric
property:
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Lemma 8.1. Let E be a nontrivial normed space with dual E∗, x ∈ E, λ ∈ R, and
1
2‖x‖

2 ≥ λ. Then

sup
y∈E, y 6=x

λ− 1
2‖y‖

2

‖x− y‖
∨ 0 =

[
‖x‖ −

√
‖x‖2 − 2λ

]
∨ 0.

Proof. Since 1
2‖ · ‖

2 is continuous on E, Corollary 6.4 implies that

sup
y∈E, y 6=x

λ− 1
2‖y‖

2

‖x− y‖
∨ 0 = min

{
‖z∗‖: z∗ ∈ E∗, 1

2‖z
∗‖2 − 〈x, z∗〉+ λ ≤ 0

}
< ∞.

Let N :=
[
‖x‖ −

√
‖x‖2 − 2λ

]
∨ 0. So what we have to prove is that

min
{
‖z∗‖: z∗ ∈ E∗, 1

2‖z
∗‖2 − 〈x, z∗〉+ λ ≤ 0

}
= N. (8.1.1)

Suppose first that z∗ ∈ E∗ and 1
2‖z

∗‖2 − 〈x, z∗〉+ λ ≤ 0. Then ‖z∗‖2 − 2‖x‖‖z∗‖ ≤ −2λ,
and so, by completing the square, we obtain ‖z∗‖ ≥ ‖x‖−

√
‖x‖2 − 2λ. Since ‖z∗‖ ≥ 0, it

follows that ‖z∗‖ ≥ N . On the other hand, ‖x‖ +
√
‖x‖2 − 2λ ≥ ‖x‖ −

√
‖x‖2 − 2λ and

‖x‖ +
√
‖x‖2 − 2λ ≥ 0, consequently, ‖x‖ +

√
‖x‖2 − 2λ ≥ N ≥ ‖x‖ −

√
‖x‖2 − 2λ. It

follows from this that
∣∣‖x‖ −N

∣∣ ≤ √
‖x‖2 − 2λ, and so ‖x‖2 − 2N‖x‖+ N2 ≤ ‖x‖2 − 2λ.

Thus 1
2N2 − N‖x‖ + λ ≤ 0. Corollary 3.2 or Corollary 3.3 (the one–dimensional Hahn-

Banach theorem) now implies that there exists x∗ ∈ E∗ such that ‖x∗‖ ≤ N and 〈x, x∗〉 =
N‖x‖. But then 1

2‖x
∗‖2 − 〈x, x∗〉 + λ ≤ N2 − N‖x‖ + λ ≤ 0. Since ‖x∗‖ ≤ N , this

completes the proof of (8.1.1).

Remark 8.2. It is worthy of note the the axiom of choice is used in the proof of both
directions of the inequality in Lemma 8.1. We do not know if this is necessary.

Corollary 8.3. Let E be a nontrivial normed space with dual E∗, x ∈ E, c ∈ [−∞,∞[ ,
and 1

2‖x‖
2 ≥ a. Then

sup
y∈E, y 6=x

c− 1
2‖y‖

2

‖x− y‖
∨ 0 =

[
‖x‖ −

√
‖x‖2 − 2c

]
∨ 0.

Proof. If c ∈ R, the result follows from Lemma 8.1, while if c = −∞, both sides of the
equality above have the value 0.

We end this section with a new proof of the sharp version of the Fenchel duality
theorem first established in [16, Theorem 2.1, pp. 5–6], which has important applications
to the theory of maximal monotone multifunctions.

Theorem 8.4. Let E be a nontrivial normed space, f ∈ PC(E) and

x ∈ E =⇒ f(x) + 1
2‖x‖

2 ≥ 0.

Then

min{‖z∗‖: z∗ ∈ E∗, f∗(z∗) + 1
2‖z

∗‖2 ≤ 0} = sup
x∈E

[
‖x‖ −

√
2f(x) + ‖x‖2

]
∨ 0.
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Proof. We know already from Corollary 6.1(c) that

min{‖z∗‖: z∗ ∈ E∗, f∗(z∗) + 1
2‖z

∗‖2 ≤ 0} = sup
x, y∈E, x6=y

−f(x)− 1
2‖y‖

2

‖x− y‖
∨ 0.

The result now follows from Corollary 8.3 by putting c = −f(x) and then taking the
supremum over x ∈ E.

9 Lagrangians

In [10], Rockafellar develops a theory of dual problems and Lagrangians that gives a very
large number of results in convex analysis. We will show in Theorem 9.1(c) how Theorem
2.9 can be used to give an efficient proof of [10, Theorem 17(a), p. 41], one of the main
existence results in [10]. We note, in passing, that Theorem 9.1(b) gives a necessary and
sufficient condition for (9.1.4).

(
Compare [10, Theorem 16, p. 40].

)
Theorem 9.1. Let V be a real vector space, E be a real locally convex space with dual
E∗ and F : V ×E 7→ [−∞,∞] be convex. (P ) is the “primal problem” of finding the value
of β := infx∈V F (x, 0), and (D) is the “dual problem” of finding supz∗∈E∗ h(z∗), where
h: E∗ 7→ [−∞,∞] is defined by

h(z∗) := inf(x,y)∈V×E

[
F (x, y) + 〈y, z∗〉

]
.

Finally, let α ∈ [−∞,∞]. We consider the four conditions

there exists z∗ ∈ E∗ such that inf(x,y)∈V×E

[
F (x, y) + 〈y, z∗〉

]
≥ α, (9.1.1)

there exists S ∈ S(E) such that inf(x,y)∈V×E

[
F (x, y) + S(y)

]
≥ α, (9.1.2)

there exists S ∈ S(E) such that inf(x,y)∈V×E

[
F (x, y) + S(y)

]
≥ β, (9.1.3)

and
inf(P ) = sup(D) and there exists z∗ ∈ E∗ solving (D). (9.1.4)

Then
(a) (9.1.1) ⇐⇒ (9.1.2).
(b) (9.1.3) ⇐⇒ (9.1.4).
(c) Suppose that the optimal value function y 7→ infx∈V F (x, y) is bounded above on a
neighborhood of 0. Then (9.1.4) is satisfied.

Proof. (a)(=⇒) This follows because any element of E∗ is dominated by an element of
S(E). (⇐=) Since (9.1.1) is automatic if α = −∞, we can and will suppose that α > −∞.
(9.1.2) now implies that F : V ×E 7→ ]−∞,∞]. If F is identically +∞ then, again, (9.1.1) is
automatic, so we can suppose that F ∈ PC(V ×E). The result now follows from Theorem
2.9 with C := V × E and j(x, y) := y, since any linear functional on E dominated by an
element of S(E) is continuous.
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If z∗ ∈ E∗ then h(z∗) ≤ infx∈V [F (x, 0) + 〈0, z∗〉] = β, and so (b) is immediate from
(a).

The assumption in (c) is that there exist T ∈ S(E) and M ∈ R such that

T (y) < 1 =⇒ there exists z ∈ V such that F (z, y) ≤ M, (9.1.5)

and we shall show that there exists S ∈ S(E) satisfying (9.1.3) — the result then follows
from (b). It is clear by taking y = 0 in (9.1.5) that β ≤ M . If β = −∞ then (9.1.3) is
true with S := 0, so we can and will suppose that β ∈ R. Let S := (M − β)T ∈ S(E): we
shall show that (9.1.3) is true for this value of S. So let (x, y) ∈ V × E. Let λ > T (y).
Since T (−y/λ) < 1, (9.1.5) gives z ∈ V such that F (z,−y/λ) ≤ M . But then, from the
definition of β and the convexity of F ,

β ≤ F

(
x + λz

1 + λ
, 0

)
≤ 1

1 + λ
F (x, y) +

λ

1 + λ
F

(
z,− y

λ

)
≤ 1

1 + λ
F (x, y) +

λ

1 + λ
M.

Clearing of fractions, we obtain F (x, y)+ (M −β)λ ≥ β. If we now let λ → T (y)+ in this,
we derive F (x, y) + (M − β)T (y) ≥ β, that is to say F (x, y) + S(y) ≥ β. Since this holds
for all (x, y) ∈ V × E, we obtain (9.1.3), completing the proof of (c).

10. A sharp result on the existence of Lagrange multipliers

This section is about Lagrange multipliers for the constrained convex optimization problem
outlined below. The main result is Theorem 10.1, which gives a necessary and sufficient
condition for the existence of a Lagrange multiplier, with a sharp lower bound on its norm.
We also show in Theorem 10.3 how Theorem 10.1 implies the classical result, with an upper
bound on the norm as a bonus. The analysis in this section depends only on Theorem 2.9
— it does not depend on the intervening sections in any way.

Let (E, ‖·‖) be a nontrivial normed space, C be a nonempty convex subset of a vector
space, k: C 7→ R be convex, j: C 7→ E, and � be a partial ordering on E compatible with
its vector space structure. Let N be the negative cone {y ∈ E: y � 0}. Suppose that j is
convex with respect to �, that is to say

x1, x2 ∈ C, µ1, µ2 > 0 and µ1+µ2 = 1 =⇒ j(µ1x1+µ2x2) � µ1j(x1)+µ2j(x2), (10.0.1)

and
infj−1N k = inf

{
k(x): x ∈ C, j(x) � 0

}
= µ ∈ R. (10.0.2)

A Lagrange multiplier for the problem is an element z∗ of E∗ such that z∗ is positive with
respect to �, that is to say,

supN z∗ ≤ 0 (10.0.3)

and
infx∈C

[
〈j(x), z∗〉+ k(x)

]
= µ. (10.0.4)

Clearly 0 is a Lagrange multiplier ⇐⇒ infC k ≥ µ. In order to exclude this trivial case,
we shall suppose that infC k < µ. Let A :=

{
x ∈ C: k(x) < µ

}
, so that A 6= ∅.
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Theorem 10.1. (a) There exists a Lagrange multiplier if, and only if

there exists M ≥ 0 such that infx∈C

[
Mdist(j(x), N) + k(x)

]
≥ µ. (10.1.1)

(b) If z∗ is a Lagrange multiplier then x ∈ A =⇒ dist
(
j(x), N

)
> 0 and

0 < supx∈A

µ− k(x)
dist

(
j(x), N

) ≤ ‖z∗‖ < ∞.

(c) If 0 < M := supx∈A

µ− k(x)
dist

(
j(x), N

) < ∞ then

min
{
‖z∗‖: z∗ is a Lagrange multiplier

}
= M.

Proof. (a) Suppose first that z∗ is a Lagrange multiplier. Let x ∈ A, and u be an arbitrary
element of N . Then, from (10.0.3) and (10.0.4),

‖j(x)− u‖ ‖z∗‖ ≥ 〈j(x), z∗〉 − 〈u, z∗〉 ≥ 〈j(x), z∗〉 ≥ µ− k(x).

Taking the infimum over u ∈ N ,

dist
(
j(x), N

)
‖z∗‖+ k(x) ≥ µ.

Since k ≥ µ on C \A, this remains true if x ∈ C. Thus (10.1.1) is true with M := ‖z∗‖.
Suppose, conversely, that (10.1.1) is satisfied. Let S: E 7→ [0,∞[ be defined by

S(y) := Mdist (y, N) (y ∈ E). It is easily checked that S is sublinear,

S ≤ M‖ · ‖ on E and y ∈ N =⇒ S(y) = 0. (10.1.2)

From (10.1.1),
infC

[
S ◦ j + k

]
≥ µ.

Furthermore, (10.1.2) implies that

y1 � y2 ⇐⇒ y1 − y2 ∈ N =⇒ S(y1 − y2) = 0 =⇒ y1 ≤S y2

thus, from Definition 2.7 and (10.0.1), j is S–convex, and Theorem 2.9 gives a linear
functional L on E such that L ≤ S on E and

infC

[
L ◦ j + k

]
≥ µ. (10.1.3)

We now derive from (10.1.2) that L ∈ E∗, ‖L‖ ≤ M and supN L ≤ 0. As a consequence
of this,

x ∈ j−1(N) =⇒ j(x) ∈ N =⇒ L ◦ j(x) ≤ 0

and (10.0.2) now gives

µ = infj−1N k ≥ infj−1N

[
L ◦ j + k

]
≥ infC

[
L ◦ j + k

]
.

Thus we have equality in (10.1.3), and L is a Lagrange multiplier, completing the proof of
(a).

(b) Let z∗ be a Lagrange multiplier. Then the proof of (a)(=⇒) implies that, for all
x ∈ A, dist

(
j(x), N

)
‖z∗‖ ≥ µ − k(x) > 0. (b) follows by dividing by dist

(
j(x), N

)
and

taking the supremum over x ∈ A.
(c) The conditions imply that infx∈C

[
Mdist(j(x), N)+k(x)

]
≥ µ and then the proof

of (a)(⇐=) gives a Lagrange multiplier L such that ‖L‖ ≤ M . (c) follows by combining
this with (b).
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Remark 10.2. At this point, we make some comments about the formulation of the
preceding analysis in terms of Lagrangians. Let P := {x∗ ∈ E∗: supN x∗ ≤ 0}, and define
F : C ×P 7→ R by F (x, x∗) :=

〈
j(x), x∗

〉
+ k(x). Then z∗ is a Lagrange multiplier exactly

when infx∈C F (x, z∗) = µ. If this is the case then, arguing as in the final few lines of
Theorem 10.1(c), if x∗ ∈ P then infx∈C F (x, x∗) ≤ µ, so in fact

supx∗∈P infx∈C F (x, x∗) = infx∈C F (x, z∗) = µ.

In the event that there exists z ∈ j−1N such that k(z) = µ then (z, z∗) is a saddle point
of F . See [7, Corollary 8.3.1, p. 219] for details of the argument.

We now write j(v) ≺ 0 to mean that j(v) ∈ intN , and B :=
{
v ∈ C: j(v) ≺ 0

}
. The

classical sufficient condition for the existence of Lagrange multipliers is that B 6= ∅. (See
[7, Theorem 8.3.1, p. 217–218].) This will be improved in Theorem 10.3 below.

Theorem 10.3. Suppose that B 6= ∅. Then there exists a Lagrange multiplier z∗ such
that

‖z∗‖ ≤ infv∈B
k(v)− µ

dist
(
j(v), E \N

) .

Proof. Let x ∈ A, u ∈ N , v ∈ B, 0 < η < dist
(
j(v), E \N

)
and α := ‖j(x)− u‖. We first

prove that

j
(ηx + αv

η + α

)
� 0. (10.3.1)

If α = 0 then j(x) = u, and so (10.3.1) is immediate since j
(ηx + αv

η + α

)
= j(x) = u � 0. If

α > 0 then ∥∥∥ η

α

(
j(x)− u

)∥∥∥ = η < dist
(
j(v), E \N

)
and so

η

α

(
j(x)− u

)
+ j(v) ∈ N , from which ηj(x) + αj(v) � ηu � 0. (10.0.1) now gives

j
(ηx + αv

η + α

)
� ηj(x) + αj(v)

η + α
� 0,

which completes the proof of (10.3.1). It now follows from the convexity of k and (10.0.2)
that

ηk(x) + αk(v)
η + α

≥ k
(ηx + αv

η + α

)
≥ µ,

from which α
(
k(v)− µ

)
≥ η

(
µ− k(x)

)
. If we now let η → dist

(
j(v), E \N

)
and then take

the infimum over u ∈ N , we obtain that

dist
(
j(x), N

)(
k(v)− µ

)
≥ dist

(
j(v), E \N

)(
µ− k(x)

)
> 0,

from which dist
(
j(x), N

)
> 0, k(v)− µ > 0 and

0 <
µ− k(x)

dist
(
j(x), N

) ≤ k(v)− µ

dist
(
j(v), E \N

) .
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Taking the supremum over x ∈ A and the infimum over v ∈ B,

0 < supx∈A

µ− k(x)
dist

(
j(x), N

) ≤ infv∈B
k(v)− µ

dist
(
j(v), E \N

) ,

and the result now follows from Theorem 10.1(c).
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