
Optimization,
Vol. 56, Nos. 1–2, February–April 2007, 149–169

The Hahn–Banach–Lagrange theoremy

S. SIMONS*

Department of Mathematics, University of California,
Santa Barbara, CA 93106-3080, USA

(Received 6 November 2005; in final form 15 March 2006)

This article is about a new version of the Hahn–Banach theorem, which we will call the
‘‘Hahn–Banach–Lagrange theorem’’, since it deals very effectively with certain problems
of Lagrange type, as well as giving numerous results in functional analysis, convex analysis,
and monotone operator theory. We will discuss several of these results in this article.
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1. Introduction

The idea behind this article is to provide a unified and relatively nontechnical
framework for treating the main existence theorems for continuous linear functionals in
functional analysis, convex analysis, Lagrange multiplier theory, and minimax theory.
While many of the results in this article are already known, our approach is new, and
gives a large number of results with considerable economy of effort. More specifically,
we prove a version of the Hahn–Banach theorem, the ‘‘Hahn–Banach–Lagrange
theorem’’, that is sufficiently strong that all the aforementioned results follow fairly
directly from it. Many of the results in this article, which are already known, are usually
proved using the Eidelheit separation theorem in a product space. The proofs of these
results given here avoid the problem of the elimination of the ‘‘vertical hyperplane’’.
Furthermore, our approach leads naturally to the sharp numerical bounds for various
problems discussed in sections 6, 8, and 10. (The sharp numerical bound discussed in
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section 8 has applications to monotone multifunction theory that are beyond the scope

of this study.)
The Hahn–Banach–Lagrange theorem appears in Theorem 2.9, which is

bootstrapped from the special case contained in Lemma 2.4, which is, in turn,

bootstrapped from the classical Hahn–Banach theorem for sublinear functionals

contained in Lemma 2.3. Theorem 2.9 uses the concept of ‘‘S-convexity’’ introduced

in Definition 2.7. The full force of this concept will be used only in Corollary 3.4,

a result on convex functions with applications to a minimax theorem, and the analysis

of Lagrange multipliers in Theorem 10.1(a). For all the other applications of Theorem

2.9 in this article, the reader can substitute ‘‘affine’’ for ‘‘S-convex’’. This change

shortens the proof of Lemma 2.2 by a few lines.
In section 3, we sketch how Theorem 2.9 can be used to give the main existence

theorems for linear functionals in functional analysis, and also how it gives the result,

referred to above, that leads to a minimax theorem.
Sections 4–8 contain various applications of the Hahn–Banach–Lagrange theorem

to convex analysis. In section 4, we show how Theorem 2.9 leads to a necessary and

sufficient condition for the Fenchel duality inequality to hold in locally convex

spaces. As a consequence, we deduce a sufficient condition in which neither function

satisfies a semicontinuity condition and also a classical result due to Rockafellar.

In section 5, we discuss an application of Theorem 2.9 to a ‘‘localized’’ version

of the Fenchel–Moreau formula. In section 6, we give applications of the results

of section 4 to the normed case, and obtain a sharp lower bound of an intuitive

geometric character for the norm of the functional produced by the Fenchel duality

theorem. In section 7, we bootstrap the results of section 4, and obtain the

corresponding results on the conjugate of the sum of two convex functions. We also

give an example of a very ‘‘unstable’’ conjugate duality. In section 8, we investigate

some properties of the function 1
2k � k

2, and prove a sharp version of the Fenchel

duality theorem that has been very useful in the investigation of monotone

multifunctions.
In section 9, we give a short proof of a fundamental result on dual problems

and Lagrangians due to Rockafellar.
In section 10, we show how the Hahn–Banach–Lagrange theorem can be used to

obtain considerable insight on the existence of Lagrange multipliers for constrained

convex minimization problems. In Theorem 10.1, we use Theorem 2.9 to obtain

a necessary and sufficient condition for the existence of Lagrange multipliers, with

a sharp lower bound on the norm of the multiplier. In Theorem 10.3, we deduce the

classical sufficient ‘‘Slater condition’’, with the added bonus that we obtain a sharp

lower bound on the norm of the multiplier.
Some (but not all) of the results in this article have appeared already in [14] and [15].

In both of these articles, the analysis was directed to applications to monotone

multifunctions. In this article, we have concentrated more on the aspect of these results

that are of interest in optimization theory.
Prof. Constantin Zălinescu [17] has written an excellent and comprehensive

monograph on convex analysis, and the author is grateful to Prof. Zălinescu for

many constructive comments, pointing out how many of the results on convex analysis

presented here can be deduced from results in [17].
All vector spaces in this article are real.
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2. The Hahn–Banach–Lagrange theorem

The Hahn–Banach–Lagrange theorem, Theorem 2.9 is the main topic of this article,

and is proved using the technique of the ‘‘auxiliary sublinear functional’’. Most of the

work for it is actually done in the technical Lemma 2.2.

Definition 2.1 Let E be a nontrivial vector space. We say that S : E 7!R is sublinear if

x, y 2 E ) Sðxþ yÞ � SðxÞ þ SðyÞ

and

x 2 E and �>0 ) Sð�xÞ ¼ �SðxÞ:

Then, we note that it follows automatically that S(0)¼ 0.

LEMMA 2.2 Let E be a nontrivial vector space and S : E 7!R be sublinear. Let D be

a nonempty convex subset of a vector space, a : D 7!E be affine and � :¼ infD S � a 2 R:
For all x 2 E, let

TðxÞ :¼ inf
d2D, �>0

½Sðxþ �aðd ÞÞ � ���: ð2:1Þ

Then T : E 7!R, T is sublinear, T�S on E and, for all d 2 D, �Tð�aðd ÞÞ � �:

Proof If x 2 E, d 2 D, and �>0 then

Sðxþ �aðd ÞÞ � �� � �Sð�xÞ þ �Sðaðd ÞÞ � �� � �Sð�xÞ>�1:

Taking the infimum over d 2 D and �>0, T(x)��S(�x)>�1. Thus, T : E 7!R:

It is now easy to check that T is positively homogeneous, and so to prove that T

is sublinear it remains to show that T is subadditive. To this end, let x1, x2 2 E:
Let d1, d2 2 D and �1, �2>0 be arbitrary. Write x :¼ x1þ x2, � :¼ �1þ �2, �i :¼ �i/�,
and d :¼�1d1þ�2d2. Then, using the fact that �1a(d1)þ�2a(d2)¼ a(d ),

½Sðx1 þ �1aðd1ÞÞ � �1�� þ ½Sðx2 þ �2aðd2ÞÞ � �2��

� Sðxþ �1aðd1Þ þ �2aðd2ÞÞ � ��

¼ �Sðx=�þ �1aðd1Þ þ �2aðd2ÞÞ � ��,

¼ �Sðx=�þ aðd ÞÞ � ��

¼ Sðxþ �aðd ÞÞ � ��

� TðxÞ ¼ Tðx1 þ x2Þ:

Taking the infimum over d1, d2, �1, and �2 gives T(x1)þT(x2)�T(x1þx2). Thus,

T is subadditive, and consequently sublinear. Fix d 2 D: Let x be an arbitrary

element of E. Then, for all �>0, T(x)�S(x)þ �[S(a(d))��]. Letting � ! 0,

T(x)�S(x). Thus, T�S on E. Finally, let d be an arbitrary element of D. Then,

taking �¼ 1 in (2.1),

T �aðd Þð Þ � S �aðd Þ þ aðd Þð Þ � � ¼ ��,

Hence, �T(�a(d))��, which completes the proof of Lemma 2.2. g
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We now recall in Lemma 2.3 the classical Hahn–Banach theorem for sublinear
functionals.

LEMMA 2.3 Let E be a nontrivial vector space and S : E 7!R be sublinear. Then there
exists a linear functional L on E such that L�S on E.

Proof See [5, Theorem 3.4, p. 21] for a proof using cones, [11, Theorem 3.2, p. 56–57]
for a proof using an extension by subspaces argument, and [6] and [12] for a proof using
an ordering on sublinear functionals. g

Remark 3.5 contains some comments on the appropriateness of the various methods
of proof for Lemma 2.3.

Lemma 2.4 is an intermediate result that we establish on our way to Theorem 2.9.
Splitting the proof of Theorem 2.9, as we have done here, enables us to avoid
a considerable amount of computation compared to the original method used in [14].

LEMMA 2.4 Let E be a nontrivial vector space and S : E 7!R be sublinear. Let D be
a nonempty convex subset of a vector space and a : D 7!E be affine. Then there exists
a linear functional L on E such that L�S on E and

inf
D

L � a ¼ inf
D

S � a:

Proof Let � :¼ infD S � a: If �¼�1, the result is immediate from Lemma 2.3
(take any linear functional L on E such that L�S on E). So we can suppose that � 2 R:
Define the auxiliary sublinear functional, T, as in Lemma 2.2. From Lemma 2.3, there
exists a linear functional L on E such that L�T on E. Since T�S on E, L�S on E,
as required. Let d 2 D: Then

Lðaðd ÞÞ ¼ �Lð�aðd ÞÞ � �Tð�aðd ÞÞ � �:

Taking the infimum over d 2 D,

inf
D

L � a � � ¼ inf
C
S � a:

On the other hand, since L�S on E, infD L � a � infD S � a: g

Remark 2.5 It is worth pointing out that the definition of the auxiliary sublinear
functional used to prove Lemma 2.4 is ‘‘forced’’ in the sense that if L is linear, L�S on E
and � ¼ infD S � a ¼ infD L � a 2 R then, as the reader can easily verify, L�T on E.

Definition 2.6 Let C be a nonempty convex subset of a vector space and PC(C) stand
for the set of all convex functions k : C 7! ��1,1� such that dom k 6¼ ;, where dom k,
the effective domain of k, is defined by

dom k :¼ fx 2 C : kðxÞ 2 Rg:

(The ‘‘P’’ stands for ‘‘proper’’, which is the adjective frequently used to denote the fact
that a function is finite at least one point).

Definition 2.7 Let E be a nontrivial vector space and S : E 7!R be sublinear. Define
the ordering ‘‘�s’’ on E by declaring that y� S z if S(y� z)� 0. Let C be a nonempty
convex subset of a vector space and j : C 7!E: We say that j is S-convex if

x1, x2 2 C, �1,�2>0 and �1 þ �2 ¼ 1 ) jð�1x1 þ �2x2Þ �S �1jðx1Þ þ �2jðx2Þ:
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An affine function is clearly S-convex. As observed in the introduction, apart from the
applications in Corollary 3.4 and Theorem 10.1(a), all the S-convex functions in this
article will, in fact, be affine.

Remark 2.8 ‘‘S-convex’’ can mean different things under different circumstances.
Consider the special case when E ¼ R: If S(y) :¼ |y|, S(y) :¼ y, S(y) :¼�y, or S(y) :¼ 0,
respectively, then ‘‘S-convex’’ means ‘‘affine’’, ‘‘convex’’, ‘‘concave’’ or ‘‘arbitrary’’,
respectively.

THEOREM 2.9 Let E be a nontrivial vector space and S : E 7!R be sublinear. Let C be
a nonempty convex subset of a vector space k 2 PCðCÞ and j : C 7!E be S-convex.
Then there exists a linear functional L on E such that L�S on E and

inf
C
½L � jþ k� ¼ inf

C
½S � jþ k�:

Proof Let ~E :¼ E�R, and define ~S : ~E 7!R by

~Sðy, �Þ :¼ SðyÞ þ � ðy, �Þ 2 ~E
� �

:

Then, as the reader can easily verify, ~S is sublinear. Let

D :¼ ðx, y, �Þ 2 C� E� R : S jðxÞ � yð Þ � 0, kðxÞ � �
� �

,

and a : D 7! ~E be defined by

aðx, y, �Þ :¼ ðy, �Þ ðx, y, �Þ 2 Dð Þ:

Then D is a convex set and a is an affine function. Lemma 2.4 with E replaced by ~E,
S by ~S, and C by D now gives a linear functional ~L on ~E such that

~L � ~S on ~E and inf
D

~L � a ¼ inf
D

~S � a:

Since ~L � ~S on ~E, there exists a linear functional L on E such that

L � S on E and ðy, �Þ 2 ~E ) ~Lðy, �Þ ¼ LðyÞ þ �:

The result follows since, by direct computation,

inf
D

~L � a ¼ inf
C
½L � jþ k� and inf

D

~S � a ¼ inf
C

½S � jþ k�: g

3. Applications to functional analysis and minimax theorems

Corollary 3.1 is the sandwich theorem [6, Theorem 1.7, p. 112]. It follows immediately
from Theorem 2.9 with C :¼E and j(x) :¼x.

COROLLARY 3.1 Let E be a nontrivial vector space, S : E 7!R be sublinear, k 2 PCðEÞ
and �k�S on E. Then there exists a linear functional L on E such that �k�L�S on E.

Corollary 3.2 is the extension form of the Hahn–Banach theorem. It follows
immediately from Theorem 2.9 with C :¼F, j(x) :¼ x, and k :¼�M. It can also be
deduced from Corollary 3.1 [6, Corollary 1.8, p. 112].
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COROLLARY 3.2 Let E be a nontrivial vector space, F be a linear subspace of E,
S : E 7!R be sublinear, M : F 7!R be linear and M�S on F. Then there exists a linear
functional L on E such that L�S on E and L|F¼M.

Corollary 3.3 is the Mazur–Orlicz theorem. It follows immediately from Lemma 2.4
with a(x) :¼ x. It can also be deduced from Theorem 2.9 or Corollary 3.1
[6, Theorem 1.9, p. 112].

COROLLARY 3.3 Let E be a nontrivial vector space, S : E 7!R be sublinear and D be a
nonempty convex subset of E. Then there exists a linear functional L on E such that L�S
on E and infD L ¼ infD S:

Corollary 3.4 was essentially proved by Fan–Glicksberg–Hoffman ([4, Theorem 1,
p. 618], and leads to a short proof of the minimax theorem proved by Fan in [3]
see ([13, Theorem 3.1, p. 17] for details of this). Corollary 3.4 follows easily from
Theorem 2.9 with E :¼ R

m, Sð�1, . . . ,�mÞ :¼ �1 _ � � � _ �m, jðcÞ :¼ ðf1ðcÞ, . . . , fmðcÞÞ
and k(c) :¼ 0.

COROLLARY 3.4 Let C be a nonempty convex subset of a vector space and f1, . . . , fm be
convex real functions on C. Then there exist �1, . . . , �m� 0 such that �1 þ � � � þ �m ¼ 1
and

inf
C
½f1 _ � � � _ fm� ¼ inf

C
½�1f1 þ � � � þ �mfm�:

Remark 3.5 Since we have given Corollary 3.2 as (ultimately) a consequence of
Lemma 2.3, in order to dispel any suspicion of circularity, it would seem better to avoid
the ‘‘extension by subspaces’’ proof of Lemma 2.3 and using instead the ‘‘cone’’
argument of Kelly–Namioka [5] or the ‘‘minimal sublinear functional’’ argument
outlined in the following text, which is most in tune with the other analysis in this
article. It is easy to see from Zorn’s lemma that, if U : E 7!R is sublinear, then there
exists a sublinear functional S on E such that S�U on E and S is minimal with respect
to the pointwise ordering of RE: Let d be an arbitrary element of E. If we define D :¼ {d}
and a(d) :¼ d, then Lemma 2.2 yields a sublinear functional T on E such that T�S on E
and �T(�d)�S(d). The minimality of S now gives T¼S, thus we have proved that
�S(�d)�S(d). Since S is sublinear, it follows easily from this that S is linear. This gives
us a proof of Lemma 2.3 that does not depend on an ‘‘extension by subspaces’’
argument. More details of this approach can be found in [6,12].

4. The Fenchel duality theorem in the locally convex case

In this section, we show how Theorem 2.9 leads to a necessary and sufficient condition
for the Fenchel duality inequality (4.1) to hold. As a consequence, we deduce
a sufficient condition in which neither function satisfies a semicontinuity condition,
and also a classical result due to Rockafellar.

Let E be a nontrivial real Hausdorff locally convex space with dual E*. S(E) stands
for the family of all continuous seminorms on E. if k 2 PCðEÞ, the Fenchel conjugate,
k*, of k is the function from E* into ]�1, 1] defined by

k�ðx�Þ :¼ sup
E
ðx� � kÞ:
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Theorem 4.1 or its proof will be used not only in Corollary 4.2 and Theorem 4.3
but also in Corollary 6.1. It is worth noting that if we take the duality formula of

Zălinescu [17, Corollary 2.8.5, p. 125] as known, then Theorem 4.1 can be deduced

using the convex function ðx, yÞ 7! f ðxÞ þ gðyÞ on E�E and the linear map

ðx, yÞ 7! x� y mapping E�E into E.

THEOREM 4.1 Let E be a nontrivial Hausdorff locally convex space with dual E*,

and f, g 2 PCðEÞ: Then

there exists z� 2 E� such that f �ð�z�Þ þ g�ðz�Þ � 0 ð4:1Þ

if, and only if,

there exists S 2 SðEÞ such that inf
x, y2E

f ðxÞ þ gðyÞ þ Sðx� yÞ½ � � 0: ð4:2Þ

Proof Suppose first that statement (4.2) is satisfied. Then, for all x, y 2 E,

hx, �z�i � f ðxÞ þ hy, z�i � gðyÞ � f �ð�z�Þ þ g�ðz�Þ � 0,

consequently,

f ðxÞ þ gðyÞ þ hx� y, z�i � 0, ð4:3Þ

and statement (4.2) follows with S :¼ |z*|. Suppose, conversely, that statement
(4.2) is satisfied. Then we apply Theorem 2.9 with C :¼E�E,

j(x, y) :¼ x� y and k(x, y) :¼ f(x)þ g(x) and obtain a linear functional L on E

such that L�S and infx, y2E½f ðxÞ þ gðyÞ þ Lðx� yÞ� � 0, or equivalently,

supx, y2E½ð�LÞðxÞ � f ðxÞ þ LðyÞ � gðyÞ� � 0: (4.1) now follows (with z*¼L) by taking

the supremum. g

Corollary 4.2 or its proof will be used explicitly in our discussion of Fenchel–Moreau

points in Theorem 5.2, and also in Corollary 6.4.

COROLLARY 4.2 Let E be a nontrivial Hausdorff locally convex space with dual E*,

x 2 E, � 2 R and g 2 PCðEÞ: Then there exists z� 2 E� such that hx, z�i � g�ðz�Þ � �
if, and only if, there exists S 2 SðEÞ such that infy2E½gðyÞ þ Sðx� yÞ� � �:

Proof Define f 2 PCðEÞ by

f ðzÞ :¼
�� if z ¼ x;
1, otherwise

�

Then, for all z� 2 E�, f �ð�z�Þ ¼ �hx, z�i þ �, and the result follows from
Theorem 4.1. g

Theorem 4.3 is a version of the Fenchel duality theorem for locally convex spaces

in which neither of the functions satisfies any semicontinuity conditions. It will be

bootstrapped in Theorem 7.1.

THEOREM 4.3 Let E be a nontrivial Hausdorff locally convex space with dual E*, f,

g 2 PCðEÞ, fþ g� 0 on E, and g be ( finitely) bounded above in some neighborhood of

a point of dom f. Then

there exists z� 2 E� such that f �ð�z�Þ þ g�ðz�Þ � 0: ð4:1Þ

Proof Choose z 2 dom f, N 2 R and T 2 SðEÞ such that TðwÞ � 1 ) gðzþ wÞ � N,
and define M :¼ f(z)þN� f(z)þ g(z)¼ (fþ g)(z)� 0, and S :¼ MT 2 SðEÞ:
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Let x and y be arbitrary elements of E, � be any real number such that
�>T(x� y)� 0, and write w :¼ (x� y)/�. Since T(w)<1, our hypotheses imply that

M ¼ f ðzÞ þN � f ðzÞ þ gðzþ wÞ: ð4:4Þ

Now x¼ yþ �w, and so

xþ �z

1þ �
¼

yþ �wþ �z

1þ �
¼

yþ �ðzþ wÞ

1þ �
:

Since fþ g� 0 on E,

0 � f
xþ �z

1þ �

� �
þ g

yþ �ðzþ wÞ

1þ �

� �
�

f ðxÞ þ �f ðzÞ þ gðyÞ þ �gðzþ wÞ

1þ �
:

Consequently, from (4.4),

f ðxÞ þ gðyÞ þ �M � f ðxÞ þ gðyÞ þ �½f ðzÞ þ �gðzþ wÞ� � 0:

Letting � ! Tðx� yÞ in this, we have f(x)þ g(y)þMT(x� y)� 0, that is to say,
f(x)þ g(y)þS(x� y)� 0. This gives (4.2), and the result now follows from
Theorem 4.1. g

Corollary 4.4 is an immediate consequence of Theorem 4.3 (see [9, Theorem 1,
pp. 82–83] or [17, Theorem 2.8.3(iii), p. 123]). In fact, if we use [17, Lemma 2.2.8, p. 64],
we can derive Theorem 4.3 from Corollary 4.4.

COROLLARY 4.4 Let E be a nontrivial Hausdorff locally convex space with dual E*, f,
g 2 PCðEÞ, fþ g� 0 on E and g be finite and continuous at a point of dom f. Then

there exists z� 2 E� such that f �ð�z�Þ þ g�ðz�Þ � 0: ð4:1Þ

5. Fenchel–Moreau points

Let E be a nontrivial real Hausdorff locally convex space with dual E* and g 2 PCðEÞ:
It follows easily from the definition of g* in the previous section that, for all x 2 E,

gðxÞ � sup
E�

hx, �i � g�ð Þ: ð5:1Þ

One of the fundamental results in convex analysis is the Fenchel–Moreau formula
that, if g 2 PCðEÞ is lower semicontinuous, then we always have equality in (5.1)
[8, sections 5–6, pp. 26–39].

Now suppose that g is not necessarily lower semicontinuous. Let us say that x 2 E
is a Fenchel–Moreau point of g if equality holds in (5.1). It is very tempting to
speculate that every point of lower semicontinuity of g is a Fenchel–Moreau point of g.
Remark 5.1 shows that this is false. However, we establish in Theorem 5.3 that every
point of lower semicontinuity of g is a Fenchel–Moreau point provided that g is
bounded below in a neighborhood of at least one point in its effective domain.
Our proof goes by way of Theorem 5.2, which contains a simple characterization of the
Fenchel–Moreau points of g.

Remark 5.1 Let E be an infinite–dimensional normed space. Fix x� 2 E�nf0g and
a discontinuous linear functional L on E. Define

gðxÞ :¼
1 if hx, x�i<1;
LðxÞ if hx, x�i � 1:

�
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Clearly, g 2 PCðEÞ and g is lower semicontinuous at 0. Let y* be an arbitrary element
of E*. Since x* and y*�L are linearly independent, there exist u, v 2 E such that

hu, x�i ¼ 1, hv, x�i ¼ 0, ðy� � LÞðuÞ ¼ 0, and ðy� � LÞðvÞ ¼ 1:

Let � 2 R, and set x :¼ uþ �v. Then hx, x�i ¼ hu, x�i ¼ 1, and so k(x)¼L(x). Thus,

g�ðy�Þ � hx, y�i � gðxÞ ¼ ðy� � LÞðxÞ ¼ �ðy� � LÞðvÞ ¼ �:

Since this holds for all � 2 R, g*(y*)¼1. Thus, we have

gð0Þ ¼ 1>�1 ¼ sup
E�

ð0� g�Þ,

and so 0 is not a Fenchel–Moreau point of g. (This example can also be justified using
the Moreau–Rockafellar theorem on the conjugate of the sum of two convex functions
that will appear in Corollary 7.2.)

We now come to the promised characterization of Fenchel–Moreau points.

THEOREM 5.2 Let E be a nontrivial Hausdorff locally convex space with dual E*, x 2 E
and g 2 PCðEÞ: Then x is a Fenchel–Moreau point of g if, and only if,

for all �<gðxÞ, there exists S 2 SðEÞ such that inf
y2E

½gðyÞ þ Sðy� xÞ� � �:

Proof This is immediate from Corollary 4.2. g

Theorem 5.3 contains a positive result on Fenchel–Moreau points.

THEOREM 5.3 If g 2 PCðEÞ is bounded below in a neighborhood of z 2 dom g, and lower
semicontinuous at x 2 E then x is a Fenchel–Moreau point of g.

Proof We will use Theorem 5.2. Let �<g(x). Choose � 2 R and T 2 SðEÞ such that

Tðy� zÞ � 1 ) gðyÞ>� ð5:2Þ

and

Tðy� xÞ � 1 ) gðyÞ>�: ð5:3Þ

Write � :¼ gðzÞ � �>0: We first prove that

inf
y2E

½gðyÞ þ �Tðy� xÞ� � �� �Tðx� zÞ: ð5:4Þ

To this end, let y be an arbitrary element of E. If T(y� z)� 1 then (5.2) implies that

gðyÞ þ �Tðy� zÞ � gðyÞ>� � �� �Tðx� zÞ:

If, on the other hand, T(y� z)>1, let � :¼ 1=Tðy� zÞ 2 �0, 1½ and put u :¼ �yþ
ð1� �Þz: Then Tðu� zÞ ¼ �Tðy� zÞ ¼ 1 and so, from (5.2) with y replaced by u,

�gðyÞ þ ð1� �ÞgðzÞ � gð�yþ ð1� �ÞzÞ ¼ gðuÞ>�,

thus the definition of � implies that �(g(y))� g(z))þ �� 0. Substituting in the formula
for � and clearing of fractions yields g(y)þ �T(y� z)� g(z). Consequently, using (5.2)
and the fact that T(z� z)� 1,

gðyÞ þ �Tðy� xÞ � gðyÞ þ �Tðy� zÞ � �Tðx� zÞ � gðzÞ � �Tðx� zÞ>�� �Tðx� zÞ:
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This completes the proof of (5.4). Now choose � so that �� � and �� � �

�� �þ �Tðx� zÞ: We will prove that

inf
y2E

½gðyÞ þ �Tðy� xÞ� � �: ð5:5Þ

To this end, let y be an arbitrary element of E. If T(y� x)� 1 then (5.3) implies
that g(y)þ�T(y� x)� g(y)>�. If, on the other hand, T(y� x)>1 then, from (5.4)
and the choice of �,

gðyÞ þ �Tðy� xÞ ¼ gðyÞ þ �Tðy� xÞ þ ð�� �ÞTðy� xÞ

� �� �Tðx� zÞ þ ð�� �Þ � �:

This completes the proof of (5.5), and the result now follows from Theorem 5.2
with S :¼ �T 2 SðEÞ: g

Remark 5.4 Another way of stating the result of Theorem 5.3 is that if there is a point
of lower semicontinuity of g that is not a Fenchel–Moreau point then g is unbounded
below in every neighborhood of every point of dom g. Of course, Theorem 5.3 provides
a proof of the original Fenchel–Moreau formula when g is lower semicontinuous.
Another way of proving Theorem 5.3 is to apply [17, Proposition 2.2.5, p. 62] to the
lower semicontinuous envelope of g, which is also defined in [17, p. 62].

6. The Fenchel duality theorem in the normed case

In this section, we revisit the analysis of section 4 in the normed case, and obtain a sharp
lower bound for the norm of the functional produced by the Fenchel duality theorem.

COROLLARY 6.1 Let E be a nontrivial normed space with dual E*, and f, g 2 PCðEÞ:
Then:

(a) There exists z� 2 E� such that f*(�z*)þ g*(z*)� 0 if, and only if,

there exists M � 0 such that inf
x, y2E

f ðxÞ þ gðyÞ þMkx� yk½ � � 0:

(b) If z� 2 E� and f �ð�z�Þ þ g�ðz�Þ � 0 then

sup
x, y2E, x 6¼y

�f ðxÞ � gðyÞ

x� y
�� �� � z�k k<1:

(c) If fþ g>0 on E and

sup
x, y2E, x 6¼y

�f ðxÞ � gðyÞ

x� y
�� �� <1

then

min z�k k: z� 2 E�, f �ð�z�Þ þ g�ðz�Þ � 0
� �

¼ sup
x, y2E,x 6¼y

�f ðxÞ � gðyÞ

x� y
�� �� _ 0: ð6:1Þ
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Proof

(a) This is immediate from Theorem 4.1.
(b) Inequality (4.3) implies that, for all x, y 2 E, �f ðxÞ � gðyÞ � hx� y, z�i �

kx� ykkz�k, which gives the required result.
(c) The inequality ‘‘�’’ in (6.1) follows from (b) and the fact that kz*k� 0. Now write

M for the right-hand side of (6.1). Then M� 0 and

x, y 2 E and x 6¼ y )
�f ðxÞ � gðyÞ

x� y
�� �� � M ) f ðxÞ þ gðyÞ þMkx� yk � 0:

If x¼ y, then f ðxÞ þ gðyÞ þM x� y
�� �� ¼ ðfþ gÞðxÞ � 0: Thus, (4.2) is satisfied with

S :¼ M �k k 2 SðEÞ: It now follows from the proof of Theorem 4.1 that there exists
z� 2 E� satisfying (4.1) such that z*�Mk�k on E. Since this implies that kz*k�M,
we have established the inequality ‘‘� ’’ in (6.1). g

Remark 6.2 In this remark, we discuss a geometric interpretation of Corollary 6.1(c).
We write CAðEÞ for the set of all continuous affine real functions on E. If a 2 CAðEÞ,
then a can be written uniquely in the form a¼ z*þ �, where z� 2 E� and � 2 R: Since z*
is the derivative of a in any reasonable sense, we shall write z*¼Da. Turning now to
Corollary 6.1(c), write h¼�f so that h is proper and concave and h� g on E.
Let a 2 CAðEÞ: Then it is easily seen by direct computation that, if h� a� g on E,
then f �ð�DaÞ þ g�ðDaÞ � 0, and conversely, if f �ð�z�Þ þ g�ðz�Þ � 0, then there exists
a 2 CAðEÞ such that Da¼ z* and h� a� g on E. Furthermore,

sup
x, y2E, x 6¼y

�f ðxÞ � gðyÞ

x� y
�� �� ¼ sup

x, y2E, x 6¼y

hðxÞ � gðyÞ

x� y
�� ��

Now suppose, in addition, that supE h>infE g to avoid the ‘‘_’’ in (6.1). Then the
conclusion of Corollory 6.1(c) is

min Dak k: a 2 CAðEÞ, h � a � g on E
� �

¼ sup
x, y2E, x 6¼y

hðxÞ � gðyÞ

x� y
�� �� :

The quotient on the right-hand side of the equality above is, of course, the slope of the
line segment going from the point (y, g(y)) on the graph of g to the point (x, h(x))
on the graph of h. The example E ¼ R and f¼ g¼ |�| shows that the ‘‘_ 0’’ term in (6.1)
is required.

Remark 6.3 It is shown in [13, section 14, pp. 49–51] how Corollary 6.1 leads
to a proof of the version of the Fenchel duality theorem due to Attouch–Brezis
[1, Theorem 1.1, pp. 126–130]. We emphasize that Theorem 4.1 and Corollary 6.1 give
a necessary and sufficient condition for the existence of the linear functional, and not
merely sufficient conditions.

Our next result will be used in Lemma 8.1.

COROLLARY 6.4 Let E be a nontrivial normed space with dual E*,
x 2 E, � 2 R, g 2 PCðEÞ, g(x)� � and g be bounded above in some neighborhood of x
(in particular, this is true if g is continuous at x). Then

min z�k k: z� 2 E�, g�ðz�Þ � hx, z�i þ � � 0
� �

¼ sup
y2E, y 6¼x

�� gðyÞ

x� y
�� �� _ 0<1:
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Proof Define f 2 PCðEÞ as in Corollary 4.2. Then the result follows from Theorem 4.3
and Corollary 6.1 (b and c). g

7. The conjugate of a sum

Let E be a nontrivial Hausdorff locally convex space with dual E*, and f, g 2 PCðEÞ:
If y�, z� 2 E�, and x 2 E, then

hx, y� þ z�i � ðfþ gÞðxÞ � hx, y�i � f ðxÞ þ hx, z�i � gðxÞ � f �ðy�Þ þ g�ðz�Þ:

Thus, taking the supremum over x 2 E, we have ð fþ gÞ�ðy� þ z�Þ � f �ðy�Þ þ g�ðz�Þ:
Consequently,

x� 2 E� ) ðfþ gÞ�ðx�Þ � inf f �ðy�Þ þ g�ðz�Þ: y�, z� 2 E�, y� þ z� ¼ x�
� �

:

In this section, we will be concerned with the question when

x� 2 E� ) ðfþ gÞ�ðx�Þ ¼ min f �ðy�Þ þ g�ðz�Þ: y�, z� 2 E�, y� þ z� ¼ x�
� �

: ð7:1Þ

We now bootstrap Theorem 4.3.

THEOREM 7.1 Let E be a nontrivial Hausdorff locally convex space with dual E*, f,
g 2 PCðEÞ, and g be (finitely) bounded above in some neighborhood of a point of dom f.
Then implication (7.1) is true.

Proof We can and will suppose that ðfþ gÞ�ðx�Þ 2 R: Let x� 2 E�: The Fenchel–
Young inequality implies that ðf� x� þ ðfþ gÞ�ðx�ÞÞ þ g ¼ ðfþ gÞ þ ðfþ gÞ�ðx�Þ �
x� � 0 on E. Since domðf� x� þ ðfþ gÞ�ðx�ÞÞ ¼ dom f, Theorem 4.3 implies that
there exists z� 2 E� such that ðf� x� þ ðfþ gÞ�ðx�ÞÞ�ð�z�Þ þ g�ðz�Þ � 0: However,

f� x� þ ðfþ gÞ�ðx�Þð Þ
�
ð�z�Þ ¼ f �ðx� � z�Þ � ðfþ gÞ�ðx�Þ,

and so f �ðx� � z�Þ � ðfþ gÞ�ðx�Þ þ g�ðz�Þ � 0: Writing y* :¼ x*� z*, we have
y*þ z*¼ x* and f �ðy�Þ þ g�ðz�Þ � ðfþ gÞ�ðx�Þ, which gives (7.1). g

Corollary 7.2 is an immediate consequence of Theorem 7.1 (see [9, Theorem 3(a),
p. 85] or [17, Theorem 2.8.3(iii), p. 123]):

COROLLARY 7.2 Let E be a nontrivial Hausdorff locally convex space with dual E*, f,
g 2 PCðEÞ and g be finite and continuous at a point of dom f. Then (7.1) is true.

The preceding two results indicate the (well-known) fact that results on the conjugate
of a sum are very close to the Fenchel duality theorem. The purpose of the next example
is to draw a distinction between these two results. Examples 7.3 and 7.4 were worked
out in collaboration with Regina Burachik. We say that f and g satisfy Fenchel duality
if there exists z* such that f �ð�z�Þ þ g�ðz�Þ ¼ ðfþ gÞ�ð0Þ:

Example 7.3 We give an example of proper, convex lower semicontinuous functions f
and g on R

2 that satisfy Fenchel duality, but, for most r 2 ðR
2
Þ
�
¼ R

2, it is not true that
there exist p, q 2 R

2 such that pþ q¼ r and f �ðpÞ þ g�ðqÞ ¼ ðfþ gÞ�ðrÞ:
Let C ¼ fx 2 R

2: kxk � 1g and x0 ¼ ð1, 0Þ 2 R
2: Write A :¼Cþx0, B :¼C� x0,

f :¼ IA; and f :¼ IB, where IX is the indicator function of X. Since f �ð0Þ ¼ g�ð0Þ ¼
ðfþ gÞ�ð0Þ ¼ 0, f and g satisfy Fenchel duality.
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Now, for all p, q 2 R
2, f �ðpÞ ¼ I

�
CðpÞ þ hx0, pi ¼ kpk þ p1 and g�ðqÞ ¼ I

�
CðqÞ �

hx0, qi ¼ kqk � q1: Consequently,

f �ðpÞ � 0 and ðf �ðpÞ ¼ 0 ) p1 � 0 and p2 ¼ 0Þ, ð7:2Þ

and

g�ðqÞ � 0 and ðg�ðqÞ ¼ 0 ) q1 � 0 and q2 ¼ 0Þ: ð7:3Þ

If p, q 2 R
2 are such that pþ q¼ r and f �ðpÞ þ g�ðqÞ ¼ ðfþ gÞ�ðrÞ, then, since

ðfþ gÞ�ðrÞ ¼ 0, (7.2) and (7.3) imply that f*(p)¼ 0 and g*(q)¼ 0, consequently p2¼ 0
and q2¼ 0, from which r2¼ 0. Thus, if r2 6¼ 0, then there do not exist p, q 2 R

2 such that
pþ q¼ r and f �ðpÞ þ g�ðqÞ ¼ ðfþ gÞ�ðrÞ:

We can look at this another way: if f and g� r satisfy Fenchel duality, then there
exist p 2 R

2 such that ðfþ g� rÞ�ð0Þ ¼ f �ðpÞ þ ðg� rÞ�ð�pÞ, that is to say,
f �ðpÞ þ g�ðr� pÞ ¼ 0, and the preceding analysis shows that r2¼ 0. This argument
can easily be reversed: if r2¼ 0 then there exists p, q 2 R

2 such that pþ q¼ r and
f �ðpÞ þ g�ðqÞ ¼ ðfþ gÞ�ðrÞ, and f and g� r satisfy Fenchel duality. At any rate, f and g
fail ‘‘stable Fenchel–Rockafellar duality’’ in the sense of [2, Theorem 3.2(i)].

Example 7.4 Reference [2, Theorem 3.2(ii)] tells us that epi f*þ epi g* is not closed in
R

2
�R in Example 7.3. We now give an explicit description of this set. If p1� 0� q1,

then

f �ðpÞ ¼
p
�� ��2�p21
p
�� ��� p1

�
p22

2jp1j
and g�ðqÞ ¼

q
�� ��2�q21
q
�� ��þ q1

�
q22

2jq1j
: ð7:4Þ

Let r be an arbitrary element of R2 and n>|r1|. Then, from (7.4),

f �
r

2
� ne1

	 

�

r22
4ð2n� r1Þ

and g�
r

2
þ ne1

	 

�

r22
4ð2nþ r1Þ

:

Thus,

r

2
� ne1,

r22
4ð2n� r1Þ

� �
2 epi f � and

r

2
þ ne1,

r22
4ð2nþ r1Þ

� �
2 epi g�,

and so

r,
r22

4ð2n� r1Þ
þ

r22
4ð2nþ r1Þ

� �
2 epi f � þ epi g�:

Since epi f*þ epi g* recedes vertically, it follows by letting n!1 that

ðr1, r2, �Þ: r2 ¼ 0, � � 0
� �

[ ðr1, r2, �Þ: r2 6¼ 0, �>0
� �

	 epi f � þ epi g�:

It is also clear from (7.2) and (7.3) that epi f � þ epi g� 	 R
2
�R

þ: Suppose now that
ðr, 0Þ 2 epi f � þ epi g�: Then there exist ðp, �Þ 2 epi f � and ðq,�Þ 2 epi g� such that
(pþ q, �þ�)¼ (r,0). Then 0 ¼ �þ � � f �ðpÞ þ g�ðqÞ so, from (7.2) and (7.3), f*(p)¼ 0
and g*(q)¼ 0. Arguing as in Example 7.3, r2¼ 0.

Combining all this together, we have

epi f � þ epi g� ¼ ðr1, r2, �Þ: r2 ¼ 0, � � 0
� �

[ ðr1, r2, �Þ: r2 6¼ 0, �>0
� �

(which is obviously not closed).
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We now investigate an even more unstable case of Fenchel duality. However, the
analysis is a little more technical. We shall say that proper, convex, lower
semicontinuous functions f and g on a Banach space E are totally Fenchel unstable
if f and g satisfy Fenchel duality, but, for all x� 2 E�nf0g, f and g�x* do not satisfy
Fenchel duality.

Example 7.5 We recall that if C is a convex subset of a Banach space E and x 2 C
then x is a support point of C if there exists x� 2 E�nf0g such that hx, x�i ¼ suphC, x�i:
We will give an example of a nonempty closed convex subset C of a Banach space E
(actually ‘2Þ such that C¼�C, and there exists an extreme point x0 of C that is
not a support point of C. Again, write A :¼Cþ x0, B :¼C� x0, f :¼ IA, and g :¼ IB:
As in Example 7.3, f and g satisfy Fenchel duality.

Now, for all y*, z� 2 E�, f �ðy�Þ ¼ suphC, y�i þ hx0, y
�i ¼ suph�C,�y�i�

hx0,�y�i ¼ suphC,�y�i � hx0,�y�i � 0 and g�ðy�Þ ¼ suphC, z�i � hx0, z
�i � 0:

Let y�, z� 2 E� be such that y� þ z� ¼ x� and f �ðy�Þ þ g�ðz�Þ ¼ ðfþ gÞ�ðx�Þ: The fact
that x0 is an extreme point of C implies that fþ g ¼ If0g, and so (fþ g)*(x*)¼ 0. Thus
f*(y*)þ g*(z*)¼ 0, from which f*(y*)¼ 0 and g*(z*)¼ 0. Consequently, hx0,�y�i ¼
suphC,�y�i and hx0, z

�i ¼ suphC, z�i: Since x0 is not a support point of C,� y*¼ 0 and
z*¼ 0, thus x*¼ y*þ z*¼ 0. So we have established that f and g are totally Fenchel
unstable.

Here is the promised example, which was suggested by Jon Borwein. Let E ¼ ‘2,
1<p<2, and C :¼ fx 2 ‘2: xk kp� 1g: Since the function k�kp is lower semicontinuous
on ‘2, C is closed, and obviously C is convex and C¼�C. Then x is an extreme point of
C if, and only if, xp¼ 1.

Let x 2 C and kxkp¼ 1. We shall prove that x is a support point of C if, and only if,
x 2 ‘2ðp�1Þ: Suppose first that x is a support point of C. Then there exists y 2 ‘2 ¼ ð‘2Þ

�

such that y 6¼ 0 and

hx, yi ¼ suphC, yi ¼ y
�� ��

q
¼ xk kp y

�� ��
q
:

Thus, we have equality in Hölder’s inequality, and so there exists �>0 such that, for all
n� 1, jynj

q ¼ ð�jxnjÞ
p: Since y 2 ‘2,

P
n�1 ð�jxnjÞ

2p=q<1, that is to say, x 2 ‘2ðp�1Þ,
as required. Suppose, conversely, that x 2 ‘2ðp�1Þ: For all n� 1, let yn¼ sgn xn|xn|

p�1.
Then, y 2 ‘2 ¼ ð‘2Þ

�: Further,

hx, yi ¼
X
n�1

xnyn ¼
X
n�1

xnsgn xnjxnj
p�1 ¼

X
n�1

jxnj
p ¼ 1

and

suphC, yi ¼ y
�� ��

q
¼

X
n�1

jxnj
qðp�1Þ

 !1=q

¼
X
n�1

jxnj
p

 !1=q

¼ 11=q ¼ 1,

so x is a support point of C. Since 2(p� 1)<p, there are plenty of extreme points of C
that are not support points.

Problem 7.6 Let E, C, f, and g be as in Example 7.5, with x0 an extreme nonsupport
point of C. Write {0}c for ‘2nf0g: Then, is

epi f � þ epi g� ¼ f0g � ½0,1½ð Þ [ f0gc��0,1½ð Þ

The inclusion ‘‘	’’ is clear from the discussion in Example 7.5.
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8. Some properties of 1
2
k � k2

In this section, we prove a sharp version of the Fenchel duality theorem that has been

very useful in the investigation of monotone multifunctions. Let E be a nontrivial

normed space with dual E*. We define g : E 7!R by gðzÞ :¼ 1
2 zk k2: Then g is continuous

and convex and, for all z� 2 E�, g�ðz�Þ ¼ 1
2 z�k k2: We will use the following curious

geometric property:

LEMMA 8.1 Let E be a nontrivial normed space with dual E*, x 2 E, � 2 R, and
1
2 xk k2� �: Then

sup
y2E, y 6¼x

�� 1
2 y
�� ��2

x� y
�� �� _ 0 ¼ xk k �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

q� 

_ 0:

Proof Since 1
2 �k k2 is continuous on E, Corollary 6.4 implies that

sup
y2E, y6¼x

�� 1
2 y
�� ��2

x� y
�� �� _ 0 ¼ min z�k k: z� 2 E�,

1

2
z�k k

2
�hx, z�i þ � � 0

� �
<1:

Let N :¼ xk k �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

ph i
_ 0: So what we have to prove is

min z�k k: z� 2 E�, 1
2 z�k k

2
�hx, z�i þ � � 0

n o
¼ N: ð8:1Þ

Suppose first that z� 2 E� and 1
2 z�k k2�hx, z�i þ � � 0:Then z�k k2�2 xk k z�k k � �2�, and

so, by completing the square, we obtain z�k k � xk k �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
: Since kz*k� 0,

it follows that kz*k�N. On the other hand, xk k þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
� xk k �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
and xk k þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
� 0, consequently xk k þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
� N � xk k �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
:

It follows from this that xk k �Nj j �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2�

p
, and so xk k2�2N xk kþ

N2 � xk k2�2�: Thus, 1
2N

2 �N xk k þ � � 0: [Corollary 3.2 or Corollary 3.3 (the

one-dimensional Hahn–Banach theorem) now implies that there exists x� 2 E� such that

x�k k � N and hx, x�i ¼ N xk k: But then 1
2 x�k k2�hx, x�i þ � � N2 �N xk k þ � � 0:

Since x�k k � N, this completes the proof of (8.1). g

Remark 8.2 It is worthy of note that the axiom of choice is used in the proof of

both directions of the inequality in Lemma 8.1. We do not know if this is necessary.

COROLLARY 8.3 Let E be a nontrivial normed space with dual E*, x 2 E, c 2 ½�1,1½,

and 1
2kx

2k � c: Then

sup
y2E, y 6¼x

c� n
2 y
�� ��2

x� y
�� �� _ 0 ¼ xk k �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
xk k2�2c

q� 

_ 0:

Proof If c 2 R, the result follows from Lemma 8.1 while if c¼�1, both sides of the

equality above have the value 0. g

We end this section with a new proof of the sharp version of the Fenchel duality

theorem first established in [16, Theorem 2.1, pp. 5–6], which has important

applications to the theory of maximal monotone multifunctions.
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THEOREM 8.4 Let E be a nontrivial normed space, f 2 PCðEÞ and

x 2 E ) f ðxÞ þ 1
2 xk k2� 0:

Then

min z�k k: z� 2 E�, f �ðz�Þ þ 1
2 z�k k

2
� 0

n o
¼ sup

x2E
xk k �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2f ðxÞ þ xk k2

q� 

_ 0:

Proof We known already from Corollary 6.1(c) that

min z�k k: z� 2 E�, f �ðz�Þ þ 1
2 z�k k

2
� 0

n o
¼ sup

x, y2E, x 6¼y

�f ðxÞ � 1
2 y
�� ��2

x� y
�� �� _ 0:

The result now follows from Corollary 8.3 by putting c¼�f(x) and then taking
the supremum over x 2 E: g

9. Lagrangians

In [10], Rockafellar develops a theory of dual problems and Lagrangians that gives
a very large number of results in convex analysis. We will show in Theorem 9.1(c)
how Theorem 2.9 can be used to give an efficient proof of [10, Theorem 17(a) p. 41],
one of the main existence results in [10]. We note, in passing, that Theorem 9.1(b)
gives a necessary and sufficient condition for (9.1.4). (Compare [10, Theorem 16, p. 40].)
We refer the reader to [17, Theorem 2.7.1, pp. 113–115] for a more complete discussion
of Lagrangians.

THEOREM 9.1 Let V be a real vector space, E be a real locally convex space with
dual E*, and F : V� E 7! ½�1,1� be convex. (P) is the ‘‘primal problem’’ of finding the
value of � :¼ infx2V F ðx, 0Þ, and (D) is the ‘‘dual problem’’ of finding supz�2E� hðz�Þ,
where h : E� 7! ½�1,1� is defined by

hðz�Þ :¼ inf
ðx, yÞ2V�E

F ðx, yÞ þ hy, z�i½ �:

Finally, let � 2 ½�1,1�: We consider the four conditions:

there exists z� 2 E� such that infðx, yÞ2V�E F ðx, yÞ þ hy, z�i½ � � �, ð9:1Þ

there exists S 2 SðEÞ such that infðx, yÞ2V�E½F ðx, yÞ þ SðyÞ� � �, ð9:2Þ

there exists S 2 SðEÞ such that infðx, yÞ2V�E F ðx, yÞ þ SðyÞ½ � � �, ð9:3Þ

and
infðPÞ ¼ supðDÞ and there exists z� 2 E� solving ðDÞ: ð9:4Þ

Then

(a) ð9:1Þ , ð9:2Þ:
(b) ð9:3Þ , ð9:4Þ:
(c) Suppose that the optimal value function y 7! infx2V F ðx, yÞ is bounded above on

a neighborhood of 0. Then (9.4) is satisfied.
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Proof (a) ð)Þ This follows, because any element of E* is dominated by an element
of S(E). ð(Þ Since (9.1) is automatic if �¼�1, we can and will suppose that �>�1.

(9.2) now implies that F : V� E 7! ��1,1�: If F is identically þ1 then, again, (9.1) is
automatic, and so we can suppose that F 2 PCðV� EÞ: The result now follows from
Theorem 2.9 with C :¼V�E and j(x,y) :¼ y, since any linear functional on E dominated
by an element of S(E) is continuous.

If z� 2 E� then hðz�Þ � infx2V F ðx, 0Þ þ h0, z�i½ � ¼ �, and so (b) is immediate from (a).
The assumption in (c) is that there exist T 2 SðEÞ and M 2 R such that

TðyÞ<1 ) there exists z 2 V such that F ðz, yÞ � M, ð9:5Þ

and we shall show that there exists S 2 SðEÞ satisfying (9.3) – the result then follows
from (b). It is clear by taking y¼ 0 in equation (9.5) that ��M. If �¼�1, then (9.3) is
true with S :¼ 0, and so we can and will suppose that � 2 R: Let S :¼ ðM� �ÞT 2 SðEÞ:

we shall show that (9.3) is true for this value of S. So let ðx, yÞ 2 V� E: Let �>T(y).
Since T(�y/�)<1, (9.5) gives z 2 V such that F(z,�y/�)�M. But then, from the
definition of � and the convexity of F,

� � F
xþ �z

1þ �
, 0

� �
�

1

1þ �
F ðx, yÞ þ

�

1þ �
F z, �

y

�

	 

�

1

1þ �
F ðx, yÞ þ

�

1þ �
M:

Clearing of fractions, we obtain F(x, y)þ (M� �)���. If we now let � ! TðyÞþ in this,
we derive F(x, y)þ (M� �)T(y)��, that is to say, F(x, y)þS(y)��. Since this holds
for all ðx, yÞ 2 V� E, we obtain (9.3), completing the proof of (c). g

10. A sharp result on the existence of Lagrange multipliers

This section is about Lagrange multipliers for the constrained convex optimization
problem outlined in the following text. The main result is Theorem 10.1, which gives

a necessary and sufficient condition for the existence of a Lagrange multiplier, with
a sharp lower bound on its norm. We also show in Theorem 10.3 how Theorem 10.1
implies the classical ‘‘Slater condition’’ result, with a related upper bound on the norm
as a bonus. The analysis in this section depends only on Theorem 2.9 – it does not

depend on the intervening sections in any way.
Let (E, k�k) be a nontrivial normed space, C be a nonempty convex subset of a vector

space, k : C 7!R be convex, j : C 7!E, and 
 be a partial ordering on E compatible
with its vector space structure. Let N be the negative cone fy 2 E: y 
 0g. Suppose that j
is convex with respect to 
, that is to say,

x1,x2 2 C,�1,�2>0, and �1 þ �2 ¼ 1 ) jð�1x1 þ �2x2Þ 
 �1jðx1Þ þ �2jðx2Þ, ð10:1Þ

and

inf
j�1N

k ¼ inf kðxÞ: x 2 C, jðxÞ 
 0
� �

¼ � 2 R: ð10:2Þ

A Lagrange multiplier for the problem is an element z* of E* such that z* is positive with
respect to 
 , that is to say,

sup
N

z� � 0 ð10:3Þ
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and

inf
x2C

hjðxÞ, z�i þ kðxÞ½ � ¼ �: ð10:4Þ

Clearly 0 is a Lagrange multiplier , infC k��. In order to exclude this trivial case,

we shall suppose that infC k<�. Let A :¼ fx 2 C: kðxÞ<�g, so that A 6¼ ;:

THEOREM 10.1

(a) There exists a Lagrange multiplier if, and only if

there exists M � 0 such that inf
x2C

M distðjðxÞ,NÞ þ kðxÞ½ � � �: ð10:5Þ

(b) If z* is a Lagrange multiplier then x 2 A ) distð jðxÞ,NÞ>0 and

0<sup
x2A

�� kðxÞ

distðjðxÞ,NÞ
� z�k k<1:

(c) If

0<M :¼ sup
x2A

�� kðxÞ

distð jðxÞ,NÞ
<1,

then

min z�k k: z� is a Lagrange multiplier
� �

¼ M:

Proof

(a) Suppose first that z* is a Lagrange multiplier. Let x 2 A, and u be an arbitrary

element of N. Then, from (10.3) and (10.4),

jðxÞ � u
�� �� z�k k � h jðxÞ, z�i � hu, z�i � hjðxÞ, z�i � �� kðxÞ:

Taking the infimum over u 2 N,

distðjðxÞ,NÞ z�k k þ kðxÞ � �:

Since k�� on C\A, this remains true if x 2 C: Thus (10.5) is true with M :¼ z�k k:
Suppose, conversely, that (10.5) is satisfied. Let S : E 7! ½0,1½ be defined by

SðyÞ :¼ Mdistðy,NÞ ðy 2 EÞ: It is easily checked that S is sublinear,

S � M �k k on E and y 2 N ) SðyÞ ¼ 0: ð10:6Þ

From (10.5),

inf
C
½S � jþ k� � �:

Furthermore, (10.6) implies that

y1 
 y2 , y1 � y2 2 N ) Sðy1 � y2Þ ¼ 0 ) y1 �S y2:

Thus, from Definition 2.7 and (10.1), j is S-convex, and Theorem 2.9 gives a linear

functional L on E such that L�S on E and

inf
C
½L � jþ k� � �: ð10:7Þ
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We now derive from (10.6) that L 2 E�, kLk�M, and supN L� 0. As a

consequence of this,

x 2 j�1ðNÞ ) jðxÞ 2 N ) L � jðxÞ � 0,

and (10.2) now gives

� ¼ inf
j�N

k � inf
j�1N

½L � jþ k� � inf
C
½L � jþ k�:

Thus, we have equality in (10.7), and L is a Lagrange multiplier, completing the
proof of (a).

(b) Let z* be a Lagrange multiplier. Then the proof of (a) ð)Þ implies that, for all

x 2 A, distðjðxÞ,NÞ z�k k � �� kðxÞ>0: (b) follows by dividing by dist(j(x), N) and

taking the supremum over x 2 A:
(c) The conditions imply that infx2C½M distð jðxÞ,NÞ þ kðxÞ� � � and then the proof of

(a) ð(Þ gives a Lagrange multiplier L such that kLk�M. (c) follows by combining

this with (b). g

Remark 10.2 At this point, we make some comments about the formulation of

the preceding analysis in terms of Lagrangians. Let P :¼ fx� 2 E�: supN x� � 0g, and

define F : C� P 7!R by F ðx, x�Þ :¼ hjðxÞ, x�i þ kðxÞ: Then z* is a Lagrange

multiplier exactly when infx2C F ðx, z�Þ ¼ �: If this is the case, then, arguing as

in the final few lines of Theorem 10.1(c), if x� 2 P, then infx2C F ðx, x�Þ � �, and so

in fact

sup
x�2P

inf
x2C

F ðx, x�Þ ¼ inf
x2C

F ðx, z�Þ ¼ �:

In the event that there exists z 2 j�1N such that k(z)¼�, then (z, z*) is a saddle point

of F. See [7, Corollary 8.3.1, p. 219] for details of the argument.

We now write jðvÞ � 0 to mean that jðvÞ 2 intN, and B :¼ fv 2 C: jðvÞ � 0g:
The classical sufficient condition for the existence of Lagrange multipliers is that

B 6¼ ; [7, Theorem 8.3.1, p. 217–218]. This will be improved in Theorem 10.3.

THEOREM 10.3 Suppose that B 6¼ ;: Then there exists a Lagrange multiplier z*

such that

kz�k � inf
v2B

kðvÞ � �

distð jðvÞ,EnNÞ
:

Proof Let x 2 A, u 2 N, v 2 B, 0< �<dist( j(v), E\N) and � :¼ kjðxÞ � uk: We first

prove that

j
�xþ �v

�þ �

� �

 0: ð10:8Þ

If �¼ 0 then j(x)¼ u, and so (10.8) is immediate since jðð�xþ �vÞ=ð�þ �ÞÞ ¼ jðxÞ ¼ u 
 0:
If �>0, then

�

�
jðxÞ � uð Þ

��� ��� ¼ �<dist jðvÞ,EnNð Þ
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and so ð�=�Þð jðxÞ � uÞ þ jðvÞ 2 N, from which �jðxÞ þ �jðvÞ 
 �u 
 0: (10.1) now gives

j
�xþ �v

�þ �

� �



�jðxÞ þ �jðvÞ

�þ �

 0,

which completes the proof of (10.8). It now follows from the convexity of k and
equation (10.2) that

�kðxÞ þ �kðvÞ

�þ �
� k

�xþ �v

�þ �

� �
� �,

from which �ðkðvÞ � �Þ � �ð�� kðxÞÞ: If we now let � ! distð jðvÞ,EnNÞ and then take
the infimum over u 2 N, we obtain that

distð jðxÞ,NÞðkðvÞ � �Þ � distð jðvÞ,EnNÞð�� kðxÞÞ>0,

from which dist(j(x),N)>0, k(v)��>0 and

0<
�� kðxÞ

distð jðxÞ,NÞ
�

kðvÞ � �

distð jðvÞ,EnNÞ
:

Taking the supremum over x 2 A and the infimum over v 2 B,

0< sup
x2A

�� kðxÞ

distð jðxÞ,NÞ
� inf

v2B

kðvÞ � �

distð jðvÞ,EnNÞ
,

and the result now follows from Theorem 10.1(c). g
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