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1. INTRODUCTION

This note, submitted in honor of Walter Strauss’ 70th birthday, offers a
new look at the elegant paper by Costa and Strauss entitled Energy Split-
ting, [3]. In it, they studied finite energy solutions to linear, constant coeffi-
cient, isotropic, symmetric hyperbolic systems. They showed that solutions
separate, in L?, into a superposition of outgoing plane waves, using a de-
composition based on the Radon transform.

Our approach to energy splitting is based on the local energy decay result
obtained by the author with B. Thomases in [9], for rotationally and scaling
invariant isotropic systems. Inspired by Costa and Strauss, here we replace
rotational invariance by the isospectral condition of [3]. This involves a
nonlocal modification of the rotational vector fields. However, the final
result is entirely local. Solutions are decomposed locally according to the
spectral projections of the symbol, and individual wave families concentrate
near characteristic cones. After a few preliminaries, we state the main result
and compare it with [3]. The proof is entirely self-contained. To conclude,
we illustrate with three examples.

Energy splitting is closely related to the phenomenon of energy equipar-
tition. In the context of symmetric hyperbolic systems with constant co-
efficients, there have been numerous works on these topics, among them
(2, 4, 10, 11].

2. PRELIMINARIES

Let V and W be finite dimensional inner product spaces over R. We will
be concerned with V-valued solutions w : [0,7) x R” — V (with n > 1) of
the linear system

(la) L(O)u=0 with L(0)=0,+ A(V), A(V)= A0
together with a system of constraints
(1b) B(V)u=0 with B(V) = Bo.
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Here, we suppose that the coefficients are constant linear maps
A, € LV,V), BrpeLl(V,W), k=1,...,n.

Associated to the differential operators A(V) and B(V), define the symbols
A(S) = A" and B(¢) = Bre*, ¢ eR™

We shall make three assumptions: a symmetry condition

(A1) A&) = A()*, for all £ € R™,

a nondegeneracy condition

(A2) ker B(£) = ker A(€)%, for all £ € R”,

and, an isospectral condition

(A3) The spectrum of A(w) is independent of w € S™ 1.

The symmetry condition (A1) implies the conservation of energy. The non-
degeneracy condition (A2) rules out stationary solutions. It is slightly
stronger than the assumption ker A(§) N ker B(§) = {0} made in [9], but
(A2) holds in all of the main examples. Systems satisfying the isospectral
condition (A3) were called isotropic by Costa and Strauss because the wave
speeds are independent of the direction of propagation. Condition (A3) is
weaker than the rotational invariance condition assumed in [9], but the au-
thor is unaware of a physical system which satisfies (A3) and is not also
rotationally invariant. In any case, (A3) is enough to construct a useful
family of operators which generalize the usual rotational vector fields.
Before coming to the main result, we mention a few simple facts.

Spectral projections. Let w € S"~!. Using o to denote the spectrum,
we have by (A3) that 0(A(w)) = 0(A(—w)) = 0(—A(w)), it follows that the
nonzero eigenvalues of A(w) occur in plus/minus pairs. Denote the distinct
eigenvalues of A(w) by {A\o : @ = —m, ..., m}, labeled so that

MN=0< M <...<Apn, and A_o= -\,

For each w € S™ !, the orthogonal projection of V onto the eigenspace of
A(w) corresponding to the eigenvalue Ag is given by

Alw) — AT

2) Pote) = [T 55 =5

a#f

The orthogonal projections Pg(w) are smooth functions of w on S"1.
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3. MAIN RESULT

Theorem 1. Suppose that u solves (1a),(1b) with n > 1. Assume that
(A1),(A2),(A3) hold. Select 6 so that

0 <0 <min{|Aq —Ag|/2: a # B}.
If the initial data satisfies up € L*(R™), then

(3a) [Ju(t) — Z X{hat—r| <6t} Palx/m)u(t)|| L2(mn) — 0,

a=1

as t — oo. (Here, xq denotes the characteristic function of a set ).)
If up € LA*(R™) and (1 + |x|)|Vug| € L2(R™), then for k =1,...,n,

(3b)  [10kult) = > X{rat—ri<styPal@/T)Oku(t) | 2@n) = O ),

a=1

ast — 0o.

This result has the advantage of using only local quantities. Note, in par-
ticular, that the projections act in the physical variables and not the phase
variables and that the characteristic functions separate the wave families
and localize them near their light cones. The asymptotic analysis of certain
nonlinear quantities in the solution (such as null forms) therefore becomes
potentially quite simple.

Equation (3a) implies that

(4a) Po(z/r)u(t,x) — 0, in L>(R") ast — oo, a=—m,...,0.
On the other hand, the result of Costa and Strauss [3] says that
(4b) (Aol — A(z/r)u®(t) — 0, in L2(R") as t — o0, a =1,...,m,

where u(® is a nonlocal plane wave decomposition involving waves with
propagation speeds +\,. If we make the asymptotically correct identification
uw(® (t,2) ~ (Pa(z/7) + P_olz/r))u(t, z), then (4b) and (4a) are seen to be
equivalent.

4. COMMUTATION PROPERTIES
Define the usual angular momentum and scaling operators
Qi =20, —270; and S = td; + 10,

The angular momentum operators must be “corrected” in order that they
commute with A(V) and B(V). For rotationally invariant systems, one uses
the natural Lie derivatives, resulting in a constant linear map as a correc-
tion term, see [9], for example. Here, we must generalize this construction
slightly.
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The operators €2;; are invariant under Fourier transform, that is ;; =
F71Q;;F. Define the family of operators

ﬁz’j = Z FPa(&/1€)Q05Pa(€/1€)T,

a=—m

with & € R™ being the Fourier transform variable.
Lemma 1. If u,Q;ju € L*(R"), then ﬁiju € L*(R"), and
1920 = Qijull L2y < Clull2@ny.

Proof. From the definition of Qij, we see that

Qij = 145 + Zi5(V),
where the correction term Z;;(V) is an operator whose symbol is homoge-
neous of degree zero and is therefore bounded in L?. O

Lemma 2. Let u(t) be a solution of (la) with initial data ug satisfying
ug € L*(R™) and (1 + |z])|Vuo| € L*(R™).

Then the functions u(t), ﬁiju(t), Su(t) lie in L*(R™) for all t € R, they
solve (1a), and their L?-norms are conserved.

Proof. The assumptions on the initial data imply that ug, r0,ug, and Q;;u
lie in L2(R"). By Lemma 1, Qijuo also lies in L?(R™).

The solution of (1a) is represented by u(t) = T(t)ug = F~ exp it A(&)Fup.
By the symmetry condition (A1), the solution operator T'(¢) is an isometry
on L2(R"). Thus, [u(t) |2z = lluoll e

Since Q;;]¢| = 0, we have from the definition of ﬁij that [ﬁzj, A(V)] =0,
and hence [ﬁij,L((?)} = 0. It follows that ﬁiju(t) = T(t)ﬁijuo solves (1a),
and [|Qiju(t)| 12 mn) = [|Q;juol| f2(n)- Likewise, since [S, L(9)] = —L(9), we
have that Su(t) = T(t)[ro,up], with conservation of the norm.

([

5. PROOF OF THEOREM 1

The proof of Theorem 1 depends on the following version of the result in
[9] specialized to the homogeneous, inviscid case. We provide its short proof
for completeness.

Theorem 2. Assume that (A1),(A2),(A3) hold. Let u be a solution of
(1a),(1b) with n > 1 whose initial data satisfies

ug € L*(R™) and (1 + |z])|Vuo| € L*(R™).

Then there are positive constants pu and C, depending on the coefficients Ay
and By, such that the first derivatives Opu, k = 1,...,n satisfy the estimates

(5a) Pt Oku(t)| 2 (r<putyy < Clluollzwny + I70ruoll L2 (®n),
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and for any v >0

(5b)  [[(Aat = r)Pal@/|z])Okult)] L2({r>uty)
<C ||Qu0||L2(]R") + luoll L2@ny | + I70ruoll L2 ®n),
for each o = —m, ..., m.

Proof. By (A2), the expression |A(w)ul?, + |B(w)ul3, vanishes if and only if
u = 0. In other words, the map A(w)? + B(w)*B(w) in L(V,V) is positive
definite for each w € S"~!, and so there exists a constant u such that

Bu)?fuly < [AW)uly + |Bw)uliy,

for all w € V and w € S™!. Therefore, using the Fourier transform, we
obtain

(6) BpllVull L2eny < [[AV)ull 2mey + 1 B(V)ull 2(Rn),

for all functions u € H'(R").
Introduce a cut-off function ¢ € C*°(R) with 0 < ¢ <1 and

1, if 1
g O

Fixing 41 as in (6), define ¢, (t,r) = ((r/(ut)).
Let u solve (1a),(1b), and set v = 9, u, so that v is supported in {r < 2ut}.
By (6), we obtain

3ut|| Vol p2mny < ANV p2@ny + HB(V)v|l 2 ey
<(A(V) = 10 )| L2@ny + 20t || Vo] L2@ny + HIB(V)V| L2(R0).-
This yields the bound
@) pt[Vollzeny < |(FAV) = r0r)vll 2@e) + HIB(V)v]l L2 (e
Now since (ut 4 r)|0ktpu| < C, we have from (8) the estimate
Pt Okl L2 (gr<puty)

= pt|| vl L2 (fr<put})

< put]|Opv]| 2 (mmy

< [[(EA(V) = 70 )vl L2(rny + H B(V) ]| 2(Rn)

< [(EA(V) = rOr)ull 2wny + I B(V)ull 2n) + Cllul| 2(rn)

= [tL(9)u — Sull 2gny + I B(V)ul| 2rr) + Cllul| 2(rr)-
But since u solves (1a),(1b), this equals

1Sull 2(rny + Cllull L2gn)-

The estimate (5a) now follows from Lemma 2.
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Using the orthogonal projections P, (w), with w = x/r, and the vector
fields €2;;, we have the pointwise estimate

|(Aat = 7)Pa(w)djult, )y
= [Pa(w)(tA(w) — r1)dju(t, x)|v
< [(tA(w) = rD)dju(t, x)]v
= |(tAx — rw* Dk diu(t, )|y

Jw
= |(tA), — r*I) (w8 + ij)( )|y

- ' [wj(tA(V) —710,) + (tA, — 1T )Tﬂkg} u(t, )

A%

t
< |(tA(V) — rop)u(t, z)|v+ C ‘7“ + 1‘ |Qu(t, )|y
= |Su(t, x)|\7+C" + 1‘ |Qu(t, x)|y.

An integration over the region {r > vt} yields
[t = 1)o@/ DOt 22y < 1Su(®) 2, + CID L 2(any.

The estimate (5b) now follows by an application of Lemmas 1 and 2.

As a final preparation, we need the following approximation result.

Lemma 3. If u € L*(R") satisfies the constraint equation (1b), then for
any e >0, k=1,...,n, there exists v° € S(R™) satisfying (1b), as well as
the estimate

[u — kv Lomn) < €.

Proof. A function u € L?(R") satisfies the constraint equation (1b) if and
only if Fu(€) € ker B(n), n = £/|€]. By (A2), ker A(n)* = ker B(n), so this
is equivalent to saying

Fu(§) = QmFu(§), Q) =1—"Po(n),

where Py(n) is the orthogonal projection of V onto ker A(n).

The class S(R") is dense in L?(R"), so we may choose Fw € S(R"),
such that [|Fu — Fwl|[r2@ny < €/2. Fix k = 1,...,n, and, using the cut-off
function (7), choose § = §(g) > 0 small enough so that

I1C(€* /0)Fwl| 2 (gmy < &/2.
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Finally, define Fv¢ = (i¢*)71Q(n)(1 — ¢(£¥/6))Fw(€). Then v° € S(R™),
v® satisfies (1b), and we have the estimate
lu = 8% L2y = [Fu(€) — Qn)(1 = C(€"/8))Fw(€)l| L2 (m)
= Q) (Fu(&) — (1 = ¢("/8))Fw ()| 2 gy
< [[Fu(€) = (1 = (€ /8)Fw(€)| 2 @n)
< ||Fu — Fwll L2 @ny + 1€ /8)Fw]| L2@n)
<e/2+¢/2=c¢.
(]

Proof of Theorem 1, (3b). Choose 0 < 0 < min{|A\q — Ag|/2 : a # B}
Assume that ug satisfies the assumptions of Theorem 2.

If o =—m,...,0, then A\, <0, and so for r > vt, we have |\t —r| > vt.
Taking v = p in Theorem 2 and combining (5a),(5b), we see that

P/ a) OB 2y < C.
fora = —m,...,0.
On the other hand, if a = 1,...,m, we write
Ot X{hat—r[>6t) = O X{Aat—r|>6t}n{r<bt} T O X{|\at—r|>6t}n{r>6t}
< ot X{r<st} t [Aat — | X{r>6t}-
Thus, taking v = § in (5b), we get from Theorem 2
11 Pa /12Ot (8) | 2 (ret 50}
< 0t||Pa(@/[@]) Opu(®)] L2 (fr<st)}
+ [(Aat = 7)Pala/|2])Oku(t)|| L2 ((r>6ty)
<C.
We conclude that

10ku(t)—= >~ X{irat—r|<sty Pal/ 2] Opu(t)[| p2rny

a=1

0
< Y Pale/|2])du(t) | g2 ny

a=—m

+ ) N Pala/ ) Ot L2 (g rat—r(>st})
a=1

<Cot,
thereby proving (3b). O
Proof of Theorem 1, (3a). Now assume merely that ug € L*(R"). Let &’ > 0
be given. Using Lemma 3 with € = £'/3, choose v € S(R") satisfying (1b)
and
luo — Okv§llp2(mny < &,
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for some k=1,...,n.
Let v° solve (1a),(1b) with initial data vj. By energy conservation, we
have that

[u(t) = Okv® (B)|| L2(mn) = lluo — Okv5lL2(mny < e

Moreover, we have that

1> Xpat—ri<yPal@/|z]) (u(t) — 050" (£)) || L2y

a=1
< Ju(t) = Okv* () 2mny < e

Adding and subtracting 0v®, we estimate as follows

()= Xgnat—ri<oty Pal@/ |2 yu(®)l| L2 gy
a=1
< [Ju(t) — Okv* ()| L2 (rn)

F 1005 () =D X{irat—r|<sty P/ 2])Oxv® (8) | L2 (m)

a=1

m
1D Xqat—ri<sty Palz/|2]) (w(t) — Oxv® (1)l 2 -
a=1
The first and third terms are both smaller than e = ¢’/3, while the middle
term is O(¢t~1). Therefore, for ¢ sufficiently large, the sum of the three terms
is smaller than &’.

O
6. EXAMPLES
Wave equation. The wave equation for ¢ : R x R — R
02p—PAp=0
can be written in the form (1a) using u = 9¢ = (91, Vo) € V = R*" ! with
the inner product diag(c=2,1,...,1). The coefficient matrices are

—Ap =P Qe +er ey, k=1,...,n,

where {ey}"_, denotes the standard basis on V. The constraint equations
(1b) consist of

o! — o' =0, i,j=1,...,n.
The assumptions (A1)-(A3) are easily verified, see [9].
The symbol has eigenvalues 0, +¢, and from (2)
Pi(a/r) = (2¢%) " A(x/r)? + Alz/r)).
After a bit of calculation, Theorem 1 gives

{am]_ 10 9e(t) — coo(t) o
Vo(t)| ~ Xetrl<et2 g | (9,4(t) — ¢ 0 (1)) (/)| T
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in L2(R"), as t — oo.
Maxwell’s equation. The homogeneous Maxwell system for an electro-
magnetic field (E, H) : R x R? — R? x R3 takes the form
el —cVANH=0
wotH +cVANE =0
with the constraints
V-eE=0, V-uH=0.
Taking V = R? x R? with the inner product
(u,u'yy = ((E,H),(E', H"))y = e(E, E"\gs + u(H, H )gs,
the system satisfies the assumptions of Theorem 1.
In this case, the symbol is given by

A(Z)u=(-£2nm 2 nE),
r ET Qnr

and the eigenvalues are 0, £\ = £c/,/Et.
Once again, using (2),we have

1
Pu(a/r) = 5yg(Alw/r)? + Ala/r)).
Unravelling Theorem 1, we find that
El 1IE—(E,z/r)gs (x/r) = E(x/r) NH 0
H| ~ M—rl<¥} 3 |H — (H,x/r)ps (x/r) + S(x/r) ANE :

in L?(R3), as t — oo. See also [1, 5, §].
Linear isotropic elasticity. In linear isotropic elasticity, the material dis-
placement vector ¢ : R x R? — R3 satisfies the system
Op—BAp— (3 —B)V(V-6) =0, c¢1>cy>0.
This can be written in the form (1a) using the deformation gradient F} =
Opd* and velocity 0,¢" as variables:

(9a) OF —Vu=0

(9b) O —V-TF =0,

in which 7' € L(R? ® R?,R? ® R3) is defined by

(9c) TF=cF + (3 —c3)tr F I
The constraints (1b) are

(9d) OmF} — OgF: =0, i,0,m=1,23.

The natural vector space is therefore V = (R?*®@R?) x R, and with the inner
product

<u’ﬂ>\7 = <(F7/U)’ (va[)»v = tr [(TF)F*} + <07@>R37
the system (9a)-(9d) satisfies the conditions of Theorem 1.
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The symbol A(w) € L('V,V) is given by

Alw)u = A(w)(F,v) = —(v @ w, TFw),

which has eigenvalues 0,+cs, +c;. Thus, this system has multiple propa-
gation speeds. The principal components, according to Theorem 1, are a
one-dimensional family of fast pressure waves

1 x

Pru=sa [atwn ) (@ -AF-o- @0 D] (Lo Lal).

77617
T r

wy = ¢ — c10,9.

and a two-dimensional family of slow shear waves

1 T T T

1 B LN Y T\x
P =5z (—eatws = s, D)@ T B — (1))
Wg = at¢ - C2ar¢-

With 6 = min{ce/2, (¢1 — ¢2)/2}, we have

See

[10]
(11]

U= X{lert—r| <6t} PFU = X{Jest—r|<ot} Pstt — 0, in L*(R?), as t — oco.
also [6, 7].
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