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CHAPTER 1

Linear Systems

1.1. Exponential of a Linear Transformation

Let V be a finite dimensional normed vector space over R or C.
L(V') will denote the set of linear transformations from V' into V.

DEFINITION 1.1.1. Let A € L(V'). Define the operator norm

Ax
(Y -y
x#£0 ||| lzll=1

Properties:

- ||A|| < oo, for every A € L(V).
- L(V) with the operator norm is a finite dimensional normed
vector space.

- | Az|| < ||A||||x||, for every A € L(V) and x € V.
B < B, for every A, B € L(V).

DEFINITION 1.1.2. A sequence {A,} in L(V') converges to A if and
only if
lim ||A, — A =0.
With this notion of convergence, L(V') is complete.
All norms on a finite dimensional space are equivalent, so A, —

A in the operator norm implies componentwise convergence in any
coordinate system.

=1
DEFINITION 1.1.3. Given A € L(V'), define exp A = Z HAk'
k=0

The exponential is well-defined in the sense that the sequence of
partial sums

S, = Xn: %A’“
k=0

1



2 1. LINEAR SYSTEMS

has a limit. This can be seen by showing that S,, is a Cauchy sequence.
Let m < n. Then,

k=m+1

1
< 3 A
k=m-+1

1
< Y Sl
k=m+1

n—m—1

= ;)'”AHT”H Z ((m;wHAH’“

(m+1)! ~ (k+m+1)

1 — 1
< Am+1 = Ak
< A Y Al

1 m
= mHAH exp || Al|.

From this, we see that S,, is Cauchy.
It also follows that || exp A|| < exp ||A]|.

LEMMA 1.1.1. Given A, B € L(V), we have the follow properties:

) exp At ezists for all t € R.

) exp A(t + s) = exp Atexp As = exp Asexp At, for allt,s € R.

) exp(A+B) =expAexp B =expBexpA, pmmded AB = BA.

) e Xp At is invertible for everyt € R, and (exp At)™' = exp(—At).
)

(1
2
(3
(4
(

5 XpAt:Aeprt:eXpAt A.

PROOF. (1) was shown in the preceding paragraph.

(2) is a consequence of (3).

To prove (3), we first note that when AB = BA the binomial
expansion is valid:

k
(A+ B)* Z( >AJB’“ J

Jj=0
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Thus, by definition

exp(A+ B) = i l(A + B)k

m —
=07 k= 7

_ T Ad —nt

- A Zg!B

=exp Aexp B.

The rearrangements are justified by the absolute convergence of all
series.

(4) is an immediate consequence of (2).

(5) is proven as follows. We have

[(At) exp A(t + At) exp At] — exp At A||
= || exp At{(At) exp AAL — I] — A}||

& At k—1
exp At Z %Ak
k=2 '

2 - (A2
AAtZ 0 A
k=2
< |AHJA|? exp [|Al|(|t] + |At]).

This last expression tends to 0 as At — 0. Thus, we have shown that

< [Jexp At

d
7 exp At = exp At A. This also equals A exp At because A commutes
with the partial sums for exp At and hence with exp At itself. O

1.2. Solution of the Initial Value Problem for Linear
Homogeneous Systems

THEOREM 1.2.1. Let A be an n X n matrix over R, and let xq € R™.
The initial value problem

(1.2.1) () = Ax(t), x(ty) = xo
has a unique solution defined for all t € R given by
(1.2.2) x(t) = exp A(t — to) xo.
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ProOF. We use the method of the integrating factor. Multiplying
the system (1.2.1) by exp(—At) and using Lemma 1.1.1, we see that
x(t) is a solution of the IVP if and only if

%@@@Amﬁﬂza ©(to) = mp.

Integration of this identity yields the equivalent statement
exp(—At)z(t) — exp(—Aty)zo =0,

which in turn is equivalent to (1.2.2). This establishes existence, and
uniqueness. O

1.3. Computation of the Exponential

The main computational tool will be reduction to an elementary
case by similarity transformation.

LEMMA 1.3.1. Let A, S € L(V') with S invertible. Then
exp(SAS™!) = S(exp A)S™.

ProoF. This follows immediately from the definition of the expo-
nential together with the fact that (SAS™1)* = SA*S~1 for every
ke N. O

The simplest case is that of a diagonal matrix D = diag [\, ..., \,].
Since D* = diag [A¥, ..., A\f], we immediately obtain

exp Dt = diag [exp \it, ..., exp \,t].

Now if A is diagonalizable, i.e. A = SDS™!, then we can use Lemma
1.3.1 to compute

exp At = Sexp Dt S~

An n x n matrix A is diagonalizable if and only if there is a ba-
sis of eigenvectors {v;}7_,. If such a basis exists, let {)\;}7_; be the
corresponding set of eigenvalues. Then

A=SDS™,

where D = diag [A1,...,\,] and S = [vy---v,] is the matrix whose
columns are formed by the eigenvectors. Even if A has real entries, it
can have complex eigenvalues, in which case the matrices D and S will
have complex entries. However, if A is real, complex eigenvectors and
eigenvalues occur in conjugate pairs.
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In the diagonalizable case, the solution of the initial value problem
(1.2.1) is

x(t) = exp At w9 = Sexp Dt S™'xg = Z cj exp At vj,
j=1

where the coefficients ¢; are the coordinates of the vector ¢ = S 2.
Thus, the solution space is spanned by the elementary solutions exp A;t v;.

There are two important situations where an n x n matrix can be
diagonalized.

- A is real and symmetric, i.e. A = A”. Then A has real eigen-
values and there exists an orthonormal basis of real eigen-
vectors. Using this basis yields an orthogonal diagonalizing
matrix S, i.e. ST = S71.

- A has distinct eigenvalues. For each eigenvalue there is always
at least one eigenvector, and eigenvectors corresponding to
distinct eigenvalues are independent. Thus, there is a basis of
eigenvectors.

An n x n matrix over C may not be diagonalizable, but it can
always be reduced to Jordan canonical (or normal) form. A matrix J
is in Jordan canonical form if it is block diagonal

By
J p—
Bp
and each Jordan block has the form
A1 0 -+ 0
0 X 1 0
B = .
0O0 --- X 1
00 --- 0 X

Since B is upper triangular, it has the single eigenvalue A with multi-
plicity equal to the size of the block b.
Computing the exponential of a Jordan block is easy. Write

B=M+N,

where NV has 1’s along the superdiagonal and 0’s everywhere else. The
matrix NN is nilpotent. If the block size is d x d, then N¢ = 0. We also
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clearly have that A\l and N commute. Therefore,
d—1 ,;
LN

exp Bt = exp(Al + N)t = exp Mt exp Nt = exp(At) S
g1
J=1

The entries of exp Nt are polynomials in ¢ of degree at most d — 1.

Again using the definition of the exponential, we have that the
exponential of a matrix in Jordan canonical form is the block diagonal
matrix

exp Bt
exp Jt =
exp Byt

The following central theorem in linear algebra will enable us to

understand the form of exp At for a general matrix A.

THEOREM 1.3.1. Let A be an n x n matriz over C. There exists a
basis {v;}j_, for C* which reduces A to Jordan normal form J. That
is, if S = [vy---v,] is the matriz whose columns are formed from the
basis vectors, then

A=S8JS1.
The Jordan normal form of A is unique up to the permutation of its

blocks.

When A is diagonalizable, the basis {v;}_, consists of eigenvectors
of A. In this case, the Jordan blocks are 1 x 1. Thus, each vector v,
lies in the kernel of A — A;I for the corresponding eigenvalue A;.

In the general case, the basis {v; };L:l consists of appropriately cho-
sen generalized eigenvectors of A. A vector v is a generalized eigen-
vector of A corresponding to an eigenvalue \; if it lies in the kernel
of (A — \;I)* for some k € N. The set of generalized eigenvectors
of A corresponding to a given eigenvalue ); is a subspace, E(};), of
C", called the generalized eigenspace of A;. If {)\j}?zl are the distinct
eigenvalues of A, then

C'=EMN) @ ®E(\),

as a direct sum.

We arrive at the following algorithm for computing exp At. Given
an n X n matrix A, reduce it to Jordan canonical form A = SJS!,
and then write

exp At = Sexp Jt S~
Even if A (and hence also exp At) has real entries, the matrices J and
S may have complex entries. However, if A is real, then any complex
eigenvalues and generalized eigenvectors occur in conjugate pairs.
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1.4. Asymptotic Behavior of Linear Systems

DEFINITION 1.4.1. Let A be an n X n matriz over R. Define the
complex stable, unstable, and center subspaces of A, denoted EC, ET,
and ET, respectively, to be the linear span over C of the generalized
eigenvectors of A corresponding to eigenvalues with negative, positive,
and zero real parts, respectively.

Arrange the eigenvalues of A so that Re \; < ... < Re \,,. Partition
the set {1,...,n} = J,U J.U J, so that

Re \; <0, 7€ Js
Re \; =0, Jj € Je
Re A; > 0, J € Ju.
Let zq,...,2, € C" be a basis of generalized eigenvectors corre-

sponding to the eigenvalues A{,..., \,. Then
span {z;:j € J,} = ES
span {x; :j € J.} = ES
span {z;: j € J,} = EC.
It follows that C"* = E€ + E + EC is a direct sum. Thus, any vector
x € C" is uniquely represented as
¢ = P+ Pa+ P € ES+ ES + EC.

The maps Ps, P,., P, are linear projections onto the complex stable,
center, and unstable subspaces. Thus, we have

P’=P, P’=P., P’=P,
Since these subspaces are independent of each other, we have that
P,P.=P.P,=0,...

Since these subspaces are invariant under A, the projections commute
with A, and thus also any function of A, including exp At.

Since A isreal, if v € C™ is a generalized eigenvector with eigenvalue
A € C, then its complex conjugate v is a generalized eigenvector with
eigenvalue . It follows that the subspaces EC, EC, and ET are closed
under complex conjugation. For any vector z € C", we have

Pax+ Pax+ Px=x=Px+ P.x+ P,T.

This gives two representations of Z in E€ + E¢ + EC. By uniqueness
of representations, we must have

Pz =Px, P.iz=Px, P,=DP,z.
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So if x € R™, we have that
P, =Px, P.a=Px, P,x=DP,ux.
Therefore, the projections leave R" invariant:
P,:R"—R" P :R"—R" P, :R"—R"

DEFINITION 1.4.2. Let A be an n x n matriz over R. Define the
real stable, unstable, and center subspaces of A, denoted E,, E,, and
E., to be the images of R™ under the corrsponding projections:

E,=P,R", E.=P.R", E,=P,R"

We have that R" = F, + E. + E, is a direct sum. When restricted
to R™, the projections possess the same properties as on C".

The real stable subspace can also be characterized as the linear span
over R of the real and imaginary parts of all generalized eigenvectors
of A corresponding to an eigenvalue with negative real part. Similar
statements hold for F, and F,,.

We are now ready for the main result of this section, which estimates
the norm of exp At on the invariant subspaces. These estimates will be
used many times.

THEOREM 1.4.1. Let A an n X n matriz over R. Define
—Xs =max{\; :j € J;} and N\, =min{)\;:j € J,}.

There is a constant C > 0 and an integer 0 < p < n, depending on A,
such that for all x € C",

|lexp At Px|| < C(1+ t)pe”\st P.x||, t>0
lexp At Pex|| < C(1 + [t])?|| Pex|l, teR
| exp At P,z| < C(1 — t)P e || Pl t <O0.

Remark: The exponent p in these inequalities has the property that
p+1 is the size of the largest Jordan block corresponding to eigenvalues
Aj with j € Jg, J., Jy, respectively.

Proor. We will prove the first of these inequalities. The other two
are similar.

Let {x;}}_, be a basis generalized eigenvectors with indices ordered
as above. For any x € C", we have

n

x:E c;xj, and Psng CjTj.

j=1 J€Js
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Let S be the matrix whose columns are the vectors x;. Then S
reduces A to Jordan canonical form: A = S(D + N)S™!, where D =
diag(Aq, ..., A\,) and NPT =0, form some p < n.

If {e; 71 is the standard basis, the Se; = z;, and so, e; = S™lz;.

We may write

exp At P,x = S exp Nt exp Dt S™'P,x
= S exp Nt exp Dt chej

J€Js
=S exp Nt Z c; exp(Ajt)e;
Jeds
=S5 expNty.

Taking the norm, we have
lexp At P[] < [|S]|[| exp Nt .

Now, y € span {e; : j € J,}, and so if p + 1 is the size of the
largest Jordan block corresponding to eigenvalues {)\; : j € Ji}, then
NPTy = 0. Thus, we have that

Pk
t
exp Nty = E gNky,

=0
and so, for ¢ > 0,
Pk
lexp Nty <> IV < i+l
=0
Next, we have, for ¢t > 0,
2
lyll> = || D cjexp(At)e;
j€ds
= Z c;]? exp(2Re A;t)
j€ds
< exp(—2Mt) Y Jej?

J€Js
= exp(—2)\st)HS_1Pst2
< exp(—=2A,t) |57 Pox||?,

and so ||y]| < Cyexp(—=Ast)|| Psz]|.
The result follows with C = CC,.
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All of the results in this section hold for complex matrices A, ex-
cept for the remarks concerning the projections on R™ and the ensuing
definitions of real invariant subspaces. We will not need this, however.

Notice that for any € > 0, the function (1+t?) exp(—et) is bounded
on the interval ¢ > 0. Thus, for any constant 0 < a < \,, we have that

(1 4+ ") exp(—Agt) = (1 + t7) exp|—(As — a)t] exp(—at) < Cexp(—at).

It will be convenient to use this slightly weaker version.



CHAPTER 2

Existence Theory

2.1. The Initial Value Problem

Let © C R be an open connected set. We will denote points in
Q by (t,x) where t € R and z € R". Let f: Q — R” be a continuous
map. In this context, f(¢,z) is called a vector field on Q2. Given any
initial point (o, o) € 2, we wish to construct a unique solution to the
initial value problem

(2.1.1) 2(t) = f(t,z(t)) x(to) = zo.
In order for this to make sense, z(t) must be a C' function from some
interval I C R containing the initial time ¢, into R™ such that the
solution curve satisfies

{(t,x(t)) : t eI} C Q.

Such a solution is referred to as a local solution when I # R. When
I = R, the solution is called global.

2.2. The Cauchy-Peano Existence Theorem

THEOREM 2.2.1 (Cauchy-Peano). If f : Q@ — R™ is continuous,
then for every point (ty,xo) € § the initial value problem (2.1.1) has
local solution.

The problem with this theorem is that it does not guarantee unique-
ness. We will skip the proof, except to mention that it is uses a com-
pactness argument based on the Arzela-Ascoli Theorem.

Here is a simple example that demonstrates that uniqueness can
indeed fail. Let Q = R? and consider the autonomous vector field
ft, ) = |z|"/2. When (to,z0) = (0,0), the initial value problem has
infinitely many solutions. In addition to the zero solution z(t) = 0, for
any «, 3 > 0, the following is a family of solutions.

—t+a)? t<-a
z(t) =<0, —a<t<p
t=p82 Bt
This can be verified by direct substitution.
11
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2.3. The Picard Existence Theorem

The failure of uniqueness can be rectified by placing an additional
restriction on the vector field. The next definition introduces this key

property.
DEFINITION 2.3.1. Let Q C R™™! be an open set. A function f :

Q — R" is said to be locally Lipschitz continuous in x if for every
compact set K C €, there is a constant C'x > 0 such that

1f(E,x1) = f(t 22)|| < Okl — a2
for every (t,x1),(t,x2) € K. If there is a constant for which the in-
equality holds for all (t,x1), (t,z5) € Q, then f is said to be Lipschitz
continuous in x.

The function ||z||* is Lipschitz continuous for o = 1, locally Lip-
schitz continuous for @ > 1, and not Lipschitz continuous (on any
neighborhood of 0) when o < 1.

LEMMA 2.3.1. If f : Q — R™ is C!, then it is locally Lipschitz
continuous in x.

THEOREM 2.3.1 (Picard). Let Q@ C R"™! be open. Assume that
f:Q — R"™ is continuous and that f(t,z) is locally Lischitz continuous
in x. Let K C Q be any compact set. Then there is a § > 0 such that
for every (to,zo) € K, the initial value problem (2.1.1) has a unique
local solution defined on the interval |t — to| < 0.

Before proving this important theorem, it is convenient to have the
following technical “Covering Lemma”.

First, some notaion: Given a point (¢,x) € R"*! and positive num-
bers r and a, define the cylinder

Clt,r)={(t",2) e R"™ :||lz —2/|| <r, [t—t| <a}.

LEMMA 2.3.2 (Covering Lemma). Let K C © C R™ x R with Q
an open set and K a compact set. There exists a compact set K' and
positive numbers r and a such that K C K' C Q and C(t,z) C K', for
all (t,x) € K.

PROOF. For every point p = (t,x) € K, choose positive numbers
a(p) and r(p) such that
D(p) ={(t',2') e R |z — /|| < 2r(p), [t =] < 2a(p)} C Q.

This is possible because € is open.
Define the cylinders

C(p) ={(t',2") e R™ t o — 2’| <r(p), [t —¥'| < alp)}.
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The collection of open sets {C'(p) : p € K} forms an open cover of the
set K. K is compact, therefore there is a finite number of cylinders
C(p1),-..,C(pn) whose union contains K. Set
K'= vale(Pz)-
Then K’ is compact, and
K CcUY,C(p;) CUYL,D(p;) = K' C Q.
Define
a=min{a(p;):i=1,...,N} and r=min{r(p;):i=1,...,N}.

The claim is that, for this uniform choice of a and r, C(t,z) C K’,
for all (t,z) € K.

If (t,x) € K, then (t,z) € C(p;) for some i =1,...,N. Let (t,2') €
C(t,x). Then

2" = @il| < [la" = 2| + |l — 2] < a+alps) < 2a(p;)
and
[t =t < |t —t|+ [t —t| <r+rp) < 2r(p).

This shows that (¢',2') € D(p;), from which follows the conclusion
C(t,z) C D(p;) C K. O

Proor oF THE PICARD THEOREM. The first step of the proof is
to reformulate the problem. If z(¢) is a C'! solution of the initial value
problem (2.1.1) for |t — ty| < 0, then by integration we find that

(2.3.1) x(t) = xo + /ttf(s,x(s))ds,

for |t — to| < 0. Conversely, if z(t) is a C° solution of the integral
equation, then it is C! and it solves the initial value problem (2.1.1).
Given a compact subset K C 2, choose a,r, K’ as in the covering
lemma.
Choose (tg, o) € K. Let 0 < a and set

I={llt—tl <0}, Br={llz—wol <r}, X;=C"UIsB).

Note that X; is a complete metric space with the sup norm metric.
By definition, if x € Xy, then

(s,2(s)) € C(tg, m9) C K' C Q,
for s € I5. Thus, the operator

Tz(t) = xo + / f(s,z(s))ds

to

is well-defined on X and the function T'z(t) is continuous for ¢ € Is.
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Define M; = maxg |f(¢,x)|. This claim is that if ¢ is chosen small
enough so that M6 < r, then T : X5 — X;. If x € X5, we have from
(2.3.1)

sup || Tz (t) — @ol| < M <,
Is

for t € I.

Next, let Mj be a Lipschitz constant for f(¢,z) on K'. If ¢ is further
restricted so that Myd < 1/2, then we claim that T : X5 — X5 is a
contraction. Let x1,x9 € X;5. Then from (2.3.1), we have

sup | Tz () = Twa(t)[| < Mad sup [l () — z2(t)]]
5 5

< 1/2 sup ||x1(t) — xo(2)]].

Is
So by the Contraction Mapping Principle, there exists a unique
function = € X such that Tz = x. In other words, z solves (2.3.1). O

Note that the final choice of § is min{a, r/M;, 1/M,} which depends
only on the set K and on f.

The alert reader will notice that the solution constructed above is
unique within the metric space Xy, but it is not necessarily unique in
C°(Is, B,). The next result fills in this gap.

THEOREM 2.3.2 (Uniqueness). Suppose that f : Q — R" satisifes
the hypotheses of the Picard Theorem. For j = 1,2, let z;(t) be so-
lutions of '(t) = f(t,x(t)) on the interval I;. If there is a point
to € 11 N Iy such that z1(ty) = x2(ty), then z1(t) = x2(t) on the in-
terval Iy N Iy. Moreover, the function

t tel
:L’(t) _ xl( ): SIS
[L’Q(t), tel,
defines a solution on the interval I; U I5.

PRroOOF. Let J C I N I5 be any closed interval with ¢, € J. Let M
be a Lipschitz constant for f(¢,z) on the compact set

{(t,21(t)) st € TYU{(t,22(t)) 1 t € J}.

The solutions x;(t), j = 1,2, satisfy the integral equation (2.3.1) on
the interval J. Thus, estimating as before

¢
[ M) = ) s
to
for t € J. It follows from Gronwall’s Lemma (below) that
[l z1(8) — z2(t)]| = 0

1 (t) = 22 ()] <
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fort € J.
From this it follows that x(t) is well-defined, is C*!, and is a solution.
U

LEMMA 2.3.3 (Gronwall). Let f(t), o(t) be nonnegative continuous

function on an open interval J = («, ) containing the point to. Let
Co Z 0. .[f

[ e)styas

to
t
/w@%
to

PROOF. Suppose first that ¢ € [tg, 3). Define

F(t) =cot [ pl5)f(5)ds.

to

f(t) <co+

9

for allt € J, then

f(t) < coexp

9

forte J.

Then F is C! and

F'(t) = o(t) f(t) < (1) F (1),
for t € [to, 3), since f(t) < F(t). This implies that

% [exp <_ /t:go(s)ds) F(t)] <0,

for t € [to, 3). Integrate this over the interval [to, T) to get

f(r) < F(1) < cpexp /T o(s)ds,

to
for 7 € [to, ).

On the interval (a, to], perform the analogous argument to the func-
tion

mw=%+[ZMV@@.

2.4. Extension of Solutions

THEOREM 2.4.1. For every (to,xo) € ) the solution to the ini-
tial value problem (2.1.1) extends to a maximal existence interval I =
(e, B). Furthermore, if K C § is any compact set containing the point
(to, xo), then there exist times a(K), B(K) such that (t,z(t)) ¢ K, for

t € (a, a(K)) U (B(K), 5).
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PROOF. Define the sets

A = {a <ty : there exists a solution of the IVP on [a, o]}
B = {b >ty : there exists a solution of the IVP on [ty,b]}.

The existence theorem guarantees that these sets are nonempty, so we
may define

a=inf A and 3 =supB.

Note that a and/or [ could be infinite — that’s ok.

Choose sequences a; € A and 3; € B with o; | aw and 3; T 3. On
each interval [ay, ;] we have a solution. By the uniqueness theorem
(2.3.2), we obtain a unique solution on («, ().

If (o/, ) is another interval on which a solution exists, we have
that a € A for all o < a < ty. Taking the infimum of all such a we
have that o’ > «. Likewise, we have that ' < (3. Thus, we obtain
(o, ") C (a, B), which proves maximality.

Let K C € be compact with (to,z9) € K. Let |t — to| < ¢ be the
uniform existence interval given by the existence theorem (2.3.1).

If 3 = +o0, then choose T' > 0 so that K C [-T,T] x R™. Set
B(K)=T. Then §(K) < § and (t,z(t)) ¢ K for t > B(K).

So we may now assume that § < +oo. Define §(K) = 3 — §/2.
Suppose that (¢,z(t)) € K for some t € (3(K),[3). Let Z(t) solve
the initial value problem with Z(#) = z(f). Then we have that Z(t) is
defined at least for |t — ¢| < . By the uniqueness theorem (2.3.2), the
function

o (), te (o f)
1) = {:z(t), te (F—0,+0)

is a well-defined solution passing through the point (¢g, x¢) on an inter-
val which properly contains the maximal interval («, /3), since t + 6 >
B. From this contradiction, we conclude that (¢,z(t)) ¢ K for all

t e (B(K),0). -

As an example, consider the IVP

the solution of which is
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We see that the maximal interval of existence depends on the initial
value xg:

(—00, 00), if o =0
I=(a,08) =1 (—00,1/zqg), ifxg>0
(1/xg,00), if 29 <O.

2.5. Continuous Dependence on Initial Conditions

DEFINITION 2.5.1. A function g from R™ into R U {co} is lower
semi-continuous at a point yo provided liminf g(y) > g(yo)-
Y—Y%o

Equivalently, a function g into R U {oco} is lower semi-continuous
at a point yo provided for every L < g(yo) there is a neighborhood V' of
Yo such that L < g(y) fory € V.

Let Q2 C R"™! be an open set. Let f : (¢,x) € Q — R" be continuous
and locally Lipschitz continuous in x. Given (to,z¢) € Q, let x(¢, ty, o)
denote the unique solution of the IVP

¥ = f(t,z), x(ty) = zo,
with maximal existence interval I(to, xo) = ((to, xo), B(to, To))-
THEOREM 2.5.1. The domain of x(t,to, x¢), namely
D = {(t,to, z0) : (to, o) € Q, t € I(to,x0)},

is an open set in R"2.

The function x(t,to, xo) is continuous on D.

The function [(3(to, o) is lower semi-continuous on Q, and the func-
tion a(ty, xo) is upper semi-continuous on 2.

PROOF. Fix (tg,z9) € Q. We will use the abbreviations zy(t) =
[E(t,to, l’o), g = Ck(t(), CC()), and 50_: 5(25(), ZL'()). 3

CLAIM. Choose any pair @, (3 such that Gy < 0 < @ < ag. Given
any € > 0, there exists a neighborhood V' C ) containing the point
(to, xo) such that for any (t1,2z1) € V, the solution z(t) = z(¢,t1, 1)
is defined for t € [@, (], and

[1 () = zo(t)]| <,

for t € [a, f].

Let’s assume that the CLAIM holds and use it to establish the
theorem.

To show that x(t,tg, zo) is continuous, fix (¥, t9,x9) € D and let
e > 0 be given. Choose @, 3 such that ag < @ < t' < 3 < fo.
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By the CLAIM, there is a neighborhood (ty,29) € V' C €2 such that
x1(t) = x(t, t1, 1) is defined for (t;,21) € V, t € |@, 5], and

1 () = zo()]| < /2,

for t € [a, f].

Now x((t) is continuous as a function of ¢ on [&
solution of the IVP. So there is a § > 0 with {|t — ¢
such that

], since it’s a

| < 6} C [a, ),

lzo(t) = zo(t)| < /2,

provided [t —t'| < 4.
For any (t,t1,21) € {|t —t'| <0} x V, we have that

Hx(tﬂt17x1> - x(t/7t07x0)|’ < ||$<t,t1,l‘1) - I(t,to,x())H
+ ||$(t,t0,l’0) — l’(t,,to,l’o)H
<eg/2+¢/2=¢.

This proves continuity.

Let (t',tg, o) € D. In the preceding, we have seen that the set
{|t =t'| <} x V is a neighborhood of (¢, ty, o) which is contained in
D. This shows that D is open.

Using the CLAIM again, we have that for any 3 < 3, there is a
neighborhood V' C Q of (o, x¢) such that (¢;,z;) € V implies that
x(t,ty, 1) is defined for t € [t, 3]. This says that 3(t;, ;) > 3, which
in turn means that 3 is lower semi-continuous at (to,zo). The proof
that a is upper semi-continuous is similar.

It remains to prove the CLAIM.

Consider the compact set K = {(s,z¢(s)) : s € [a,5]}. By the
covering lemma, there exist a compact set K’ and numbers a,r > 0
such that K € K’ C 2 and

C(s,mo(s)) ={(s,2") : | — s| <a, ||z —xo(s)|| <r} C K,

for all s € [a, B]. Define M; = max || f(t,x)|| and let M5 be a Lipschitz

constant for f on K.
Given 0 < € < r, choose § small enough so that ¢ < a, § < r,

{|t —to] <} C |a, 5], and

My +1)expMy(f—a) <e <.

Set V.= {(t,z) : |t —to] < 0, ||x — mo|]| < d}. Notice that V' C
C(to,l’o) C K.
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For |t; — to] < §, we have

lao(ts) — 2ol = | / (s, xo(s))ds]

< M|ty — tol
< M;56.

Now let x1(t) = z(t, t1, x1) which is defined on the maximal interval

(a(ty,m1), B(t1, 1)) = (a1, B1). Define
t* = sup{t : (s,21(s)) € K', s € [t1,1]}.

Since (t,x1(t)) must eventually exit K’ we have that t* < ;. For

t < min(t*, ), we have that (¢, z;(t)) € K', i =1,2.
Since

zi(t) = x; +L f(s,x;(s))ds,

1= 1,2, we have
x1(t) — xo(t) = z1 — 20 +/ f(s,x1(s))ds — / f(s,20(s))ds

=1z —xo+ x9 — To(t1) + / [f(s,21(s)) — f(s,z0(s))]ds,

t1

For t; < t < min(t*, 3), we now have the following estimate:

[21(8) = 2o < ll21 = @oll + [0 = o(t1)]

T / (s (8)) — F (s, zo(s)) | ds
< (14 M) —I—/t Ms||z1(s) — zo(s)]|ds.

By Gronwall’s inequality and our choice of §, we obtain
[21(t) —2o(t)|| < 0(1+ My)exp Mt —t1] <e <,

for t; < t < min(t*, 3). Throughout this time interval, we see that
(t,21(t)) € C(t,20(t)) C K'. Thus, we have shown that 3 > t* > 3,
and that x;(t) remains within € of z¢(¢). This completes the proof of
the CLAIM.

O
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2.6. Flow of a Nonautonomous System

Let f : Q — R™ be a vector field which satisfies the hypotheses
of the Picard Theorem 2.3.1. Given (to,x9) € Q, let x(t,t9,x0) be
the corresponding solution of the initial value problem defined on the
maximal existence interval I (to, zo) = (a(to, z0), B(to, zo)). Recall that
the domain of x(t, g, zo) is

D = {(t,tg, 20) € R"™ : (ty,20) € Q, t € I(ty, o)}
LEMMA 2.6.1. Let (s,tg,z0) € D. Then
I(to, x0) = I(s,x(s, o, x0))
and
x(t, to, xo) = x(t, s, z(s, to, zo))
for all t € I(to, zo).

Proor. This is a consequence of the uniqueness theorem (2.3.2).
Both solutions pass through the point (s, (s, g, zo)), and so they share
the same maximal existence interval and they agree on that interval.

0
LEMMA 2.6.2. If (s,to,x0) € D, then (to,s,z(s,to,x0)) € D and
x(to, s, (s, o, o)) = Zo.
PROOF. Let (s,t9,x9) € D. Then by Lemma (2.6.1), we have
to € I(to, xo) = I(s,x(s,to, x0),
and we may substitute ¢y for ¢ to get the result:
xo = z(to, to, zo) = x(to, s, (s, o, xo)).
O

DEFINITION 2.6.1. Lett,s € R. The flow of the vector field f from
time s to time t is the map O, s(y) = x(t, s,y). The domain of the flow
map 1s therefore the set

Ult,s)={yeR":tel(s,y)}.

Notice that U(t,s) C R™ is open because the domain D is open. It
is possible that U(t, s) is empty for some pairs ¢, s.
Lemma 2.6.1 says that

Dyy, s Ult,to) NU(s,tg) — Ult,s)
and

Dy (y) = @0 Py (y), y €Ut tg) NU(s,tp).
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Lemma 2.6.2 says that
D4 2 Uls,to) — Ulto, s)

and

q)to,s © q)57t() (y) =Y, Yy € U(37 tO)

It follows that @, is a homeomorphism from U(s,ty) onto Ul(ty, s).

2.7. Flow of Autonomous Systems

Suppose now that the vector field f(t,z) = f(x) is autonomous.
Then we may assume that its domain has the form 2 = R x O for an
open set O C R™.

LEMMA 2.7.1. Let xo € O, t,7 € R. Then
t+7 € I(ty,zo) if and only if t € I(to — T, x0),

and
x(t+ 7, ty, x0) = x(t, to — T,20), for t€ I(ty—T,x0).

PROOF. Let y(t) = z(t + 7,19, z9). The function y(t) is defined for
allt € J={t:t+7 € I(ty,x0)}. Since the system is autonomous, y(t)
solves the equation y' = f(y) on the interval J. Since y(ty — 7) = o,
it follow by the uniqueness theorem 2.3.2 that

x(t + 7, t9, x0) = z(t, to — T, x0),
and I(tg, xo) = J. O
Lemma 2.7.1 says that
U(t+ 1,t) =U(t,tg — 1)
and
Dy = Prig—r
If we combine this fact with the general result, we have that
CI)tJrs,o = CDtJrs,s o ®s,0 = q)t,O o (I)s,Oa
on the domain U(t + s,0) N U(s,0).

DEFINITION 2.7.1. Given zy € O, define the orbit of xo to be the
curve

Y(zo) = {x(t,0,20) : t € 1(0,20)}.
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Notice that the orbit is a curve in the phase space O C R", as
opposed to the solution trajectory {(¢, x(¢, to, x0)) : t € I(to, x¢)} which
is a curve in the space-time domain 0 C R**!.

For autonomous flow, we have the following strengthening of the
Uniqueness Theorem 2.3.2.

THEOREM 2.7.1. If z € v(xo), then y(xo) = v(2). Thus, if two
orbits intersect, then they are identical.

PROOF. Suppose that z € vy(xp). This means that z = x(to, 0, zo)
for tg € 1(0,zp). Or in terms of the flow, this says that z = @y, o(z0).
Using the property of autonomous flow, we have

(I)t,o(l“o) = CI’t—to,o o CI’to,o(ffo) = (I)t—to,o(z)~

This shows that an arbitrary point ®;0(x¢) € vy(zo) belongs to v(z).
Replacing ¢ with ¢ + ¢, shows that an arbitrary point ®;(z) € v(z)
belongs to v(xo).
Thus, v(x¢) = v(2). O

From the existence and uniqueness theory for general systems, we
have that the domain 2 is foliated by the solution trajectories

{(t,z(t, to, x0)) : t € I(ty,x0)}-

That is, every point (fp,x9) € € has a unique trajectory passing
through it. This result says that, for autonomous systems, the phase
space O is foliated by the orbits.

Since ' = f(x), the orbits are curves in O everywhere tangent to
the vector field f(x). They are sometimes also referred to as integral
curves. They can be obtained by solving the system

dxq dx,,

file) 7 fale)
For example, consider the harmonic oscillator

/ /

The system for the integral curves is

diL’l . dZL‘Q

T —x
Solutions satisfy

:c% + x% =c,
and so we confirm that the orbits are concentric circles centered at the
origin.
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2.8. Global Solutions

As usual, we assume that f : 2 — R” satisfies the hypotheses of
the Picard Existence Theorem 2.3.1.

Recall that a global solution of the initial value problem is one
whose maximal interval of existence is R. For this to be possible, it is
necessary for the domain €2 to be unbounded in the time direction. So
let’s assume that 2 = R x O, where O C R" is open.

THEOREM 2.8.1. Let I = (o, 3) be the mazximal interval of existence
of some solution x(t) of the initial value problem. Then either f = 400

or for every compact set K C O, there ezists a time B(K) < [ such
that z(t) ¢ K for allt € (B(K), ).

PROOF. Assume that f < 4+o00. Suppose that K C O is compact.
Then K’ = [ty, f] x K C  is compact. By Theorem 2.4.1, there exists
a time B(K') < @ such that (t,z(t)) ¢ K’ for t € (B(K'),[3). Since
t < (3, this implies that z(t) ¢ K for t € (5(K’),3). O

Of course, the analogous result holds for «, the left endpoint of 1.

THEOREM 2.8.2. If Q = R"" then either 3 = +oo or
lim [|z(t)] = +o0.
t—0B~

PRroor. If 3 < 400, then by the previous result, for every R > 0,
there is a time S(R) such that z(t) ¢ {z : ||z|]| < R} for t € (B(R), 3).
In other words, ||z(t)|| > R for t € (B(R), 3), i.e. the desired conclusion
holds. O

COROLLARY 2.8.1. Assume that Q0 = R"™L. [f there exists a non-
negative continuous function ¥ (t) defined for all t € R such that

lz@)] < o(t)  forall t € [to, ),
then 8 = +o00.
PROOF. The assumed estimate implies that ||z (t)|| remains bounded

on any bounded time interval. By the previous result, we must have
that g = +o0. O

THEOREM 2.8.3. Let Q = R Suppose that there exist continuous
nonnegative functions c,(t), co(t) defined on R such that the vector field
f satisfies

£t 2)ll < i@zl + ea(t),  for all (t,2) € R™.

Then the solution to the initial value problem is global, for every (ty, xo) €
R+
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Proor. We know that a solution of the initial value problem also
solves the integral equation

t
ot) =0+ [ fsa(s))ds.
to
for all ¢ € («, 5). Applying the estimate for || f(¢, z)||, we find that

lz@1 < [lzoll +

/ ex()[2(5)]] + cals)]ds

to

/t: ca(s)ds

Our version of Gronwall’s inequality 2.3.3 can easily be adapted to this
slightly more general situation. Fix T € R, and define

/t: ca(s)ds

Then for t € {|t — to| < |T'|}, we have by Gronwall’s inequality 2.3.3

+

/ e1(8)]|2(5) | ds

to

< [loll +

Cr= maX{Ha:OH +

:u—mﬂg\T@.

[ el

to

lz()]] < Crexp

In particular, this holds for ¢ = T. Thus, by Corollary 2.8.1, we have
that f = +oo (and a = —o0). O

COROLLARY 2.8.2. Let A(t) be an n x n matriz and let F(t) be an
n-vector which depend continuously on t € R. Then the linear initial
value problem

o'(t) = A(t)x(t) + F(t), x(to) = 2o
have a unique global solution for every (to, zo) € R"FL.

Proor. This is an immediate corollary of the preceding result,
since the vector field

f(t,2) = Az + F(t)

satisfies

L&) < [[A@ 2]l + 1 @)
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2.9. Stability

Let © = R x O for some open set O C R", and suppose that
f Q) — R” satisfies the hypotheses of the Picard Theorem.

DEFINITION 2.9.1. A point T € O is called an equilibrium point
(singular point, critical point) if f(t,z) =0, for allt € R.

DEFINITION 2.9.2.

An equilibrium point T is stable if given any € > 0 and ty > 0 there
exists a 0 = 0(e,ty) such that for all ||xg — || < €, the solution of the
initial value problem x(t,to, xo) exists for all t >ty and

|lz(t, to, z0) — Z|| <&, t>to.
An equilibrium point T is asymptotically stable if it is stable and
there exists a b(ty) > 0 such that if |xo — Z|| < b(to), then
thm HI(t,to, Io) — i’“ = 0.
An equilibrium point T is unstable if it is not stable.

Examples:

- A center in R? is stable, but not asymptotically stable.
- A sink or a spiral sink is asymptotically stable.
- A saddle is unstable.

THEOREM 2.9.1. Let A be an n X n matriz over R, and define the
linear vector field f(x) = Ax.

If Re A\ < 0 for all eigenvalues of A, then T = 0 is asymptotically
stable.

If Re A < 0 for all eigenvalues of A, and A has no generalized
eigenvectors corresponding to eigenvalues with Re A = 0, then ¥ = 0 is
stable.

If Re A > 0 for at least one eigenvalue of A, then T = 0 is unstable.

PROOF. Recall that the solution of the initial value problem is
x(t, to, xo) = exp A(t — to) o.
If Re A < 0 for all eigenvalues, then E; = R™ and by Theorem 1.4.1,
(¢, o, o) || < C(1 4 (£ — t0)") exp[=As(t = to)]l|zoll,

for all ¢ > t5. Asymptotic stability follows from this estimate.
If Re A <0 for all eigenvalues, then F;+ E, = R" and by Theorem
1.4.1,

|2(t, to, xo)|| = || exp A(t —to) (Ps + Pu)zol|
< C(1+ (t —to)P*) exp[—As(t — to)]]| Psol|
+ C(1 + (t — o)) || Perol|,
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for all t > t,.

Now if A has no generalized eigenvectors corresponding to eigenval-
ues with Re A = 0, then all Jordan blocks corresponding to eigenvalues
with zero real part are 1 x1. This means that we can take p, = 0, above.
Thus, the right-hand side is bounded by C'|zo||. Stability follows from
this estimate.

Suppose that z( is an eigenvector corresponding to an eigenvalue
with Re A > 0. For any § > 0, Re [exp A(t — t9) dxp] is a solution
whose initial data is arbitrarily small and whose norm is unbounded as

t — oo. This proves that the origin is unstable.
O

THEOREM 2.9.2. Let O C R™ be an open set, and let f : O — R™ be
Ct. Suppose that & € O is an equilibrium point of f and that the eigen-
values of A = Df(z) all satisfy Re A\ < 0. Then T is asymptotically
stable.

PROOF. Let g(y) = f(T+y) — Ay. Then g € C*(0O), g(0) =0, and
Dg(0) = 0.

Asymptotic stability of the equilibrium x = 7 for the system z’ =
f(z) is equivalent to asymptotic stability of the equilibrium y = 0 for
the system y' = Ay + g(y).

Since Re A < 0 for all eigenvalues of A, know that from Theorem
lin-asym-est that there exists A; > 0 such that

|| exp A(t — to)” § 00(1 + (t — to)p] exp[—)\s(t — to)], t Z to.
Thus, for any 0 < a < A;, we have
|lexp A(t — to)|| < Cyexpl—al(t —ty)], t > to,

for an appropriate constant C; > Cj.
Since Dg(y) is continuous and Dg(0) = 0, given p < «, there is a
0 > 0 such that

[1Dg()ll < p, for |yl <o

using the elementary Taylor expansion, we see that

SJ(y):/O d%[g(sy)]dSZ/o Dy(sy)yds.

Thus, for ||y|| < 4§, we have

1
lg )l S/O I1Dg(sy)llllyllds < pllyll
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Choose § < p as above, and assume that ||yo| < . Let y(t) =
y(t,0,y0) be the solution of the initial value problem

(2:9.1) Y (t) = Ay(t) + 9(y(®),  y(0) = o,
defined for ¢ € («, 3). Define
T =sup{t: |ly(s)]| < p for 0<s <t}

Then T > 0, by continuity, and of course, T' < 3.
If we treat g(y(t)) as an inhomogeneous term, then by the variation
of parameters formula

mwzemu%ym+A<KpA@—sm@w»w.

Thus, on the interval [0, T], we have

t
ly@) < Cre™lol +/ e~ plly(s)llds.
0

Set z(t) = e*||y(¢)||. Then

t
Z@SGMﬂﬁ/W@ﬁ
0

By the Gronwall inequality 2.3.3, we obtain
2(t) < Cyllyolle®, 0<t<T.
In other words, we have
Ly < Cullyolle! =" < Croel@r=r 0 <t <T.

So now, choose p small enough so that Cp—a < 0, and choose § small
enough so that § < p and C16 < p. The preceding estimate shows that
lly(t)|| < p throughout its interval of existence, and thus, by Corollary
2.8.1, we have that § = 4+00. Thus, we have shown that the origin is
stable for the initial value problem (2.9.1). The estimate also shows
that |ly(t)|] — 0, as t — oo, which establishes asymptotic stability of
the origin.

U

2.10. Liapunov Stability

Let f(x) be a locally Lipschitz continuous vector field on an open
set O C R™. Assume that f has an equilibrium point at z € O.

DEFINITION 2.10.1. Let U C O be a neighborhood of z. A Liapunov
function for an equilibrium point T of a vector field f is a function
E U — R such that

(i) EecU)nCi(U\{z}),
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(ii) E(z) >0 forxz e U\ {z} and E(z) =0,
(iii) DE(z) f(x) <0 forx e U\ {z}.
If strict inequality holds in (iii), then E is called a strict Liapunov
function.

THEOREM 2.10.1. If an equilibrium point & of f has a Liapunov
function, then it is stable.
If & has a strict Liapunov function, then it is asymptotically stable.

PROOF. Suppose that £ is a Liapunov function for z.
Choose any ¢ > 0 such that B.(z) C U. Define

m=min{FE(x): ||z| =¢} and U.={zxeU: E(x) <m}N B.z).

Notice that U. C U is a neighborhood of z.
The claim is that for any = € U., the solution z(t) = x(t, 0, x) of
the IVP 2/ = f(x), (0) = xq is defined for all ¢ > 0 and remains in U,.
By the local existence theorem and continuity of z(¢), we have that
x(t) € U. on some nonempty interval of the form [0,7). Let [0,7) be
the maximal such interval. The claim amounts to showing that T' = oo.
On the interval [0, 7T), we have that z(t) € U. C U and since E is a
Liapunov function,

 B(a(t)) = DE(a(t))- /(1) = DE(a(t)) - f(x(1)) <0.
From this it follows that
(2.10.1) E(z(t)) < E(z(0)) = E(x) < m,
on [0, 7).

Suppose that T < co. Then since ||z(t)|| < e for t < T, we have
that the solution z(t) is defined on the interval [0,7] and ||z(T)|| < e.
From the inequality (2.10.1), we have that FE(z(T)) < m. Thus, it
cannot be that ||z(T")|| = €. Thus, x(T) € U., but this contradicts the
maximallity of the interval [0, 7). It follows that T" = oo.

We now use the claim to establish stabilty. Let ¢ > 0 be given.
Without loss of generality, we may assume that B.(z) C U. Choose
d > 0 so that Bs(z) C U.. Then for every zy € Bs(z), we have that
x(t) € U. C B:(Z), for all t > 0.

To prove the second statement of the theorem, suppose now that
FE is a strict Liapunov function.

The equilibrium Z is stable, so given € > 0 with B.(z) C U, there
is a § > 0 so that z¢ € Bs(z) implies x(t) € B.(z), for all t > 0.

Let g € Bs(z). We must show that x(t) = x(t,0,x0) satisfies
lim z(t) = z. We may assume that zo # .

t—o00
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Since F is strict and z(t) # =, we have that

d

S E(@(t)) = DE(x(1)) - 2'(t) = DE(2(1)) - f(2(t)) < 0.

Thus, E(x(t)) is a monotonically decreasing function bounded below
by 0. Set E* = inf{E(z(t)) : t > 0}. Then E(z(t)) | E*.

Since the solution x(t) remains in the bounded set Uy, it has a limit
point. That is, there exist a point z € U, and a sequence of times
t; — oo such that z(tx) — z.

Let s > 0. By the properties of autonomous flow, we have that

x(s+ty) = x(s + tx, 0, x0)

= D4, 0(70)

=®,p0 (I)tk,o(iﬁo)

= x(s,0, z(tg, 0, z0))

= x(s,0, x(tx))-
By continuous dependence on initial conditions, we have that

kh_)rglo (s +ty) = kh_)rgo x(s,0,z(ty)) = 2(s,0, 2).
From this it follows that
E* = kll_glo E(z(s+ty)) = E(x(s,0, 2)).

Thus, z(s,0, 2) is a solution along which F is constant. On the other
hand, we know that if z # xg, then E(z(s,0, z)) is monotonically de-
creasing. The conclusion therefore is that z = 7.

We have shown that the unique limit point of x(¢) is £ which equiv-
alent to tlirgo z(t) = . O

Examples.

- Hamiltonian Systems
Let H : R? — R be a C! function. A system of the form

P - Hq(pv Q)
¢ =—H,(p,q)

is referred to as Hamiltonian, the function H being called the
Hamiltonian. Suppose that H(0,0) = 0 and H(p,q) > 0, for
(p,q) # (0,0). Then since the origin is a minimum for H, we
have that H,(0,0) = H,(0,0) = 0. In other words, the origin
is an equilibrium for the system. Moreover, it is easy to verify
that the Hamiltonian H satisfies the criteria of a Liapunov
function. Therefore, the origin is stable.
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More generally, we may take H : R*" — R in C'. Again
with H(0,0) = 0 and H(p,q) > 0, for (p,q) # (0,0), the origin
is stable.

Newton’s equation

Let G : R — R be C', with G(0) = 0 and G(u) > 0, for

u # 0. Consider the second order equation
i+ G'(u) = 0.

With ;1 = v and x5 = 1, this is equivalent to the first order
system

Zifl = XT9, i’g == —G,(ZL’l).
Notice that the origin is an equilibrium, since G’(0) = 0. The
system is, in fact, Hamiltonian with H(xy, z5) = %x% + G(x1).
Since H is positive away from the equilibrium, we have that
the origin is stable.

The nonlinear pendulum arises when G(u) =1 — cos u.
Van der Pol’s equation

Let ® : R — R be C!, with ®(0) = 0 and ®'(u) > 0. Van
der Pol’s equation is

i+ P'(u) +u=0.
We rewrite this as a first order system in a nonstandard way.
Let
T =u, Ty=1u+ D(u).
Then
Ty =1y — ®(21), T2 = —ay,

and the origin is an equilibrium.

The function E(x) = %[x% + 23] serves as a Liapunov func-
tion at the origin, since

DE(z)f(x) = —x1P(z1) <0,

by our assumptions on ®. If ®'(u) > 0, for u # 0, then the
origin is actually asymptotically stable, although this does not
follow from Theorem 2.10.1.



CHAPTER 3

Nonautonmous Linear Systems

3.1. Fundamental Matrices

Let t — A(t) be a continuous map from R into the set of n x n
matrices over R. Recall that, according to Corollary 2.8.2, the initial
value problem

2(t) = Alt)z(t), x(to) = o,

has a unique global solution (¢, to, z) for all (ty, o) € R

By linearity and the Uniqueness Theorem 2.3.2, it follows that

x(t, to, 11 + cax2) = crx(t, to, x1) + cox(t, to, x2).
In other words, the flow map @, (o) is linear in xy. Thus, there is a
continuous n x n matrix X (¢,ty) such that
@tﬂfo (Z‘o) = .I‘(t, to, xo) = X(t, to)Io.

The matrix X (t,1g) is called the fundamental matrix for A(t).

By the general properties of the flow map, we have that

D0 Dypy = Dryy, Doy = id, @;&) = Dy 4.

In the linear context, this implies that

X(t’S)X(S7t0) = X<t7t0>’ X(t7t> = I? X(tatO)_l = X(t07t)

Of course, if A(t) = A is constant, then X (¢,¢y) = exp A(t—ty), and
the preceding relations reflect the familiar properties of the exponential
matrix for A.

Since

%X(tato)ﬁo = %f(t»tmwo) = A(t)z(t, to, zo) = A(t) X (t, o) o,

for every xy € R™, we see that X (t,to) is a matrix solution of

%X(t,to) — AW)X (L),  X(to,to) = 1.

The i column of X (¢,t,), namely y;(t) = X (¢,0)e;, satisfies
d

%%’(t) = A yi(t), wilto) = e

31
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Since this problem has a unique solution for each i = 1, ... n, it follows
that X (¢,1) is unique.

From the formula xz(t,to, z9) = X (t,to)xo, we have that every so-
lution is a linear combination of the solutions y;(t). We say that the
y;(t) span the solution space.

The next result generalizes our earlier Variation of Parameters for-
mula to the case where the coefficient matrix is not constant.

THEOREM 3.1.1 (Variation of Parameters). Let t — A(t) be a con-
tinuous map from R into the set of nxn matrices over R. Lett — F\(t)
be a continuous map from R into R™. Then for every (to,xo) € R", the
inatial value problem

Z'(t) = A(t)z(t) + F(t), x(to) = zo,

has a unique global solution x(t,ty, o), given by the formula
t
x(t, to, xo) = X (t,t0)xo +/ X(t,s)F(s)ds.
to

Proor. Global existence and uniqueness was shown in Corollary
2.8.2. So we need only verify that the solution z(t) = (¢, to, zo) satis-
fies the given formula.

Let Z(t,ty) be the fundamental matrix for —A(t)T. Set Y (¢,t9) =
Z(t,to)". Then

d d T T
and so
D1y (4 0)X (1 10)] = (LY (1 00)]X (8 10) + Y (1 t0) L X (1 1)
dt dt dt
— Y (1 t0) A X (¢, o) + Y (£, t0) A(D X (2, to)
=0.

Therefore, Y (t,t0) X (t,t0) = Y (t,t0) X (¢,t0)|t=t;, = I. In other words,
we have that Y (¢,t9) = X (¢,t9) "

Now we mimic our previous derivation based on the integrating
factor.

d d d
SV (8 t0)a(®)] = [ZY (1, t0)la() + Y (t,to) [ a(0)
==Y (t, to)A(t)x(t) + Y(t,t0)[A(t)z(t) + F(1)]

= Y (t,to)F(t).



3.1. FUNDAMENTAL MATRICES 33

Upon integration, we find

z(t) =Y (t,to) two + /t Y (t, to) 'Y (s, t0)F(s)ds

to

= X(t,to)zo + /tX(t,to)X(s,to)lF(s)ds
= X(t,to)zo + / t X (t,t0) X (to, s)F(s)ds

= X(t,to)xo + /t X(t,s)F(s)ds.

l

Although in general, there is no formula for the fundamental matrix,
there is a formula for its determinant.

THEOREM 3.1.2. If X(t,t9) is the fundamental matriz for A(t),
then

t
det X (t,t9) = exp/ tr A(s)ds.
to

PRrROOF. Regard the determinant of as a multi-linear function A of
the rows X;(t,t9) of X(t,tp). Then using multi-linearity, we have

d Xl(t7t0)
Xn<t7t0)
X1 (t, to) Xi(t, to)
=A : +...+A :
Xn(t7t0) X;L(tatO)

From the differential equation, X'(¢,tq) = A(t) X (¢,0), we get for each
row

X!(t,t) = ZAU i(t,to).
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Thus, using multi-linearity and the property that A = 0 if two rows
are equal, we obtain
-Xl (tv tO)-

Xi(t, to) [ X4 (t,t0) ]

A X{(Z:fato) = A Z?:1Aij(:t)Xj(t>t0) = Ay(hA Xj(;7t0)

_Xn(t,to)_ i Xn(t, to) ] _Xn(t,to)_
-Xl(t7 tO)-

— Au(D)A Xi(z;,to) — Au(t) det X (£, t).

_XTl(t’ tO)_

The result now follows if we substitute this above. O

3.2. Floquet Theory

Let A(t) be a real n x n defined and continuous for ¢t € R. Assume
that A(t) is T-periodic for some T > 0. Let X(t) = X(¢,0) be the
fundamental matrix for A(t). We shall examine the form of X(¢).

THEOREM 3.2.1. There n x n matrices P(t), L such that
X(t) = P(t)exp Lt,
where P(t) is C* and T-periodic and L is constant.

Remarks:
- Theorem 3.2.1 also holds for complex A(t).
- Even if A(t) is real, P(t) and L need not be real.
- P(t) and L are not unique.
For example, let S be an invertible matrix which trans-
forms L to Jordan normal form J = diag[By,...,B,|. For

cach Jordan block B; = A\;T + N, let B; = (\; + 22%4)[ 4 N,

\ T
for some k; € Z. Then B; commutes with B; and

exp(B; — B;)T = exp 2mik;l = 1.

Define J = diag[By, ..., B,] and L = SJS~'. It follows that
L commutes with L and

exp(L — L)T = I.




3.2. FLOQUET THEORY 35

Now take
P(t) = P(t)exp(L — L)t.
Notice that P(t) is T-periodic:
P(t+T)=Pt+T)exp[(L—L)(t+T)]
= P(t)exp(L — L)texp(L — L)T
= P(t).

Since L commutes with L we have

P(t)exp Lt = P(t) exp(L — L)texp Lt
= P(t)exp Lt.

- Since X (0) = I, we have that P(0) = I. Hence,
X(T)=P(T)exp LT = exp LT,

for any L.

- The eigenvalues of X (T') = exp LT are called the Floquet mul-
tipliers. They are unique.

- The eigenvalues of L are called the Floquet exponents. They
are not unique. (It can be shown that they are unique modulo
2mi/T.)

THEOREM 3.2.2. If the Flogquet multipliers of X (t) all lie off the
negative real axis, then the matrices P(t) and L in Theorem 3.2.1 may
be chosen to be real.

THEOREM 3.2.3. The fundamental matriz X (t) can be written in
the form

X(t) = P(t)exp Lt,

where P(t) and L are real, P(t+T) = P(t)R, R* =1, and RL = LR.

PROOF OF THEOREMS 3.2.1, 3.2.2, AND 3.2.3. By periodicity of
A(t), we have that

X(t+T)=XHX(T), teR,

since both sides satisfy the initial value problem Z'(t) = A(t)Z(t),

= X(T'). The matrix X (7)) is nonsingular, so by Lemma 3.2.1

below, there exists a matrix L such that

X(T)=expLT.
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Set P(t) = X (t)exp(—Lt). Then to prove Theorem 3.2.1, we need only
verify the periodicity of P(t):

Pt+T)=X(t+T)exp—L(t+T)]
X(8)X(T) exp(—LT) exp(—Lt)
X(t)I exp(—Lt)
P(t),

since by the choice of L, we have X (7T") exp(—LT) = I.

Theorem 3.2.2 is obtained by using Lemma 3.2.2 in place of Lemma
3.2.1.

Now we prove Theorem 3.2.3. By Lemma 3.2.3, there exist real
matrices L and R such that

X(T)=RexpLT, RL=LR, R*=1I.
Define P(t) = X (t) exp(—Lt). Then exactly as before
Pt+T)=X(t+T)exp[—L(t+1T)]
()X (T) exp(—LT) exp(—Lt)
(
(

t)Rexp(—Lt)
t)exp(—Lt)R

Note we used the fact that R and L commute implies that R and exp Lt
commute. [

LEMMA 3.2.1. If M is an n X n invertible matriz, then there exists
an n X n matriz L such that M = exp L. If L is another matriz such
that M = exp L, then the eigenvalues of L and L are equal modulo 27i.

PROOF. Choose an invertible matrix S which transforms B to Jor-
dan normal form

STIMS = J.
J has the block structure
J =diag [By, ..., B,),

where the Jordan blocks have the formB; = A\;I—N for some eigenvalue
Aj # 0, since B is invertible. Here, N is the nilpotent matrix with —1
above the main diagonal.

Suppose that for each block we can find L; such that B; = exp L;.
Then if we set

L = dlag [Lla s 7Lp]7
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we get
J =exp L = diag [exp L1, ..., exp Ly|.
Thus, we would have
B=SJS1'=SexpLS!' =expSLS~.

We have therefore reduced the problem to that of finding the log-
arithm of an invertible Jordan block. Consider a d x d Jordan block
B=MX —N = X( —%N),WithNdzo. For any t € R,

() )
() (e (5

' 1 d-1 ; k
Hence, I — —N is invertible and (I — XN> = (XN) .
k=0

Set
d—1 k
Zl ()
1k A

) We have

L/(t):— t’f 1(%]\7) ( % )(I—%N)_l.
(1-%1\[) L'(t

Another differentiation gives

(e

This shows that
Vi t - 1 / / 2
L"(t) = I — XN —XN L'(t) = =L'(t)".

%exp L(t) = exp L(t) L'(t).

Of course, this does not hold in general. But, because L(t) is a polyno-
mial in tN, we have that L(¢) and L(s) commute for all ¢, s € R, and

Thus,

So now
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thus, the formula is easily verified using the definition of the derivative.
Next, we also have

d2 o " / 27

<3 &XP L(t) =exp L(t)[L"(t) + L'(t)*] = 0.

Hence, exp L(t) is linear in ¢:

t
exp L(t) = exp L(0) + texp L(0) L'(0) = I — XN’

and as a consequence,

1
expL(1l)=1— XN.

To finish, we simply write
B =X — N =exp[log\I + L(1)],

where log A = log |\| + i6 is any complex logarithm of A = |\|e.
Suppose that M = exp L for some matrix L. Transform L to Jor-
dan canonical form L = SJS™! = S[D + N]S~!. Then M = exp L =
SexpDexp NS™!. Now exp D is diagonal and exp N is upper triangu-
lar with the value 1 along the diagonal. It follows that the eigenvalues
of M are the same as those of exp D. Therefore, if L is another matrix
such that M = exp L, then L and L have the eigenvalues, modulo 27i.
O

LEMMA 3.2.2. If M is a real n x n invertible matriz with no eigen-

values in (—00,0), then there exists a real n X n matriz L such that
M =expL.

ProOF. If B; is a Jordan block of M corresponding to a real eigen-
value A\; > 0, then the construction of Lemma 1 gives a real matrix L;
such that B; = exp L.

Suppose that B; = A, + N is a d x d Jordan block of M cor-
responding to a complex eigenvalue \; with a string of generalized
eigenvectors xgj), e ,x(j). Then since M is real, Bj is also a Jordan

block corresponding to the eigenvalue A and generalized eigenvectors
() ()

zy’,...,x; . It S; denotes the n x d matrix whose columns are formed
by xgj ) ,l‘g ). the preceding is expressed by the matrix equation

M[S; S;] = 18; §j] [ Boj l%, } :
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By Lemma 1, there is a d X d matrix L; such that B; = exp Lj;.
Taking conjugates, it follows that B; = exp L;. Thus, we have that

B; 0 | _ | exply 0 |_ '
(3.2.1) [ 0 B, } = [ 0 exp L, } =exp L,

with

(L, 0
Q_{o g}'

Now define the 2d x 2d block matrix
171 —iI
%_ill u}

It is straightforward to check that

L1
Ui _{u il |

[S; 8i]U; = [Re S; Im Sj] = T,
and

P;.

_ ReL; ImlL;
Uy ' LiU; = [ / ]}

—Im Lj Re Lj
Returning to (3.2.1), we find

MT; = M([S;S;]U; = [S;8;]U;U; exp £;U;

= TjexpU; ' L;U; = T exp P;.

The 2d columns of 7; are linearly independent because they have the
same span as the set {xg]), . ,x((f),fg]), . ,:Z‘((f)}.

Applying these procedures to each real block and each pair of com-
plex conjugate blocks yields a real invertible matrix 7" and a real block
diagonal matrix £ such that MT = T exp L. In other words, we have
shown that M = exp T LT !, with TLT ! real.

l

LEMMA 3.2.3. If M is a real n x n invertible matriz, then there
exists real n X n matrices L and R such that M = Rexp L, RL = LR,
and R* = 1.

PROOF. Retracing the steps in the proof of Lemma 2, we also have
that the matrix T reduces M to real canonical form

B 0
T'MT =J = . ,
0 B,
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in which B; is either a Jordan block corresponding to a real eigenvalue

of M or

o ,ujI + N l/j]

N —v; I pil+ N

corresponding to a pair of complex conjugate eigenvalues p; £ v;.
Define the block matrix

B;

Ry 0
R = 5
0 R,
where R; has the same size as B; and R; = —I if B; corresponds to

an eigenvalue in (—o0,0) and R; = I, otherwise. Thus, R* = I.

Now the real matrix R.J has no eigenvalues in (—o00,0), and so by
Lemma 2, there exists a real matrix L such that RJ = exp L. Clearly,
RL = LR since these two matrices have the same block structure and
the blocks of R are +1.

So now we have

M=TJT'=TR*JT ' =TRexpLT ' = RexpL,

in which R = TRT™' and L = TLT~!. We have that R* = I and
RL = LR as a consequence of the analogous properties of R and L. [J

THEOREM 3.2.4. Let A(t) be a continuous T-periodic n X n matrix
over R. Let {y;}5_, be the Floquet multipliers and let {\;}7_, be a set
of Floquet exponents. Then

n T
H,uj = exp/ tr A(t)dt,
j=1 0
and
= 17 2mi
Z)\j = T/o tr A(t)dt, (mod T)

PROOF. Let X (t) be the fundamental matrix for A(¢). By 3.1.2 we
have that

n T
H p; =det X(T') = exp/ tr A(t)dt.
i=1 0
By Theorem 3.2.1, we have X (T') = exp LT'. Since {);}}_, are the
eigenvalues of L, we have

det X (T') = exp (Ti)\j) :
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Thus,

n T

T )\ =logdet X(T) = / tr A(t)dt,  (mod 2mi).
j=1 0

and so,

271

;Aj _ T/o A, (mod )

3.3. Stability of Linear Periodic Systems

COROLLARY 3.3.1. Let A(t) be a real n x n matriz which is con-
tinuous for t € R and T-periodic for T > 0. By Theorem 3.2.1, the
fundamental matriz X (t) has the form

X(t) = P(t)exp Lt,
where P(t) is T-periodic.

The origin is stable for the system
(3.3.1) 2 (t) = A(t)z(t)

if and only if the Floquet multipliers u satisfy |p| < 1 and there are a
complete set of eigenvectors for any multipliers of modulus 1.

The origin is asymptotically stable if and only if |p| < 1 for all
Floquet multipliers.

The stability of the origin for the system

(3.32) y'(t) = Ly(t)
is the same as for (3.3.1)
PRroOF. The solutions of the system (3.3.1) are given by
x(t) = P(t) exp Lt xo,
whereas the solutions of the system (3.3.2) are of the form
y(t) = exp Lt xo,

form some zy € R™.
Now since P(t) is continuous and periodic, there exists a constant

such that [|P(t)|| < C for all ¢ € R. This implies that
lz(®)]l < Cllexp Lt a0l = Clly(¥)]],

and thus the stability or asymptotic stability of the origin for (3.3.2)
implies the same for (3.3.1).

The Floquet multipliers have the form g = exp AT, where X is an
eigenvalue of L, i.e. a Floquet exponent. We see that |u| = exp Re AT
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So if |u| < 1, for all Floquet multipliers, then Re A < 0 for all
Floquet exponents. In this case, the origin is asymptotically stable for
(3.3.2) and hence for (3.3.1).

Next, suppose that || < 1 for all Floquet multiplier and there
are no generalized eigenvectors of exp LT corresponding to Floquet
multipliers with |u| = 1. Then Re A < 0 for all eigenvalues of L, and
there are no generalized eigenvectors of L corresponding to eigenvalues
with Re A = 0. It follows that || exp Lt|| is uniformly bounded, and so
the origin is stable for (3.3.2) and also then for (3.3.1).

If |u| > 1 for some Floquet exponent or if there is a generalized
eigenvector of exp LT with |u| = 1, then either L has an eigenvalue
with Re A > 1 or L has a generalized eigenvector with Re A = 0. In
either case, the system (3.3.2) has a solution y(t) with ||y(t)|| — oo, as
t — oo. This says that the origin is unstable for (3.3.2). Since P(t) is
periodic and P(0) = I, we see that

x(kT) = P(kT)exp LKT xy = exp LkT xo = y(kT),
and so limy_ ||2(kT)| = limg_ ||y(kt)|| = co. Thus, the origin is
also unstable for (3.3.1). O

Example. There is no simple relationship between A(t) and the
Floquet multipliers. Consider the 27-periodic coefficient matrix

3 o2 3 :
Alt) = {—1 l——g girclcz)fscoz;t 1—12—1—(}(%)88?1?;1;? ’
By direct calculation it can be verified that
t/2 —
o= [, o]
is the fundamental matrix for A(t) with X(0) = I. Since
X (27) = diag [e" e 7],
we have that the Floquet multipliers are e™, e=2", and so the origin is

unstable. Indeed, X (t)e; is an unbounded solution.
On the other hand, the eigenvalues of A(t) are

1 _
)\IZZ[_l_'_\/?Z]a )\2:)\17

both of which have negative real parts. We see that the eigenvalues of
A(t) have no influence on stability.
Notice that

2m 2m
ffly = exp/ [A1 + Ao]ds = exp/ tr A(s)ds,
0 0
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which confirms Theorem 3.2.4.

3.4. Parametric Resonance — The Mathieu Equation
The Mathieu equation is
u” + (w? + ecost)u = 0.
With z(t) = [u(t) «/()]" and

0 1

Alt) = —(w? +ecost) 0

the equation can be written as a first order system
2'(t) = A(t)x(t).
Notice that A(t) is 2m-periodic, and so Floquet theory applies.

Question: For which values of w and € is the zero solution stable?

Corollary 3.3.1 tells us to look at the Floquet multipliers in order
to answer this question. In this case, the Floquet multipliers are the
eigenvalues of X (27), where X (t) = X(¢,0) is the fundamental matrix
for A(t).

Since tr A(t) = 0 for every ¢t € R, We have from Theorem 3.2.4
that the Floquet multipliers py, po satisfy

MlﬂgzdetX(t):l, tE]R

If py ¢ R, then py = fio. It follows that gy, us are distinct points
on the unit circle, and so there are no generalized eigenvectors. By
Corollary 3.3.1, the origin is stable.

When ¢ = 0, the system reduces to a harmonic oscillator. The
fundamental matrix for this constant coefficient system is

coswt —w lsinwt

X(t) = w sin wt cos wt

The Floquet multipliers are the eigenvalues of X (27). They satisfy
p1 4 po = tr X (2m) = 2 cos 2mw. Since pypo = 1, we have that p; € R
if and only if uy + pe = £2. This can happen if and only if 2w € Z.

If 2w ¢ Z, then by continuous dependence on parameters (to be
discussed, see Theorem 5.2.1), the Floquet multipiers will not be real
for e small. Thus, for every 2nwy, ¢ Z, there is a small ball in the
(w, €) plane with center (wp, 0) where the origin is stable for Mathieu’s
equation.
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It can also be shown, although we will not do so now, that there are
regions of instability branching off of the points (wg, 0) when 27w, € Z.
This is the so-called parametric resonance.

3.5. Existence of Periodic Solutions

THEOREM 3.5.1. Let A(t) be T-periodic. The system z'(t) = A(t)x(t)
has a nonzero T-periodic solution if and only if A(t) has the Floquet
multiplier p = 1.

PROOF. By the periodicity of A(t) and uniqueness, we have that a
solution is T-periodic if and only if

(3.5.1) x(T) = x(0).

Let X (t) be the fundamental matrix for A(t) with X(0) = I. Then
every nonzero solution has the form z(t) = X (t)zo for some z, € R”
with g # 0. It follows that (3.5.1) holds if and only if X(7)zo =
xg. Thus, zq is an eigenvector for X (7T') with eigenvalue 1. But the
eigenvalues of X (7') are the Floquet multipliers. O

THEOREM 3.5.2. Let A(t) be a continuous n X n matriz and let
F(t) be a continuous vector in R™. Assume that A(t) and F(t) are
T'-pertodic. The equation

(3.5.2) 2'(t) = A(t)a(t) + F(t)

has a T-periodic solution if and only if
T
(3.5.3) / y(t) - F(t)dt =0,
0
for all T-periodic solutions y(t) of the adjoint system

(3.5.4) y'(t) = A1) ().

PROOF. Let X(t) = X(¢,0) be the fundamental matrix for A(¢)
with X (0) = I. By variation of parameters, we have that the solution
x(t) = x(t,0,x0) of (3.5.2) is given by

t
z(t) = X (t)xo + X(t) / X(s)"'F(s)ds.
0

By uniqueness and periodicity, z(t) is T-periodic if and only if
x(T) = x(0) = xy. This is equivalent to

7= X(Taw = X(T) [ X() Flapas,
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and so, multiplying both sides by X (7)~!, we obtain an equivalent
linear system of equations

(3.5.5) Bxy =g,

in which
T
B=X(T)"'—1 and g¢= / X(s)"'F(s)ds.
0

Thus, x(t,0,z¢) is a T-periodic solution (3.5.2) if and only if z; is
a solution of (3.5.5).

By the Fredholm Alternative 4.2.1 (to follow), the system (3.5.5)
has a solution if and only if g - yo = 0 for all yo € N(B7T).

We now characterize N(BT). Let Y (t) = Y(¢,0) be the fundamen-
tal matrix for —A(t)T. Then Y (¢) = [X ()77, so

BT =Y (T) 1.

Thus, yo € N(BT) if and only if yo = Y(T)yo. This, in turn, is
equivalent to saying yo € N(BT) if and only if y(t) = Y(t)yo is a
T-periodic solution of the adjoint system (3.5.4).

Now we examine the orthogonality condition. We have

Yo g = /OT Yo - X ()" F(s)ds
_ /0 " oY (5) P (s)ds
:/OTY(s)yO-F(s)ds
:/OTy(s)-F(s)ds.

The result now follows from the following chain of equivalent state-
ments: Equation (3.5.2) has a T-periodic solution iff the system (3.5.5)
has a solution iff yo - g = for every yo, € N(BT) iff (3.5.3) holds for
every T-periodic solution of (3.5.4). O

Remark: Theorem 3.5.2 is interesting only when F' # 0, because
the conditions (3.5.3), (3.5.4) hold trivially when F' = 0 and the trivial
x = 0 is T-period.

Example. Consider the periodically forced harmonic oscillator:

v +u=-coswt, w>D0.
This is equivalent to the first order system

(3.5.6) Z'(t) = Az(t) + F(t)
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-] a-[1 ) ro-[.2)

Notice that F'(t) (and A) are T-periodic with T' = 27 /w.
Since —AT = A, the adjoint equation is

y = Ay,

with

the solutions of which are

v =exp ity with o= | Bl
All solutions of the adjoint equation are 27-periodic.

If the forcing frequency w satisfies w # 1, then the adjoint equation
has no T-periodic solutions. Thus, the system (3.5.6) has a T-periodic
solution. This solution is, in fact, unique because the system (3.5.5)
which determines its initial data has a unique solution (the 2 x 2 matrix
B is onto and hence one-to-one).

If w =1, then T" = 27, and there are no 2mw-periodic solutions of
(3.5.6), since there exist 2m-periodic solutions of the adjoint equation
for which the orthogonality condition (3.5.3) does not hold. Here is the

calculation:

/OT y(s) - F(s)ds = /OT exp As yo - F(s)ds
_ /O "o - lexp As" F(s)ds

T
= / Yo - [—sinscoss e; + cos® s ey]ds
0

=T Yo - €2.
This is nonzero for gy, - e5 # 0. This is the case of resonance.
This overly simple example can be solved explicitly, since A is con-
stant. However, the example illustrates the use of the Fredholm alter-
native in such problems.



CHAPTER 4

Results from Functional Analysis

4.1. Operators on Banach Space

DEFINITION 4.1.1. A Banach space is a complete normed vector
space over R or C.

A Hilbert space is a Banach space whose norm is induced by an
inner product.

Here are some examples of Banach spaces that will be relevant for
us:

- Let F € R™. C°%F,R™) is set the of continuous functions
from F into R™. Define the norm

Ifllco = sup [ f(2)].
xeF

Then
Cy(F,R™) = {f € C%(F,R™) : || fllco < o0},

is a Banach space. If F is compact, then CP(F,R™) = C°(F,R™).
- CYF,R™) is set the of functions f from F into R™ such that
D f(z) exists and is continuous. Define the norm

[fller = sup [[f(2)[| + sup [[Df ()]
zeF xzeF

Then
Cy (F,R™) = {f € CY(F,R™) : || fller < o0},

is a Banach space.
- Lip(F,R™) is the set of Lipschitz continuous functions from F
into R™ such that the norm

_ 1) = S
sy = supll sl + st g

is finite.
Notice that C} (F,R™) C Lip(F,R™) C CP(F,R™).
47
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DEFINITION 4.1.2. Let X and Y be Banach spaces. Let A: X —Y
be a linear operator. A is bounded if and only if

| Ay
sup
lelx#0 1Z]lx

= ||A||X7y < Q.

|Al|x,y is the operator norm.

The set of all bounded linear operators from X to Y is denoted by
L(X,Y). It is a Banach space with the operator norm.

A linear operator from X to Y is bounded if and only if it is con-
tinuous.

DEFINITION 4.1.3. Let f : X — Y be any mapping between the
Banach spaces X and Y. (f is not necessarily linear.) [ is Fréchet
differentiable at a point xo € X if and only if there exists a linear

operator D f(xg) € L(X,Y) such that
f(x) = f(zo) = Df(z0)(x — 20) = R(x,70)

satisfies

i B@2o)lly _
2=z || — ol x

(D, f(xo) is unique if it exists.)

Let U C X be an open set. We say that f : X — Y 1is differentiable
on U if and only if D, f(x) exists for all xz € U.

f 1s continuously differentiable on U if and only if it is differentiable
on U and D, f(z) is a continuous map from X into L(X,Y).

Remark: The Fréchet derivative can be computed as follows

Df(zo)r = lime ' [f(zo + ex) — f(20)] = D.f(zo + £7)|ozo.

e—0

Example: Let X = C°([0,1],R). Given f € X, define the nonlinear
mapping

Then T : X — X. In fact, T is differentiable, and given fy, f € X, we
have that DT(fo)f is the function whose value at a point t € [0, 1] is

DT(fo)f(t) = 2 / fols) F(s)ds.
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4.2. The Fredholm Alternative

THEOREM 4.2.1 (Fredholm Alternative). Let H;, i = 1,2 be Hilbert
spaces with inner product (-,-);. Let A : Hy — Hy be a bound linear
operator, and let A* : Hy — H; be its adjoint. Then R(A) = N(A*)*.

PRrROOF. Let f € R(A). Then f = Ax, for some x € H,. For any
y € N(A*), we have

(f,y)o = (Az,y)s = (x, Ay); = 0.
Thus, f € N(A*)t. This shows that
(4.2.1) R(A) C N(A*)*.

Write Hy = N(A*) & N(A*)* (orthogonal direct sum). The sub-
space N(A*) is closed and

A" N(AY)E = R(AY)

is one-to-one and onto. The subspace R(A*) is closed by the Closed
Graph Theorem. But then also by the Closed Graph Theorem,

A1 R(AY) — N(AM*:

is bounded.
Let g € N(A*)*. Define the bounded linear functional

3(2) = (g, A" "2)y

on the Hilbert space R(A*). By the Riesz representation theorem, there
is a unique z € R(A*) such that

<g’ A*_lz>2 - <‘T’ z>17

for all z € R(A*). Thus, given any y € N(A*)", we may write y = A*z,
for some z € R(A*) and

(9,9)2 = (9, A"2)2 = (2, 2)1 = (7, A"Y)1.
Thus, we have that
<g - A.Z',y>2 = 07

for all y € N(A*)". Now by (4.2.1), we have that Az € N(A*)L.
So since g € N(A*)t, we have that ¢ — Az € N(A*)L. Taking y =
g — Az, we see that ¢ — Az = 0, and thus, g € R(A). This proves that
N(A)L C R(A). O



50 4. RESULTS FROM FUNCTIONAL ANALYSIS

4.3. The Contraction Mapping Principle in Banach Space

Let X be a Banach space. If we define the distance between two
points z and y in X to be d(x,y) = ||z — y||x, then X is a complete
metric space. Any closed subset of X is also a complete metric space.
In this context, the contraction mapping principle says:

THEOREM 4.3.1 (Contraction mapping principle in Banach space).
Let V. C X be a closed subset. Let T : V. — V be a contraction
mapping, i.e. there exists a constant 0 < o < 1 such that

1T(z) = T(y)lx < allz —ylx.
forallx,y € V. Then T has a unique fized point x € V', i.e. T(z) = x.

ProoOF. The set V is closed, so (V,d) is a complete metric space.
Apply the standard contraction mapping principle. O

We want to generalize this result to the situation where the map-
ping, and hence the corresponding fixed points, depends on parameters.

DEFINITION 4.3.1. Let X and Y be Banach spaces. Let U C X and
V CY be open sets. A mapping T : U x V. — V is called a uniform
contraction if there is a constant 0 < a < 1 such that

1T (2, 91) = T2, y2)lly < ellyr = gally,

for all x € U and y1,y> € V. Notice that the contraction number o is
uniform for x throughout U.

An application of the contraction mapping principle shows that if
T:U xV — Vis a uniform contraction, then for every x € U there is
a unique fixed point g(z) € V, i.e. a unique solution of the equation

T(z,9(x)) = g(x).

The following result shows that if the mapping 7" is continuous or
differentiable then the fixed point g(x) depends continuously or differ-
entiably on x.

THEOREM 4.3.2 (Uniform Contraction Principle). Let T be a uni-

Jorm contraction, and let g : U — V be the corresponding fized point.
IfT € CHU x V,Y) for k=0 or 1, then g € CK(U,Y).
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PROOF. The case k = 0 is easy. By the definition of ¢, the triangle
inequality, and the uniform contraction hypothesis, we have
lg(z +h) = g(@)|| = |T(z + h, g(z + h)) = T(z,g(x))|
< |[T(x+h,g(z + h)) = T(z + h, g(2))]|
+ 1T(z + h, g(x)) = T(z, g(2))]]
< allg(z +h) — g(z)|
+ 1T(z + h, g(x)) = T(z, g(x))]].

Thus, since a < 1, we get

1
lg(@ + 1) = g(@)|| < T——IIT(z + A, g(x)) = T(z, g(2))]].
But T is assumed to be continuous, so
lim flg(z + h) = g(@)[| = 0,

i.e. g is continuous at .

Let’s first look at the strategy for the case k = 1. Since T'(z, g(x)) =
g(z), we would have if g were C' (remember that this is what we're
trying to prove)

D, T(x,g9(x)) + DyT(x,g(x))Deg(w) = Dog().

Here, D,T = DT|xxq and D,T = DT|q0yxy. This inspires us to
consider the operator equation

(4.3.1) D,T(x,g(x)) + D,T(x,g(x))M(x) = M(x).

We will first show that we can solve this for M (z) € £(X,Y), and then
we will show that M (z) = D,g(x).

T is assumed to be O, so for each (z,y) € U x V, D,T(z,y) €
L(Y,Y). Since T is a uniform contraction, it can easily be shown that
DT (z,y)|]| < o < 1. It follows that I — D,T(x,g(x)) is invertible
for all x € U, its inverse depends continuously on z, and the inverse is
bounded by 1/(1 — «). Thus, the solution of(4.3.1) is

(4.3.2) M(x) =[I — D, T(z,9(x))] "D, T(z,g9(x)) € L(X,Y),

and M (x) depends continuously on = € U.
Having constructed M (x), it remains to show that M(x) = D,g(x).
We are going to prove that

R(x,h) = g(x + h) - gla) — M(x)h

satisfies )
LRG|

=0.
=0 [|A]
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Put v(h) = g(z + h) — g(x). Then

v(h) =T(x+h,g(x+h)) = T(z,g(x)
(4.3.3) = T(x+h,g(x) v(h)) = T(z, g

in which
Ah,y) =T(x +h,g(x) +7)
=Tz, g(x)) = Dy T (2, g(x))h = D,T(z, g(x))7.
Since T is C', for any 0 < & < (1 —«)/2, there is a § > 0 such that
[AC, NI < (Al + 171D,

for all (h,v) € U x V with ||h]| + [|7]| < 9.
Next, since y(h) is continuous in h and (0) = 0, we can find
0 < 0’ < §/2 such that

|lv(h)|| < §/2 provided that ||| < ¢

So for ||h|| < &', we have ||h]| + [|[y(R)|| < 6/2+ /2 = 0.
Combining the last two paragraphs, we see that if ||h|| < ¢, then

(4.3.4) [A(R, v () < e(lIAll + [ (A)1D)-
By (4.3.3), we get for all ||h] < &,

(Wl < DTz, g(@) AL + ally(R) |+ (([p]] + [ (R)]]),

or upon rearrangement,

1
YW < = lID=T (@, g@)llIP] + llll] < K21,
with % independent of € < (1 — «)/2.
Therefore, going back to (4.3.4), we have that
IACR, v ()] < (L + F)||A]],

for all ||h] < o
Now return to (4.3.3). Solving for v(h) and inserting the definition
(4.3.2), the formula (4.3.3) can be rewritten as

y(h) = I = D,T(x,9(x))] " [DaT(x, g(x))h + A(h, v(R))]
= M(x)h + [I — D,T(z,g(x))] ' A(h,v(h)).
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So finally, we get

R(z,h) = |ly(h) = M(2)h]]
< Ilf = DyT(x, g(@))] " 1A R, v(R))l

1
< 1—k)||h
st
for all ||h]| < ¢’. It follows that
- M
iy I (A) = M()hl| _
h—0 1]

4.4. The Implicit Function Theorem in Banach Space

THEOREM 4.4.1. Suppose that X, Y, and Z are Banach spaces.
Let U C X and V C Y be open sets. Let F : U xV — Z be a C!
mapping. Assume that there exists a point (xg,y0) € U X V' such that
F(x0,y0) = 0 and DyF(z0,y0) has a bounded inverse in L(Z,Y). Then
there are a neighborhood Uy x Vi C U XV of (xg,%0) and a C' mapping
g : Uy — Vi such that

Yo = g(zo) and F(z,g(x)) =0,
forall x € Uy. If F(z,y) =0 for (z,y) € Uy x Vi, then y = g(x).
44.1

PROOF. Let L = D,F(z9,y0)" ", and define the C* map G : U x
V —Y by

G(r,y) =y — LF(z,y).
Notice that G(z,y) = y if and only if F(z,y) = 0. We also have
G(ZE(), yO) = %Yo and DyG('r07 yO) =0.
By continuity, given ¢ = 1/4 there exists a 6; > 0 such that
1DyG(, y)|| = | DyG(,y) — DyG (o, yo)|| < 1/4,
for (z,y) € N = Bs,(z0) X Bs,(yo). We can also find a constant M > 0
such that
1D:G(z, y)|| < M,

for (z,y) € N.
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Take a pair of points (z;,y;) € N, i = 1,2. Set z(s) = szo+(1—35)1
and y(s) = sya + (1 — s)y;. Then

Glar,) = Glovm) = [ LGl u(s))ds

- / D,G(x(s),y(s)) (2 — 21)ds

1
= [ D,Ga().5(5)) 02 — ).
0
So by the preceding estimates, we obtain

1G(22,y2) — G(21,y1)|| < M|z — 21| + (1/4)|ly2 — w-

Set 62 = min{51, (51/4M} Define U1 = 352 (,Io) and ‘/1 = B§1 (y())
The claim is that G : Uy x V1 — V; and that G is a uniform contraction.

Let (z,y) € Uy x V4. Then

1G(z,y) —woll = [G(z,y) — G(zo,v0)|l

M|z — ol + (1/4)[ly — yoll
Moy + (1/4)6;
(1/4)01 + (1/4)61 = 61/2.

IA A IA

Thus G(z,y) € V. B
We also have for all (z, 1), (z,y2) € Uy x V; that

1G(z,11) — Gz, y2) || < (1/4) |l — w2,
which means that G is a uniform contraction.
Applying the uniform contraction principle, there is a C! map g :
U, — Vi such that
Gz, 9(z)) = g(x),
for all z € U;. Moreover, given x € Uy, y = g(x) € V; is the unique

point such that G(z,y) = v.
U

Of course, this theorem includes the case of finite dimensions:
X=R" Y=Z7Z=R"



CHAPTER 5

Dependence on Initial Conditions and Parameters

5.1. Smooth Dependence on Initial Conditions

We have seen in Theorem 2.5.1 that solutions of the initial value
problem depend continuously on initial conditions. We will now show
that this dependence is as smooth as the vector field.

THEOREM 5.1.1. Let @ C R™*! be an open set, and suppose that
f:Q—R"is CL

For (s,p) € Q, the unique local solution x(t, s, p) of the initial value
problem

d
(5.1.1) ot s )= f(t2(t,sp)),  z(s.5,p)=p.
is Ct in its open domain of definition

D ={(t,s,p) €ER"™ :a(s,p) <t < B(s,p), (5,p) €N}

The differential matriz Dyx(t, s, p) satisfies the so-called linear vari-
ational equation

d
_Dpx<t7 S,p) = D:vf(t7$(ta 57p))Dpx<t7 S,p),

dt
(5.1.2)
Dyx(s,s,p) = 1.
Also,
ox
(5.1.3) 55 (L8 p) = —Dp(t, 5,p) f (s, p).

PROOF. Suppose, temporarily, that we have shown that x(t, s, p) €
CY(D).

Then (5.1.2) follows immediately by taking the derivative of (5.1.1)
with respect to p.

Next, use the properties of the flow to write

x(t,s,p) = x(t,7,x(1,8,p)) t,7€I(s,p).
55
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Take the derivative of this with respect to 7 to get

O Ox
0 — %(LT,ZE(T, Sap)) + Dpx(ta7—7‘1;(7—7871)))%(7—’8’]))'

From this and the ODE (5.1.1), we obtain

%(t, 7,2(7,5,p)) = —Dyx(t, 7,2(7, s,p)) f (7, x(7, 5, )).

Equation (5.1.3) follows by letting 7 = s.

Since we already know that the solution is continuously differ-
entiable in ¢, we must only establish continuous differentiability of
x(t,s,p) in (s,p). We are going to do this by a uniqueness argument.
The flow z(t,s,p) satisfies the standard integral equation. We will
show that the implicit function guarantees this equation has a unique
O solution. We now proceed to set this up precisely.

For an arbitrary point (sg,po) € €, let xo(t) = (¢, so, po) be the
corresponding solution to the initial value problem (5.1.1), defined on
the maximal interval I(sg,po) = (a(so,p0), 3(S0,P0)). Choose an arbi-
trary closed interval J = [a, b] with

a(so,po) < a < so<b< ((s0,p0)-
Define the compact set
K ={(t,x(t,s0,p0)) € Q:t € J}.

By the Covering Lemma 2.3.2, there exist numbers d,p > 0 and a
compact set K’ C € such that for every (s,p) € K, the cylinder

C(s,p) ={(s",p) eR"™ 1 | —s| <6, || —pll < p}
satisfies
C(s,p) C K'.

Define the Banach spaces X = R"™ and Y = Z = C(J,R") with
the sup norm. Let U = (a,b) x R™ and

V={zeY:lz =zl =sup|z(t) = zo(®) < p}

We have that U C X and V C Y are open.
Suppose that x € V. Then for any ¢ € J, we have that

(o) = zo(@)| < p,

and so, (0,2(0)) € C(o,20(0)) C Q, for any o € J. Therefore, the
operator

T:UxV —=Z
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given by

(5.p,2) = T(s,p,)(t) = x(t) — p - / f(0.2(0))do, te€J

is well-defined. It is straight-forward to verify that 7" is C'. In partic-
ular, we have that D,T(s,p,x) is linear map from Y to Z(=Y") which
takes y € Y to the function D,T(s,p,z)[y] € Z whose value at a point
teJis

t
D,T(s,p,x)[y](t) = y(t)—/ A(o)y(o)do with A(o) = D, f(o,z(0)).
(Tt is here that we are using the assumption f € C*(2).)
Since xo(t) = x(t, o, po) solves (5.1.1) we have that
T'(s0, po, xo) = 0.

Now we claim that D, T (sg, po, xo) is invertible as a linear map from
Y to Z. Let g € Z. The equation D,T(so, po,o)[y] = g can be written
explictly as

(5.1.4) y(t) - / A(o)y(o)do = glb).

Letting u(t) = y(t) — g(t), this is equivalent to

u(t) = / A@)[u(o) + 9(0)do.

S0

Notice that the right-hand side is C! in t. So this is equivalent to
u'(t) = A@)[u®) +9@)], teJ, u(s)=0.

We can represent the unique solution of this initial value problem using
the variation of parameters formula. Let W (¢, s) be the fundamental
matrix for A(t). Then

u(t):/ W(t,o)A(o)g(o)do.

Since u = y — g, this is equivalent to

(5.1.5) y(t) = g(t) +/ W(t,o)A(o)g(o)do.

We have shown that for every g € Z, the equation (5.1.4) has a
unique solution y € Y given by (5.1.5). This proves the invertibil-
ity of D,T(so,po, o). Finally, from the formula (5.1.5), we see that
the inverse is a bounded map from Z to Y.
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By the Implicit Function Theorem 4.4.1, there are a neighborhood
Uo C U of (sg,po), a neighborhood V5 C V of zp, and a C!' map
¢ : Uy — Vg such that ¢(sg,po) = xo and T(s,p, d(s,p)) = 0 for all
(s,p) € Up. Furthermore, if (s,p,z) € Uy x Vp is a point such that
T(s,p,x) =0, then z = ¢(s,p).

Since the map (s,p) — é(s,p) is C* from Uy into Vi C Y, it follows
that the function ¢(s,p)(t) is C' in (s,p) for all t € J.

By continuous dependence on initial conditions, Theorem (2.5.1),
there is a neighborhood N of (sg,pg) such that for all (s,p) € N, we
have that

J CI(s,p), and |z(t,s,p) —z(t,s0,p0)|| < p, forall te.J

Therefore, for all (s,p) € N, we have that x(¢, s, p) € V. Since z(t, s, p)
solves the initial value problem, we also have that T'(s, p, z(+, s,p)) = 0.

By the uniqueness portion of the implicit function theorem, we
conclude that

x(t,s,p) = ¢(s,p)(t), forall (s,p)elUynNN, te.l

Therefore, z(t, s,p) is C* on J x (UyNN). Since, (sg, po) is an arbitrary
point in Q, and J is an arbitrary subinterval of I(sg, po), it follows that
z(t,s,p) is C! on all of D.

O

COROLLARY 5.1.1. If f(t, ) is continuous on Q C R"™ and C* in
x, then x(t,s,p) is C* in (s,p) on its open domain of definition. (If
f(t,z) is in C*(Q), then x(t,s,p) is C* in (t,s,p) on its domain of
definition. )

This is proved by induction on k. The corollary can be proved for
k =m+ 1, by applying the result for £ = m to the ODE’s satisfied by
the first derivatives of x(t, s, p). The first derivatives of z(¢, s, p) in C™
implies that z(¢, s, p) is in C™*1.

COROLLARY 5.1.2.

t n
OF;
det D,x(t, s,p) = exp/s ; a—g(ﬂ x(7,s,p))dr.
Proof: This follows by applying Theorem 3.1.2 to the variational equa-
tion:

@ Dya(t,5,0) = Daf (1 2(t,5,0) Dyt 5.),

and noting that



5.2. CONTINUOUS DEPENDENCE ON PARAMETERS 59

5.2. Continuous Dependence on Parameters

THEOREM 5.2.1. Let f(t,z,\) be continuous on an open set € C
R x R™ with values in R™. Assume that f(t,z, \) is locally Lipschitz
with respect to (x,\). Then given (to,zo,A) € Q, the initial value
problem

o= f(t,x,\), x(ty) = w0
has a unique local solution xz(t,ty, o, \) on a mazimal interval of defi-
nition
I(to, zo, A) = (a(to, w0, A), B(to, To, A))

where

(i) alto, o, A) is upper semi-continuous.

(ii) B(to,xo, A) is lower semi-continuous.

(iii) x(t,to, w0, A) is continuous on its open domain of definition

{(t,to,xo,)\) 1t e I(to,xo,)\); (to,l’o,)\) € Q}

Proof: Here’s the trick: turn the parameter A into a dependent variable
and use the old continuous dependence result, Theorem 2.5.1. Define
a new vector

x n m
y{)\}eR x R™,

and a new vector field

F(t,y) = { f“’g’“‘” } ,

on 2. Apply the result on continuous dependence to the so-called
suspended system

Y =F(ty), ylto)=1yo= { ig } '

Since the vector field F' is 0 in its last m components, the last m
components of y are constant and, hence, equal to \g. Extraction of
the first n components yields the desired result for z(t, ¢y, zo, Ao).

Remark: This result is still true even if f(¢,z, A) is not locally Lipschitz
continuous in A\, however the easy proof no longer works.

COROLLARY 5.2.1. If f(t,x,\) is in C¥(2), then x(t, to, To, \) is in
C* on its open domain of definition.

Proof: Use the trick above, and then apply the result on smooth de-
pendence.






CHAPTER 6

Linearization and Invariant Manifolds

6.1. Autonomous Flow At Regular Points
Last changed 01.28.10
DEFINITION 6.1.1. For j =1,2, let
fi+ O =R,

be C autonomous vector fields, with O; C R™ open. Let ¢§”, 1=12

be the associated flows. We say that the two flows gb,ﬁn and ¢§2) are
topologically conjugate if there exists a homeomorphism 1 : Oy — Oy
such that no ¢(V) = gb?) on.

If the map n can be chosen to be a diffeomorphism, then we will say
that the flows are diffeomorphically conjugate.

It ¢§” and ¢,§2) are conjugate, then the maximal interval of existence

of gzﬁgl)(p) is the same as for gng) (n(p)), for every p € O;.
Conjugacy is an equivalence relation.

THEOREM 6.1.1. Two flows qbil) and gb?) are diffeomorphically con-
Jugate under n:

(6.1.1) (6" (p) = 0" (n(p). p €O,
if and only if the associated vector fields satisfy
(6.1.2) Dn(p)fi(p) = f2(n(p)), p€OL

ProOF. We are given that

d - ,
2000 = [0 ). 0V Bl =,
for every p € O;, j =1,2.

By the chain rule, we have that

d

(613 Sl () = Dnl(64" () " 0)

= Dn((6t" (0)) (8 ().

61
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So if (6.1.2) holds, then

En(o) ) = B m)))

Since 77(¢,E1)(p))\t:0 = n(p), we have by uniqueness that (6.1.1) is true.
On the other hand, if (6.1.1) holds, then take the derivative in ¢
and apply (6.1.3) to get,

D¢ o) A () = (6 0) = S 6P 0) = Fle® (o).
Setting ¢ = 0, we recover (6.1.2). O

DEFINITION 6.1.2. A point x € O 1is a reqular point if for a vector

field f if f(x) # 0.

DEFINITION 6.1.3. An n — 1 dimensional hyperplane in R™ is a
subset H C R™ of the form H = xy + S where vy € R™ and S is an
n — 1 dimensional subspace of R™.

Since an n — 1 dimensional subspace of R™ can always be expressed
in the form S = {z € R" : x - £ = 0} for some fixed nonzero vector
¢ € R", we have H = {z € R" : (z — 29) - £ = 0}. The vector &
is unique up to a scalar multiple. A hyperplane divides R" into two
disjoint sets. Given a choice of the vector £, we can describe them
as the positive side P = {x € R" : - £ > 0} and the negative side
N={zeR":xz £<0}

Note that if H = xy + S is a hyperplane, then H = x + S for any
reH.

DEFINITION 6.1.4. Let H be a hyperplane. A transversal to f is a
connected set of the form T'= HNU, U C O open, with the property
that f(x) ¢ S forallx € T.

Note that if 7" is a transversal, then f(z) # 0 on T, i.e. T contains
only regular points. Conversely, if x( is a regular point, then f has a
transversal at z,. (Exercise)

IfTCH=zy+Sand S ={z-£ =0} then f(x)-£ #0onT.
Since T' is connected, either f(x)-& > 0or f(x)-& <0, for all x € T.
Thus, f(xz) € P or f(x) € N, for all x € T. In words, along T, f(x)
points to the same side of 7.

The next result shows that a smooth vector field can be transformed
to a constant vector, at a regular point. The situation near a critical
point is more complicated and will be taken up in the next section
when we come to the Hartman-Grobman theorem.
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THEOREM 6.1.2. Let zo € O be a reqular point for the vector field
f(z). Let T C H = x9+ S be a transversal at xo. Then there exists
a neighborhood U C O of x¢ which is diffeomorphic to a neighborhood
of (0,0) € R x R*™ of the form I x V, in which I = (—¢,e). The
diffeomorphism n has the following properties:

n:IxV—-U n0,0=z, n:{0}xV=TnU,

and the image of the vector field f(x) under ¢ = n~' is a constant
vector:

9(¥(x)) = Deto(x) f(z) = ex.

Proor. Choose vectors &1, ...,&,-1 € R™ which span the subspace
S. For y = (y1,...,yn1) € R"7!, define the linear combination

n—1
p(y) = z0+ > vk
=1

Then p: R — H.
Now for any y € R™! such that p(y) € O, the existence theorem
allows us to define

n(t,y) =xz(t,p(y)) for alp(y)) <t <pBpy)).

Since the vector field f(x) is C', the theorem on smooth dependence
(Theorem 5.1.1) ensures us that n(t,y) is a C' function on its open
domain of definition. Notice that 7(0,0) = z(0,p(0)) = z(0,x¢) = xo
and that 1(0,y) = z(0,p(y)) = p(y) € HNO.

We need to show that 7 is invertible in a neighborhood of (0,0) €
R x R, This will be done using the inverse function theorem. So
let’s check the Jacobian:

Dift) = | gralt.p). 5ot 5o —a(t, o)
6.14) = [Feltpw). Dyt p5)Ess -, Dyt (o) ]

Remember that in general, D,z(0,p) = I. Setting (¢,y) = (0,0), we
see that
DT](O, O) = [f(xo)vfla s 75”*1]'
The columns of this matrix are independent since f(zo) ¢ S. By the
inverse function theorem, 7 is a local diffeomorphism from a neighbor-
hood of (0,0) € RxR""! to a neighborhood of 0 € R”. We can restrict
the size of the domain of 1 so that it has the convenient “rectangular”
form I x V where [ = (—¢,e) and 0 € V C R"'. Set U = n(I x V).
By (6.1.4), the first column of Dn is

Dn(t,y)er = f(x(t,p(y)) = f(n(t,y)).
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Let ¢ = n~1, and write p = n(t,y) and (¢,y) = 1¥(p). Then this is the
same as

Dn(¢(p))er = f(p)-
Since ¥ (n(p)) = p, the chain rule gives us that Dy (p)Dn((p)) = I,
for all p € U. Therefore, we see that

Di(p) f(p) = DY(p)Dn(w(p))er = ex.

The pair (I x V,n) is called a flow box.

THEOREM 6.1.3. With the notation of Theorem 6.1.2, let ¢:(p) be
the flow of the vector field f(x) in U and x¢(q) = q+ tey be the flow of
the constant vector field g(y) = ey in I x V. Then

¢e(n(q)) = n(xi(a)),
forallqge I xV and |t —q| <e.

PROOF. This is an immediate consequence of (6.1.2) and Theorem
6.1.1. U

This result shows that the orbits of f(x) in U are in one-to-one
correspondence with line segments orthogonal to V. More precisely,
for every x € U, there exists a unique p € H N U and a unique time
[t| < € such that © = ¢(p). From this we see that each orbit of f(z)
which enters U remains there for a time interval of length 2¢ and then
exits U, during which time it crosses T' = H N U exactly once. All
orbits cross 7" in the same direction.

6.2. The Hartman-Grobman Theorem
Last changed 01.28.10

DEFINITION 6.2.1. Let O C R"™ be an open set. Let F': O — R"
be a C' autonomous vector field. We say a critical point vy € O is
hyperbolic if the eigenvalues of D,F(xq) have nonzero real parts.

Suppose that F' has a critical point at xg = 0. Set A = D,F(0).
Writing F(x) = Ax + [F(z) — Az] = Ax + f(x), we have that f(x) is
C', £(0) =0, and D,f(0) = 0.

We are going to consider the flow of the vector field Az + f(x)
in relation to the flow of the linear vector field Azx. The Hartman-
Grobman theorem says that the two flows are topologically conjugate.
Before coming to a precise statement of this theorem, we need to define
some spaces and set down some notation.
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Define the sets
X ={g:R" = R": gis continuous, g(0) =0, sup||g(z)| < oo},

and

a2y 7=yl
These become Banach spaces with the following norms:

lgllx = sup [lg(=)[],

and

1/ (=) = FW)l
lz =yl

I flly = I fllx +sup
TH#Y

Notice that Y C X and ||f]|x < ||f]ly-

We are going to assume that the nonlinear portion, f(x), of the
vector field Az + f(z) lies in Y. This would appear to be a strong
restriction. However, since ultimately we are only interested in the flow
near the origin, the behavior of the vector field away from the origin
is unimportant. We will return to this point later on. One advantage
of having f € Y is that the flow ¢y (p) = z(t,p) of Az + f(z) is then
globally defined by Theorem 2.8.3, since f is Lipschitz and bounded.
Of course, the flow of the vector field Az is just ¢;(p) = exp At p.

THEOREM 6.2.1 (Hartman-Grobman). Let A be hyperbolic, and
suppose that f € Y. Let ¢; be the flow of Ax, and let 1, be the flow of
Az + f(x).

There is a 6 > 0 such that if || f|ly < 0 then there exists a unique
homeomorphism A : R" — R"™ such that A — I € X and

Aoty = oA
Moreover, the map f — A — I is continuous from Y into X.

Note: Here and below I denotes the identity map on R™. Thus,
A — I is the function whose value at a point x is A(x) — .

Notice that this theorem only guarantees the existence of a home-
omorphism A which conjugates the linear and nonlinear flows. In gen-
eral, A will not be smooth, unless a certain nonresonance condition
is satisfied. This is the content of Sternberg’s Theorem, the proof of
which is substantially more difficult. The limitation on the smoothness
of the linearizing map A will be illustrated by an example at the end
of this section.

The proof of the Theorem 6.2.1 will follow from the next two lem-
mas, both of which are applications of the contraction mapping prin-
ciple.
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Warning. We will be using four different norms: the Euclidean
norm of vectors in R", the operator norm of n x n matrices, and the
norms in the spaces X and Y. The first two will be written || - || as
usual, and the last two will be denoted || - ||x and || - ||y, respectively.

LEMMA 6.2.1. If F € Y with ||F|ly < 1, then I + F is a home-
omorphism on R". If S(F) = (I + F)™' — I, then S(F) € Y and
IS(E)Ix = [ Fllx.

PROOF. Let F' € Y, with ||F|ly = a < 1. Choose any point y € R™
and define the function 7' : R" — R™, by the formula 7'(x) = y — F(z).
Given any pair of points 1, xo € R"™, we have that

1T (1) = T(2)l| = [|F(21) = Fla2)l| < | Fllylley — z2ll = allzy — o]

This shows that 7' is a contraction on R™. According to the contraction
mapping principle, 7" has a unique fixed point * € R", so that x =
T(z) = y — F(z). This proves that the map I + F' : R" — R" is
one-to-one and onto. It follows that (I + F)~! exists.
Set G=S(F)=(I+ F)™' —I. Then G(0) =0 and
IGllx = sup |G(y)]

yEeR”™

= sup [|G(z + F(z))|

zeR™

= sup ||z — (z + F(z))|

zeR™

= sup [|F(z)]]

zeR™

= [|F]lx-
Take any points y;, y2 € R". There are unique points xy, x5 € R”
such that y; = x; + F(x;), i = 1,2. Now
|z1 — @2 + F(21) — F(z2)|]
|21 — @a|| = [|F(21) — F(a2)]

[z = @] = [[Flly 21 — 22l

ly1 — vo

AVARAVARAYS

(1 —a)l|z1 — 2.
Since

Glyi) = I+ F) (i) —yi = wi — (@ + F(a;)) = —F (),
we have that

o
1G() = Gly)|| = [1F(21) = Fla2)| < aflzr — 22l < Iy — 22l
The last inequality shows that G is Lipschitz continuous.

We have therefore shown that S(F) =G €Y.
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Finally, we see that I 4+ F' is a homeomorphism because G is Lips-
chitz continuous and (I + F)~! = I + G therefore is continuous. [

Recall that if A is hyperbolic, i.e. its eigenvalues all have nonzero
real part, then R" = E, + E,. The stable and unstable subspaces
E, and E, are the linear span of the real and imaginary parts of the
generalized eigenvectors corresponding to eigenvalues with negative and
positive real part, respectively. Thus, each x € R™ is uniquely written
as r = xg + x,, with z, € E; and z, € E,. The projections Px = x4
and P,x = x, are bounded, and they commute with A, and hence, also
with exp At. Recall that by Theorem 1.4.1, there are positive constants
Co, X such that

| Py exp At|| < Coe™, t >0
and
| P, exp At|| < Coe™, t < 0.
Therefore, given any € > 0, we can find a T" > 0 such that L = exp AT
satisfies
|PL| <e and |[P,L7'|<e.
LEMMA 6.2.2. Suppose that |P;L||, |P.L7Y| < e < 1/2. Let F,

G €Y with ||Flly, ||Glly < u < (1—2¢)/(1+¢) <1. Then there is a
unique homeomorphism A such that A — I € X and

(6.2.1) Lo(I+F)oA=AoLo(I+G@G).

PROOF. In this proof, we omit the “o” for composition. Thus, for
example, F'G will stand for F o G.

We are going to construct A in the form A = I + h, with h € X.

Equation (6.2.1) is the same as

LI+ F)I+h) ={+h)L(I+G),
or taking projections,
(6.2.2) P.L(I+ F)I+h) = P,(I+h)L(I+G)
(6.2.3) P, L(I+F)I+h) = P,(I+h)L(I+Q).

By the previous lemma, I + G is invertible, and (I +G)™t = I + S(G),
with S(G) € X. So right-composing (I + G)~'L~! with both sides of
(6.2.2) and left-composing L~ with both sides of (6.2.3) yields

(6.2.4) P,(I+h)=P,L(I+ F)(I+h)(I+S(G))L™*

(6.2.5) P,(I+F)(I+h)=P,L*I+h)L(I+G)
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After a little bit of manipulation, we can cancel P, from both sides of
(6.2.4) and P, from both sides of (6.2.5). This leads to

P.h = P,LS(G)L™' + P.Lh(I + S(G))L™!
+ P,LF(I +h)(I + S(G))L™*

Arnold calls this the homological equation. Adding these two equations
together, we see that (6.2.1) is equivalent to the equation

h =P,LS(G)L™" 4+ P,Lh(I + S(G))L™ + P,LF(I + h)(I + S(G))L™*
+ P,G + P,L"'hL(I + G) — P,F(I + h)
=T(F,G,h).

So solving (6.2.1) can be accomplished by finding a fixed point of T

T(F,G,h) is defined for all F', G € Y (C X) with Y-norm smaller
than p and all h € X. Since the terms in the definition of 7" all have
the form o~ with 8 € X, v continuous, and 3(0) = v(0) = 0, we see
that T(F,G,h) € X. Let Y, ={F €Y : |F|ly < u}. Then

T:Y, xY, xX—X.

Next we are going to show that T is a uniform contraction in the
X variable. Let F', G € Y, and let hy, hy € X. We make use of the
fact that

| Fhy — Fhollx < |[Flly ||kt — hallx < pllhy — ha|x,
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as well as || P,L||, ||P.L7| < e. Thus, we have

IT(F,G, ) = T(F,G, hy)]| x

<|IPL(hy — ha)(I + S(G))L ™" x
+ [|P.LF(I 4 hy)(I 4 S(G)) L™ — P,LF(I + hy)(I 4+ S(G)) L7 x
+ | PuL ™ (b — ho) L(I + G)||x + || PuF (I + h1) — P,F(I + hs)l|x

<||PoL||||(hy — ha)(I + S(G)) L7 x
+ [|PLINFlly | (hy = k) S(G) L™ x
+ | P L[| (hy = ko) L(I + G) | x
+ | Flly lha — hellx

< (e4ep+e+ p)|lhy — hel x

= aflhy — ha||x,

with @ < 1. So by the uniform contraction principle, there exists a
unique h = hpg € X such that hpg = T(F,G, hrg), and the map
(F,G) — hpg is continuous from Y, x Y, to X.

Set Apg = I + hpg. We have that Apg is continuous and

L(I + F)Arg = ApcL(I + G).

We still need to show that Apg has a continuous inverse. If Agp =
I + hgr, then we also have that

L(I + G)Agr = AgrL(I + F).
Therefore,
ArcAerL(I + F) = ApcL(I + G)Agr = L(I + F)ApcAcr.

Thus by uniqueness, ApgAgr = Apr = I+hpp. However, T(F, F,0) =
0, so again by uniqueness hppr = 0. This shows that ApgAgr = I. By
symmetry, we also have AgrApg = I. Thus, Apg has a continuous
inverse. ]

With lemma 6.2.2 in hand, we can finish the proof of the Hartman-
Grobman theorem.
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PROOF OF THEOREM 6.2.1. By variation of parameters, we have

(6.2.6)  ¢i(p) = z(t,p) =exp At p + /Ot exp A(t — s) f(x(s,p))ds.

Choose T' > 0 as before so that L = exp AT = ¢r satisfies the bounds
|P.L|l, |P.L7Y|| <e<1/2. With t =T, (6.2.6) can be written as

vr(p) = Lp+ F(p)),
with F(p) = [ exp (—As)f(x(s,p))ds.
We claim that given any p > 0, there is a 0 > 0 such that if f € Y

and ||f|ly <9, then F' € Y and | F|ly < u.
This can be seen from the following estimates:

T
[E@)Il < sup Hf(x(s,p))H/ lexp (=As)llds < Ci|[fllx < C1d,
0<s<T 0

IFG) = Fa)l < sw [1£(a(s.p) = Sals.a)lx | llesp (=As) s
<

Cillflly sup |lz(s,p) — 2(s,q)|,
0<s<T

and by Gronwall,

sup ||z(s, p) — x(s, )|l < [IL[[lp — qlle™”.
0<s<T

We have shown that ||F'|ly < C5. Thus, we take 6 = u/Cy, with p as
in the previous lemma.
Apply the lemma with G = 0 to get a homeomorphism A such that

(6.2.7) Ay = AL(I + F) = LA = ¢7A.

We need to verify that this holds for all £ € R.
Define

1 T
A== _sA\gds.
1 T/o ¢-sAYds

Note that by linearity of ¢, and (6.2.6) we have

1

T s
AN—T== (A — _
T T/O [¢> ! I>ws+/o¢afwada}ds,
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from which it follows that A; — I € X. We make the following straight-
forward calculation which uses the formula (6.2.7).

1 T
GMp_y = T/ Qi Ns_yds
0

1 T—t
= = O_oNp,do
T/,
1 0 1 T—t
= = oA — oA
T _t¢a%d0+T ; ¢—oNpsdo
1 T T—t
= — O rpr N _pdT + — O_o A, do
T ), +T T T J,
1 T T—t
= = Qb_TA'QZ)TdT + = QS—O'AwO'dO-
T Jry T Jy
Thus, ¢;A1 = YAy for all t € R, including ¢ = T. By uniqueness,
A=A O

THEOREM 6.2.2. Let A and B be hyperbolic n X n real matrices.
There exists a homeomorphism f : R™ — R™ such that f o exp At =
expBto f for all t € R if and only if the stable subspaces of A and B
have the same dimension.

PRrooOF. Let Ey, E, be the stable and unstable subspaces of A, and
let P, P, be the respective projections. Define the linear transforma-
tion L = —P, + P,.

The first part of the proof will be to find a homeomorphism h :
R™ — R™ such that

hoexpAt =expLtoh=¢ 'P,oh+¢'P,oh.
This will done by constructing homeomorphisms
hy: B, — FE, and h,:F,— E,
such that
heo P,oexp At =e 'hyo P, and h,oP,oexpAt=e'h,oP,,
for then, if we set h = hy, o Py + h,, o P,, h is a homeomorphism and

hoexpAt = h,o P,oexp At + h, o P, oexp At
= e thyoP,+¢eh,oP,
= expLtoh.



72 6. LINEARIZATION AND INVARIANT MANIFOLDS

Construction of h,. Let {e;}'_; be a basis of generalized eigenvec-
tors in F,. Then

Aei:)\iei—l—éiei_l, Z:L,p
where Re\; < 0 and §; = 0 or 1. Given p > 0, set f; = p~‘e;. Then

0;
Afi=Nfi + Efi—l-
If T is the n x p matrix whose columns are the f;, then

AT = T(D + N),

with D = diag(Aq,..., ;) and N nilpotent. The p X p nilpotent matrix
N has zero entries except possibly 1/4 may occur above the main
diagonal. Let {g;}}_, be the dual basis, i.e. (f;,g;) = 0;;. Let S be the
p X n matrix whose rows are the g;. Then ST =1 (p x p) and

SAT = (D + N).

Thus, Re SAT is negative definite for p large enough.

For x € E, define

1

o(z) = 5115 P

and
Y={z € E;: ¢(x)=1}.
Then D,¢(x)y = Re (Sx, Sy). So since T'S = P;, we have that

%gb(exp Atx) = Re (Sexp Atx, SAexp Atz) = Re (y, SATYy),

in which y = Sexp Atz. Thus, we can find constants 0 < ¢; < ¢y such
that

—cop(exp Atx) < %gb(exp Atx) < —ci¢(exp Atx).

We see that ¢(exp Atz) is strictly decreasing as a function of ¢, and
1
(6.2.8) §||S:1:||Qe_02t = ¢(x)e

< olexp Atr) < pla)e " = L |1Sal?e "

Given 0 # x € R", it follows that there exists a unique t(z) such
that ¢(exp At(x)z) = 1. The function t(z) is continuous for z # 0.
(Actually, it is C! by the implicit function theorem.) Now define

@ exp At(z)z, 0+# z € E,
hs(x):{o pAIe) xiO.



6.2. THE HARTMAN-GROBMAN THEOREM 73

Since || exp At(x)x|| = 1, it follows from (6.2.8) that lim, ¢ ||hs(z)]| =
0. Thus, hg is continuous on all of R"™.

Given 0 # y € FE,, there is a unique time ¢, € R such that e7%y € X,
namely se~%0||Sy||? = 1. Setting z = e~ exp —Atoy, we have t(z) = ¢,
and hg(x) = y. We have shown that hs : Ey — E is one-to-one and
onto. Continuity of i ! follows from its explicit formula. Therefore, h,
is a homeomorphism.

For any 0 # x € R", set z, = P,x and y = exp Atz,. Note that
t(y) = t(xzs) — t. From the definition of hg, we have

hso Psoexp At(x) = hs(exp Atx,)
= o'Wexp At(y)y
= @)t exp A[t(x) — t] exp Ata,
e 'hy o Py(z),

so hg has all of the desired properties.

In a similar fashion, we can construct h,, and as explained above
we get a homeomorphism h o exp At = exp Lt o h.

Let Es, E be the stable and unstable subspaces for B, with their
projections ﬁs, P,. Set L = —P, + P,. Let g be a homeomorphism
such that g o exp Bt = exp Lto g.

Since E, and F, have the same dimension, there is an isomorphism
M : R" — R" such that ME, = E, and ME, = E,. Define f =
g oM oh. Then

foexpAt = g loMohoexpAt
= gloMoexpLtoh
= glo(MoexpLtoM Y oMoh
— gloexpLtoMoh
— expBtogloMoh
= expBto f.

Conversely, suppose that f is a homeomorphism which conjugates
the flows, foexp Al = exp Btof. lfz, € E, thenlim, .o || exp Bt f ()| =
lim; o || f(exp Atz)[| = 0. Thus, f: E; — E,. By symmetry, 7t
E, — E,. Thus, E, and E;i are homeomorphic. By the Invariance of
Domain Theorem, F, and E, have the same dimension.

O

This result is somewhat surprising. For example, it says that the
spiral sink and the star-shaped node are topologically conjugate.
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THEOREM 6.2.3. Let A and B be hyperbolic n X n matrices whose
stable subspaces have the same dimension. Let f, g € Y with |||y,
lglly < p. If p is sufficiently small, then the two flows generated by
the vector fields Ax + f(x), Bx + g(x) are topologically conjugate.

THEOREM 6.2.4. Let A be hyperbolic, and let f : R — R" be C1
with f(0) = 0 and Df(0) = 0. Let ¢1(p) and ¢¥(p) be the flows gen-
erated by Az and Ax + f(x), respectively. There is a homeomorphism
h:R" — R"™ and a neighborhood 0 € U C R" such that

hoy(p) = ¢: o h(p),
when Y (p) € U.

PrROOF. The idea is simple. Modify the nonlinear function by
smoothly cutting it off away from the origin, so that the modification
f lies in Y with small norm. If the cut-off is done outside a sufficiently
small neighborhood, then || f||y will be small. The Hartman-Grobman
theorem says that the flow ¢ of Az + f (x) and ¢, are topologically
conjugate. Since f = f near 0, 1), = 1), in some neighborhood of the
origin, by uniqueness.

O
Remark: Note that if ¢ € E, the stable subspace of A, then
lim 6;(q) = 0.

Thus, if ||g|| < r for r small enough, then ¢;(¢) € h=(U) N E; for all
t > 0. By 6.2.4, if ¢ = h(p), then ¢;(p) € UNh1(E,) for all t > 0.

Similarly, if h(p) € E, with ||h(p)| < 7, then 1(p) is defined for all
t < 0 and remains in U N h~'E,,.

The sets U N h™'(E,) and U N h™!(E,) are called the local stable
and unstable manifolds, respectively.

Example. Consider the nonlinear system

Ty = a1, 21(0) = p

Th = axy + 17, x2(0) = py
where o« > 0. The first equation is linear and uncoupled with the
second, and so x; can be found explicitly. Substituting the result in
the second equation then yields a linear equation for x5 which can also

be solved.
When « # 2, the nonlinear flow is

2 2
o p p
bi(p) = (etpl,e ' (p2 -3 _1a> +eH ) :

2—«
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Of course, the associated linear flow is

¢t(p) = (etph eatpz)-
Now define

i
Alp) = :
(p) <p17p2+2_a)

Then A : R? — R? is a homeomorphism and

Ui(A(p)) = M¢e(p)),

confirming Theorem 6.2.4. Notice that A € C.
When o = 2, substitution of x; into the second equation leads to a
resonant term. The nonlinear flow is now

Ui(p) = (e'p1, e (p2 + tp?)).

According to Theorem 6.2.4, there exists a homeomorphism A on some
neighborhood of the origin such that

Li(A(p)) = Au(p))-
The second component of this equation reads
*[Ag(p1, pa) + tAT(p1, p2)] = Aa(e'pr, e*pa).
Setting 3 = ¢!, we have that
B2 [Aa(p1, p2) + In BAT (p1, p2)] = Aa(Bp1, B7p2),
for all sufficiently small 8 > 0. If Ay € C?, then we could differentiate
this equation twice with respect to 3, with the result that
2Ms(p1, p2) + 3A1(p1, p2) + 2In A (p1, p2)
= DiAo(Bp1, 8°p2) + 26D1 Dy My (Bpy, 37ps)
+4D3A5(Bp1, 3°pa) + 2D Ao (Bpi, B7pa).

For A € C?, the right-hand side has a limit as 3 — 0", whereas the left-
hand side does not. This contradiction shows that any homeomorphism
which conjugates this flow cannot be C? at the origin.

6.3. Invariant Manifolds
Last changed 02.22.10

DEFINITION 6.3.1. Let F(z) be a C' autonomous vector field de-
fined on some open set O C R"™. A set A C O is called an invariant
set if A contains the orbit through each of its points; i.e. x(t,xy) € A
for all a(xy) <t < B(xg). A set A is positively (negatively) invariant
if x(t,z0) € A for all 0 <t < [(zg) (a(xg) <t <0).
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Assume that the vector field F' : O — R™ has a hyperbolic equilib-
rium at o = 0. Set A = DF(0), and write F/(z) = Az + f(z). Then
f(0) = 0 and D,f(0) = 0. Let x(t,z9) denote the (possibly local)
solution of the initial value problem

' = Ax+ f(x), z(0) = x.

Let E and E, be the stable and unstable subspaces of the hyper-
bolic matrix A with their projections P, and P,. Recall that by the
remark following Theorem 1.4.1, there exists a A > 0 such that

(6.3.1) e Pox|| < Coe™||2]|, t >0,
and
(6.3.2) HeAtPuxH < Coe’\tHxH, t <0,

for all z € R™.

The stable and unstable subspaces are invariant under the linear
flow. We shall be interested in what happens to these sets under non-
linear perturbations. In fact, we already see that by the Hartman-
Grobman Theorem, that there is a neighborhood of the origin in Ej
which is homeomorphic to positively positively invariant set under the
nonlinear flow. Similarly, F, corresponds to a negatively invariant set
for the nonlinear flow. The next result shows that these invariant sets
are C'' manifolds which are tangent to the corresponding subspaces at
the origin.

DEFINITION 6.3.2. The stable manifold is the set
Ws(0) = {zo € R" : x(t, xo) exists for allt > 0 and tlim x(t, zo) = 0}.

Remarks:

- The stable manifold is invariant under the flow.
- If 29 € W,(0), then sup, ||z(t, 20)|| < oo.

THEOREM 6.3.1 (Stable Manifold Theorem). There exists a func-
tion n defined and C' on a neighborhood of the origin U C E with the
following properties:

(i) n:U — E,, n(0) =0, and D,n(0) = 0.
(ii) If zo € Wle(0) = {xg € R" : Py € U, P,ao = n(Psxo)},
then x(t,xo) is defined for allt > 0, and

[ (t, zo)[| < C| Pswol| exp(=At/2).
Hence, W°e(0) C W,(0).

S
(iii) We(0) is positively invariant.
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(iv) If g € We(0), then x(t,z0) is defined for all t > 0, and
y(t) = Psx(t, zo) solves the initial value problem

y'(t) = Ay(t) + Psf(y(t) +n(y(?))), y(0) = Psxo.
Remarks:

- The set W!¢(0) is called the local stable manifold. 1t is a C*
submanifold of R™ of the same dimension as Fs, and tangent
to Es at the origin.

- If f € C*R™) then n € C*(U).

- There is also a notion of local unstable manifold with the
analogous properties. The local unstable manifold can be con-
structed simply by reversing time (i.e. ¢ — —t) in the equation
and then applying the above result.

- The initial value problem (i) governs the flow on the local
stable manifold.

PROOF. Suppose that zg € R" is such that z(t,zg) is defined for
all t > 0 and sup ||z(t, zo)|| < oo. Using variation of parameters, we
t>0

can write, for all ¢ > 0,

(6.3.3) z(t, z0) = ety +/ A7) f(x(7, o) )dr.
0

Applying P, to both sides and factoring out e’ on the right, this
becomes

(6.3.4) Px(t,zo) = eMP, {mo +/ AT f(2(T, 20))dT
0
Because of (6.3.1), we have for any z € R", ¢t >0
1Puz]| = lle™ e Puz|| < Coe™[[e™ P2
Rearranging this inequality, we have
e P, z|| > CeM|P,z||.

If we combine this lower bound with (6.3.4), we obtain

Pl [ st o]

Now || P,z (t, zo)|| < Cllx(t, z0)|| < Const., for all t > 0, by assumption.
Therefore, sending t — oo implies that

P, [x0+/0 A7 f (27, 20))d } ~0.

|| Pux(t, xo0)| > CeM
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As a consequence of this calculation, we can rewrite (6.3.3), for bounded

solution x(t,xg), as

t
(6.3.5) x(t,20) = e Py +/ AT P f(x(T, o)) dr
0

— /OO eA(t’T)Puf(a:(T, xg))dT.
t

This is a big hint for how to find the local stable manifold.
Let CP(R*,R™) denote the Banach space of bounded continuous
functions from R* to R™ with the sup norm

[ylloo = sup [y (t)]].
>0

Given yy € Es, y € C, define the mapping

(63:6) Tn)) =v(t)— s~ [ DR fly(r)ar

+ /OO eA(t_T)Puf(y(T))dT.

Let’s verify that
T:E, x C)(RT,R") — CP(RT,R").
Since f is C* and f(0) = 0, we have if ||z|| < r

1
1f ()]l = H/O Df(ow)zdo|| < max |Df(p)[lllz]l = Crll=

Note that C, — 0 as r — 0, because Df(0) = 0. Given y € Cp, let
P = ||Yl|loo- Then

1f DI < Colly (7).
Using the bounds (6.3.1), we get for 7 <t

(6.3.7) [l TP, f(y(7))]] < Coe 7| f(y(7))]]
< Coe MG |ly(7) || < Clp)e ™7,

and for 7 > ¢

(6.3.8) e VP f(y(1))Il < Coe™ 7| £y ()
< CoeMICly(r)]| < C(p)eX 7.
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Recalling that yy € E, we can estimate the mapping 7" in (6.3.6)

1T (Y0, Y)||ee < stgg[lly(t)ll + e yol|

t 00
+C(p) (/ e ATy —i—/ eA(tT)dT>}
0 ¢

sup [Hy(wn +Coe Mol +20(0) [ d]
t>0 0

< Clllyoll, llyllse) < oo

IN

Thus, T'(yo,y) € C}.

Now we proceed to check that T fulfills the hypotheses of the im-
plicit function theorem 4.4.1 at (0,0). From the definition (6.3.6) we
see that 7'(0,0) = 0. T is continuously Fréchet differentiable and

D, T(yo, y)=(t) = =(t) — / AT PD, f(y(7))z(r)dr

+ / T A p,D, f(y(r))=(7)dr,

so that D,T'(0,0) = I, since D, f(0) = 0.
By the implicit function theorem, there are neighborhoods 0 € U; C
E,, 0 €V, C Cp, and a C' mapping ¢ : U; — V; such that

#(0) =0 and T(yo,d(v0)) =0, o€ Us.

Moreover, if yo € Uy, y € Vi and T'(yo,y) = 0, then y = ¢(yo).
Choose r > 0 small enough such that

{yo € Es: lyoll <7} C U, {yeCy:lyllc} CVi, 4CoCh/A< 1.
Define

V={yel:|yllw<r Pyl <r}cV
and

(6.3.9) U={yo€Us]6mo)llc <7 [Pedmo)lloc <7} =0 (V).

All of the statements in the preceding paragraph hold on the smaller
pair of neighborhoods U and V. The reason for these choices will
become clear below.
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For yo € Uy, set y(t,v0) = ¢(yo)(t). Then from (6.3.6)

t
(6.3.10) y(t,yo) = eMyo + / AP fy (T, yo))dr
0

- [ ARt
t
Letting t = 0, we have
(6.3.11)  y(0,y0) = Psy(0,30) + Puy(0,70)
= Yo — /000 e P, f(y(T, yo))dr-
Define

(6.3.12) n(yo) = — /0 T e, F(y ()T

From this definition, we see that n(0) = 0 and n : U; — E,. From
the fact that the map yo — ¢(yo) is C, it follows that y(¢,0) is C* in
Yo, and, in particular, n(yo) = P,y(0, ) is C'. So we can compute

Dn(yo) = — /0 N e " P.D. f (y(7, y0)) Dy y(7, yo)dr.

Since y(7,0) = 0, we have Dn(0) = 0. This verifies the assertions of
Now we show that, for yo € Uy, y(t,yo) is a solution of the differen-
tial equation. Since from (6.3.10)

t
(6.3.13) y(t,y0) = e*yo+ / AP f(y(7, y0))dr
0
—eAt/ e_ATPuf(y(TvyO))dT
0
t
+ / AP, £ (y(7, y0))dr
0

= oMy + (o)) + / A f(y(r o) ),
0

it follows by uniqueness of solution to the initial value problem that if

Yo € Uy, then y(t,yo) = x(t, yo +1(yo))-
Define

WSZOC(O) = {IO € R": PSCUO S U: PuxO = n(PsxO)}7
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and the following sets
B={xg€R": Paxyg €U, x(t,xo) = y(t, Psxo)}
C={zo € R": Paxy € U, sup||z(t,zo)| <r}.
>0

We will now show that these three sets are equal.

The calculation (6.3.13) shows that W!°¢(0) C B. To see the reverse
inclusion, suppose that P,xg € U and xz(t,z¢) = y(t, Psxo). Then by
(6.3.11), (6.3.12), we have xo = (0, z¢) = y(0, Psxo) = Psxo+n(Psxo).
Therefore, we have that B C W!¢(0), and hence W!°¢(0) = B.

Now let xg € B. Then yo = Psxo € U, so since y(t, o) = ¢(yo)(t)
and ¢(yo) € V,we have that sup, ||z(t, zo)|| < r. Thus, B C C.

On the other hand, if Pyzg € U and sup,s, ||z(t,z0)|| < 7, then by
(6.3.5), bounded solutions satisfy T'( Pszo, 2(t, z9)) = 0. Since (Pyzq, z(-,70)) €
U, x Vi, we have by uniqueness in the implicit function theorem that
x(t, o) = y(t, Psxo). Thus, xy € B, and we have that C C B.

This proves that W!°¢(0) = B = C.

We now establish the inequality of () and show that W¢(0) C
W,(0). If g € WPe(0), set yo = Psro. Then y(t,y0) = x(t,x¢) is
defined for all ¢ > 0, and sup,~, ||z(t, zo)|| < r. From (6.3.10), (6.3.8),
and (6.3.7), we have the estimate

t
(63.14) ly(t. )] < Coe™llnll + CuCr [ & y(r, o)
0

+COC’,,/ e’\(t_T)Hy(T, Yo)||dT.
t

Recall that we have chosen 7 so small that 4C,C, /A < 1. With A =
Collyo]| and B = CyC,, we get from lemma 6.3.1 below

l(t, zo)ll = [ly(t, o)l < 2Colyoll exp(=At/2).

This demonstrates the exponential decay, and hence we also have that
Woe(0) € W,(0).

The next step is to establish the invariance of the local stable
manifold. Let 2y € W¢(0). Then x(t,z,) is defined for all ¢ > 0,
x(t, z0) = y(t, Pszo), and since Psxy € U, we have by (6.3.9)

(6.3.15) llz(t, z0)|| = |ly(t, Pszo)|| <r, forall t>0,
and
(6.3.16) | Psx(t, z0)|| = || Psy(t, Psxo)|| <r, forall t>0.

Fix s > 0 and set ¢ = z(s,79). We must show that ¢ € W¢(0).
Now || Pyq|| = || Psx(s,z0)|| < 7, so Psq € U;. It follows from (6.3.13)
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that y(t, Psq) = z(t,q). But by the properties of autonomous flow,
x(t,q) = z(t + s,9), and so by (6.3.15),(6.3.16), we have

ly(t, Psq)|| = ||x(t + s,20)|| <7, forall ¢>0,
and

|Psy(t, Psq)|| = || Psz(t + s,x0)|| <7, forall ¢>0.

Thus, Psqg € U. But now since ||z(t,q)|| < r, we have that ¢ € C =
W.e<(0).

Finally, if zo € W¢(0), then z(t,x¢) is defined for all + > 0. If
y(t) = Pyxy(t, z0), then y(t) € U and x(t, x9) = y(t) + n(y(t)). So (iv)
follows by applying P to both sides of the differential equation. O

We record the following fact which emerged during the proof of
theorem 6.3.1.

COROLLARY 6.3.1 (Uniqueness of the Stable Manifold). The local
stable manifold is unique. It has the intrinsic characterization

WjOC(O) ={zg € R" : Pyxy € U, sup||z(t,zo)|| <7},
t>0

for a certain r > 0 and neighborhood 0 € U C Ej.

The next lemma was used in the proof of exponential decay. It is a
variant of Gronwall’s inequality.

LEMMA 6.3.1. Let A, B, A be positive constants. Suppose that u(t)
s a nonnegative, bounded continuous function such that

t 00
u(t) < Ae™™M + B/ e My (T)dr + B/ My(r)dr,
0 t

forallt > 0. If AB < A, then u(t) < 2Aexp (—At/2).

PROOF. Define p(t) = sup,>, (7). p(t) is finite since u(t) is bounded.
p(t) is nonincreasing, nonnegative, and continuous (verify!). Fix ¢ > 0.
For any € > 0, there is a t; > ¢ such that p(t) < u(t;) + . Therefore,
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using this as well as the fact that u(t) < p(t), we have

t1
p(t) —e <wu(ty) < Ae ™ + B/ e M=y (7)dr
0

+B / e’\(tl’f)u(T)dT

t1

IA

t1
Ae™M1 —I—B/ e M=) p(r)dr
0

+B / e’\(tl’f)p(T)dT

t1

IN

t
Ae™M1 +B/ e M=) p(7)dr
0

t1 )
+B/ e’)‘(tl’T)p(T)dT + B/ e’\(tl’T)p(T)dT
t

t1

IN

t
Ae™™ B/ e M) p(1)dr
0
t1 o0
—l—Bp(t)/ e’\(tlT)dT—l—Bp(t)/ A=y
t 38

t
< Ae Mt Be_’\t/ M p(T)dr 4 (2B/\)p(t).
0

This holds for every e > 0. So if we send ¢ — 0 and set z(t) =
eMp(t), we get

(1-2B/N)z(t) < A+ B /Ot z(T)dr.

Our assumption A > 4B implies that (1 —2B/\)™' < 2 and B(1 —
2B/)\)! < A/2. Thus,

2(t) < 24+ (\/2) /0 tz(T)dT.

Ye Olde Gronwall implies that z(t) < 2Aexp(At/2), so that u(t) <
p(t) < 2Aexp(—At/2). O

Now let’s consider the problem of approximating the function n
which defines the local stable manifold. Let zy € W°¢(0). Then (¢, z)
is defined for all ¢ > 0. Set z(t) = x(¢, ) and y(t) = Psx(t,x9). Then
we have
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If we differentiate:
Pua'(t) = Dn(y(t)y'(t),
use the equations:
Pu[Ax(t) + f(2(t)] = Dn(y())[Ay(t) + f(y(t) + n(y(2))],
and set t = 0, then

A77(Ps$0) + Puf(PsxO =+ n(PsxO)) =
Dn(Pst)[APsxO + Psf<Psx0 + U(Psﬂﬁo))L
for all 2y € W¢(0). This is useful in approximating the function .

THEOREM 6.3.2 (Approximation). Let U C E; be a neighborhood
of the origin. Suppose that h : U — E, is a C' mapping such that
h(0) =0 and Dh(0) = 0. If

Ah(z) + Py f(z + h(z)) — Dh(z)[Az + Pyf(x + h(z))] = O(||=[|"),
then
n(z) — h(z) = O(||=[|),
forx € U and ||z|| — 0.

For a proof of this result, see the book of Carr. The way in which
this is used is to plug in a finite Taylor expansion for h into the equa-
tion for n and grind out the coefficients. The theorem says that this
procedure is correct.

Example. Consider the nonlinear system

x’:x+y3, y':—y+x2.
The origin is a hyperbolic equilibrium, and the stable and unstable
subspaces for the linearized problem are

E,={(0,y) € R?} and E,={(z,0) € R*}.
The local stable manifold has the description
W(0) = {(z,y) € R* sz = f(y)},

for some function f such that f(0) = f/(0) = 0. Following the proce-
dure described above, we find upon substitution,

f@) +v° = fW)l-y+ fy)]:
If we use the approximation f(y) ~ Ay* + By?, we obtain
A=0 and B=-1/4.

Thus, by Theorem 6.3.2, we have f(y) ~ (—1/4)y>.
In the same fashion, we find

Wee0) = {(z,y) ER* 1y = g(x)}, with g(z) ~ (1/3)2”.



CHAPTER 7

Periodic Solutions

7.1. Existence of Periodic Solutions in R"
— Noncritical Case

Suppose that we have an autonomous vector field with a critical
point. By making a small T-periodic perturbation of this autonomous
vector field, we will find a T-periodic solution of the perturbed equation
near the critical point. The fundamental assumption will be that the
linearized equation at the critical point has no T-periodic solutions.
That is, the perturbation is noncritical.

Let f(t,z,€) be a C? map from R x R" x (—&g,&0) into R™ such
that

(i) There is a T > 0, such that f(t + T,z,e) = f(t,x,¢) for all
(t,x,e) € R X R™ X (—&g,&0)-
(ii) f(t,x,0) = fo(x) is autonomous and f,(0) = 0.

It follows that we can write
- - Lof
f(t.2.6) = fl@) +eft.0.0), where f(t.2.0)= [ Lit.z.00)do
0
Notice that fis C' and f(t +T,z,¢) = f(t,z,¢).

Example: f(t,z,e) = fo(x) + ep(t), with fo(0) =0 and p(t +7T) =
p(t).

THEOREM 7.1.1. Set A = D fy(0). If TA & 2miZ for each eigenvalue
of A, then there exists a neighborhood of U of 0 € R™ and an 0 <
g1 < eg such that for every |e| < ey there is a unique initial point
p = p(e) € U for which the solution, x(t,p,e), of the initial value
problem

¥ = f(t,x,e), x(0,p,e)=p
18 T'-periodic.

Remarks:

- The assumption means that the linear equation =’ = Az has
no T-periodic solutions.

85
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- Since the vector field is nonautonomous for € # 0, the notion
of orbit is not available. Thus, the uniqueness of the initial
point of the periodic solution makes sense.

PROOF. Let a(p,e) <t < B(p,e) be the existence interval for the
solution (¢, p,e). Since f is Ct, z is C! in (f,p,e). Moreover, since
z(t,0,0) = 0, we have «(0,0) = —oo and (3(0,0) = oo. Therefore,
by continuous dependence, we know that ((p,e) > T for all (p,e)
sufficiently small, say in a neighborhood U x (—¢y,¢;) of (0,0) € R"xR.

Let Y (t) = D,xz(t,0,0). Then since D,z (t,p,e) solves the linear
variational equation

d
aDpa:(t,p, e)=D,f(t,x(t,p,e),e)Dpx(t,p,e), D,x(0,p,e) =1,

we have that Y'(t) solves
Y/(t) = Dy f(£,0,0)Y (£) = Dy fo(0)Y (1) = AY (1), Y(0) = 1.

Thus, we see that Y (t) = et is the fundamental matrix of A.
For (p,e) € U x (—¢1,€1), the “time T” map

I(p,e) = (T, p,¢)

is well-defined. Note that II(0,0) = 0, and by smooth dependence,
II:U x (—e1,e1) — R™ is C*. By our definitions, we have

D,I1(0,0) = D,a(T, p,¢) =Y(T) =T,
(p.£)=(0,0)

Now set Q(p,e) = Il(p,e) — p. If we transfer the properties of II
to Q, we see that Q : U x (—¢1,61) — R* is C*, Q(0,0) = 0, and
D,Q(0,0) = e — I. Our assumptions on A ensure that this matrix
is invertible. By the implicit function theorem 4.4.1, there is a smooth
curve of initial points p(e) defined for |¢| < &; (with a smaller value
for 1) such that Q(p(e),e) = 0. This is the same as saying that
II(p(e),e) = p(e) which, in turn, is equivalent to z(T', p(e),e) = p(e).
However, this implies that z(t + T, p(¢), e) = x(t,p(e), ) for all t € R,
by the periodicity of the vector field f(¢,x,¢) in ¢ and uniqueness.
(Notice that this is the only place in the argument that periodicity is
used.)

O

Example: If the matrix A is hyperbolic, then there are no eigenval-
ues on the imaginary axis and the condition of theorem 7.1.1 is met.

Example: Consider Newton’s equation u” + g(u) = ep(t), in which
g(0) =0, ¢’(0) # 0, and p(t + T) = p(¢) for all t € R.
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If ¢(0) = —+?2, then the matrix A is hyperbolic. There exists a
small T-periodic solutions for small enough ¢.

If ¢’(0) = 2, then there is a T-periodic solution for small £ provided
that v7'/27 is not an integer.

Consider the linear equation,

u" +u = e cos(wt).

Here we have ¢’(0) = 1 and T' = 27 /w. According to theorem 7.1.1, for
small ¢ there is a T-periodic solution if 1/w is not an integer. This is
consistent with (but weaker than) the familiar nonresonance condition
which says that if w? # 1, then

is the unique T-periodic solution for every e.

Example: Consider the Duffing equation
u”" 4+ au' + ~y*u — eu® = Bcoswt.

Notice that the periodic forcing term does not have small amplitude.
The nonlinear term is “small”, however, which allows us to rewrite the
equation in a form to which the theorem applies. Let v = ¢'/?u. If we
multiply the equation by 6 = /2, then there results

v 4+ av' +v*v — v® = Bl coswt.
When this equation is written as a first order system, it has the form

o' = f(x)+0p(t), p(t+2m/w)=p(t)

with Df(0) hyperbolic, so that theorem 7.1.1 ensures the existence of
a 2w /w-periodic solution.

7.2. Stability of Periodic Solutions to
Nonautonomous Periodic Systems

Having established the existence of periodic solutions to certain
periodic nonautonomous systems, we now examine their stability.

Let f: R x R® — R™ be a C! nonautonomous vector field that is
T-periodic: f(t+T,z) = f(t,z) for all (t,x) € R x R™. Assume that
©(t) is a T-periodic solution of ' = f(t,z). Let (¢, T, xo) denote the
solution of the initial value problem

= f(t,z), x(r)=x0.
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DEFINITION 7.2.1. A periodic orbit p(t) is stable if for every e > 0
and every T € R there is a § > 0 such that ||zg — ©(7)|| < § implies
that

[l (t, 7, 20) — (D] <,
forallt > .

If in addition, limy_ ||z(t, T, 20) — @(t)|| = 0, then p(t) is asymp-
totically stable.

The matrix A(t) = D, f(t,¢(t)) is T-periodic. Let Y'(¢) be a fun-
damental matrix for A(t). That is,

Y'(t) = AWY (), Y(0)=1.

This is the situation to which Floquet theory applies. There exist real
matrices P(t), B, and R such that

Y(t) = P(t)e”
Pit+T) = PR
(7.2.1) R =1 BR = RB.
The eigenvalues of €87 are called the Floquet multipliers of ¢. They
are unique. The eigenvalues of B are called the Floquet exponents of
. They are unique up to integer multiples of 27i/T. If there are no
Floquet multipliers in the interval (—oo,0), then R = I and P(t) is
T-periodic. Otherwise, P(t) is 27-periodic. The Floquet multipliers

of the periodic solution ¢ are independent of the initial time used in
computing the fundamental matrix (exercise).

THEOREM 7.2.1. If the Floquet exponents of ¢ satisfy Re A <
—Xo < 0 (equivalently, if the Floquet multipliers satisfy |pu| < e < 1),
then ¢ is asymptotically stable. There exist C' > 0, § > 0 such that if
lzo — @(7)|| < 0 for some T € R, then

(¢, 7, 20) — ()| < Ce 7z — p(7)]],
forallt > .

Proor. Consider a solution x(t) that is “close to” ¢(t). If y = x —
@, then y should be small. What equation does the small perturbation
y(t) satisfy?

y = 2 — QOI
= flto+y) — [t )
= g(t,y).
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Note that g(t+T,y) = g(t,y), for all (¢,y) € RxR" and that g(¢,0) =
0, for all ¢ € R. We have that A(t) = D, f(t,¢(t)) = Dyg(t,0), so this
becomes
yo= Ay +I[g(t,y) — Alt)y]
= At)y + h(t,y),
in which h(t,0) =0, Dyh(t,0) =0, and h(t + T, y) = h(t,y).

As a final reduction, set y(t) = P(t)z(t). This makes sense since
P(t) is invertible for all t € R. Then

P'(t)=(t) + P(t)2'(t) = y'(t)
= A)y(t) + h(t, y(1))
= A)P(1)=(t) + h(t, P(1)(1)),

so that
2 (t) = PTHH[A®)P(t) — P'(1)]=(t) + P (#)h(t, P(t)2(t)).
Now P~1(t)[A(t)P(t) — P'(t)] = B. Plug this in above:
d(t) = Ba(t) + P ()h(t, P(t)=(t))
= Bz(t) +H(t z(t)).

The nonlinear function H(t,z) = h(t, P(t)z) has the following proper-
ties:

(7.2.2) H(t,0)=0, D.H(t0)=0,
and H(t+T,z) =R 'H(t,Rz) = RH(t, Rz).

Recall the Theorem 2.9.2 which said that if F(z) is a C! autonomous
vector field on R™ with F'(0) = 0, DF(0) = 0, and A is an n X n matrix
whose eigenvalues all have negative real part, then the origin is asymp-
totically stable for 2 = Az + F(x). The present situation differs in
that the vector field H(t, z) is nonautonomous. However, the fact that
H(t+2T,z) = H(t, z) gives uniformity in the ¢ variable which permits
us to use the same argument as in the autonomous case. The outcome
is the following statement:

There exist Cy > 0, 6 > 0 such that if ||2]| <, then

12(2, 7, 20) || < Coe™ |20

for every t > 7.

The same estimate holds for P(t)z(t, T, zg) (with different constants
Cy and 9), since P is 2T -periodic and invertible. Theorem 7.2.1 follows
now because

x(t, T,20) = @(t) + P(t)z(t, T, 20),
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with zg = P(7) 7! xe — @(7)]. O

Remark: The defect of this theorem is that it is necessary to at least
estimate the Floquet multipliers. We have already seen that this can
be difficult. However, suppose that we are in the situation of section
7.1, namely the vector field has the form

f(t.a,e) = folw) +ef(t,2,2),

with fo(0) = 0 and f(t + T, x,e) = f(t,z,¢). Let @. be the unique
T-periodic orbit of f(¢,x,e) near the origin. Then by continuous de-
pendence

A(t) = D, f(t,pe(t),e) = D, fo(0) = A.
Again by continuous dependence, the fundamental matrix Y (¢) of A.(¢)
is close to e4. So for e sufficiently small the Floquet multipliers of .
are close to the eigenvalues of eT. If the eigenvalues of A all have
Re A < 0, then . is asymptotically stable, for ¢ small.

7.3. Stable Manifold Theorem for
Nonautonomous Periodic Systems

We continue the notation and definitions of the previous section.
In particular, let B and R be n X n matrices which satisfy (7.2.1).
Suppose that B is hyperbolic. Let P,, P, be the usual projections
onto the stable and unstable subspaces Fy, F, of B. Then there exist
constants Cy, A > 0 such that
| PP < Coe™ t >0 and ||P.e”|| < Coe, t <O0.
Let H : RxR™ — R" be a C! function which satisfies the conditions
in (7.2.2). Let z(t, 7, 29) be the flow of the IVP
Z=Bz+H(t z), 20,7, 2)= 2.
THEOREM 7.3.1. There is a neighborhood of the origin U C E, and
a C' function n: RT x U — E, such that
(i) n(1,0) = 0, Dyn(7,0) =0 for all T € RY, and n(t + T,y) =
Rn(r, Ry) for all (1,y) € Rt x U.
(ii) Define
Wle(0) = {(1,20) € RT x R" : Pyzy € U, P,zy = (1, Pyzg)}.
If (1, 29) € WPe(0), then 2(t, T, 2) is defined for all t > 7 and
2(t, 7, 20)|| < Cem P2,

(iii) Wle¢(0) is positively invariant in the sense that if (1,20) €
Wloe(0), then (t, Poz(t, T, 20)) € W¢(0), fort > 7.
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SKETCH OF PROOF. The steps of the proof are similar to the au-
tonomous case, see Theorem 6.3.1.

Suppose that z(t, 7, z9) is defined and uniformly bounded for ¢ > 7.
Then it follows from the variation of parameters formula that

P, |:ZO —/ P H(s, 2(s, T, zo))ds} = 0.

This implies that
¢
2(t, 7, 20) = eBUTIP +/ PP H(s, 2(s, 7, 2))ds

B / eB(t—s)puH(s, z(s, 7, 20) )ds,
t

forallt > 7.

Let Y denote the Banach space of bounded continuous functions
y(t,7) from the domain {(¢,7) € R? : ¢t > 7 > 0} into R™ with the sup
norm. Define the mapping F': £, XY — Y by

F(yo,y)(t,7) = y(t,7)— Py,

¢
— /eB(t_S)PSH(S,y(S,T>>dS

T

+ / PP, H(s, y(s,7))ds.
¢

F is a C'!' mapping, F(0,0) =0, and D,(0,0) = [ is invertible. By the
implicit function theorem 4.4.1, there exist neighborhoods of the origin
UCE,and V CY and a C! map ¢ : U — V such that ¢(0) = 0 and
F(yo, ¢(yo)) = 0, for all yo € U. In addition, if (yo,y) € U x V and

F<y07 y) = 07 then Y= ¢(y0) Write y(ta T, ?Jo) = ¢(y0)(t7 T)'
Define n : R x U — E, by

77(% T, yO) = - / eA(S_T)PuH(Sa y(87 T, yO))dS

T

Then 7 is continuous in (7,yo) and C* in yo. n(7,0) = 0 and D, (7,0) =
0 for all 7 € R*.

Suppose that zp € R™ and yg = Pszp € U. Then z(t, 7, z9) is defined
for all ¢ > 7 and remains uniformly bounded if and only if

Z(ta T, ZO) = y(ta T, yO)
This, in turn, is equivalent to

PuZO = 77(7-7 y())
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(By smooth dependence of z(t,T,z) on 7, it now follows that 7 is C*
in 7, also.)

By the uniqueness of solutions to the initial value problem, we have
that

2(t+T,7,20) = Rz(t, 7 — T, Rzp),

for all ¢ > 7—T. Shrink the neighborhood U to U’ = UNRUN¢~(RV).
It follows by the uniqueness part of the implicit function theorem that
if yo € U’, then

y(t+T,7,y0) = Ry(t,7 — T, Ryo),
forall t > 7 —T. Now let zy € R™ with yg = P,z € U’. Then
z(t, 7 —T,Rz) = Rz(t+T,7,2)
= Ry(t+T,7,y0)
y(t, =T, Ryo)
= z2(t,7 =T, ),

with 23 = Ryo + n(7 — T, Ryp). By uniqueness to the initial value
problem, we must have n(7 — T, Ryy) = P,z1 = RP,z0 = Rn(7,yo).
This shows all of the properties in ().

The proof of exponential decay and invariance is similar to the
autonomous case. As in the previous case, further shrinkage of the
neighborhood U’ will be necessary. O

Remarks:

- By reversing the sense of time in the system, this theorem
immediately ensures the existence of a local unstable manifold.

- If we return to the situation where z represents local coordi-
nates near a hyperbolic periodic orbit, the theorem gives us
an invariant manifold ¢(7)+ P(7)zo parametrized by (7, z9) €
We(0) near the periodic orbit ¢ of the original system 2’ =
)

- The periodic orbit is the intersection of the local stable and
unstable manifolds.

- If R =1, i.e. there are no Floquet multipliers on the negative
real axis, then the local stable manifold is T-periodic. It fol-
lows that the stable manifold makes an even number of twists
as it revolves around the periodic orbit. If R # I, i.e. there are
Floquet multipliers on the negative real axis, then then local
stable manifold makes an odd number of twists as it circles
the periodic orbit. It is a generalized Mobius band.
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Example: Newton’s Equation with Small Periodic Forcing
Recall that Newton’s equation is the second order equation,

u’ +g(u) =0,

which is equivalent to the first order system

s - [3]- (2] w0 7]

Here we assume that ¢ : R — R is a C? function with g(0) = 0
and ¢’'(0) = 72 > 0, so that the origin is a non-hyperbolic critical
point for this system. In fact, if G'(u) = g(u), then solutions satisfy
73(t)/24+G(x1(t)) = Const., which shows that all orbits near the origin
are closed, and hence periodic.

Let p(t) be a continuous T-periodic function. Consider the forced
equation

(1) + glult)) = ep(t).
or equivalently,
/ T3
¥ = f(t,z,e), f(t,z,e)= [ —g(a) +ep(t) } .

If vT'/27 is not an integer, then we have seen that for all small ¢, there
is a unique periodic solution z.(t) of the forced equation near the origin.

We will show that in spite of the fact that the origin is not a hyper-
bolic critical point, under certain restrictions on g and p the periodic
solution z.(t) of the forced equation is hyperbolic.

The hyperbolicity of x. depends on showing that the Floquet mul-
tipliers lie off of the unit circle. Let u.(t) denote the first component
of z.(t). Then wu.(t) solves

(7.3.1) ul(t) + g(us(t)) = ep(t).
Set
A(t7€> = sz(taxs(t)70) = [ —g’(gg(t)) é :| .

The Floquet multipliers are the eigenvalues of Y (T, ¢) where Y(¢,¢) is
a fundamental matrix for A(¢,¢). That is,

(7.3.2) Y'(t,e) = A(t,e)Y(t,e) Y(0,e) = 1.

The first observation is that since

T
det Y (T,e) = exp (tr/ A(t,a)dt) =1,
0

the Floquet multipliers u(¢) and ps(e) of x. satisfy
p1(e)ua(e) = det Y(T,e) = 1.
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This means that one of the following hold:

L pi(e) = pale), ()] = ua(e)| = 1
IL. p(e) = pa(e) ™
Al pg(e) > 1> ps(e) >0
B. p(e) < =1 < pa(e) <0
Since the Floquet multipliers are root of the characteristic polynomial,

/'62 _T(g)u+ 1= 07

with 7(¢) = ui(e) + pa(e), the trace of Y (T,¢), these cases can be
distinguished as: L. |7(¢)] < 2, I A. 7(¢) > 2, and II B. 7(¢) < —2.
The stable manifold theorem 7.3.1 applies only in case II. We shall
show that case II B holds under appropriate restrictions on g and p.
In case II B, the Floquet multipliers lie on the negative real axis. This
means that R = —1I, so the stable manifold is a Mobius band when it
exists.
Our strategy will be to obtain an expansion for the trace

r(e) = 7(0) +=7(0) + 57(0) + O(<?).

ky
Since 7% (0) = tr {F(T : 0)1 , this can be accomplished by first find-
3

ing an expansion for the fundamental matrix Y (¢, €):

dY g2 d?Y
Y(t,e) = Y(t0)+ sd—e(t, 0) + §d_g2(t’ 0) + O(g?)

= Yo(t) +eVi(t) + 52—23/2(75) + O(e?)

The existence of this expansion is implied by the smooth dependence
of Y(t,e) on e.

The terms Yj(t) will be found by successive differentiation of the
variational equation (7.3.2) with respect to e. Thus, for £k = 0 we have
(7.3.3) Yi(t) = AgYo(t),  Yo(0) = I,
in which

Ay = A(t,0) = D, f(£,0,0) — { _072 (1)]

This has the solution

Aot cosyt  y lsinyt
Yo(t) =e™ = [ —ysinyt  cos~t '
Thus, 7(0) = tr Yo(7T) = 2cosyT. Recall that we have vT' # 2jm,
j € Z. So 7(0) < 2, and by continuous dependence 7(¢) < 2, for small
e. This says that case II A can not occur. If 7(0) > —2, then by
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continuous dependence, 7(g) > —2 for small . This is case I in which

the stable manifold theorem does not apply. So in order for case II B

to occur, it is necessary that 7(0) = —2, i.e. YT = (2j + 1)7, j € Z.
Next let’s look at 7/(0). For k = 1, we get

(7.3.4) Y{(t) = AgYi(t) + A1 (1) Yo(t), Y1(0) =0,
with
(7.3.5) Ai(t) = %(t,O)

d
and ¢(t) = d—sug(t)|6:0.
Using the variation of parameters formula together with the previ-
ous computation, we obtain the representation

Yi(t) = /teAO(t_S)Al(s)Yo(s)ds

0

t
(7.3.6) = eAOt/ e 05 Ay (s)Yy(s)ds
0

t
= eAOt/ B(s)ds
0
with
(7.3.7) B(s) = e A (5)Yy(s) = e 0% A (s5)e s,

If we set t = T and use the fact that e?°” = —J, then

Hence, 7/(0) = tr Y, (T) = —fOT tr B(s)ds. Now B(s) is similar to
A;(s). Similar matrices have identical traces, and A;(s) has zero trace.
Therefore, 7/(0) = 0. We get no information from this term!

So it’s on to the second order term 7”(0). If k = 2, then

(7.3.8)  Yi(t) = AgYa(t) + 24, (Y3 (1) + As(£)Yo(t), Ya(0) =0,

in which
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As before, we have

Yo(T) = /O AT, (5)Vi(s) + As(s)Yo(s)]ds

T T
- —2/ eAOsAl(s)Yl(s)ds—/ e~ 405 Ay(s)e 0% ds.
0 0

The second term has zero trace, by the similarity argument above.
Therefore, we have by (7.3.6)

7(0) = tr Ya(T, 0)

T
=2 tr/ e 0% A, (5)Y1(s)ds
0

_ oy /0 e os 4 ()00 ( /0 S B(J)da) ds
_ o /TB(S) (/SB( )da> ds

_ _2/ / tr B(s)B(0)dods

_ _2/ / tr B(s)B(o)dsdo

_ _2/ / tr B(o)B(s)dods,

where we have interchanged the order of integration. Using the defini-
tions (7.3.5), (7.3.7), we find

-1 : —2 in2
o —y~ T cosyssinys —7 st ys
(739) B(S> - g (0>q(8) |: COS2 S ’y_l COS '}/8 Sin'ys :| '

It is straightforward to check that
tr B(s)B(o) = tr B(o)B(s).

Therefore, we conclude that

/ | B dads—tr/ / 0)dods
/ / o) dods

S~ (/0 B(s)ds> |
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Let’s see what this condition means. We obtain from (7.3.9)

'(0) = — (@)2 [(/OT q(s) cosys sinysds)
_ (/OTQ(S) cos’ 'ysds) (/OT q(s) sin® ysds)} :

Taking the derivative of (7.3.1), we see that the function ¢(t) = £u.|.—g
is a T-periodic solution of the linear equation

q"(t) +~q(t) = p(t).

Since 4T # 27, this solution is unique. If, for example, we take the
period forcing term in (7.3.1) to be

2

p(t) = sin 29,
so that vT' = 7, then

q(t) = —(1/3~?) sin 27t.

The last two integrals vanish, while the first is nonzero. We therefore
see that 7(0) < 0, and so the period orbit u. is hyperbolic, for small

e #0.

7.4. Stability of Periodic Solutions to Autonomous Systems

Our aim in this section is to investigate the orbital stability of
periodic solutions to autonomous systems. Recall that in Section 7.1,
Theorem 7.2.1, we established the stability of periodic solutions to
periodic monautonomous systems. In that case, we saw that if the
Floquet multipliers of a periodic solution are all inside the unit disk,
then the periodic solution is asymptotically stable. For autonomous
flow, this hypothesis can never hold since, as we will see below, at least
one Floquet multiplier is always equal to 1.

Let f : R® — R” be a C! autonomous vector field. Suppose that
©(t) is a non-trivial T-periodic solution of the autonomous differential
equation

(7.4.1) = f(x).

Then the matrix A(t) = Df(p(t)) is T-periodic. Let Y'(t) be its fun-
damental matrix:
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According to the the results of Floquet theory, there are real matrices
P(t), B, and R such that

Y (t) = P(t)e?",

with P(t +T) = P(t)R, R*> = I, and BR = RB. The Floquet multi-
pliers are the eigenvalues {y;}, of the matrix Y (T) = RePT.

If we differentiate the equation ¢'(t) = f(p(t)) with respect to t,
we get

p"(t) = DF (p(t)¢'(t) = A()¢'(¢).

This says that ¢/(t) is a solution of the linear variational equation. The
solution is given by

¢'(t) = Y(1)£'(0).
The T-periodicity of ¢ is inherited by ¢’, so

'(0) = ¢'(T) =Y(T)£'(0).

Note that ¢'(0) = f(¢(0)) # 0, for otherwise, ¢ would be an equilib-
rium point, contrary to assumption. So we have just shown that ¢'(0)
is a eigenvector of Y (7T') with eigenvalue 1. Thus, one of the Floquet
multipliers, u, say, is 1. It is called the trivial Floquet multiplier.

We now need some definitions.

DEFINITION 7.4.1. A T-periodic orbit v = {p(t) : 0 <t < T} is
said to be orbitally stable if for every e > 0 there is a 6 > 0 such
that dist(zo,y) < & implies that x(t,xo) is defined for all t > 0 and
dist(x(t, zo),7v) < €, for allt > 0. If in addition, tlggo dist(x(t, zo),7y) =
0, for all xy sufficiently close to ~y, then the orbit is said to be asymp-
totically orbitally stable.

This is weaker than the definition of stability given in Definition
7.2.1, where solutions are compared at the same time values.

DEFINITION 7.4.2. A periodic orbit v = {@(t) :< t < T} is asymp-
totically orbitally stable with asymptotic phase if it is asymptotically
orbitally stable and there exists a 7 € R such that

lim [lz(t, z0) — @(t + 1) = 0.

THEOREM 7.4.1. Suppose that p(t) is a T-periodic solution of the
autonomous equation (7.4.1) whose nontrivial Floquet multipliers sat-
isfy \ps| < p<1,i=1,...,n—1. Then o(t) is asymptotically orbitally
stable with asymptotic phase.
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Proor. To start out with, we recall some estimates for the fun-
damental matrix e®*. Our assumption is equivalent to saying that the
Floquet exponents, i.e. the eigenvalues of BT, have strictly negative
real parts except for a simple zero eigenvalue. Thus, if {\;}; denote
the eigenvalues of B, then there is a A > 0 such that

Re )\, <-A<0,i=1,....n—1; X\, =0.

So B has an (n—1)-dimensional stable subspace Es, and a 1-dimensional
center subspace E.. The vector v, = ¢/(0) spans E.. Let Ps; and P, be
the corresponding projections. We have the estimates

leP'Px| < Coe™||Pa|, t >0
(7.4.2) le® Px| < Col|Pal, t <0,

for all x € R™. Note that e? is bounded on E., since v, is a simple
eigenvalue.

With the preliminaries finished, we now come to the motivational
sermon. Let zp € R™ be a given point close to ¢(0). We want to show
that there is a small phase shift 7 € R such that

z(t,zo) —p(t+7) — 0, as t— oc.

Similar to what we did in the nonautonomous case in Section 7.2, define
a function z(t,7) by

P(t+71)z(t,7) = x(t, z0) — @(t + 7).

We note that P'(t +71) = A(t+7)P(t +7) — P(t + 7)B. Since f is
autonomous, ¢(t + 7) is a solution of (7.4.1) for all 7 € R. After a bit
of computation, we see that z(¢, ) solves

Z(t,7) = Bz(t,7) + Pt +71) f(et+ 1)+ P(t+7)z(t, 7))
—flpt+71))— At +71)P(t+7)2(t,7)]
(7.4.3) = Bz(t,7)+ H(t+T,2(t,71)),

with H(0,0) =0, D.H(0,0) =0, and H(c + T,z2) = RH (o, Rz), for
all c € R and z € R".

Conversely, if z(¢, 7) is a solution of (7.4.3), then z(t) = p(t + 1) +
P(t+ 7)z(t,7) solves (7.4.1) with initial data z(0,7) + P(7)p(7). Our
strategy will be to construct exponentially decaying solutions of (7.4.3)
and then to adjust the initial data appropriately.

By variation of parameters, a solution of (7.4.3) satisfies

t
2(t, 1) = eP2(0,7) + / P H (o 4 7, 2(0,7))do.
0
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Moreover, if z(t,7) is exponentially decaying, then using (7.4.2), this
is equivalent to

¢
2(t,7) = eBtPsz(O,T)—i—/ eB(t_U)PSH(U+T,Z(0,T))dU
0

- / P PH (o + 7, 2(0,7))do.
t

Now we come to the main set-up. Take a 0 < 8 < A. Define the
set of functions

Z = {2z € C(R*,R") : ||z]|5 = sup e®||2(t)|| < oo}
t>0

Z is a Banach space with the indicated norm. For 7 € R, 2y € E,, and
z € Z, define the mapping

t
T(T,20,2)(t) = 2(t) —ePlzy — / PP H(o + 7, 2(0))do
0

+/ P P.H (0 + 7, 2(0))do.
t

Now T : R x B, x Z — Z is a well-defined C!' mapping such that
7(0,0,0) = 0 and D,T(0,0,0) = I. By the implicit function theorem
4.4.1, there is a neighborhood U of the origin in R x E, and a C*
mapping ¢ : U — Z such that

¥(0,0) =0 and T(7,z0,%(7,20)) =0, forall (r,z)¢€U.

It follows that z(t,7,y0) = (7, 20)(t) is a solution of (7.4.3), and
since z(t,7,20) € Z, we have ||z(t,T,2)| < Ce P Thus, z(t) =
o(t+7)+ P(t+ 7)z(t, 7, 20) is a solution of (7.4.1) for all (7, 29) € U,
with data x(0) = (1) + P(7)2(0, 7, 29).

Define a map F': E;, x R — R” by

F(7,20) = P(1)2(0, 7, z0) + (7).

Then F is C* and F(0,0) = ¢(0). We are going to show, using the
inverse function theorem, that F' is an invertible map from a neighbor-
hood U of (0,0) € Es; x R to a neighborhood V' of ¢(0) in R™.

Since H(7,0) = 0 for all 7, we have that D.H(7,0) = 0. We
also know that D,H(7,0) = 0. It then follows from the definition of
2(t, T, z0) and the uniqueness portion of the implicit function theorem
that

DF(0,0)(7, %) = ¢'(0)T + Zo.
We claim that this map is invertible. Given x € R", there is a unique
decomposition z = P,x + P.xz. Since E. is spanned by ¢'(0), we have
P.x = ¢'(0)v, for a unique v € R, and DF(0,0)"(z) = (v, Psx).
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So by the inverse function theorem, there is a neighborhood V' C R"
containing ¢(0) and a neighborhood U C Eg x R containing (0, 0) such
that F': U — V is a diffeomorphism.

In other words, for every zy € V| there is a (7,y0) € U such that

z(t,xg) = @t +71)+ P(t+ 7)2(t, 7, 20).

Thus, since || P(t+ 7)|| is uniformly bounded and ||z(¢, 7, 20)|| < Ce™ ",
given xg € V', we have found a phase 7 € R with

lx(t, xo) — p(t+7)]| < Ce™ P t>0.

Since the argument works for any point along the periodic orbit (not
only ¢(0)), we have established asymptotic orbital stability with as-
ymptotic phase.

O

Remarks:

- The proof shows that the convergence to the periodic orbit
occurs at an exponential rate.

- The theorem implies that if the nontrivial Floquet multipliers
of a periodic orbit lie within the unit disk, then the orbit is a
local attractor.

- I know of two other proofs of theorem 7.4.1. There is one using
the Poincaré map to be found in Hartman (Theorem 11.1), and
another based on change of coordinates near the periodic orbit
in the book of Hale (Chapter 6, Theorem 2.1). I chose the one
presented above because it emphasizes the similarities with the
corresponding result for the center manifold.

- If the nontrivial Floquet multipliers all lie off the unit cir-
cle (but not necessarily inside), then a version of the sta-
ble/unstable manifold theorem can be formulated. More or
less routine (by now) modifications of the preceding argument
could be used to prove it.

7.5. Existence of Periodic Solutions in R"
— Critical Case

We now return to the question of existence of periodic solutions
to systems which are periodic perturbations of an autonomous system
with a critical point. Although this topic has been raised in section 13
when the perturbation is noncritical, here we will be concerned with
the case of a critical perturbation.

Once again we consider a one parameter family of nonautonomous
vector fields f(t,x,¢). Assume that
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(1) f: R XxR" x (—eg,&0) — R" is C*°.
(i1) There is a T' > 0, such that f(t + T,x,e) = f(t,x,¢) for all
(t,x,e'f) € R x R” x (—50,80).
(111) f(t,z,0) = fo(x) is autonomous and fy(0) = 0.
(iv) All solutions of 2’ = Az are T-periodic, where A = Df(0).

In order to avoid counting derivatives, we lazily assume that the
vector field is infinitely differentiable in ().

Of interest here is the last condition which is what is meant by a
critical perturbation. Recall that before we assumed that the eigen-
values, A, of A satisfy \T' ¢ 27Z, and so no solution of 2/ = Ax is
T-periodic, see Theorem 7.1.1. Admittedly, some ground is left uncov-
ered between these two extremes. Although we will not discuss what
happens when some, but not all, solutions of 2’ = Az are T-periodic,
a combination of the two approaches would yield a result here, as well.

There are various statements that are equivalent to assumption (7v).
One is that exp A(t + T') = exp At for all t € R. It is also equivalent to
saying that the set of eigenvalues of A are contained in (27i/T)Z, the
set of integer multiples of 27i /T, and that A has a basis of eigenvectors
in C™.

In the following paragraphs we transform the equation

(7.5.1) ¥ = f(t,xze)

to the so-called Lagrange standard form, with which most books begin.
As in section 7.1, we can write

f(t2.0) = fow) +<ft.2.9), where [(t2.9) = | Y102
0

Notice that f is O and f(t+T,x,¢) = f(t,z, g). Moreover, let’s write

fo(z) = Az + [fo(z) — Az] = Ax + f1(x).
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We see that f; € C*, f1(0) = 0, and Df;(0) = 0. Using integration
by parts, we obtain another expression for the function f:

O T

— Zn: 1af1(a:v):£ida

Ox;
i=1 70 :

_ zn; </01 % [gf (J:p)] (1— a)da) z

1=

= Xn: ( 01 8??;; (ox) (1 — J)da) Tix;.

ij=1

Notice that the expressions enclosed in parentheses above are in C*°,
since f; € C*.
Now suppose that x(t) is a solution of (7.5.1) and perform the

rescaling
2(t) = VEy(1).
Then
Vey' = o

= f(t,z,e)

= Az + fi(x)+ef(t z,e)

= VEAy + fivVey) +f(t,VEy,e)

= VeAy+egi(y,ve) +¢eq(t,y, Ve),
in which

n 1 82 |
gy pm) =Y < /O %ng (opy) (1— U)da) Yills,

ij=1
and ~

9ty 1) = f(t, py, 1*).
Both g; and g are C'*° functions of their arguments. To summarize, we
have transformed the original problem to

Yy = Ay +eg(t,y, Ve),
with g in C'°° and T-periodic in the “t” variable.
As a final reduction, set u = /2 and y(t) = e*2(¢). Then
Z = /Lh(t7 2 ,LL),
with A in C*°, and since eA(*7T) = e4? we have h(t+T, z, 1) = h(t, z, jt)
for all (¢, z, i), with || < /€. This is the standard form we were after.
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Having reduced (7.5.1) to the standard form, let’s go back to the
original variables. We have

(7.5.2) ¥ =cf(t,z,e)

with fin C* and f(t + T,x,e) = f(t,z,¢e) for all (¢,z,¢), with |g| <
We will use the so-called method of averaging, one of the central

techniques used in the study of periodic systems, to compare solutions
of (7.5.2) with those of

(7.5.3) y' =<f(y),

where f denotes the averaged vector field

(7.5.4) o) = % /0 F(t,z,0)dt.

(Recall that having changed coordinates, f(¢,z,0) is no longer au-
tonomous.) We will show

THEOREM 7.5.1. Suppose that the averaged vector field f has a
critical point at py € R*. Let B = Df(py), and assume that B is
invertible. Then there is an €9 > 0, such that for all |e| < g the
equation (7.5.2) has a unique T-periodic solution u.(t) near py.

If the eigenvalues of B lie in the negative half plane (so that py is
asymptotically stable for (7.5.3)), then the Floquet multipliers of u.(t)
lie inside the unit disk (i.e. the periodic solution u.(t) is asymptotically
stable for (7.5.2)).

If the eigenvalues of B lie off the imaginary azis (so that py is
hyperbolic for (7.5.3)), then the Floquet multipliers of u.(t) lie off the
unit circle (i.e. the periodic solution u.(t) is hyperbolic for (7.5.2)).

Before starting the proof of the theorem, we prepare the following
lemma which lies behind a crucial change of coordinates.

LEMMA 7.5.1. Suppose that w : R x R" — R" is C* and that for
some T >0, w(t+T,y) =w(t,y) for all (t,y) € R xR". Let D C R"
be a bounded open set.

Then there exists an €9 > 0 such that for all |e| < ey and t € R, the

mapping
y—y+euw(t,y)
is a T-periodic family of C* diffeomorphisms on D.
Moreover, the Jacobian matriz

I +eDyw(t,y)
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is nonsingular for all |e| < g9, t € R, and y € D. Its inverse is C*!
in (y,t,€), is T-periodic in t, and satisfies the estimates

1
I D t < ——
I+ Dyt )7 < 77
and
_ e/eo
I +eD,w(t Loy < —2=22 .
I+ Dyl )™ =1l < 0

PROOF. Let B be a ball containing D. Set
M = max{[|Dyw(t,y)|| : (t,y) € R x B},
and define eg = M 1. For all y;, y» € B, we have

1
d
w(t,y1) —w(t,y2) = / _daw(t’ayl + (1 —0)y)do
0

1
— [ Dyutt.on + (1= o)) - )i
0
Note that oy; + (1 — o)y € B for all 0 < ¢ < 1. Hence,

[w(t, y1) — w(t, y2)ll < Mllyr — g2l

So if y1, y2 € B and |¢| < &g, we have

(w1 4 w(t, y1))—(y2 + w(t, y2)) |
2y = yell — ellw(t, y1) — w(t, ya)||
>(1 —eM)lyr — w2l
=1 —¢/eo)llyr — 12ll-
This implies that the mapping
y—y+ew(t,y)
is one-to-one on B for any |¢| < g9 and ¢ € R, and is therefore invertible.
Next, for any |e| < €g, t € R, and y € D, consider the Jacobian
I +eDyw(t,y).

Since || D,w(t,y)|| < M = ¢, and €/¢¢ < 1, we have that the Jacobian
is nonsingular.

By the inverse function theorem, the mapping y + cw(t,y) is a
local diffeomorphism in a neighborhood of any point y € B. But
since we have shown that this map is one-to-one on all of B, is is a
diffeomorphism on all of B.



106 7. PERIODIC SOLUTIONS

In general, when A in an n X n matrix with || Al < 1, we know that
(I4+A)~=>2 (A Thus,

> 1
I+ A7 < Allf = ——
I+ 47 < 341 = Ty

and

I+ 47 -1 < Z i = 250

Apply this with A = eDyw(t,y). The estimates follow from the fact
that ||Al| <e/ep < 1.

Finally, the smoothness of Z(t,y,¢) = (I +eD,w(t,y)) " in (y,t,¢)
follows from the implicit function theorem, since it solves the equation

(I +eDyw(t,y))Z —1=0.

O

PROOF OF THEOREM 7.5.1. Having defined the averaged vector
field f in (7.5.4), set

f(tz.e) = f(t.ae) = f(a).
Then f is C*°, T-periodic, and

T
7.5.5 f 0)dt =
(7.5.5) / Ft,,0)dt
Define
(7.5.6) w(t,y) = / f(s,9,0

Then w € C*, and thanks to (7.5.5), w(t + T,y) = w(t,y). This
function will be used to change coordmatgs

Suppose that pg is a critical point for f. Let Bs(py) denote the ball
of radius 0 centered at py. Set

;= M = max{| Dyw(t,y)ll : (t,y) € R x Bs}.
By the preceding lemma, we know that for all t € R and |¢| < &g, the
mapping
Fy,t.e) =y +ew(ty)
is a diffeomorphism on Bs(pg). If we further restrict ey so that
gomax{||w(t,y)| : (t,y) € R x Bs} < §/2,

then F(y,t,e) maps Bs(po) onto an open set which contains B (po),
for all |e| < g and ¢t € R, by the uniform contraction principle.
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Let x(t) be any solution of (7.5.2) in Bj/s(po). Then the formula

z(t) = y(t) + ew(t, y(t))

defines a smooth curve y(t) in Bs(py). We need to calculate the differ-
ential equation satisfied by y(¢). Using (7.5.2), we have

(04Dt y(1)y (1) + < 1, y(1)

=x'(t)

=ef(t, z(t),¢)

f(x(t) + e f(t,x(t),€)

(y(t) + cw(t, y(t)) + e f(t,y(t) + ew(t,y(t)), ).

ow

ot

[I +eDyw(t, y(t)]y'(t)
= ef(y(t) + cw(t,y(t)))

+elf(ty(t) +ew(t,y(t), ) = fL,y(t), 0)].

By Lemma 7.5.1, the matrix / +eD,w(t, y(t)) is invertible, so this may
be rewritten as

y' =ef(y) +e(I +eDyw(t,y)] ™ = I)f(y)
+ e[l +eDyw(t,y)] ' [f(y +ew(t,y) — fy)]

Notice that by (7.5.6), —(t,y(t)) = f(t,y(t),0), so that we have

+ell +eDyw(t,y)]  [f(ty + ew(t,y),e) — f(t,,0)].
Now using the estimates given in the lemma and Taylor expansion, the
last three terms on the right can be grouped and written in the form

2f(t,y,¢),

with f in C*° and T-periodic.
So now let’s consider the initial value problem

(7.5.7) y =cfly) +2f(ty.e), y(0) =y,

and let y(t, yo, ) denote its local solution. (By smooth dependence, it
is C in its arguments.) As in section 7.1, we are going to look for
periodic solutions as fixed points of the period T map, however the
argument is a bit trickier now because the perturbation is critical.
Note that y(t,p,0) = p is a global solution (the right hand side
vanishes), so for || sufficiently small, y(¢, p, €) is defined for 0 <t < T
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for all p € Bs(po), by continuous dependence. For such p and ¢, define
Q(p7 6) = 5_1[y<T7p7 5) - p]

We are going to construct a curve of zeros p(e) of Q(p, €) using the im-
plicit function theorem. Each zero corresponds to a T-periodic solution
of (7.5.7), by periodicity of the vector field and uniqueness of solutions
to the IVP.

As noted above, y(t, p,0) = p. Thus, we have

1 1
Qpoe) =<' / A (T p,oe)do — / % (1 p, oe)do,
0 o 0 85

d
which shows that Q(p,e) is C* and also that
0
(7.5.8) Q(p,0) = a—‘Z(T,p, 0).

To further evaluate this expression, differentiate equation (7.5.7)
with respect to e:

W 1p,0) = [T ((1,.) + 2 (ult,p,2)]

dt 0e
= f(y(t,p,0)) = f(p),

e=0

and
oy 0
—(0,p,0) = — = 0.
85( :20) e’ o
This, of course, is easily solved to produce

0 _
a—Z(T,p,O) =Tf(p),

which when combined with (7.5.8) gives us
Q(p,0) = Tf(p).
and hence, in particular,
Q(po,0) = Tf(Po) = 0.
On the other hand, we have
DyQ(po, 0) = DypQ(p, 0)|p—py = TDyf(po) = TB,

which is nonsingular, by assumption.
So by the implicit function theorem, there is a C'* curve p(e) defined
near € = 0 such that

p0)=0 and Q(p(c),e) = 0.
Moreover, if ¢ € Bs(pg) and Q(q,¢) = 0, then g = p(e).
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Thus, we have constructed a unique family y.(t) = y(¢,p(e), ) of
T-periodic solutions of (7.5.7) near pyg. By continuous dependence, the
Floquet exponents of y. are close to the eigenvalues of €T'B, for € small.
This gives the statements on stability. Finally, the analysis is carried
over to the original equation (7.5.2) by our change of variables. O

Example: Duffing’s Equation. We can illustrate the ideas with
the example of Duffing’s equation

u” 4 v+ eBu + eyu® = eF cost,

which models the nonlinear oscillations of a spring. Here 3, v, and
F' are fixed constants, and ¢ is a small parameter. Notice that when
¢ = 0, the unperturbed equation is

v +u=0

solutions of which all have period 27, the same period as the forcing
term.
In first order form, the system looks like

i Ty | _ T2

dt | o | | —21 —eBxy —eyad +eFcost |-
The vector field is smooth and 27-periodic in . When ¢ = 0, the
system is linear with a critical point at z = 0:

; 1 0 1
xr = Az, A_[—l 0].

All solutions are 2m-periodic.
We can express the system as

¥ =Ar+ef(t,x),
with
(ta) = ;
’ —Bxy —yx} + Fcost |-

Since the unperturbed system is linear, reduction to standard form is
easily achieved without the rescaling step. Set

r=¢ Z.

Then
Y =cece Mt eM2).

Of interest are the critical points of the averaged vector field

f(z) = % /0% e A f(t,eMz)dt.
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Evaluation of this formula is a rather messy, but straightforward
calculation. Mathematica makes it pretty easy, however. We summa-
rize the main steps, skipping over all of the algebra and integration.
First, since

At cost sint
et = . :
—sint cost
we have (recalling that f(¢,z) depends only on z)
T1 = 21 cost + zysint.

So we get

(=B(z1 cost + zpsint) — y(z1 cost + 2y sint)® + F cost) { _Cilsr;t } :
Expanding this and averaging in ¢, we get

oy L[ (BEir?)e
I&=5| -+t

From this, we see that there are nontrivial critical points when

2 _ 2 2
], rT =2z + 2;5.

3
Z—lﬂyzf—{—ﬂzl—F:O, and 2z =0.

The first equation is called the frequency response curve. Suppose that
~ > 0, this is the case of the so-called hard spring. Also let F' > 0. Then
there is always one positive root of the frequency response function for
all 3.

If we set By = —(3/2)Y3F?341/3 then for 3 < [, there are an
additional pair of negative roots of the frequency response function.
This picture is the same for all F', v > 0.

In order to apply Theorem 7.5.1, we need to verify that Df is
nonsingular at the equilibria determined by the frequency response
function. Since z = 0, it follows that at the critical points of f we
have

f 0 5+ B2 0
Df = 34,2 34,2 3 =
—(B+ 1727) — 7% 0 } [@621 —3F)/a 0
This matrix is nonsingular provided that 2(3z; — 3F # 0 for the zeros
of the frequency response equation. This is indeed the case when 3 #
Bo because then z; = 3F/2( is not a zero of the frequency response
equation.
It follows that there are either one or three periodic orbits of the

original equation near the origin depending on whether g > [, or
6 < Bo. If 2821 — 3F > 0, then the periodic orbit will be hyperbolic
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with one dimensional stable and unstable manifolds. If 26z, —3F < 0,
then stability can not be determined by the Theorem.






CHAPTER 8

Center Manifolds and Bifurcation Theory

8.1. The Center Manifold Theorem

DEFINITION 8.1.1. Let F : R* — R" be a C' vector field with
F(0) = 0. A center manifold for F at 0 is an invariant manifold
containing 0 which is tangent to the center subspace of DF(0) at 0.

Assume F : R" — R™ is a C! vector field with F(0) = 0. Set
A= DF(0), and let E, E,, and E, be its stable, unstable, and center
subspaces with their corresponding projections Py, P,, and P.. Assume
that E,. # 0. By Theorem 1.4.1 exist constants Cy, A > 0,d > 0 such
that

e P,|| < Coe™, t>0
||eAtPux|| < C’Oe’\t,tSO
leMPex|| < Co(1+]t%), t €R.

Write F(z) = Ax + f(x). Then Then f: R" — R™ is C', f(0) =0,
and Df(0) = 0. Moreover, we temporarily assume that

(8.1.1) sup UF@I+IDf))) < M.

This restriction will be removed later, at the expense of somewhat
weakening the conclusions of the next result.

As usual, we denote by x(t,x¢) the solution of the initial value
problem

' =Ax + f(zx), x(0) = .

Thanks to the strong bound assumed for the nonlinear portion of the
vector field, the flow is globally defined for all initial points xq € R™.

THEOREM 8.1.1 (Center Manifold Theorem). Let the constant M
in (8.1.1) be sufficiently small. There exists a C function n with the
following properties:

(i) n: E. — Es+ Ey, n(0) =0, and Dn(0) = 0.
(ii) The set W,(0) = {zg € R"™ : Pyxg+ Pyxo = n(P.xo)} is invari-
ant under the flow.

113
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(iii) If 0 < a < A,
|Psz(t,xo)|| < Ce™®,  forallt <O,

and

| Puz(t, zo)|| < Ce*,  forallt >0,

then xo € W,(0).
(iv) If g € W.(0), then w(t) = P.x(t,xo) solves

w' = Aw + P.f(w +n(w)), w(0) = P.xo.
Remark: It follows from (i), (#4) that W.(0) is a center manifold.
PROOF. Fix 0 < e < A. Let

Xe={y e CR,R") : [lyl. = Sltlpe_s't'Hy(t)H < oo}

X, is a Banach space with the norm || - ||.. Define a mapping 7" :
E. x X. — X, by

T(yo,y)(t) = o+ / AP, f(y(r))dr

*/ APy

— 00

— /too eA(t_T)Puf(y(T))dT.

The following estimate shows that T'(yo, y) is a well-defined function
in X.. Let yo € E. and y € X.. Then

IT(yo, )| < Co(L+ ) |wol
/0(1+]t—7|d)d7

t
+M / e M= dr

+M

+M / A dr
t

< Cet
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If M is small enough, then 7" is a uniform contraction on X.. Given
Yo € E. and y, z € X., we have
t

1T (o, y)(t) = T(yo, 2)(D)| < M (1+|t—T| My(r) = =(7)|ldr

M / ly(r) - =(0)ldr

[Tyl — s(o)r
t
CMe My - 4.

IN

Thus,

1T (o, y) — T(yo, 2)|le < CM|ly = z[le < (1/2)[ly — =],

for M small.
It follows from the uniform contraction principle that for every y, €
E. there is a unique fixed point 9 (yo) € X.:

T (yo, ¥ (yo)) = @D(?Jo)-

The assumptions on f(z) also imply that T is C', and so ¢ : E. — X,
is a C'!' mapping. For notational convenience we will write y(t,yo) =
¥(yo)(t). Note that y(t,yo) is C' in yo. Since y(t,yo) is a fixed point,
we have explicitly

t
y(t) = etiyo+ / AT P, f(y(7, o) )T
0

(8.1.2) + / AP f(y(7,90))dr

—00

—/ eA(t_T)Puf(y(T, Yo))dr.
t
Now define

(813) n(y()) = (] - Pc)y(ovyO) =

| e Pt - [ e Py

—00 0

n: E.— Es+ E, is C', and since y(t,0) = 0 we have that n(0) = 0
and Dn(0) = 0. Thus, the function n fulfills the requirements of (7).
Define W,(0) = {z¢ € R" : (Ps + P,)xo = n(P.z0)}.
As a step towards proving invariance, we verify the property

(8.1.4) y(t +s,90) = y(t, Pey(s, vo))-
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Fix s € R and set 2(t) = y(t + s,y0). Then from(8.1.2), we have
2(t) = y(t+ s v0)

t+s
_ eA(t+s)y0+/ eA(t—i-s—T)Pcf(y(T,yO))dT
0

t+s
4 / AP F(y (7, yo))dr

—0o0

- / APy (7, yo))dr

t+s
— eA(H—s)yO
4 / AT+ P F (y(r, o) )
0
t+s
+ / AP F(y (7, yo))dr
st—i—s
+ / AP F(y (7, o)) dr
- / APy (7 yo))dr
t+s

Now factor e?* out of the first two terms, and make the change of

variables 0 = 7 — s in the last three integrals. This results in

z(t) = et {eASPcyo—i-/ eA(S’T)Pcf(y(T,yO))dT
0
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By uniqueness of fixed points, (8.1.4) follows.
Notice that from (8.1.2) and (8.1.3), we have that

y(t,y0) = e™[yo + nlyo)] + /0 A f(y(7,0))dT = 2(t, 3o + 1(Yo))-

Thus, xo € W.(0) if and only if y(t, P.xg) = x(t, x¢).
Let xy € W,.(0). Then using (8.1.4) and then (8.1.3), we obtain
(Ps + Pu)x(t,x0) = (Ps+ Pu)y(t, Pexo)
(Ps + Pu)y(0, Py(t, Pexo))
= (I = F)y(0, Pey(t, Pexo))
= n(Pey(t, Pexo))
= n(P.x(t,x0)).

This proves invariance of the center manifold (ii).
Let o € R™ be a point such that

| Psx(t, xo)|| < Ce @, forall ¢t <0,
| Puz(t, zo)|| < Ce®, forall ¢t>0,

(8.1.5)
for some a < A. From the linear estimates and (8.1.5), we get for t < 0
le™ Pea(t,zo)ll < Coe™||Pea(t, o)l

< C«e()\—oa)t
and for t >0
Coe™ [Py (t, o) |
Ce(afx\)t.

Next, from the variation of parameters formula,

le™ 4 Pua(t, o) |

VARV

t
x(t,xo) = ez, +/ eA(t_T)f(m(T, xg))dT,
0
it follows that
- ¢
Psx(ta xO) = eAt PsxO + / eiATPsf(x@—v xO))dT:| )
L 0

and

- t
Pa(t,zo) = e | Pxg + / e NP, f(x(r, J]O))dT:| :
i 0

Combining these formulas with the previous estimates, we get

t
P +/ e AP f(z(r,x0))dr|| < CeP forall t<O0,
0
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1

Hence, if we send t — —o0 in the first inequality and t — oo in the
second, we obtain

and

t
P,xq +/ e NP, f(x(r,20))dr|| < Cel® M forall t > 0.
0

Puo + / &P, f(x(7, o)) = 0,
0

and -
P,xo + / G_ATPuf(JJ(T, xg))dT = 0.
0

It follows that x(t, zo) solves the integral equation (8.1.2) with yy =
P.xy. By uniqueness of fixed points, we have z(t, o) = y(t, P.xo). This
proves (iii) that zq € W.(0).

Finally, let o € W.(0) and set w(t) = P.x(t,x¢). Since the center
manifold is invariant under the flow, we have that

z(t, z0) = w(t) +n(w(t)).
Multiply the differential equation by P, to get

w'(t) = Pa'(t,xg) = PJAx(t, z0) + f(x(t, z0))]
= Aw(t) + Pef (w(t) + n(w(t))),
with initial condition
w(0) = P.x(t, zo) = P.xo.
This is (iv). O

Without the smallness restriction (8.1.1), we obtain the following
weaker result:

COROLLARY 8.1.1 (Local Center Manifold Theorem). Suppose that
f:R" = R" is C' with f(0) = 0 and Df(0) = 0. There exists a
C' function n and a small neighborhood U = B,(0) C R"™ with the
following properties:

(i) n: E.— Es+ E,, n(0) =0, and Dn(0) = 0.

(ii) The set We(0) = {xg € U : Pyxg + Pyxo = n(P.xo)} is
invariant under the flow in the sense that if xo € W¢(0),
then x(t, o) € W¢(0) as long as x(t,zo) € U.

(iii) If zo € W,(0), then w(t) = P.x(t,zo) solves

w' = Aw + P.f(w+n(w)), w(0) = P,
as long as x(t,xy) € U.
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DEFINITION 8.1.2. A set W'¢(0) which satisfies (i) and (ii) is called
a local center manifold.

Proor oF COROLLARY 8.1.1. By choosing r > 0 sufficiently small,
we can find f : R® — R” such that f(z) = f(z) for all € B,(0) = U
and (8.1.1) holds for f, with M as small as we please.

Let x(t, x0), Z(t, z) be the flows of Az + f(x), Az + f(z), respec-
tively. By uniqueness, we have that x(t,z9) = Z(t, %), as long as
x(t,zg) € U.

Fix the matrix A. Choose r (and hence M) sufficiently small so that
the Center Manifold Theorem applies for Z(¢,xo). The conclusions of
the corollary follow immediately for x(t, z). O

Example: Nonuniqueness of the Center Manifold. The
smallness condition (8.1.1) lead to the intrinsic characterization of a
center manifold given by (7ii) in the center manifold theorem. How-
ever, the following example illustrates that there may exist other center
manifolds.

Consider the 2 x 2 system

Ty = —93?, ThH = —Ty; 21(0) = a, 22(0) = 5

which has the form
v’ = Av + f (),
with

10 0 | Alz,z) | _1’?
A= { 0 1 1 , and f(x)= { hria) | = 0 |
The eigenvalues of A are {0, —1}, and A has one-dimensional center

and stable subspaces spanned by the standard unit vectors e; and es,
respectively. The projections are given by

PJZR{“}Z{%} and PS:B:PS[M}:[O}.
T 0 T2 T2
Note that f: R* — R?is C' with f(0) =0 and Df(0) = 0.

This system is easily solved, of course, since it is uncoupled. We

have
«

J; t? a? - —7
1, ) V1T 202t
$2(t7 Ol,ﬁ) = ﬁe_t'
Notice that

(8.1.6) X9 €Xp (%ﬁ) = [fexp (%‘42) .
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Let ¢q, ¢co € R be arbitrary. Define the C'*° function

clexp(— 1), s <0

252

E(s)=4¢ 0, 5=0
crexp (—55), s> 0.

Use the function £ to obtain a mapping n : B, — E, by

oo =n([5]) - [y ] - o
Note that n is C*, n(0) = 0, and Dn(0) = 0. Let

We={x € R*: P =n(P.)} = {(z1,72) €R* : 25 = &(11) }.

Suppose that z(0) = (a, 5) € W.(0). Then g = &(a). It follows
from (8.1.6) that

AN _Joa, ifa<0
T2 &Xp 222 ) | 2, ifa>0.

We have shown that W¢ is invariant, and therefore it is a local center
manifold.

THEOREM 8.1.2 (Approximation of the Center Manifold). Let U C
E,. be a neighborhood of the origin. Let h : U — E, + E, be a C!
mapping with h(0) = 0 and Dh(0) = 0. If for x € U,

Ah(z) + (Ps+ P,) f (w + h(z)) — Dh(z)[Az + P.f(z + h(x))] = O(|l2"),
as ||xz|| — 0, then there is a a C' mapping n : E. — E, + E, with
n(0) = 0 and Dn(0) = 0 such that
n(x) — h(z) = O(|||=[|*),
as ||z|| — 0, and
{z+n(z):zeU}

s a local center manifold.

A proof of this result can be found in the book of Carr. The moti-

vation for the result is the same as in the case of the stable manifold.
If n defines a local center manifold, then

An(z) +(Ps+ Py) f(x+n(z)) = Dn(a)[Az + P f(z +n(z))] =0 =z e U.

Remark: In the case where the local center manifold has a Taylor
expansion near the origin, this formula can be used to compute coeffi-
cients. See Guckenheimer and Holmes (p. 133) for an example in which
this does not work.
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8.2. The Center Manifold as an Attractor

DEFINITION 8.2.1. Let 2 C R™ be an open set and let F': Q) — R"
be an autonomous vector field with flow x(t,z9). A set A C Q is a
local attractor for the flow if there exists an open set U with A C
U C Q such that for all xy € U, x(t, o) is defined for all t > 0 and
dist(z(t, x9), A) — 0 as t — oo.

Let F': R" — R" be a C' autonomous vector field with £'(0) = 0.
Write F'(x) = Ax+f(z) with A = DF(0). Suppose that the eigenvalues
of A all satisfy Re A < 0. Let

We(0) = {z € B.(0) : P.x € B.(0) N E,, Pyx =n(P.x)}
be a local center manifold for
(8.2.1) ¥ = Ax+ f(x).

As usual, denote by z(t, x) the (local) solution of (8.2.1) with initial
data x(0,x¢) = x¢. Let w(t,wp) be the (local) solution of the reduced
flow on W!°¢(0)

(8.2.2) w' = Aw + P.f(w + n(w)),
with w(0,wg) = wy € B:(0) N EL.

THEOREM 8.2.1. Assume that w = 0 s a stable fixed point for
(8.2.2). There is a neighborhood of the origin V- C B.(0) C R™ with
the property that for every xy € V', x(t,xy) is defined and remains in
B.(0), for all t > 0, and there corresponds a unique wy € VN E, such
that

J(t, 20) — w(t, wo) — nlw(t, wp)) | < Ce,
for allt > 0, where 0 < 3 < As.

Remarks:
(1) The theorem implies, in particular, that x = 0 is a stable
fixed point for (8.2.1) and that W!¢(0) is a local attractor for
(8.2.1).

(2) The theorem holds with the word “stable” replaced by “asymp-
totically stable”. Corresponding “unstable” versions are also
true as t — —o0.

ProOOF. The proof works more smoothly if instead of the usual
Euclidean norm on R", we use the norm ||z| = ||Psz|| + || P.z||. Then
llz|| < a implies that ||Psz| < a and ||P.z|| < a. Alternatively, we
could change coordinates so that F, L E..

Thanks to the stability assumption, there is a §; < & such that if
woy € Bs,(0) N Ee, then w(t,wy) € Be4(0), for all £ > 0. By continuity
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of n, we may assume, moreover, that J; has been chosen small enough
so that n(w(t,wo)) € B./4(0), for all ¢ > 0.

Let M/2 = max{||Df(z)| : © € B-(0)}. By changing f outside
of B.(0), we may assume that [|[Df(x)| < M, for all z € R". By
uniqueness of solutions to the initial value problem, the modified flow
is same as the original flow in B.(0). Since W!¢(0) C B.(0), W¢(0)
remains a local center manifold for the modified flow.

Define the C! function g : B.(0) N E, x R™ — R™ by

g(w, 2) = f(z +w + n(w)) — f(w+n(w)).
Then for all w € B.(0) N E,. and z € R™,
823)  g(w,0)=0, |D:g(w,2)| <M, |g(w,z)| < M|z

Given xy € R™ and wy € Bg, (0) N E,, set

2(t) = x(t, 20) — w(t, wo) — n(w(t, wo)).

Since both x(t, x¢) and w(t, wy)+n(w(t, wy)) solve the differential equa-
tion (8.2.1), z(t) solves
(8.2.4) 2'(t) = Az(t) + g(w(t, wp), 2(t)), wo € Bs,(0)N E.
with data
2(0) = zg — wo — n(wyp).

Conversely, if z(t) is a solution of (8.2.4) in B./»(0), then
z(t) = z(t) + w(t, wo) + n(w(t, wp))

is a solution of (8.2.1) in B.(0) with data z(0) = z(0) + wq + n(wp).
The strategy will be to construct exponentially decaying solutions
of (8.2.4) and then to jiggle the initial data appropriately.
Given 0 < 8 < A4, define the set of functions

X ={2€ C(R",R") : ||z||s = supe”|z(t)|| < oo}.
>0

X is a Banach space with norm || - ||

Now if zg € By, (0), then wy = P.zy € By, (0) N E.. Thus, w(t, wy) €
B.4(0), n(w(t,wp)) is defined, and also remains in B, /4(0). Next, if z €
X, then by the properties (8.2.3), we have that ||g(w(7,wp), 2(7))|| <
M]||z||g e=”". Tt follows that

IN

t
CHzH@/ e (=T =BT 47
0

< Ce ||z,

t
/ eA(t_T)Psg(w(T, wy), 2(7))dT
0
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and

/ eA(t_T)ch(w(T, wo), z(7))dT
¢

< C’||z]|5/ (147 — )P dr
t

= Cllls / (1+ 0)le=+) g
0
= Ce™™|z||s.

From this we see that the mapping
t
T(20,2)(t) = 2(t) — e Pz —/ AT Pg(w(T, Pozy), 2(7))dr
0
+ [ MR glu(r, P, 2
t

is well-defined and that T : B; (0) x X — X. T is a C'' mapping,
7(0,0) = 0, and D,T(0,0) = I. The implicit function theorem says
that there exists d; < §; and a C! map ¢ : B;,(0) — X such that

»(0) =0, and T(z0,0(20)) =0, forall 2zy€ By, (0).

Set z(t,z0) = ¢(z0)(t). By continuity, we may assume that Jy is so
small that [|z(t, z0)||s < /2, for all 2y € Bs,(0).

The function z(t, zp) is an exponentially decaying solution of (8.2.4)
which remains in B,/2(0). Thus, we have that

x(t) = 2(t, z0) + w(t,wo) + n(w(t, wy))
is a solution of (8.2.1) in B.(0) with initial data
F(z0) = 2(0, z0) + P.zo + n(Pe2p).

It remains to show that given any zy € R" close to the origin, we can
find a zy € By, (0) such that zo = F(z).

Notice that F' : Bs,(0) — B.(0)is C*, F(0) = 0, and DF(0) = I. So
by the inverse function theorem, there are neighborhoods of the origin
V C Bs,(0) and W C B.(0) such that F': V' — W is a diffeomorphism.
Therefore, given any xo € W, there is a 29 = F~'(xy) € V. Then
wo = P.zy € By, (0) N E,, and

lo(t) — w(t, wo) — n(w(t, wo))|| = 2(t, 20)|| < (/2)e™.
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Example: The Lorentz Equation. Let’s take a look at the
following system, known as the Lorentz equation,

T, = —0T1+ 0xs

Th = Ty — To+ 1173 B,0 >0
/

Ty = —fr3+ x129.

This can be expressed in the general form

¥ = Az + f(x)
with
Ty —0 0o 0 0
r= |z |, A=| 1 =1 0 |, and f(z)=| —z123
T3 0o 0 -0 T1T2

The eigenvalues of A are {0,—(c + 1),—f}, and so A has a one-
dimensional center subspace and a two-dimensional stable subspace.
Since f(z) is a C' map with f(0) = 0 and Df(0) = 0, the center
subspace goes over to a one-dimensional local center manifold W¢(0)
for the nonlinear equation. We are going to approximate the flow on
We(0). We will show that the origin is an asymptotically stable crit-
ical point for the flow on W!°¢(0). It follows that W!°¢(0) is a local
attractor.

To simplify the analysis, we use the eigenvectors of A to change
coordinates. Corresponding to the eigenvalues

)\1:07 )\2:—(0+1>, )\3:—5

the eigenvectors of A are:

1 —0 0
Uy = 1 s Uo = 1 s us = 0
0 0 1

If S is the matrix whose columns are wuy, us, and ug, then AS = SB
with B = diag()\l, )\2, )\3)
Make the change of variables x = Sy. Then

Sy =a' = Ax + f(x) = ASy + f(Sy),
so that
y' = ST'ASy + ST f(Sy) = By + g(y),
with
—ﬁ(yl — Y2)Y3
gy) =S f(Sy) = | —m(vi — o)y
(y1 — 0y2)(y1 + o)
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Of course we still have g(0) = 0 and Dg(0) = 0. Since the equations
are now diagonal, we have

E.=span{e;}  E; =span{es, e3}
Py =1we1  Psy = yaea + yses.
This means that the local center manifold
Wee(0) ={y €R": Ry € U, Py = n(Py)},

is determined by a function n : E. — E, which must have the form

n(y) = n(yier) = m2(y1)e2 +n3(y1)es,  y = yier € E..

To approximate 7, use the equation

Bn(y) + Psg(y +n(y)) — Dn(y)[By + Peg(y +n(y))] =0, y € E..
This is equivalent to the system
—(o+ Dmay1) + g2y +0() = na(y)gi(y +n(y))
(8.2.5)
—Bn3(y1) + g3(y +n(y)) = m3(y1)oi(y +n(y))-

Since 17(0) = 0 and Dn(0) = 0, the first term in the approximation
of n near 0 is of the form

772(3/1) = ozzyf +oee, 773(311) = 0639% + e

Note that the right-hand side of (8.2.5) is of third order or higher.
Therefore, using the form of n and G, we get

1

—(o 4+ )n2(y1) — U—_H(yl —ona(y1))ns(y1) = O(y}),

—Bn3(y1) + (1 — ona(y)) (1 + (1)) = O(yy).
There can be no quadratic terms on the left, so
—(o+Dma(y) = 0,
—Ons(yn) +yi = 0.
This forces us to take ap = 0 and a3 = 1/3. In other words, we have
W) ={y €R* :y1 € U,y = O(u), ys = 43 /B + O(u)}.
The flow on W!°¢(0) is governed by the equation
w' = Bw + P.g(w+ n(w)), w(0)=uwy € E..



126 8. CENTER MANIFOLDS AND BIFURCATION THEORY

Since w = P.w = w ey, this reduces to

o

wh = == = () ()

o 3
“Blo+)

Therefore, the origin is an aymptotically stable critical point for the
reduced flow on W!°¢(0). A simple calculation shows that

wy () = [1+ (Z;—g)) t]m {1+O<%ﬂ)}.

B(c+1)

Q

Now W!°¢(0) is exponentially attracting, so
y(t) = wi(t)er + O(exp(—Ct)).

It follows that all solutions in a neighborhood of the origin decay to 0
at a rate of t71/2, as t — 0.

8.3. Co-Dimension One Bifurcations

Consider the system 2’ = f(x,p) in which f : R" x R — R" is
a C* vector field depending on the parameter p € R. Suppose that
f(0,0) = 0; i.e. x = 0 is a critical point when p = 0. We wish
to understand if and how the character of the flow near the origin
changes when we vary the parameter . Such a change is referred to as
a bifurcation. Let A(u) = D, f(0,u). If A(0) hyperbolic, then by the
implicit function theorem, there is a smooth curve of equilibria ()
such that z(0) = 0 and f(z(u), ) = 0, for p near 0. Moreover, z(u) is
the only critical point of f(x, ) in a neighborhood of the origin. Again
for 1 small, we see that by continuity A(u) will have stable and unstable
subspaces of the same dimension as A(0). By the Hartman-Grobman
theorem 6.2.1, the flow of 2/ = f(x, ) is topologically equivalent for
all ¢ near 0. This argument shows that in order for a bifurcation to
occur, A(0) can not be hyperbolic.

The simplest case is when A(0) has a single eigenvalue on the imagi-
nary axis. Since A(0) is real, that eigenvalue must be zero and all other
eigenvalues must have non-zero real part. This situation is called the
co-dimension one bifurcation.

Bifurcation problems are conveniently studied by means of the so-
called suspended system

(8.3.1) = flx,u) p' =0.
This is obviously equivalent to the original problem, except that now u
is viewed as a dependent variable instead of a parameter. The orbits of
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the suspended system lie on planes u = Const. in R**!. The suspended
system will have a center manifold of one dimension greater than the
unperturbed equation 2’ = f(z,0). So in the co-dimension one case,
it will be two-dimensional. We now proceed to reduce the flow of the
suspended system to the center manifold.

Let A = A(0) have invariant subspaces E., Fs, and E,, with
the projections P., P,, and P,. We are assuming that E. is one-
dimensional, so let E. be spanned by the vector v; € R™. Let vy, ..., v, €
R™ span E; + E,, so that the set {vq,v,...,v,} is a basis for R".

Define the vector C' = %(0,0) € R*. Write C' = C} + Cy, with
Cy = P.C = ov; and Cy = (Ps + P,)C. Now A is an isomorphism on
E, + E,, so there is a vector vy € Es + E, such that Avg = —C5.

The vectors

u0:|:v10:|7 u1:|:f%1:|7 sy un:|:vél:|7

form a basis for R” x R. Define the (n + 1) x (n + 1) matrix

A C
B- [ 4 C } .
Let E., E!, E! be the stable, center, and unstable subspaces for B in

R™*!. Note that

Bu; =0 and Buy= {AUO—FC} = [le

0 0 }:"“15

i.e. ug is an eigenvector and u; is a generalized eigenvector for the eigen-
value 0. So the center subspace E. of B is (at least) two-dimensional.
Since the restriction of B to the subspace spanned by the vectors
{ug, ..., u,} is the same as A on E, + FE,, it follows that {ug, ..., u,}
spans E’ + E! the sum of the stable and unstable subspace of B. So
it now also follows that E! is spanned by {ug, u;}.

Now returning to the suspended system, if we write

yz{x] and g(y)z{f(x’“)}eR"XR
W 0
then (8.3.1) can be written as

y' = 9(y).
Note that ¢(0) = 0 and D,g(0) = B.

There is a two-dimensional local center manifold described by a C*!
function n : E/ — E. + E!, with n(0) = 0, Dn(0) = 0. The reduced
flow is then

w' = Plg(w+n(w)), w e E.
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Given that E! is spanned by ug, u;, we can write
/
w = woug + wiuy, and Plg(y) = go(y)uo + g1(y)us.

Recall that the (n + 1)8 component of g(y) is 0. This means that
go(y) = 0.! In more explicit form, the reduced equation is

w6u0 + w’lul =01 (w0u0 + wiuy + n(wouo -+ wlul))ul.
Define the scalar function
h(wo, w1) = g1(woro + wiuy + N(woto + wiuy)).
Compare the coefficients of the two components to get the system
wy =0, w; = h(wg,w).
Looking at the definition of A and g;, we see that h(0,0) = 0 and
Dy, h(0,0) = 0, since
Dy, h(0,0)uy

= Dy, [g1(wouo + wiur + n(woro + witn))]ut] wi w)=(0,0)

= Dy, [Peg(wouo + wiuy + n(wotto + w1u1))]] (wy w2)=(0,0)

= P.Dg(0)[ur + Dn(0)u1]

= Bu1

=0.

Therefore, the co-dimension one bifurcation problem reduces to the
study of a scalar equation

o' = f(x,p)

with f : R? — R smooth and f(0,0) =0, D,f(0,0) = 0.
In the following, we consider the three basic ways in which this type
of bifurcation occurs.

Saddle-Node Bifurcation The generic example is illustrated by
the vector field
flz, p) =e1p — 02, & ==+1,i=1,2.

If, for example, e; = €9 = 1, then f(x, ) has no critical points when
i < 0, one critical point when g = 0, and two critical points when
i > 0. Thus, we have three distinct phase potraits.

'We note that P.f(z, ) = fi(x, p)vy and fi(z, 1) = g1 (y).
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M <o /4 =0 [t >0

The situation is summarized in the bifurcation diagram:

mu

The solid line indicates a branch of stable critical points, and the dashed
line indicates unstable critical points. The picture is reflected in the
p-axis when the sign of € is negative and in the x-axis when €, changes
sign.

The general saddle-node bifurcation occurs when f(u,x) satisfies

£(0,0) = D, f(0,0) =0, and D,f(0,0) #0, D?f(0,0)# 0.
By the implicit function theorem, the equation

flz, ) =0

can be solved for p in terms of z. There is a smooth function u(z)
defined in a neighborhood of = 0 such that

p(0) =0, flz,p(x)) =0,

and all zeros of f near (0,0) lie on this curve. If we differentiate the
equation f(z,u(xz)) = 0 and use the facts that D,f(0,0) = 0 and
D, f(0,0) # 0 we find

D2£(0,0)
 D,f(0,0)

We obtain the following bifurcation diagrams analogous to the model
case.

@ (0)=0 and p"(0)= # 0.
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Transcritical Bifurcation The basic example is

fla, 1) = ax® + 2Bux + yp.

In order to have interesting dynamics for p # 0, there should be some
critical points besides x = 0, 4 = 0. So we assume that o # 0 and
(3? — ay > 0. This yields two curves of critical points

ry(p) = pre, with ro=[-0++/F%2— ay]/a,
and we can write
[l p) = ol — i (1) (@ — x- ().

For o # 0, there are a pair of critical points, one stable, the other
unstable, and their stability is exchanged at p = 0.

X X
\
N
\ N
\ \
S # #~
\
A \
N
\ \
~
\ Xtlpe)
X 1) X4 (=) X_lpay
X > 0O o < O

Note that stability of both fixed points can be determined by the sign

of a, since z_ < —fBu/a < xy and f(—Lu/a,pu) = —[6* — ay]u?/a.
In general, a transcritical bifurcation occurs when

f(0,0) = D,f(0,0) = D,f(0,0) =0, and D2£(0,0) # 0.

In order to have critical points near (0,0), f cannot have a relative
extremum at (0,0). This is ruled out by assuming that the Hessian is
negative. Let

a=D2f(0,0) f=D,D,f(0,0) ~=D0,0).

Then (0,0) is not a local extremum for f provided that

H:—det{g 5]252—a7>0.

Suppose that z(u) is a smooth curve of equilibria with x(0) = 0.
From f(z(u), 1) = 0 and implicit differentiation, we get

Dy f(x(p), )2’ (1) + Dy f (x(p), 1) = 0,
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and

Dy f((p), e’ ()] + 2D Dy f (), )’ (1)
+ Duf(@(p), 1) + Do f(x(p), p)a" () = 0.
If we set ;1 = 0, we see that 2'(0) is a root of
al? + 266+ =0.

The solvability condition is precisely H > 0. From this we can expect
to find two curves

Ti(p) = pre + ... with ry = —[3+VH|/a.

Now we proceed to construct the curves x4 (u). By Taylor’s theo-
rem, we may write

1 1
fl@, 1) = Sax® + Bpa + Sy’ + 8(w, p),

in which the remainder has the form
0(z, ) = Az, p)a® + Bla, )2 + O, p)ap® + D(w, p)’,
with A, B, C', D smooth functions of (z, u).
Next consider the function
9(y, 1) = p2 Fuy +74), ).
Thanks to the above expansion, we have that

1 1
9(y, p) = 5aly + re)? + By +ry) + 57+ HE (),

with F(y,u) a smooth function. It follows that g(y,u) is smooth,
9(0,0) = 0, and D,g(0,0) = vH > 0. If we apply the implicit function
theorem, we get a smooth function y, (u) such that
y+(0) =0, g(y+(n),p) =0.
Set zy (1) = p(y+(p) +r4). Then
l‘+(0) = Oa m/—&-(()) =T+, f(I+(,lL), lu) = 0.
In the same way we get a second curve z_(u) with slope r_ at 0.
Since x_ < (x4 + x_)/2 < x4, the stability can be determined

by the sign of f((zy + 2_)/2, 1) which a simple calculation shows is
approximated by Hpu?/a, so we get diagrams similar to the one above.

Pitchfork Bifurcation The fundamental example is
flz, pu) = erpr —exa®, g ==%1,i=1,2.

For example, if 1 = €5 = 1, then for u < 0 there is one stable critical
point at z = 0 and for x4 > 0 two new critical points at x = £,/u are
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created. The stability of x = 0 for p < 0 is passed to the newly created
pair for g > 0. The one-dimensional phase portraits look like:

> ® < % <> 9 < X
M <o m >0
and the bifurcation diagram is
X
o

The other cases are similar.

The bifurcation is said to be supercritical when €169 > 0 since the
new branches appear when p exceeds the bifurcation value p = 0.
When 169 < 0, the bifurcation is subcritical.

The general case is identified by the following conditions

From the above analysis, we expect to find a pair of curves x(pu) =~ ¢
and p(x) =~ dcpr? to describing the two branches of equilibria. If
such curves exist, then implicit differentiation shows that a necessary
condition is

z(0) =0 2'(0) =0 =—D;f(0,0)/D,D,f(0,0)
and
w(0) = p/(0) =0 u"(0)=p=—-D2f(0,0)/3D,D,f(0,0) # 0.

Therefore, the first curve can be found by applying the implicit
function theorem to

9(y. 1) = u f(ulo +y),pn) =0
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to get y(u) satisfying

y(0) =0,  g(y(u),n) = 0.

Then the curve is obtained by setting x(u) = p(o + y(u)).
The second branch comes by considering the equation

h(z,\) = 2 2f(x,2%(p/2 + A\)) = 0.
The implicit function theorem yields a function A(z) such that
A(0) =0, g(x, \x)) = 0.
Finally, let u(z) = 2%*(p/2 + A(x)). The bifurcation is supercritical
when p > 0 and subcritical when p < 0.

Example: The Lorentz Equation, II. Let’s have another look
at the Lorentz equations considered in section 8.2. This time, however,
we add a small bifurcation parameter:

T, = —0x1+ 0%
/

zy, = (14 p)ry —x9 — 2123
/

Ty = —fr3+ 120

Here (3, 0 > 0 are regarded as being fixed, and p € R is small. The
system has the form 2’ = f(x, u) with £(0,0) = 0. Moreover, we have
already seen that the matrix

—0 o 0
D, f(0,0) = 1 -1 0],
0 0 —p

has a one-dimensional center subspace, so that for p # 0 a bifurcation
could occur. To study possible bifurcations near (z,u) = (0,0), we
will consider the suspended system and reduce to the flow on the local
center manifold. The suspended system is:

Ty = —0X1+0x2

Th = X — To+ pury — 1103
.73;)) = —ﬁxg + T1T2

o= 0.

Notice that because p is being regarded as a dependent variable, puz;
is considered to be a nonlinear term. So we are going to approximate
the flow on the two-dimensional center manifold of the equation

(8.3.2) 2= Az+ g(2),
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where
Ty -0 0o 0 0
| I D S
=l AT 0 0 =5 ol
1 0 0 00
0
| (e — )
(8.3.3) g(z) = 12
0

By our earlier calculations, we have the following eigenvalues:
A=0,—(c+1),-5,0

and corresponding eigenvectors:

1 —o 0 0
1 1 0 0
01’ 01’ 11’ 0|’
0 0 0 1
for the matrix A. Thus, the matrix
1 —oc 0 0
1 1 00
=10 01 0
0 001

can be used to diagonalize A:
AS =SB, with B =diag(0,—(c+1),—3,0).

If we make the change of coordinates z = Sy, then (8.3.2), (8.3.3)
becomes

y = By + h(y),
in which h(y) = S7'¢(Sy). More explicitly, we have
_ — — 0 0
1 — o+1 o+1
S 0 010
0 0 0 1

and hence

g

ﬁ(yl —oy2)(ya — y3)
—1(3/1 —oy2)(Ys — y3)
Y1 — Uyzg(yl + 12)

Tracing back through the substitutions, we have y, = z4 = pu.

hy) =1 7
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The local center manifold is described as
We(0) = {y € R* : Py = n(Puy)},

with n : £, — Es a C' map such that n(0) = 0, Dn(0) = 0. Since B
is diagonal, it follows that E. = span{ej,es} and Ey = span{es,es}.
Given the form of E,. and Ey, we can write

Wcloc«)) = {3/ eR*: U1<y1>y4) = ?74(y1,y4) =0,

Yo = 02(Y1,Y4), Ys = n3(y1,ya) }-

Using theorem 8.1.2, we can approximate 7 to third order. We find
that if H(y) satisfies

—(0+ DHa(yr, ) + — 0y = O(ly*)

—BHs(yr,ya) +yi = O(lyP),
then n(y) = H(y) + O(|y|?). This shows that

(Y1, 94) = (0 + 1) yiya + O(y),  ms(yr,a) = By + O(lyl).
By part (iii) of corollary 8.1.1, the flow on W¢(0) is governed by
w' = Pch(w+77(w))7 w = Py,

which, in this case, is equivalent to
o
r_ o _
o= oy = om(ynva)) (s — (Y, )
yp = 0,
with initial conditions y;(0) and y4(0) = p. Since y4 = Const. = p, we
end up with a scalar equation for u = y; of the form

W = F(u,p),

with
Flup) = ——(u— om(u, ) — ns(u, 1))

o+1
o o 1, n
U — ———5 U — —=u
o+1 (0—1—1)2'u a I6;
o

L4 o 20| +
o1 "3 T o2t

Q

Notice that
F(0,0) = D,F(0,0) = D,F(0,0) = D2F(0,0) = 0,

and
60
>0, D3F(0,0)= —— >0.

o

D.D,F(0,0) =

c+1
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Thus we have a supercritical pitchfork bifurcation. For p < 0 there
is a single asymptotically stable fixed point at x = 0. If u < 0, then all
solutions decay towards the origin exponentially fast. For u > 0 there
is an unstable fixed point at x = 0. It has a two-dimensional stable
manifold and a one-dimensional unstable manifold. Additionally, there
are a pair of asymptotically stable fixed points. These three critical
points lie on the invariant curve obtained by intersecting the center
manifold of the suspended equation with the plane y = Const. This
curve contains the unstable manifold of z = 0.

8.4. Poincaré Normal Forms

The analysis of the reduced flow on the center manifold can be a
difficult task in more than one dimension. In 1D, we have seen how the
isolation of certain terms of the Taylor expansion of the vector field is
essential in understanding the nature of a bifurcation. The reduction
to normal form is a systematic procedure for eliminating all inessential
terms.

Consider the flow of

(8.4.1) ¥ = Az + f(x)

where A is an n x n real matrix and f : R® — R" is C* with f(0) =0,
Df(0) = 0. Suppose we make a change of variables

(8.4.2) x=y+h(y) = 2(y),

with A : R — R™ in C* and h(0) = 0, Dh(0) = 0. The inverse
function theorem ensures us that ® is a local diffeomorphism near the
origin. That is, there exist neighborhoods of the origin U, V' C R"
such that ® : U — V is a diffeomorphism.

Let’s see what happens to the system under this change of coordi-
nates. Suppose that z(¢) is a solution of (8.4.1) in V and define y(¢)
through (8.4.2). By the chain rule, we have

o' =y + Dh(y)y" = [I + Dh(y)ly"

Then using the fact that x is a solution and then the invertibility of
Dd, we get

Y [I + Dh(y)] '’
= [+ Dh(y)]"'[Az + f(x)]
= [I+ Dh(y)] 2’
(8.4.3) = [+ Dh(y)] [Aly + h(y) + fly + h(y))].

This isn’t as bad as the averaging lemma where we studied the nonau-
tonomous analog of this computation!
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Suppose that the terms of the Taylor expansion of f(x) at x = 0
all have degree r > 2. Write

f(@) = fr(x) + O(lz["),
where f,.(z) is a vector field all of whose components are homogeneous
polynomials of degree r and O(|z|"™!) stands for a smooth function
whose Taylor expansion at z = 0 starts with terms of degree at least
r + 1. Take the function h(y) in the coordinate change (8.4.2) to have
the same form as f,(x), that is, suppose that h(y) is a vector-valued
homogeneous polynomial of degree r. Then since

[+ Dh(y)]™" = I — Dh(y) + Dh(y)* — ... = I = Dh(y) + O(ly|*" V),
we have when we go back to (8.4.3)

y = Ay + Ah(y) — Dh(y) Ay + f-(y) + O(ly|™).
Then expression

Ah(y) — Dh(y) Ay + f,(v)

is homogeneous of degree r. We can attempt to kill these terms by
choosing the function h(y) so that

(8.4.4) Lah(y) = Dh(y)Ay — Ah(y) = f,(y).
The expression L4 is known as the Poisson or Lie bracket of the vector
fields Ax and h(x).

Equation (8.4.4) is really just a linear algebra problem. The set
of all homogeneous vector-valued polynomials of degree r in R" is a
finite-dimensional vector space, call it H]', and L4 H;' — H] is a linear

r+n-—1

map. (The dimension of H} is n .) So we are looking for

a solution of the linear system L h = f, in H.

When does (8.4.4) have solutions? In order to more easily examine
our linear system in the vector space H}', we need to introduce a bit of
notation. An n-tuple of nonnegative integers

m = (my, ma, ..., My)
is called a multi-index. Its order or degree is defined to be
Im| =my +mo+ ...+ m,.

Given an n-tuple y = (y1,¥2,...,¥,) € R” and a multi-index m of
degree r, monomials of degree r are conveniently notated as

mi, mo

Yt =ty Y
Now if {vg}}_; is a basis for R™, then

{y™v :k=1,....,n; |m| =r}
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is a basis for H'.

LEMMA 8.4.1. Let A be an n X n matriz, and let A = (A1,...,\,)
be its n-tuple of eigenvalues. Then the eigenvalues of the linear trans-
formation La on H]' are given by

A-m — )‘j
where |m| = 7 is an multi-index of degree v and j =1,... ,n.

REMARKS ON THE PROOF. Suppose that A has a basis of eigenvec-
tors vy, ...,v, € C" with corresponding eigenvalues A = (A,..., \,) €
C". Suppose that S is the matrix whose columns are formed by the
eigenvectors of A. Set x = S~!y. Then the set of homogeneous poly-
nomials {z™v; : j = 1,...,n; |m| = r} forms a basis for (complex)
H as well as being a set of eigenvectors for L4. A direct calculation
shows that Ly 2™v; = (A - m — X;)z™v;. This confirms the statement
about the eigenvalues, and it also shows that, in the case that A is
diagonalizable, the range of L, is spanned by 2™wv; for m and j such
that A-m — \; # 0. A real basis for the range of L, is obtained by
taking real and imaginary parts. If A is not diagonalizable, things get
a bit more complicated. 0

DEFINITION 8.4.1. A monomial y™ of degree r is resonant for A if
for some k, A-m — X\, = 0.

Thus, if A has no resonant monomials of degree r, then L, is in-
vertible on H and equation (8.4.4) has a unique solution h € H! for
every f, € H.

Example: Let’s compute the resonances of degree two and three for
the matrix
0 -1
A { 0 -l } |

The eigenvalues of A are A = (i, —i). First, we list A - m for the three
multi-indices m of degree two:

(2,0)- (i, —i) =2i, (1,1)-(i,—i) =0, (0,2)-(¢,—1) = —2i.
None of these numbers is an eigenvalue for A, so there are no resonances
of order 2.

Now we do the same thing for » = 3. There are 4 monomials of
degree 3:

(3,0) - (i,—i) = 3i, (2,1)-(i,—i) =i = A,
(172) ’ (27 _Z> =—i= )‘27 <073> ’ (27 _Z) = —3u.
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We find two resonant monomials of degree 3, namely 3z, and z173.

DEFINITION 8.4.2. The convex hull of a set Q2 C R"™ is the smallest
convex set which contains 2. The convex hull is denoted by co 2.

LEMMA 8.4.2. Let A be an n X n matriz, and let o(A) be its spec-
trum, i.e. the set containing its eigenvalues. If 0 ¢ co o(A), then A
has at most finitely many resonances.

PROOF. Since o(A) is finite, co o(A) is closed. Therefore, since
0 ¢ coo(A), there is a § > 0 such that |z| > § for all z € co o(A).

Let m be a multi-index with |m| = r. Then A - m/r € co d(A), so
|IA-m/r| > 4.

Let M > 0 bound the eigenvalues of A: |A\y| < M, k=1,...,n. If
r>(M+1)/6, then |\-m| >réd > M+1> A\, k=1,...,m. Thus,
™ is nonresonant if |m| > (M +1)/0. O

Remark: If A is real, then since complex eigenvalues come in con-
jugate pairs, 0 ¢ co o(A) if and only if o(A) lies on one side of the
imaginary axis.

THEOREM 8.4.1. Let Az+ f(x) be a smooth vector field with f(0) =
0 and Df(0) = 0. Consider the Taylor expansion of f(x) near x = 0:

f(x) = fol@) + f3(2) + - + fo(2) + Rfpa(2),
in which f.(x) € H, r =2,...,p and the remainder Rf,1 is smooth
and O(|z[PT1).

For each r = 1,...,p decompose H' as H}' = R.(La) + G,(La),
where R.(L4) is the range of Ly on H!' and G, (L) is a complementary
subspace. There exists a polynomial change of coordinates, x = ®(y),
which is invertible in a neighborhood of the origin such that the equation

¥ = Az + f(x)
15 transformed near the origin into

' =AY+ 6o(y) + -+ gp(y) + Rgpia(y),
with g. € G, and the remainder Rg,y1 smooth and O(|y|P™) near
y = 0.

Proor. We will proceed inductively, treating terms of order r =
2,...,p in succession. First, write

fo(@) = fa(z) = g2(x) + g2(),
with fo(x) — go(z) € R(La) and go(z) € Ga. Let h € HE be a solution
of
Lahy = fo = g
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Then x = y + he(y) transforms =’ = Az + f(z) into

y = Ay + g2(y) + F:(y) + -+ fo(y) + O(lyl™).

If we continue in the same manner to eliminate terms of order 3, then we
will have a coordinate change of the form y = z + hs(z) with hs € H%.
The point is that this change of coordinates will not affect terms of

lower order. Thus, we can proceed to cancel terms of successively
higher order. U

Example: Consider the system 2’ = Az + f(x) with
01
St

and f(0) = 0, Df(0) = 0. Since A has the double eigenvalue 0, all
monomials are resonant! Nevertheless, L4 is nonzero, so we can remove
some terms. Let’s study L4 on H2 and determine the normal form of
degree 2.

Hl (I’)

Hg(x)} , we have

First, for an arbitrary function H(x) = {

LaH(z) = DH(z)Az — AH(z) = [anlHI(x) - Hg(m)]

xgang (l‘)
Choose a basis for H3:

hi(z) = sate;  hy(z) = Lale,

hg(.’ﬂ) = T1T2€1 h5(l’) = T1T2€2

hs(z) = sa3e;  he(z) = 2a3e,
We have used the standard basis vectors here because they are gener-
alized eigenvectors for A. After a little computation, we find that

Lshy = hy L shy = 2hs

LAthO LAh4:—h1+h5

Lahs = —ho +2hg Lahg = —hs
Thus, the range of L4 is given by

R(LA) = Span {hg, h3, —hl + h5, hG}
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Now using Taylor’s theorem, expand f(z) to second order near
=0

flx) = f2( )+ O(|z[*)

—Zal i(z) + O(|z)

= [a2h2( )+ ashs(z) + as(—hi(x) + hs(x)) + aghs(z)]
+ [(a1 + as)hi(x) + aghy(z)] + O(|2]?)
= fo(z) + ga(2) + O(|z[*),
with fo € Ry(La) and go € Go(L4). Set

H(x) = ashy(z) + %O_/ghg(l') + ashy(z) + 1ozG(hl(x) — hs(x)).

2
Then
LaH(z) = fo(2),
and using the transformation = y+ H(y), we can achieve the normal
form

y' = Ay + g2(y) + O(ly]*).

To complete this section we state a general theorem about reduction
to normal form.

THEOREM 8.4.2 (Sternberg’s Theorem). Let A be an n x n matriz
with at most a finite number of resonances. Let f : R" — R™ be C*™
with f(0) =0, Df(0) = 0. For any positive integer k, there exists a C*
function h : R" — R™ with h(0) = 0, Dh(0) = 0 such that the change
of variables © = y + h(y) transforms ' = Ax + f(x) in a neighborhood
of the origin into

Y =Ay+g(y) + -+ g(y).

where g, € H'\ R(La), r = 2,...,p, and where p is the mazimum
order of any resonance.

Remarks:

(1) The difficult proof can be found in the book of Hartman, 2nd
ed. See theorem 12.3.

(2) The result is the smooth analogue of the Hartman-Grobman
theorem 6.2.1. It says, in particular, that if A has no reso-
nances, then the flow is C* conjugate to the linear flow.

(3) The hypothesis that A has finitely many resonances implies
that A is hyperbolic.
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(4) In general, the size of the neighborhood in which the transfor-
mation is invertible shrinks as k& increases. Nothing is being
said here about the existence of a C* change of coordinates.
Theorems of that sort have been established in the analytic
case.

8.5. The Hopf Bifurcation

The Hopf bifurcation is the most common type of bifurcation. It
occurs when a pair of distinct complex conjugate eigenvalues of an
equilibrium point cross the imaginary axis as the bifucation parameter
is varied. At the critical bifurcation value, there are two (nonzero)
eigenvalues on the imaginary axis. So this is an example of a co-
dimension two bifurcation. As the bifurcation parameter crosses the
critical value, a periodic solution is created.

The general case will be reduced to the following simple planar
autonomous system, with higher order perturbative terms. For now,
the illustrative paradigm is

san gl n]=[8 ) n e[ ] [0]

Here, as usual, p denotes the bifurcation parameter. The remaining
constants a, b, w are fixed with a # 0, w > 0. Notice that x =0 is a
fixed point, for all u € R.

The corresponding linear problem

alnl=18 )]

has eigenvalues p 4 iw. Thus, when p < 0, the critical point z = 0 is
asymptotically stable for (8.5.1), and when p > 0, it is unstable. When
1 = 0, the origin is a center, since the eigenvalues lie on the imaginary
axis.

In order to find the periodic solution of (8.5.1), we change to polar
coordinates. Let

r1 =rcosl, x9=rsind.

The equations transform into

o= ur 4+ ar’

0 = w+br?
The interesting feature here is that the first equation is independent
of 6. In fact, we recognize the equation for r as the basic example of

a pitchfork bifurcation. If @ < 0 the bifurcation is supercritical, and if
a > 0 it is subcritical.
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Suppose that a < 0. Then the asymptotically stable critical point
which appears at r = (—p/a)'/? when p > 0 corresponds to an asymp-
totically orbitally stable periodic orbit for (8.5.1). If we set a = 1/y/—a
and = b/(—a), then this periodic solution is explicitly represented by

21(t) = ay/pcos|(w+ Bt
22(t) = ay/psinf(w + Bu)t,

The amplitude is a/z and the period is 2m/(w + Bu).

Simple as this example is, surprisingly it contains the essential in-
formation necessary for understanding the general case. However, in
order to see this it will be necessary to make several natural changes
of variables.

We begin with a planar autonomous equation depending on a pa-
rameter

(8.5.2) o' = [z, p),

with a critical point at the origin when p = 0, i.e. f(0,0) = 0. Think
of this equation as the result of reducing a higher dimensional system
with a critical point at the origin when p = 0 to its two-dimensional
center manifold. If D, f(0,0) is invertible, then by the implicit function
theorem there exists a smooth curve of equilibria z(u) for p near 0. If
we set g(x,u) = f(x + x(w), p), then g(0, ) = 0. Therefore, we will
consider vector fields in this form. Altogether we will assume that

Al fRZx R — R?is C,

A2, £(0,1) = 0,

A3. D, f(0,0) has eigenvalues +iw, with w > 0, and
A4 7(u) =tr D, f(0, ) satisfies 7/(0) # 0.

Condition [A3] implies that D, f(0, i) has eigenvalues of the form &(u)+
in(p) with £(0) = 0 and 7(0) = w. Assumption [A4] says that £'(0) #
0, since 7(n) = 2£(p). It means that as the bifurcation parameter
passes through the origin, the eigenvalues cross the imaginary axis with
nonzero speed.

The first step will be to show:

LEMMA 8.5.1. Let f(x, ) be a vector field which satisfies the as-
sumptions [A1]-[A4] above. For |u| small, there is a smooth change

of coordinates (t,x, p) — (s,y, ) which transforms solutions x(t, ) of
(8.5.2) to solutions y(s,\) of

(8.5.3) y' = Ay +9y, ),
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in which g(y, ) is smooth and

)
a=|0 5] s =0 paor -0

PROOF. Let &(p) £in(p) denote the eigenvalues of A, = D, f(0, p).
Choose a basis which reduces A, to canonical form:

. | &) =)
‘%@&—Mw «m]

Then the transformation z(¢,u) = S,y(t, ) transforms (8.5.2) into
y' = g(y,p) in which g(y,n) = S, f(Suy, ) still satisfies [A1]-[A4]
and in addition

n(p) &)

Next we rescale time through the change of variables ¢t = (w/n(u))s.
Then y((w/n(12))s, ) solves

d

Zy=h
o (y, 1),

D0, 1) = { () —n(n) ] _

with
Wy, ) = (@/n(1)g(y, 1)-
Again h(y, ) satisfies [A1]-[A4], and also

(1)

Dyh(0, p) = nn) £(n)

n(w)

Finally, because of our assumptions, the function ¢ () = w&(p)/n(w)
has ¢'(0) # 0 and is therefore locally invertible. Set A = ¢(x). Then
y(s, ) is a solution of y' = h(y, A), and

D,h(0,\) = {3 _ﬁ } .

This completes the proof of the lemma. U

We continue from (8.5.3) with the variables renamed. We are now
going to apply the normal form technique to the suspended system

v’ = Ay +g(r,p), p=0.
From this point of view, we should write this as

v’ = Agz + px + g(w,p), =0,
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since px is a quadratic term. The eigenvalues for the linearized problem
¥ =Apx, =0

are A = (A1, A\a, A3) = (iw, —iw, 0).
The resonances of order |m| = 2 occur when

m = (1,1,0), (0,1,1), (1,0,1), (0,0,2).

The monomial x;x5 is nonresonant for Ay, so such a term can be elim-
inated unless it occurs in the third equation, which it does not. The
term p? is also resonant only for the third equation where it does not
appear. The only resonances of order 2 are the terms px; in the first
equation and pxs in the second. So by a quadratic change of variables
in z only we can transform the system to

I/:on—i_ﬂx—}_g(l‘vﬂ)a :u,:07

in which g is at least cubic in z,p and still with §(0,u) = 0 and
D.g(0, ) = 0.
The resonances of order |m| = 3 are given by

m = (2,1,0), (1,2,0), (1,1,1), (0,1,2), (1,0,2), (0,0,3).

The monomials x 254 and p® correspond to resonances in the third
equation, where they do not occur. The monomials x,4? and z,u? are
resonant for the first two equations, but they do not appear since g is
at least quadratic in xq,x5. Thus, the normal form of degree three is
spanned by two vectors

X1 T2
[2f* | 2 | and [z]* | —an
0 0

Thus, we get using a cubic change of variables

(8.5.4) x' = Aoz + px + ||z)|*Bz + §(z, n), © =0,

a —b
o-15 ]
and with gfy of fourth order in z, . Moreover we also still have f](O, Q) =
0 and D,g(0,) =0, so g is at least quadratic in xy, 5.
Recognize that our normal form (8.5.4) is, of course, just a pertur-

bation of the model case (8.5.1). Does the periodic solution survive the
perturbation?

with
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We know that the sign of the constant a is important. According
to Guckenheimer and Holmes

16a =[07G) + 010351 + 070232 + 95
1 i
+ ;[813291(0391 + 051)
— 010232(07G2 + 0532)
— 9251022 + 035103 3],

e = 500 |

and all derivatives are evaluated at (x, u) = (0,0).

We will look at the supercritical case when a < 0. In the subcritical
case, an analysis similar to what follows can be performed. When a = 0,
there is a so-called generalized Hopf bifurcation to a periodic solution,
but its properties depend on higher order terms.

Suppose that a < 0. We will show that there is a pg > 0 such that
for all 0 < p < po, the annulus

(85.5) A={zeR: (~p/a)? - p*" < |laf| < (=p/a)"? + 1"}

is positively invariant under the flow of (8.5.4). Since .4 contains no
critical points, it follows by the Poincaré-Bendixson theorem 77 that
A contains a periodic orbit.

Let’s check the invariance. We will show that the flow of (8.5.4)
goes into A. Let z(t) be a solution of (8.5.4), let a = 1/(—a)/2, and
set r(t) = ||« (¢)||. Multiply (8.5.4) by z/r:

where

v = pr +ar® + % gz, ).
We have that

=8

)] < (1§, | < Cor(r? + 22),

|
and so for z € A we have ¥ - g(z,p) = O(p?). Now consider r =
ap'’? + 134 on the outer boundary of A. Then

' = p(ap'”? + i) + alap'? + )P+ O(u?) = =247 + O(p?) < 0,

or 0 < u < pgp, suthciently small. Similarly, if r = « — , then

forO< pu<p fficiently 1. Similarly, if pt’? — ', th
=207+ O(1?) > 0,

for 0 < p < pp. This proves invariance.
Within the region A, it is easy to show that the trace of the Jacobian
of the vector field is everywhere negative. This means that all periodic
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solutions inside A have their nontrivial Floquet multiplier inside the

unit circle and are therefore orbitally stable. It follows that there can

be only one periodic solution within A, and it encircles the origin.
Define the ball

(8.5.6) B={zeR: || <|u/a]"*+|u**}.

It is immediate to check that " > 0 in B\ A, so that the origin is
asymptotically unstable, and there are no periodic orbits in B \ A.

On the other hand, if a < 0, u < 0, then it is straightforward to
show that r = (2% + 22)/2 is a strict Liapunov function for (8.5.4) in
the ball B. Thus, the origin is asymptotically stable, and there are no
periodic orbits In B.

Similar arguments can be made when a > 0.

The results can be summarized in the following:

THEOREM 8.5.1. Suppose that a # 0 and that po > 0 is sufficiently
small. Let A and B be defined as in (8.5.5), (8.5.6).

Supercritical case, a < 0: If 0 < p < po, then (8.5.4) has an
asymptotically orbitally stable periodic orbit inside A. It is the unique
periodic orbit in B. The origin is asymptotically unstable. If —pg <
w < 0, then the origin is asymptotically stable for (8.5.4), and there
are no pertodic orbits in B.

Subcritical case, a > 0: If —po < p < 0, then (8.5.4) has an asymp-
totically orbitally unstable periodic orbit inside A. It is the unique pe-
riodic orbit in B. The origin is asymptotically stable. If 0 < p < po,
then the origin is asymptotically unstable for (8.5.4), and there are no
periodic orbits in B.

There are a few questions that remain open. Does the periodic
solution depend continuously on 17 How does the period depend on u?
In the next sections, we take a new approach to study these questions.

8.6. The Liapunov-Schmidt Method

Let X, Y, and A be Banach spaces. Suppose that A: X — Y is a
bounded linear map and that N : X x A — Y is a C! map such that

N(0,0) =0, D,N(0,0)=0.
We are interested in finding nontrivial solutions x € X of the nonlinear
equation
(8.6.1) Az = N(z, \).

If A is an isomorphism, that is, A : X — Y is one-to-one and onto and
A1 Y — X is bounded, then the implicit function theorem ensures
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the existence of a C*' function ¢ : U — V from a neighborhood of the
origin in U C A to a neighborhood of the origin in V' C X such that

Ap(N) = N(o(N),A), AeU.

The Liapunov-Schmidt technique deals with the situation where A is
not an isomorphism.

Let K C X be the nullspace of A and let R C Y be the range.
Assume that

(i) There exists a closed subspace M C X such that X = M + K,
and

(i1) R is closed.
It follows from the closed graph theorem the the restriction of A to M is
an isomorphism onto R. These assumptions are satisfied, for example,
when K is finite dimensional and R has finite co-dimension. Such an
operator is called Fredholm.

Suppose that z is some solution of (8.6.1). Write z = x1 + 25 €

M+ K. Write Y = R+ S, and let Pg be the projection of Y onto R
along S. Then

(862) Axl = PRN(.Z'l + Za, )\) = F(iL’l, Ta, )\)
(] — PR>N(1’1 +ZE2,/\) = 0.
Turn this around. By the implicit function theorem, there exists a

solution x1(x9, ) € M of (8.6.2), for (x2,A) in a neighborhood of the
origin in K x A. So now we want to solve

(863) (I — PR)N(I‘l(.TQ, )\) + T, )\) = 0.

This is called the bifurcation equation. We can then attempt to solve
(8.6.3) for A in terms of 5. If this is possible, then we get a family of
solutions of (8.6.1) in the form

x(x2) = 1 (w2, AM(22)) + .

A typical situation might be the case where A is Fredholm and that
the parameter space A is finite dimensional. Then (8.6.3) is a system of
finitely many equations in a finite number of unknowns. We can then
attempt to solve it using the standard implicit function theorem.

8.7. Hopf Bifurcation via Liapunov-Schmidt

Let’s return to the reduced problem given at the end of section 8.5
after the normal form transformation. For notational convenience, we
will drop the double tilde from g.

(8.7.1) v’ = Agx + px + ||z||*Bx + g(z, 1),
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with

0 —w a —=b
T I T
and

(8.7.3) 9(0.4) =0, Dagla, i) =0, g(w, ) = O(lz2(2ll? + 12)).
We are looking for a family of periodic solutions x(t, ) with period
~ Ty = 27 /w and amplitude ~ ;'/2. We shall prove:

THEOREM 8.7.1. There are smooth functions u(s), \(s), x(s), de-
fined for |s| < sq, such that

w(s) ~ —as* +..., M)~ —bs*+...,

and when p = u(s), z(s) is a periodic solution of (8.7.1) of period
21(14 A(s))/w satisfying ||z(s)|| < C|s|, for some constant C' which is
independent of s.

We remark that this theorem allows a = 0, however in this case we
know less about the nature of periodic solutions since theorem 8.5.1
is not available. When a # 0, theorems 8.5.1 and 8.7.1 show that the
Hopf bifurcation for the perturbed case is close to the unperturbed
case.

Proor. We will account for variations in the period by introducing
a second parameter. Set

y(t, A p) = z((L+ A)t,u), A=0.
Then y is Ty-periodic if and only if z is To(1 4+ A)-periodic. Now, a
simple calculation gives
Y = Aoy + Moy + (1 + Npy + (1 + Ng(y, ).

Viewed as a function of (y, A, 1), the right-hand side is quadratic
(or higher) except for the term Agy. To be able to apply the Liapunov-
Schmidt technique, we will eliminate this term by introducing rotating
coordinates (cf. sections 7.2, 7.4). Let

coswt —sinwt
sinwt coswt

U(t) = et =

)

and set
y(t) = U(t)z(t).
Another routine calculation shows that
(8.7.4) 2 =Nz + 1+ Npz+ 1+ NU(=t)g(U(t)z, ).

We are going to construct Ty-periodic solutions of this equation.
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Here comes the set-up for Liapunov-Schmidt. Let
X={2eC'R,R?) : 2(t + Tp) = 2(t)},
with the norm

— /
lolx = max l2(8)l + max [12(2)].

Also, let
Y = {h € C°(R,R?) : h(t + Ty) = h(t)},
with the norm
[h|ly = max [|a(t)]]

0<t<Ty

If we define L = %, then L : X — Y is a bounded linear map. It is
clear that the null space of L is

K={z¢e€ X :2(t) =v=Const.},
and that the range of L is

R:{heY:/Toh(t)dt:O}.

So we have
X=M+K, and Y=R+S,
with
To
M:{ZGX:/ ~()dt = 0},
0
and

S={h €Y :h(t)=Const.}.
M is a closed subspace of X and R is a closed subspace of Y, so
L : M — R is an isomorphism by the closed graph theorem. (It is easy
to verify this directly.) Note that L is Fredholm, since K and S are
finite (two) dimensional. The projection of Y onto R along S is given

by
1 [T
Prh(t) = h(t) — —/ h(s)ds.
TO 0
Now our problem (8.7.4) can be encoded as
Lz = N(z,\ pn),
in which
+ (L+ N |2PU(=t)BU(t)z + (1 + NU(=t)g(U (t)z, ).
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Note that N : X x R? - Y and
(8.7.5) N(O, A ) =0, D.N(0,\, 1) = 0.

All of the conditions for Liapunov-Schmidt are fulfilled, so we proceed
to analyze the problem

Lu = PrN(u+ v, \, p),
(I = Pr)N(u+v,\ 1) =0,

with w € M and v € K = R?.
By the implicit function theorem, we get a C' mapping ¢(v, A, i)
from a neighborhood of the origin in R? x R x R into M such that

#(0,0,0) =0 and Lo(v,\, u) = PrRN(¢d(v, A\, 1) + v, A, ).

By the uniqueness part of the implicit function theorem, we get that
¢(0, A\, ) = 0. Next, from

LDy¢(v, A, pt) = Pr[D.N(d(v, A, 1) + v, A, p)(Dod(v, A, ) + 1],
we see using (8.7.5) that
LDyp(0,A, p1) = PrlD-N(0, A, p)(Du¢(0, A, p) + I)] = 0.

It follows that D,¢(0, A, u) = 0, since L is an isomorphism.
Set u(t, v, A\, i) = ¢(v, A\, p)(t). Then

w(t,0,\,u) =0, and D,u(t,0,A, u) =0.

We can therefore write

1
d
u(t,v, \, u) = /%u(t,av,/\,u)da
0

1

= /Dvu(t,av,)\,u)vda
0

= J(t,v,\ p)v,

with J(¢,0,\, ) =0, and J(t, v, \, ) smoothly dependent on v, A, p.
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We now need to study the bifurcation function

B(v, A, )
=(I — Pr)N(¢(v, A, 1) +v, A\, )
To
:i (I - PR)N(u(tv'Ua)‘au) —I—U,)\,M)dt
T Jo
=My + (1 +A)pjv
To
2 [ e v o)+ U0 BU @) u(t 0 ) + ol
0 0
To
A g )t v, A ) + o], .
TO 0

Consider v in the form v = (s,0) = se;. Define By(s, A\, u) =
%B(sel,)\,,u). Since wu(t, se1, A\, 1) + sey = s[J(t, ser, A\, u) + I|ey, we
have

Bo(s, A\, i) = [MNAo + (1 + N ulley + s°Bi(s, A\, 1) + Ba(s, A, ),

with

61(3, )‘7[’6) =
1+x [T )
T [T, v, A, ) + Lea|FU (=) BU(8) [ (L, v, A, p) + T]eqdt
0 0
and
L+ [P
62('8’ )‘7 H’) = ST, / U(—t)g(U(t)[U(t, S€1, )‘7 HJ) + 861]7 #)dt
0 Jo

A straightforward calculation gives,

LA /OTO U(=t)BU (t)vdt — { ! 1 |

0
Thanks to the properties of g(z, i), we have that

2

0 0
82(0, O, O) - &BQ(O, O, 0) - @BQ(O, O, 0) =0.

Now we solve the bifurcation equation. By : R? x R x R — R? is
C1, By(0,0,0) = 0, and

81(07 07 0) =

0

is invertible. By the implicit function theorem, there are smooth curves
A(s), p(s) such that A(0) =0, u(0) =0, and By(s, A(s), u(s)) = 0.

0 1
D)\,,LLBO<O7O7 0) = |: w :| )
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This construction yields a unique (up to rotation) family of periodic
solutions

x(t, s) = U(t)[u(t/(1 + A(s)), ser, A(s), u(s)) + sea.
This family depends continuously on the parameter s. The amplitude
is &~ s, and the period is Tp(1 + A(s)).
Differentiation of the bifurcation equation with respect to s gives
N(0) = /(0) =0, and

o] [ -2 [3]



