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Abstract

In real semialgebraic geometry it is common to represent a polyno-
mial g which is positive on a region R as a weighted sum of squares.
Serious obstructions arise when ¢ is not strictly positive on the re-
gion R. Here we are concerned with noncommutative polynomials and
obtaining a representation for them which is valid even when strict
positivity fails.

Specifically, we treat a ”symmetric” polynomial ¢(z, h) in noncom-
muting variables, {x1,..., 2,4, } and {hq,..., hy, } for which ¢(X, H) is
positive semidefinite whenever

X=(X1,...,X,y,) and H= (Hy,...,Hy,)
are tuples of selfadjoint matrices with || X;|| < 1 but H; unconstrained.

The representation we obtain is a Gram representation in the variables
h
q(x, h) = V(@)[h]" Py(a)V (2)[h],

where P, is a symmetric matrix whose entries are noncommutative
polynomials only in  and V' is a ”vector” whose entries are polynomials
in both  and h. We show that one can choose P, such that the matrix
P,(X) is positive semidefinite for all || X;|| < 1. The representation
covers sum of square results ([H],[M],[MP]) when g, = 0. Also it
allows for arbitrary degree in h, rather than degree two, in the main
result of [CHSY] when restricted to z-domains of the type ||X;|| < 1.
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1 Introduction

Let A denote the algebra over R of polynomials in the noncommuting vari-
ables z := {z1,...,24,} and h:= {h1,..., hg, }. An element of N is thus a
real finite linear combination of words in x and h and is called a noncommu-
tative polynomial (abbreviated NC polynomial). Given integers M and N,
let My v denote the set of noncommutative polynomials in A which have
degree at most M in z and at most N in h. For example,

p(a:, h) = x1hoxs + Sxoxihox

is a polynomial in N ;.
The natural involution 7 on A defined by

w:Zl...ZnHU}T:Zn"'ZQZl

for w a word in {z,h} and

=Y quweN—q" =) qu"

fixes Moy n. Here each z; € {z1,...,24,,h1,...,hg, }. A polynomial ¢ in N/
is symmetric provided ¢7 = ¢. For example,

p(w, h) = x1hoxs 4+ dxox1h121 + x3hox1 + Dx1h1T129 (1)

is a symmetric polynomial in N3 .

Let B(H) denote the collection of bounded linear operators on the real
Hilbert space H. Given tuples X = (Xi,...,X,,) and H = (Hy,...,Hy,)
of, not necessarily commuting, selfadjoint operators from B(H) and p € N,
define p(X, H) € B(H) in the natural way by substitution. For instance, for
the polynomial p in (1),

p(X, H) = X1Ho X3+ 5Xo X 1H1 X1+ X3Ho X 1 +5X1H1 X1 Xo.

The main result of this paper is a representation theorem for symmetric
polynomials ¢ € N such that ¢(X, H) > 0 for all tuples X and H of self-
adjoint operators on a common Hilbert space, with each X; a contraction,
| X;|| < 1. Here, and throughout the present article, || A| refers to the oper-
ator norm of A € B(H) and A positive semidefinite, denoted A > 0, means
A= AT and < Ah,h >> 0 for all h € H.

The evaluation map p € N — p(X, H) € B(H) determines a mapping
from M, (N), the n X n matrices with entries from N, into B(®}H) =



M, (B(H)) by evaluating entry-wise. Thus, if M = (mjj) € M,(N), then
M(X, H)= (mj (X, H)).

All the definitions and the notation make sense in the case g; = 0, that
is, where the polynomials depend on the variable x only. In this case we
write N, instead of A. The involution 7 extends to matrix polynomials
M = (mjg)}rey € Mn(Ny) as MT = (mgj);fk:l and M is symmetric if
MT = M. In the case M(x) is symmetric, we say M is semipositive
(resp. semipositive on the noncommutative polydisk) if M (X) > 0
for all tuples X of selfadjoint operators (resp. for selfadjoint contractions,
1X,0 < 1).

A symmetric polynomial ¢ € A has a Gram Representation in h

a(z,h) =V (@)[h]" Py(2)V (z)[h], (2)
where the tautological vector V(z)[h] has the form

e
hlw%

1
h]_wgl

hywh

k

Here w§ € N, e = 0 is the identity for A/, and P, is a symmetric matrix
whose entries are noncommutative polynomials in x.
For example, the polynomial p from (1) has the Gram representations in

h,
0 T1 OT2x1 €
p= ( e xsho x1h ) 1 0 0 has
5z1x9 0 0 hyxq
and
0 Ty Ddroxr1 —X1 €
— 2 I 0 0 0 haws
p= ( e x3hs x1hy xlhl) 5r1my 0 2 0 hizq
—z, 0 0 0 hizy

Note that if there is a P, for which P,(X) is semipositive for all X in
the noncommutative polydisk, then ¢(X, H) > 0 for all tuples X and H



of selfadjoint operators on a common Hilbert space for which each X; is a
contraction, || X;|| < 1. A corollary of our main theorem is the converse.

Theorem 1.1 Suppose q(x,h) is a symmetric NC polynomial in the vari-
ables x and h. If ¢(X,H) > 0 for all selfadjoint tuples X = (X1,...,X,,)
and H = (Hy,...,Hg,) acting on finite dimensional (real) Hilbert space
where each X is a contraction, || X;|| <1, then q has the Gram representa-
tion (2) with a symmetric Py which is semipositive on the noncommutative
polydisk.

Our main result, Theorem 2.2 refines Theorem 1.1 above by adding pre-
cise degrees for the factors in the Gram representation in h. Its proof uses
a Hahn-Banach separation argument and a Gelfand Naimark Segal type
construction! similar to that found in the proof of the (commutative) Posi-
tivstellensatz of [PV].

In the special case where ¢ does not depend on z, Theorem 1.1 says that
every semipositive noncommutative polynomial has the form

q(h) = V[n]" PV[h]

for some positive semidefinite matrix P not depending on z. A positive
semidefinite matrix P can be factored as P = LT L which yields that ¢ can
be written as a sum of squares. Thus Theorem 1.1 yields results much like
those in [H], [M], and [MP].

When q(z,h) = Q(z) € M,(N;) is a matrix valued polynomial which
does not depend upon h, the NC Positivstellensatz in [HM] says that if @
is strictly positive on the polydisk, Q(X) > 0 for all tuples X of selfadjoint
contractions, then @) has a weighted sum of squares (SoS) representation.
Indeed, this NC Positivstellensatz is key in the proof of Theorem 1.1. In
fact, there are many noncommutative domains which work equally as well as
the noncommutative polydisk. For instance, Q(X, H) is strictly positive
on the noncommutative ball if Q(X, H) > 0 whenever X is a tuple of
selfadjoint operators satisfying I — X]2 > 0 and H is a tuple of selfadjoint
operators. If P(X) is strictly positive on the noncommutative ball, then
P has a weighted sum of squares representation and the arguments in this
paper show that if Q(X, H) is strictly positive on the noncommutative ball,
then Q = V7T (x)[h]P(x)V (x)[h] for some P which is positive semidefinite on
the noncommutative ball.

this represents an abstract C*-algebra as an algebra of bounded operators on a Hilbert
space.



While we emphasize that strict positivity makes behavior nicer and is
required in general in NC possitivstellensatz, there are situations where it
is not required. A tuple X = (Xi,...,X,,) is a spherical isometry if
ZX]-TX j = I, where the X; are not necessarily selfadjoint, and the poly-
nomials below are polynomials in both z; and mf The result [HMP] says,
if P(X) > 0 for all X which are spherical isometries, then there is a NC
polynomial S which is a SoS of polynomials such that

P(X) = S(X) for all spherical isometries X.

Thus, results in this paper and [HMP] suggest, if ¢(X, H) is positive semidef-
inite whenever X is a spherical isometry and H is arbitrary, then ¢ = s+,
where s is a sum of squares and r residual part r(x,h) which vanishes on
spherical isometries, that is, (X, H) = 0 when X is a spherical isometry so
that ¢(X,H) = s(X, H).

Returning to the mixed case, when ¢(z, h) is semipositive on the non-
commutative polydisk and homogeneous of degree two in h, Corollary 1.1
contains a major piece of the principal result of [CHSY].

2 Notation and Main Result

Before stating the main result, we first formalize the notation used in the
introduction.

2.1 Notation

Since the x and h variables play asymmetric roles, they are treated sepa-
rately, rather than simply considering g, + g, noncommutative variables. Let
F denote the free semigroup on the alphabet {z,h}={z1,...,24,, h1,..., hy, },
that is, all words in these letters. The empty word, (), plays the role of the
multiplicative identity, as Qw = wl) = w for w € F. For given nonnegative
integers M and N, let Fy n denote words in these variables of length at
most M in x and N in h.

The noncommutative polynomials A can be thought of as the free semi-
group real algebra on the alphabet {x, h}. Concretely, an element p of N is
an expression of the form,

b= Z Puw, (4)

weF
where the sum is finite, and is called a polynomial, or NC polynomial, in
{z,h}. The empty word is the multiplicative identity and the empty sum, 0,



is the additive identity for N'. Let N n denote the real vector space with
basis Fas,n. Equivalently, NVys n is the subset of N consisting of those p as
in (4) where the sum is over words w € Fa N
Let
FM,N =T = {@} U (U?ilhij,N_l).

That is, I' consists of the empty word and those words in Fy; n which start
with some h;. Let |I'| denote the cardinality of I We will use I' as an
index set. For example, let V. ]\1} n denote the collection of vectors of length
IT| with entries from Ny, so that an element W € N1, \ is a function
W :T — N, m,n thought of as a column vector where the w-th entry is W,
for w e T

The tautological vector Viyny =V = V(x)[h] of (3) (see [CHSY], where
it is called the border vector ), which plays a key role in our Gram represen-
tation in h, is the element of N ]\F/[ n Whose w € I entry is w. Here we use
V to denote Vjs, v with the choice of M , N understood from the context. In
what follows, it will be convenient to decompose Vi n as

VN = @éy:ij\Z,N = @j'vzovja

where each V7 is homogeneous of degree j in h. For instance, V° = (§)) and
V! consists of vectors of the form (3) with all words w! independent of h

and without the e = @ term, that is, w!" is in Fpsp, and V contains no e
term. Thus, with Ty = {f)} and

I'y={hw:1<¢<gp, v hasdegree j—11in h},

the vector V7 can be viewed as either the element of N ]\F/f N With w € T';
entry equal to w; or as the element of N]\I} n With w-entry w if w, has degree
j in h and 0 otherwise. ’

Let Mp(Na,n) denote the collection of |T'| x |I'| matrices with entries
from Ny n indexed by I'. Explicitly, P € Mp(Nyn) is a |T'| x |T'| matrix
with (heat, hin3) entry Ph,ap,s for 1 < €m < g and o,8 € Fyn-1,
(0, hyB) entry Pyyp, g for 1 < m < g, and 8 € Fyn-1, and Py the
(0,0) entry. Let P’ denote the submatrix (Ph,q.p,,5) over those «,f €
Fum,n—-1 which have degree precisely j — 1 in h; here hy and h,, range over
all possibilities. Let P%* = Py . Thus, if we let n; denote the cardinality of
the set of a € Fyrny—1 of degree j — 1 in h, then P33 is an n; X m; matrix
with entries Pi’,]b, where «a, 3 are of the form o = h,,’, 3 = hy/3’ for some
¢, m or empty hy, hy, and o/, 3" € Fpyny—1 of degree exactly j — 1 in h. In



a similar manner, define P/** for j # k. With these definitions we have, for
any P in Mr,

vipy = Y (v)Tpikyk

7.k
= Z Z OéThgphémhmﬁhmﬁ + Z P@yhmﬁhmﬁ (5)

£m o,B€F N N1
T
+ Z o hfPheohw + P@ﬂ),

where V =V n.

Definition 2.1 Let Py n denote those P € Mp(Ny) such that

1. P(X) > 0 for each tuple X = (X1,...,Xg,) of (not necessarily com-
muting) contractions on a (common) Hilbert space H;

2. Phn,ahmp has degree at most 2M minus the sum of the degrees of o and
B in x for hya, h,,B € T so that the degree of aTthhea’hm,ghmﬁ is at
most 2M in x; and

3. Py,a0 and Py, 3 have degree at most 2M minus the degree of o in x
and 2M minus the degree of 3 in x respectively, and Py has degree
at most 2M .

Let Cpr,n denote the set of polynomials with a Gram representation in
h of appropriate dimension, namely,

CM7N = {V]\?NPVM7N :Pe 'PM,N} (6)

and let C denote the union of all the Cpsy. Note that if ¢ € C and X and
H are tuples of selfadjoint operators on a real Hilbert space and each X is
a contraction, then ¢(X, H) > 0.

2.2 Main result

Theorem 2.2 Suppose q(x,h) is a symmetric NC' polynomial in the self-
adjoint variables x and h. If ¢(X,H) > 0 for all selfadjoint tuples X =
(X1,...,Xg,) and H = (Hy,...,Hy,) acting on a finite dimensional (real)
Hilbert space where each X is a contraction, || X;|| <1, then g € C. In fact,
if ¢ € Navrg12n, then q € Crrqr N41-



With some additional care, an upper bound on the dimension of the
Hilbert spaces required in Theorem 2.2 can be given.

We note that, in the case that item (1) of Definition 2.1 is replaced by
P(X) > 0 there is a representation for P, found in [MP], much like Stengle’s
Positivstellensatz in the commutative case [St].

3 Components of the proof

3.1 Some first words about words

Given a polynomial » = ) r,v € Ny n, a word u appears in r provided
ry 7 0.

Lemma 3.1 If o, 3,7, are words of degree j — 1 in h, if v,w are words in

x only, and if
BT hpvha = 6Thnuhm’y,

then a =+, B =9, =mn, k=m, and u=v. In particular, if (hya, hef3) #
(hmy, hnd), and if p,q € Ny, then the words appearing in 3T hyphro are
disjoint from those appearing in 6° hyqhmy.

Proof. Without loss of generality, assume that the degree of « is at least
as large as that of v, so that there is a word € such that a = ey. Thus,

BT hyvhie = 6 hpuh,. (7)

Since the degree in h of the polynomial on the right hand side is j + 1, it
follows that € is a polynomial in x alone. Hence € is the identity (empty
word). [

Lemma 3.2 Ifp € Ny, then plpe Cu,n and pl(1— xi)p € Car41,n for
each 1 <k < g,.

Proof. Write p = ag + Za7k7ﬁpahk5ahkﬂ, where g and each « is a
polynomial in z alone and each ( is a polynomial in both x and h. Let
Tk = 2o Pahys® for 1 < k < gy, let 79 = ag, and let 7 denote the (row)
vector r = (1}, 3), indexed by I'as n. Then

rV = Oéoe—l-ZT‘kﬂhkﬁ

= ag+ Z Pah,ghi3
k’67a
= D



where V is the tautological vector of p. Now let R = rZr. As the degree of
righiB is at most M in z, the degree of Rp,s5p,8 = rkTﬁrM is at most 2M
minus the sum of the degrees of § and ¢ in x. Further, since R is a square,
R(X) > 0 for all tuples X, not just tuples of contractions Thus R € Py n.
Consequently,

plp=vTiTry (8)

is in Cpr . Similarly, rT(1— :L%)T is in Ppry1,n (although, unlike R, it is not
necessarily positive semidefinite on all tuples X, just tuples of contractions)
and so

pT(1—ad)p=VTrT(1 —2})rV € Carian.

3.2 Positive functionals, tuples, and the openness condition

In this section we construct, for a given M and N, tuples X and H of selfad-
joint operators with X contractive, such that the evaluation representation
p € Nu,n — p(X, H) is faithful; that is, if p(X, H) = 0 then p = 0.

Lemma 3.3 Given M and N, there exists a linear functional X : N2M72N —
R such that A(pp) > 0 for all nonzero p € Ny -

Proof. As in this setting there is no difference between the variables x and
h, we may assume that our polynomials are polynomials in x alone. Let Uy
denote the collection of polynomials in x of degree at most d. Given d, it
suffices to prove that there exists Aoy : Usg — R such that Aog(p’p) > 0
for all nonzero p € Uy.

The strategy is to construct positive definite “Hankel” inner products,
< -,- >4 on Uy, namely ones with the property that < p,q >4 is a function
of ¢Tp only, for p and ¢ in ;. Once this is done, define Aog : Usg — R
by A2q(p) =< p,0 >24 and note, if p € Uy is not zero, then p’p € Uy and
Aoa(T'p) =< pT'p, 0 >0q=< p,p >24> 0.

The construction of the inner products proceeds by induction. We can
define < 10, co) >¢= c1ca, on Uy, where ¢q, and co are real constants. Thus
the induction starts. Now suppose that < -,- >; has been defined. Define
< -,- >4+1, depending on a positive constant C', as follows.

<u,v>q  if [oTul < 2d
< U, v >441=40 if [vTu| =2d +1
Cuw if [vTu| = 2d + 2



where 0 denotes the Kronecker symbol. The induction hypothesis implies
< -, - >q441 restricted to Uy is (strictly) positive definite. Hence, there exist
a large enough C' so that < -,- >4 (strictly) positive definite on Uy .
Now define Aoy : Uy —> R by Aoy(p) =< p,0 >, and note that, for
p € Uy, Xoa(p?p) =< p,p >4 > 0, as required. [

Lemma 3.4 Fiz M, N and a linear functional X : NQ(M+1)’2(N+1) — R
such that A(p) = A(pT). Let d denote the dimension of Ny N .

(a) If \(pT'p) > 0 for all nonzero p € Npry1.n+1, then there exists a (real)
Hilbert space H of dimension d with inner product (-,-), a vector v € H, a
tuple X of selfadjoint operators on H and a tuple H of selfadjoint operators
on M such that < p(X, H)y,7(X, H)y >= X(rTp) for p,r € Ny.n.

(b) If, moreover, A(p) > 0 for p € Car41,N+1, then each Xy, can be chosen
a contraction, || Xi| < 1.

Proof. Let K denote the Hilbert space obtained by introducing the inner
product
<p.q>=Ad"p)

on NV, M+1,N+1- The hypothesis on A guarantees there are no null vectors and
thus the dimension of K is d and we may define the following operators. Let
H denote the set Ny n as a subspace of K and let £ denote the orthogonal
complement of H in K. Define Xpp = axppif p € H and Xpp =0if p € L.
Similarly define Hgp = hgp if p € H and Hgp = 0 if p € L. Let V denote
the inclusion of H into K. Let X, = V*X,V and H, = V*H,V so that X}
and Hj, are operators on H.

For p,r € H,
<ka,7’> P.Z’ka$p7r>

TP, 7")

{
{

i

>
=

E)

= &
D
N~—

(
= <p7 P:JchPz"">
(

Thus, each X is selfadjoint and a similar argument shows that each Hy
is also selfadjoint. Further, if » € Ny, then r(X,H)) = r. Hence, if
q € N n also, then

<q(X,H),r(X,H)) >=< q,r >= A\rTq).

10



To prove (b), let p € K be given. There is m € ‘H and n € £ with
p=m+n. Then

IXe(@)l| = [IXg(m +n)
= [[Xk(m)]
= |lzpm||
and
Im||* — [|zxm||* = A(m" (1 — 23)m) > 0 (10)
as mT (1 — 22)m € Cpr+1,§ by Lemma 3.2. Hence, as ||Xy(p)| = ||zxgm| <
Ilm|| < |Ip||, each X} is a contraction; and thus each X} is a contraction. m

Lemma 3.5 Fiz M and N and let d denote the dimension of Ny .

(a) There exists a (real) Hilbert space H of dimension d, a tuple X
(X1,...,Xg,) of selfadjoint contractions on H, and a tuple H=(Hy, ..., Hg,
of selfadjoint contractions acting on M such that | Xy||? < 1 and ||Hy| <1
for each 1 <k < gy and 1 < k < gy, respectively, and such that if p € Ny n
and p(X,H) =0, then p = 0.

(b) Given M and N, there exists a linear functional p : Noproy — R
such that u(p) > 0 whenever p € Cprn, u(p") = p(p), and u(pt'p) > 0 for
all nonzero p € Ny, n. Moreover, i is defined in terms of the trace so that
1(pq) = plqp) for p,q € Nn -

~—

Proof. Let \: NQ(M_A'_l),Q(N_’_l) — R denote a functional from Lemma 3.3
corresponding to (N + 1, M + 1) such that A(p?p) > 0 for all nonzero p €
./\/'M+17N+1 and let (X, H) denote the tuple from Lemma 3.4 associated to \.
If pe Ny and P(X, H)y = 0, then < p(X, H)v,p(X, H)y >= A(pTp) =0
in which case the hypothesis on A\ implies p = 0.

Given t > 0, let pi(x, h) = p(tx,th). In particular, if p € Ny n, then
pt € Nu,n also. Further, p = 0 if and only if p, = 0 for all ¢. Thus, by what
is proved above, if p # 0, then p(X, H)y = p(tX,tH)~y # 0. Choosing t so
that [|[tXy|| < 3 and |[tH| < 1 for all k proves (a).

To prove (b), let X denote a tuple as in part (a) and define p : Nopron —
R by u(p) = trace(p(X, H)). Then p is linear; if p € Cas v, then p(X, H) >0
so that u(p) > 0; for p € Naaran, we have

u(p) = trace(pT (X, H)) = trace(p(X, H)T) = trace(p(X, H)) = u(p);
and if p € My n and

p(p"p) = trace(p(X)"p(X)) =0,

11



then p(X) = 0 and so, by (a), p=0. ]

Given M and N, define norms || - ||2 and || - || on Nz n, by

H Z pwwH% = Z |pw’2 (11)

weFn, N

and
[Pl = sup{[lp(X, H)| : (X, H) € II} (12)

where II denotes the collection of tuples (X, H) where X = (X1,...,X,,)
and H = (Hi,...,Hy,) are selfadjoint tuples acting on the same (real)
Hilbert space and [|Xy||? < 1 and ||Hg|| < 1. Observe that |[p[/r is finite
and is easily seen to be a seminorm. Item (a) of Lemma 3.5 implies ||p|jg = 0
if and only if p = 0 so that || - |11 is indeed a norm.

Lemma 3.6 Given M and N, the norms || -||2 and || - || are equivalent on
Nurn. That is, for each M and N there exists positive constants K}, n and
Ky, N such that for all p € Ny,

Eynlplz < llpln < Ky v lplle-
Proof. Both are norms on the finite dimensional (real) vector space Nz n.
]
3.3 Separating ¢ from C

In this section outsiders q ¢ C are separated from C by a linear functional
which is nonnegative on C. The key point is that the cone C is closed. There
is some ambiguity in representing elements in Cps n as V(x, h)T P(z)V (z, h)
as P € Py, n need not be unique. However, it is possible to bound the norm
(any norm) of the entries of the P which represent a given g.

3.3.1 Bounded P’s

Recall the definitions of P/ given before Definition 2.1.

Lemma 3.7 Given M and N, there exists a constant C' such that if q €
Cu,n and if P € Py N is such that g = V]\QNPVM,N, then

1P34 ) < Clllalln + IVagx Varwllm)

for each 1 < j < N and o € Ty N of degree exactly j in h. Also, ||P%°||g <
Clllallr + 1V3y x Varnllm).-

12



Proof. As for the P% term, simply observe that P%? is the homogeneous
of degree 0 in h part of ¢. In particular, ||P%°||z < ||g||2. In view of Lemma
3.6 there is a constant K such that ||[P%°||g < K/||q|m.

Since P(X) > 0 for all selfadjoint tuples X = (Xi,...,X,,) of con-
tractions, results of [HM] imply there exists polynomials Sy and R (matrix
valued) in z such that

P+1=> (S))"(1-a3)Sk+R'R, (13)
k

where [ is the identity (matrix) polynomial. Here, and in what follows
1 < k < g,. Note that the degrees of the polynomials S and R and the
number of rows in the matrices can be quite large and it may well be that
in similar representations for P + eI, € > 0, that one or the other tends to
infinity as € tends to 0.
Write
Se=(80 s ... sV) (14)

with respect to the same decomposition as V = @év VJ. Express R similarly.
With these notations,

PR T =Y"(S)T(1 - a})S] + (R)TRY, (15)
k

and

(VO (P 4 VI = (vHT (Z(Si)TU —22)8) + (Rj)TRj> Vi, (16)
k

Evaluating (16) at tuples X and H of selfadjoint operators gives the
inequality,

(V)" (X, H)(PY (X) + VY (X, H)
(V) (X, H) (Z(Si)T(Xwi(X )+ (R)T(X) R (X )> V(X H)
k
(17)

Letting V7 also denote the vector with V7 in the j-th position and zero
elsewhere and observing that SpV7 = SiVj , the above inequality becomes,

(V)H(XH)(P(X) + DV (X, H)
<D SV (X H) (S V) (X, H) + (RIV)T (X)(RIVI)(X).
k

(18)

13



Similarly, evaluating (13) at X and H, tuples of symmetric operators, where
| X512 < % produces the inequality,
V(X,H)T(P(X)+ )V (X, H)
1
>V(X, H)" (2 (Z(S@T(X)Sk(X)) + RT<X>R(X)) V(X, H).
k
Define

Q= : . (20)

To save space, we will abbreviate columns using the € notation; for exam-
ple, @ = @,.(1)2(S,V) @ RV. Thus

QT(Xv H)Q(X’ H) =

VX H)T (;Z(sk)T(X)sk(X)) - RT(X)R(X)) VX, H)
k

which is the right hand side of (19). In particular, if | Xy|/* < 3, then, for
real t,

QIX,tH)"Q(X,tH) < V(X,tH)'(P(X)+ V(X,tH)
(X, tH) +V(X,tH)"V(X,tH).  (21)

Thus,

lQ(X, tH)|* QX tH)TQ(X, tH)|

lg(X, tH)|| + |V (X, tH)V (X, tH)|. (22)

IN

Hence, for || X,|? < 3, [|Hyl| <1 and [t| <1,

1QX, tH)| < (lgl + IV V)=, (23)
Let Q; = (@k(é)%sgvf) @ RIVJ. Then,
2Qj(X7H)TQj(X7H) >

(SIVHT (X, H)SIVI(X, H) + (RVHT (X, )RIVI(X, H).  (24)
k k
k
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Since the right hand side above is the same as the right hand side of (18),
2Q;(X, H)"Q;(X,H) > VI(X,H)" PP (X)VI(X, H) (25)
so that
1Q; (X, H)[I* = %IIVj(Xa H)TPH(X)V? (X, H)|. (26)

For each 0 < j < N there exists a polynomial ;(t) (an old fashion poly-
nomial in the real variable ¢) of degree at most N such that fol tiyj(t)dt = 1
and for each 0 < k # j < N, fo tk’yj t)dt = 0. Consequently,

/0 QUX, tH)y (it = € /0 (%)%SkV(X,tH)@RV(X,tH)yj(t)dt
k

- (@(;)és( VJXH)@RJ WX, H)

k
= Q;(X, H).
Thus, for (X, H) € II (where II is defined near (12))

1 1
1Q; (X, H)| S/D QX tH) |1y (B)ldt < jlloo(lalln + VIV I)2, (27)

where ||7;]| is the supremum norm of ~; in the interval 0 < ¢ <1 and (23)
was used in the second inequality. Combining (27) and (26) gives,

IV (x, H)PH(X)V7 (X, H)I| < 2]yll3 (lalln + [V V). (28)
Thus, if we let C = 2max{||v;]|%, : 1 <j < N}, then
V(X H) P (X)V(X, H)| < C(llglln + [V V) (29)

for all (X,H) eIl and all1 <j <N.
To complete the proof, notice that

(Vi) PPV =Y aTh P2 oheB, (30)

where the sum is over all «, 3 with degree exactly j — 1 in h (and at most M
in z) and 1 < k,¢ < g,. By Lemma 3.1, for distinct (hxc, b 3) the terms
ﬁTthij;ja n, ke are || ||]2 orthogonal. Since also, for each relevant k, ¢, o, 3,

HaThkaLk]a naheBllz = HP,?W nyll2s it follows that
VI (M, NYTPIIVI(M,N) 5 =Y 1Bl 615 (31)

Since the norms ||-||2 and |- || are equivalent on Napson, the lemma follows
by combining (31) and (29). [
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3.3.2 The cone Cy y is closed

Lemma 3.8 Given M and N and a bounded set S C Cyr n, there exists a
Cyg such that if ¢ € S and if P € Par,n is such that ¢ = VAI/}’NPVMW, then

||Pi:l;3||n < Cs for each 0 < j,k < N and o, 8 € 'y N of degree exactly j in
h.

Proof. Let C be as in Lemma 3.7 and let K denote a bound for S so
that if ¢ € S, then ||g|x < K. Then, |[PJ%| < C(K + ||[VTV|n) for all
relevant P and admissible choices of j and «. Since P(X) > 0 for any tuple
X of selfadjoint contractions, it follows that the off diagonal entries of P
also satisfy the inequality HP;Z(X)H < C(K 4+ |VTV|n) for any tuple X of
selfadjoint contractions. The lemma now follows. ]

Proposition 3.9 For each M and N, the cone Cyr,y is a closed subset of
Norran.

Proof. Suppose ¢, € Cy,n converges to g. Then |gn|n is a bounded
sequence and there is a K such that |g,|/q + |V Vg < K.

For each n there exists P(z;n) € Py such that ¢, = VIP(;n)V.
Thus, by Lemma 3.8, there is a constant C such that which bounds the
|| - [/ norm of all the entries of all the P(z;n). Since the entries of each
P(x;n) have degree at most 2M, it follows that some subsequence of P(x;n),
still denoted P(z;n), converges to some P and therefore, for any tuple X,
P(X;n) converges to P(X). In particular, P satisfies item (1) of Definition
2.1. Similarly, as each P(z;n) satisfies items (2) and (3) of Definition 2.1,
so does P. Thus P € Py n. Finally, as P(x;n) converges entry-wise,
VT P(-;n)V converges to VI PV. [

3.3.3 The separation argument

Proposition 3.10 Fix M and N. If ¢ € Nopon, but ¢ ¢ Cun, then
there ezists a linear functional X : Nopran — R such that A(pT) = A(p),
MCun) >0, and X(pTp) > 0 for all nonzero p € Ny, but M(g) < 0. In
particular, \(()) > 0.

Proof. By Proposition 3.9, Cpy v C Naaran is a closed set. Since Cpsn
is a closed convex set and g ¢ Cas,n, there exists a (real) linear functional
A : Mapranv — R and a real number ¢ so that A(g) < ¢ < A(p) for all
p € Car,v. Since Cp n is a cone containing 0, it follows that ¢ < 0. Define
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A*(p) = 3(A(p+pT)). Then A® is linear; A*(pT) = A*(p); and A®(p) = A(p)
if p is symmetric and thus A®(p) > 0 for all p € Cpsy and A(g) < 0.

Let p denote the linear functional of Lemma 3.5 (b). There is a k > 0
such that A*(¢) +rpu(q) < 0. Let A = A®+kp. Then A(g) < 0, A(Cp,n) > 0,
and A(pTp) > 0 for all nonzero p € Ny n. n

4 Proof of the Theorem 2.2

Let ¢ € Nyn C N2(M+1),2(N+1) be given. If ¢ ¢ Cpr41,n+1, then there is
a linear functional A as in Proposition 3.10 with (M + 1, N + 1) in place
of (M,N). Let H, ~, and (X, H) be as in Lemma 3.4 corresponding to
A. In particular, X and H are selfadjoint tuples, each X} is a contraction,
and < ¢q(X,H)vy,7 >= A(g) < 0. This proves the contrapositive; i.e., if
q ¢ C, then there are tuples X and H with the right properties such that
q(X, H) is not positive semidefinite. Indeed, it shows more. If ¢ € Ny n
and ¢(X, H) > 0 for all relevant (X, H), then ¢ € Cps41,n+1-

To prove the stronger conclusion of the theorem, suppose now that ¢ €
Nuyron. Then from what is already proved, ¢ € Cary12nv+1. Thus, there
exists a P € Pyry1,2n+1 so that ¢ = VTPV. For a given (X, H) consider

. 1 .
0= lim mq(X, tH) = lim V(X, tH)YTP(X)V(X,tH)
:V2N+1(X, H)TP2N+1,2N+1(X)V2N+1 (X, H)

from which it follows that V2N+1( X, H)T p2N+L2N+L( X V2NH(X H) = 0
for all (X, H). From a version of Lemma 3.5(a), it follows that

V2N+1(w7 h)TP2N+1,2N+1(x)V2N+1(x’ h) = 0.

By Lemma 3.1, P2N+L2N+1 — (. Since P(X) > 0 for all tuples of con-
tractions and P?N*tL2N+1(X) = 0, it must be the case that P?N*+1J(X) =
PI2NFL(X) = 0 for each 0 < j < 2N. Thus P2N+1J = pi2N+1 — ( for each
J and hence ¢ € Cpran+1—1. Continuing by induction completes the proof.
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