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Abstract. Simple facts about the Poincaré-Neumann double layer potential are used
in the construction of a normal dilation, on the numerical range of an arbitrary Hilbert
space operator. Recent and old ideas in the theory of the numerical range are unified
by this framework. A couple of mapping results for the numerical range are derived.

1. Introduction

Let T be a linear bounded operator acting on a complex Hilbert space
H. The numerical range of T is the set W(T) = {(Tz,x), ||z|| = 1}.
According to Hausdorff-Toeplitz theorem, W (T') is a convex set which
contains in its closure the spectrum o(7') of T'. In general, the numerical
range is not easily computable, even for low rank matrices. On the other
hand, estimates of the numerical range of an operator are more accessible
than exact spectral computations; for this and other reasons the numerical
range is relevant to perturbation theory, numerical analysis, semigroups
of contractions, ergodic theory, and possible other fields. The monograph
[7] contains many representative results, examples, historical remarks and
references on the subject.

Recently, B. and F. Delyon [5] have proved that for any operator T,
there exists a constant M with the property that for every polynomial
p(2), the estimate:

Ip(D)I| < Mllplloo iy, (1)

holds. This generalizes von Neumann’s inequality:

Ip(T)|| < sup |[p(z)],

2| <[ITl
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and, as the latter, has deep consequences.

For instance, if the numerical range of T' is contained in the unit disk,
then T' is power bounded, that is || 77| < M for all natural n. Or, starting
with (1) one can extend by continuity the functional calculus f(7T) to all
functions f € A(W(T)) which are continuous on W(7T') and analytic in
the interior of W (T').

B. and F. Delyon proved this result by an adaptation to the operator
valued setting of the double layer potential of a planar domain. They
used this new tool for proving a conjecture in ergodic theory attributed
to Burkholder. A first aim of this paper is to discuss the link between
B. and F. Delyon theorem and some classical aspects of potential theory.
For example, we will show that M in the estimate (1) is directly related
to C. Neumann’s ”configuration constant” of a convex domain.

Second, by applying Naimark’s dilation theorem we will observe that,
for an arbitrary bounded operator T" with numerical range contained in
the convex set W there exists a normal operator N acting on a larger
Hilbert space K D H with spectrum on the boundary W, such that, for
all analytic functions f € A(W), one has:

f(T)z = 2P[(I + Kw) ' f](N)z, z € H. (2)

Above we have denoted by P the orthogonal projection of K onto H and
by 1/2(I+ Kw) : C(0W) — C(0W) the double layer (singular integral)
operator associated to W. Details about Ky will be provided in Section
2 below.

For instance, in the case W = D is the unit disk, Ky f = f(0), with
the effect that

f(M)x=2Pf(N)z, f(0)=0, z€ H.

Note that in this case N is a unitary operator. This was called by Berger
and Stampfli a "skew dilation” of T' and was used by them in the proof
of certain mapping results for the numerical range, see [2], [3]. Recall
that, in contrast, Sz.Nagy’s unitary dilation U of a contractive operator
T satisfies f(T) = Pf(U)P, see [15].

Returning to C.Neumann’s double layer potential operator 1/2(I +
Kyy), which was the object of many classical works, see [10], its eigen-
functions u € C(0W) corresponding to the eigenvalue 1/2 will be in-
teresting for this dilation. These are solutions of the integral equation
Kwu = 0 and very recently they were studied by Ebenfelt, Khavinson
and Shapiro [6]. These authors proved, among other things that, under
some regularity restrictions on W, such a function w is characterized by
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the following matching condition: there are analytic functions f € A(W)
and g € A([C U oc] \ W), g(oo) = 0, such that

u(z) = f(2) = g(z), z€oW. (3)

Therefore, returning to the above dilation identity we obtain for a function
f as above:

f(T)=2Pf(N)P, Kwf =0,

exactly as in Berger-Stampfli’s analysis. We will deduce from this relation
a non-trivial estimate for the numerical range of the operator f(7T).

Thus, the theory of the numerical range offers one more reason to
study the matching problem (3). So far, the only domains {2 for which
the operator K is known to have a non-trivial kernel are the lemniscates
2 = {z € C; |r(z)] < 1}, where r is a rational function satisfying
r(00) = 00. Then it is clear that f = r and g = 1/r solve the matching
problem, see [6]. By a straightforward generalization of an argument in
[6] we will show in the last section that ker K = 0 on all domains of the
form:

2 ={z € C; |pa(2)|” < |pa-1(2)* + Ipa—2(2)|* + ... Ipo(2)|*},

where d > 1 and p; are polynomials of exact degree degp; = 7, 0 < j < d.

2. Preliminaries

For complete details about the classical potential theory facts recalled
in this section, including the rather delicate case of a convex curve with
countably many corners, we refer to the excellent note by Schober [13]
and Kral’s lecture notes [10].

Let W be a compact convex set in the complex plane with interior
points. Simply the convexity of W insures that its boundary is a rectifiable
Jordan curve with one-sided tangents existing at each point, and whose
angle with a fixed direction are of bounded variation with respect to
arc length. Therefore, with the exception of countably many points, the
tangent 7(¢) to OW is well defined and continuous as a function of ¢ €
ow.

For each z € C\ OW fix a determination of log(¢ — z), ¢ € OW, and
let w € C(OW) be a real valued continuous function. Its double layer
potential is the harmonic function:

1

D)) =5 [

u(¢)darg(C — 2).
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An elementary computation shows that:

D)) = Rl [ ull) gy = /a Wu(C)%[L]-

210 Jow ( — 2 2mi(C — 2)

The latter expression gives a second possible definition of D(u) for com-
plex valued u.

Whenever z belongs to the interior of W, respectively to its exterior,
we mark the function D by an index D;(z) respectively D.(z). It is known
that D; is a continuous function on W and that D, is continuous on the
Riemann sphere C minus the interior of W. Moreover, at each boundary
point o € W we have representations:

D;(u)(o) = %u(a) + %KW(U)(J)a

De(w)(0) = —5u(0) + 5 Kw(u) o)
Thus, the jumping formula:
Di(u)(0) — De(u)(0) = u(0), o€ W,

holds. Remark also that for the constant function v = 1 we have D;(1) =
1 and D.(1) = 0, hence Ky (1) = 1.

The linear continuous transformation Ky : C(OW) — C(OW) is
the classical Neumann-Poincaré singular integral operator (in two real
variables); its representing kernel has a simple geometric meaning,.

Carl Neumann’s approach to the Dirichlet problem Af = 0 in int
W, floaw = u, was essentially the following: solve the equation 1/2(I +
Kw)v = u and then represent f = D;(v) as a double layer potential
v. Thus, knowing that the operator I + Kw : C(OW) — C(OW) is
invertible solves the Dirichlet problem for an arbitrary convex domain.
Later this idea was applied by Poincaré, Fredholm, Carleman to more
general classes of domains, in any number of variables. For more historical
comments see [10] and [11].

Since Ky leaves the constant functions invariant, it induces a linear
operator on the quotient C(WW)/C1. A convenient norm for this quotient
space is, for u real valued, the oscillation:

0SC 4 — maxu — minu.

The following result establishes the invertibility of I + K in most of the
cases.
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Theorem 1. (C.Neumann’s Lemma) For any planar compact convezx do-
main W different from a triangle or a quadrilateral there exists a constant
q < 1 with the property that:

osc Ky (u) < g osc u, (4)
for every real valued function v € C(W).

Indeed, under the assumption of the theorem, the Neumann series
Yoo o(=1)" K, converges to (I + Kw) ! in C(W)/C1. The case of a
triangle or a quadrilateral is indeed special, because the optimal constant
in (4) is indeed 1. However, Lebesgue has later remarked that in these
two special cases K%V is strictly contractive in the oscillation norm; and
this suffices for the convergence of the Neumann series.

A complete proof, in modern language, of C.Neumann’s lemma, ap-
pears in [13]. We will call, after C.Neumann, the constant g in the above
statement, the configuration constant of the convex domain. Various esti-
mates are known for ¢; for instance, if the boundary of W is of class C?,
then it is easy to show that:

<1l———=
7= 2R’
where L is the length of 0W and R is the maximum radius of curvature
of OW. For instance, if W is a disk, then ¢ = 0. Or, if W is an ellipse of
eccentricity e, e < 1, then ¢ < 1 — 1€y/1—¢2.

3. The dilation

Let W be a compact convex subset of C with interior points. Assume first
that T is a linear bounded operator on a Hilbert space H with numerical
range contained in the interior of W. For a boundary point z €¢ W we
consider a tangent vector ¢ in the positive direction, that is the real line
z+ A, A € R, leaves W on the left side (as A increases). Thus, for every
point w € W we have:

w—z

t

Q) > 0,

or equivalently,
R[it(w — 2)"'] > 0.

According to von Neumann’s inequality, see for instance [15], we ob-
tain:

Rit(T —2)7'] 20,

where the inequality is understood in the sense of self-adjoint operators.
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Let ¢ : [0,1] — OW be the arc length parametrization of the bound-
ary of W. It is a continuous function, differentiable on the complement
of a countable set, and which admits lateral derivatives ¢/, at each point.
Therefore the measure

1
R—¢' -T) d
(54 (5) (8() — 7)1,
is well defined, non-negative and absolutely continuous with respect to
the Lebesgue measure ds. In this way one can define without ambiguity
the operator valued positive measure:

dpr = R —dz(z ~ ) (5)

carried by the rectifiable curve W . Remark that, by Riesz-Dunford func-
tional calculus, pp(1) = I, that is the total mass of ur is the identity
operator.

Let T be now an arbitrary operator with numerical range included
in W, that is possibly touching the boundary of W. Without loss of
generality we can assume that 0 € intW. Let » < 1 and consider the
operator T so that its numerical range is contained in intW. Arguing
as before, there exists a positive operator valued measure u,p, carried
by OW and of total mass equal to the identity. We can regard u,r as
a linear functional on the space C(OW,Cy(H)) on continuous functions
with values in the trace-class ideal Ci(H), the predual of the algebra
L(H) of all linear bounded operators. Moreover, the norm of the linear
functional u,7 is bounded by one. According to Alaoglu’s theorem, the
family pu,r, 0 < r < 1, is relatively compact in the weak* topology of
the dual space. Thus there exists a positive operator valued measure ur,
carried by OW and satisfying:

lim | w(z){dp,,7(2)z,z) = /u(z)(du;r(z)x,:z,'), (6)

Tj—)].

along a certain sequence r;, for all vectors z € H and all continuous
functions u € C(W).

Actually, the above computations, when compared to the double layer
potential operator, give more. Namely, for an arbitrary polynomial p(z),
we have by definition:

(Dip)w) = 5p(w) + 5 Kow (p)(w) =

1 p(Q)d¢ 1 p(¢)dC
4_7Ti/aw C—w _4—7Ti/0W C-w
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Let us introduce now the harmonic functional calculus u(T) = f(T) +
g(T)* for u(z) = f(z) + g(z) and any analytic functions f, g defined in a
neighbourhood of the spectrum of 7. The last computation and the very

definition of the measure y,7 yield:

(Dip)(rT) = / p(2)dprr (2),

or equivalently,

p(T) = / AT + Kw) ™ (0))(2)dparr (2).

By passing now to the limit with r; — 1 and replacing p by any harmonic
function u defined on a neighbourhood of W, we obtain:

u(T) = /B 20T+ Kw) ™ @) () (2)

Remark that the left hand side is independent of the sequence r; and
that the set {[(I + Kw) (f+9)]; f,g € C[z]} is dense in C(0W). Thus
the limit p7 is independent of the chosen sequence r; and we actually
have:

i [ u(z)dpr(2)2.2) = [ ulz){dsr (), )

r—1

Next we extend by continuity the above functional calculus, via the
second hand term, to all functions v € H(W') which are continuous on
W and harmonic in the interior of W.

Thus, B. and F. Delyon estimate follows:

lu(D)I] < 211 + Kw) " ullscow, u € H(W). (7)

One step further we will appeal to Naimark’s dilation theorem, see
for instance [1], Appendix 1, pg. 121. It states that there exists a larger
Hilbert space K D H and a spectral measure E such that urp(o) =
PE(0)P for every Borel measurable set o C 0WW. We have denoted by P
the orthogonal projection of K onto H. Thus we have proved the following
theorem.

Theorem 2. Let T € L(H) be a bounded linear operator and let W be a
compact convex set which contains the numerical range of T. Then there
exists a normal operator N € L(K), acting on a larger space K, with
spectrum on the curve OW, such that:

u(T) = 2P[(I + Kw) ' (w)](N)P, ue H(W). (8)
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Assume that 0 € intW. The dilation identity can equivalently be trans-
formed into the form:

@) —lim [ FQO@ T T = PRNIP, f € AW). (9)

r—1 413 F177%

This shows several things: that the limit above exists in the weak op-
erator topology, and that the operator Pf(N)P is determined by 7" and
the analytic function f. Since the space A(W') plus its complex conjugate
is dense in C(W) we find that the dilation in Theorem 2 is unique, pro-
vided that it is minimal in the obvious sense that K is generated by the
vectors N¥z and N**z with z € H and k& > 0.

Third, for a fixed r < 1 as before, 0 € intW and a polynomial f(z),
we choose a large open disk Dy centered at zero, of radius R, so that
W C Dg. In virtue of Stokes theorem we have:

1 - 1
T FOE—rT) 71l =
Tt Jow
1 P | _
i [ HO@=rTy G [ f(O© - ) dArea(o)
Tt JoDg T JDR\W
The line integral along the circle || = R can be evaluated via the

substituiton ( = R?/¢ and it yields —% f(0)I. Therefore, we obtain for
the harmonic continuation of the function Ky, the functional calculus
formula:

(K £)(T) = 35O+ lim o [ (O 1) dArealc). (10)
Dp\W

r—1 27

It is already interesting that the above limit exists, again in the weak
operator topology, and it is independent of the radius R. This is consistent
with the exact evaluation Ky f = 5 f(0) in the case W is a disc centered
at 0.

Thus, putting together the preceding computations we obtain, in the
above principal value sense:

1

PINIP = 310+ 550) + 5 [ FO ~T) dArea(), (1)

for all polynomials f. The remarkable feature of this formula is the pos-
itivity of the left hand term Rf — PRf(N)P, in contrast with the lack
of positivity, in general, of the map Rf — Rf(T'). It is exactly the area
integral which restores the positivity of the harmonic functional calculus
of T.
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To illustrate by a simple standard example the above construction let
us consider a nilpotent matrix

01
e (32)
The spectrum of T' is o(T") = {0}, its numerical range is the disc centered
at zero of radius |W(T')| = 1/2, while ||T|| = 1. Thus the dilation N is

supported by the circle |z| = 1/2, while its unitary dilation has spectrum
on the unit torus |z| = 1. Relation (11) becomes in this case:

PI(N)P = 31(T) + 31(0),

which holds true whenever W is a disc centered at 0, see [2], [3].

To give a first application of Theorem 2 we derive a mapping theorem
for the numerical range which takes into account the convexity assump-
tion on W.

Proposition 1. Let W be a convex compact set, not a triangle or a
quadrilateral, and let ¢ < 1 be its configuration constant. For any function
f € A(W) and operator T such that W(T) C W, the following estimates
hold:

1

2 inwf-1te 2 _lta
1_qn%n§Rf 1_qu3X§Rf§§RW(f(T))§l_qmvg.x%f 1 n%nﬂ?f (12)

Proof. In this proof we denote K = Kjy; all minima and maxima are
taken on the boundary of the set W. Since the operator I+K : C(OW) —
C(OW) has a positive representing kernel, it is positive. Let u € C(OW)
be a real valued function. Then

201 + K) " Yu —min2(I + K)'u] >0

implies
u > min2(I + K) .

Therefore,
osc u < maxu — min2(I + K) u.

Since the operator K is g contractive with respect to the oscillation
norm, we obtain:

2

max 2(I + K) 'u —min2(I + K) 'u < 1—[maxu —min2(I + K) 'u],
—q

that is,

1 2
max 2(1 + K) ™ u + 1—+qmin2(I—|—K)_1u < 1 Wmaxu.
- q
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By substracting from this inequality the oscillation estimate:

1 2(1
ﬁ[maxQ(I—i—K)_lu —min2(7 + K) ') < M[maxu—minu],
1-q (1-4q)?
we find: 9 1+
max 2(I + K) " 'u < —— maxu — “ 9 in.
l-gq l-q

Let N be the normal dilation of the operator T'. Since the spectrum of
N is contained on 0W and the continuous functional calculus of N pre-
serves positivity, we infer from the last estimate the operator inequality:

2(I + K) tu(N) < [i maxu — 1+q minu)l.
l—q l—q
By changing u into —u we obtain a similar lower bound for the same
operator.
Finally, for the analytic function f € A(W), we take u = Rf, and by
Theorem 2 we obtain:

Rf(T) = P2(I + K) 'u(N)P < [%_q maxu — 1—1_;1minu]1,

which proves the proposition.

4. The matching problem

Let W be as before, a compact convex set with interior points. If the
boundary of W is sufficiently smooth, then Neumann- Poincaré’s operator
Ky is compact and symmetrizable on L2(8W,ds). Its eigenvalues and
eigenfunctions are relevant for (quasi)conformal mapping theory and in
general for function theory. We will be interested in this section in the
specific eigenvalue problem:

Kwu =0, ue C(OW). (13)

Throughout this section we identify a function u € C(0W) with its con-
tinuous harmonic extension u € H(W).

If the boundary of W is sufficiently regular, the above function u can be
continued analytically inside W, say to a function f, and antianalytically
outside W, say to a function g, satisfying g(oco) = 0. Conversely, any
solution of the matching problem

u=f=7, fe€AW), geAC\W), g(c) =0, (14)

satisfies equation (13). This shows in particular that ker Ky is an algebra
under pointwise multiplication, and therefore it is either zero or infinite
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dimensional. This can be seen from the Cauchy integral representation of
the second layer potential, and Sokhotskii-Plemelj formulae, see [6].

As mentioned in the introduction, the only known example of domain
W with non-trivial elements in the kernel of the Neumann-Poincaré op-
erator is a lemniscate.

Henceforth, let u € ker Ky be a non-trivial solution and let T' € L(H)
be a linear operator with numerical range contained in W. Then u* €
ker Ky for all £ > 1 and the dilation identity (8) becomes:

u(T)* = 2Pu(N)FP.

Remark that u(N) is a normal operator and ||u(N)|| < ||u|/oo,0w. We
can normalize u so that ||u|/s,sw = 1. Therefore u(N) is a contractive
operator, and it admits a unitary dilation U € L(K'). Let @ denote the
orthogonal projection of K’ onto H. Consequently, we have the identity:

u(T)* = 2QU*Q. (15)

Our aim is to prove that the numerical range of u(T") is contained in
the closed unit disk. To this end, we can repeat an idea of Berger and
Stampfli [3].

Namely, deduce first that the spectral radius of u(T') is, according to
the latter relation, less or equal than one. Let z,|z| < 1, be a complex
number, and consider the series:

I+ 22U
I—-2z2U

o
I+2) FQUrQ=Q Q.

k=1
Let E denote the spectral measure of the unitary operator U. Then we
infer from Riesz-Herglotz formula:

T 14 zet

QE(dt)Q > 0.

-7

According to von Neumann inequality we finally obtain |W (u(T))| <

1. By putting together the above remarks, we have proved the following
result.

Theorem 3. Let W be a closed compact set with interior points, and let
u € H(W) be a function annihilated by the Neumann-Poincaré operator,
Ky . Then for any operator T with numerical range contained in the set
W, we have:

W (u(T))] < llullco,ow - (16)
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This result was proved for a disk W by Berger and Stampfli [3]. It is
also interesting to remark, that in the case W is the convex lemniscate

W={z€C; r(z) <1},

and u = r, where r is a rational function so that r(co0) = oo, the estimate
(16) becomes
W(r(T)| <1,

which is one of Kato’s main results in [9].

We end this note in a negative tone, by proving that the condition
ker Ky # 0 is highly unstable with respect to small changes of W. More
specifically, a planar domain {2 is called a generalized lemniscate of degree
d if:

2= {z € C; |pa(#)|* < Ipa-1(2)* + Ipa—2(2)|* + .. Ipo(2)*},

where p; are polynomials of exact degree degp; = j, 0 < j < d. For
instance, if d = 1, then (2 is a disk; for d = 2, {2 can be a cardioid, a
disjoint union of two disks, and so on. Remark that the polynomials p;
in the above definition are mutually independent.

Proposition 2. Let 2 be a connected generalized lemniscate of degree
d > 2. Then ker K, = 0.

Proof. The proof is an adaptation of an argument, based on analytic
continuation, from [6].

It was proved in [8] that the defining polynomial P(z,%) of a general-
ized lemniscate can be put in the form:

P(z,7) = [p(z)(1 - II(A - 2)"=z]?),

where A is a d x d complex matrix with cyclic vector £ and minimal
polynomial p.

The boundary of {2 is real algebraic, therefore the function z — Zz
extends from 32 to the Riemann sphere a as a d-multivalued algebraic
function S(z) satisfying the equation:

(A=2)"1z,(A-8(z)) 2) =1, z € C. (17)

Let a € 812 be a non-ramification point for S. Since ||(A—a)~lz| =1,
then all local branches S; of S satisfy

I(A=Sj(a))all > 1, 1<j<d.

Denote Si(a) = @, so that ||(A—S1(a)) 'z|| = 1. Since every other branch
has different values S;(a) # Si(a) we infer that:

I(A = Sj(a)) 'z > 1, 2<j<d.
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Therefore S;(a) € £2, 2 < j <d.

Similarly, for every exterior point b of {2 we find that all branches
satisfy S;(b) € 2, 1 <j <d.

If the function S(z) has no ramification points on C\ 2, then 2 is
the complement of a quadrature domain (in the terminology of Aharonov
and Shapiro) and the statement is assured by Theorem 3.19 of [6].

On the contrary, if the algebraic function S(z) has ramification points
in C \ 12, then, by repeating the main idea in the proof of the same
Theorem 3.19 of [6], there exists a Jordan arc « starting at and returning
to a point a € 812, such that o\ {a} C C\ {2, having the property that
the analytic continuation of S;(z) along this arc returns to a at another
branch, say S(z), with Sy(a){2.

Assume by contradiction that the matching problem on 9{2 has a non-
trivial solution: f € A(£2), g € (C\ 2), g(oo) =0, f(¢) = g(¢), ¢ € 892
Hence

F(81(0) = 9(0), ¢ € 2.

Let us now describe with the point ¢ the curve «, and after returning
to the point a, describe 92 once. By analytic continuation along this
path, the matching condition continues to hold, and becomes:

f(52(€)) = 9(¢), ¢ € 092

But now S2(¢), ¢ € 0f2 remains "trapped” into a compact subset
M C (2. Thus, putting together the latter identities, we obtain:

max |f| = max|g| = max|f|.

By the maximum principle, the function f should be a constant. Then
g is a constant, too. But g(oco) = 0, that is f and g are identically zero,
a contradiction.

For a full description of the framework to which the above proof be-
longs we refer to [6].
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