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Abstract

In the extremal m-variable L-moment problem, the solution (=the
characteristic function of {p < 0},) p a polynomial, is determined by
finitely many moments, in a set A.

In [23], for quadrature domains (n = 2), the reduction of all moments
to the moments in A is implicit in the reconstruction of p using hyponor-
mal operators.

For n > 2, assuming that the complexified of p has only isolated critical
points for its singularities, we show that the local algorithm [22] which
reduces to the moments in a base extends to the global case, with equality
modulo analytic functions. The proofs depend on results from complex
singularity theory and micro-differential systems ([15], [20], [21]).

0. INTRODUCTION

0.1. The (n-dimensional, n > 1) moment problem (in functional analysis)
asks for a characterization of those numerical sequences (aq)aenn that can be
realized as the sequence of moments of a positive (Borel) measure p supported
on a subset of R, i.e. s.t.

0o = aalp) = [ #*du(o), @ € N

An obvious necessary condition is the non-negativity of the Hankel matrix
(@a+8)a,penn. Versions of this condition are also shown to be sufficient under
various conditions on the support of p (cf. [7], [13], [23] and the references
there).

A related problem, the extremal L— moment problem on a fixed compact set
in R™ (with L a bound on the norm of the measures sought, and with extremality



in the set of all moments of such measures), is shown to have a (unique) solution
(assuming the Hankel matrix > 0 condition) of the form p = x{,<0y dr where
p € Rlzq, ..., z,] and dx is the volume form dx := dxy A ... Adz, (x denotes the
characteristic function of a set).

In the "dynamic” setting, let us consider a family of relatively compact
domains (), Q; := {p < t}, t a parameter, associated with a polynomial p,
together with their moments a, (t) with respect to the measure xq,dx.

For n > 2, by the co-area theorem, we have, for ¢ a regular value of p,

)= [ s/,
o0,

where w = z%dx/dp is a C* (n — 1)-form s.t. dp A w = dz, with uniquely
defined restriction to p~1(t).
In this paper we obtain information on real integrals of the form

Ip(t) = /{ @ (1)

(and therefore on al,(t) = al.(t)), by considering instead complex integrals (in
a complex variable ¢, associated with a complex polynomial -replacing p with
its complexified pc if p is real), of the form

Ii(t) = o f(z)dz/dp. (2)

Here the variable x = (z1,...,z,) is extended to complex values; assuming
(x1), section 1.2, [y(t)] € HS_,(p~1(t)) is parallel transported (see section 1 for
details).

In the local case, such integrals are studied extensively in singularity theory
(cf. [1], [15],[19] etc.). For m = 1, the question of reduction of integrals to a
basis is classical (cf. [8], [19]).

0.2. In the case of an isolated critical point for the complexified pc of p,
by adapting an algorithm (cf. [15]) that expresses n-forms in a certain free
CJ[r7!]]-module (7 a variable) in terms of a basis, the following local result was
proved in [22].

Theorem 0.2.1. Let p = pc € Clz], x = (x1,...,%n), be s.t. 0 is a
critical point for pc where p(0) = 0. Let (z%)aer be a monomial basis for
C{z1,....,xn}/Ivp, where Iy, = the ideal (O1p, ...,0np). Let f € Clz]. Then

a) for every [y(t)] € H_1(p~1(t)) (parallel transported in the homological
Milnor fibration),

= > o Lo, (3)

a€I,0<I<k



on a (punctured) neighborhood of 0 € C. Here k = k(f) is finite and the coeffi-
cients c, are computed by the algorithm of Lemma 0.2.2 below.

b) if p € Rlz] and if p > 0 or 1 is not an eigenvalue of the monodromy of
pc, we have, asymptotically ast — 0 (t >0, resp. t <0)

dp(t)~ Y (@) aha (1), (4)

€l 0<I<k

mod a power series in t.

We shall denote the expression on the RH of (3) by

E} = Z o7 e

a€l,0<I<k

The notation 9; ! will be used below mod O (cf. section 2). In the above
Thm., it is an abbreviation for the algorithm proceeding backwards, from & to
0, with differentiation of the LH term instead of integration of the RH term
(this gives a ”continuous fraction” in 9; ).

Lemma 0.2.2. The coefficients in the expression for Ey are computed start-
ing with fo = f by polynomial division and differentiation: for 1 > 0,

fi=> _ca*+ (g, Vp),  fi:= divg, (5)

acl

(here g' is a vectorial polynomial and { , ) denotes scalar product); the algorithm
is finite since multideg (fi+1) < multideg f;.

We shall denote k := min { I | fi11 = 0}. The coefficients are unique (Lemma
2 of [PuG], argument using p, f real-valued). If f € Iy, and ~ is ”"generic” (i.e.
its orbit under the monodromy group C-generates H,,_1(X;), X; = the Milnor
fiber) then I} = 0 if and only if f(z)dx/dp is an exact form. (This characterizes
most complex relations among derivatives of moments.) It is also useful to note
for what follows that any writing as in Lemma 0.2.2 for f gives an algorithm as
in Thm. 0.2.1 (possibly infinite though).

0.3. In the local case (at 0) one proves, more precisely (19]; cf section 2 for
definitions) that the O;-submodule IC,()O) of the Gauss-Manin micro-differential
module K, is free of rank p over the ring C{{9; '}} of micro-differential oper-
ators of order 0 with constant coefficients.

This implies that an (n — 1)-form w = f(x)dx/dp as above has a unique
decomposition

fdx/dp = Z P, - x%dzx/dp,
a€el



where P, € C{{9;'}} and |I| = the Milnor number = dim C{x}/(01p, ..., 0pp).

Since Py = >0 <jc o0 ¢h(8¢) 7!, (with a certain convergence condition on the
series of coefﬁcientg), integrating, this gives the expression for I7 of Theorem
0.2.1 (but infinite, since C[z] is replaced with the local ring C{x}.)

The assertion on the freeness of IC,(,O) includes therefore the fact that the
coefficients are unique, and also the fact that the only relations possible are
given by exact forms.

In the 7-variable, multiplication by 77! in G7 := Q"/dp A d(Q"~2) corre-
sponds [Ph0] with the 9, '-action of C{{d;'}} on IC]E,O). An integration by parts
argument ([M1]) shows that the algorithm of Thm. 0.2.1 is essentially equivalent
with writing in terms of a basis in each of these spaces.

0.4. In the global case, if we assume that p satisfies (1) (section 1), we can
localize using results of [20] and prove (in section 3) the following.

Theorem 0.4.1. Let p, f € Clz|, x = (21, ..., zy), where p satisfies (*1),
and let (x%)acr be a monomial basis for Clz]/Iy,, where Iy, = the ideal
(01D, ..., Onp) in Clz].

Let [y(t)] € HS_{(p~1(t)) be obtained by parallel transport in the cohomology
bundle over C* := C\ R, where R, = {t;|1 < j < s} = is the set of critical
values of p.

Then, with coefficients ¢!, as in Lemma 0.2.2, we have

a) I} = E} (mod an entire function), for t € C' := C\ Ui<;<sCj, where
(C;); are parallel cuts at (tj); (in a generic direction 6).

b) if the solutions of the differential system IC,, are of moderate growth at oo,
then the equality at a) becomes an equality mod a polynomial;

¢) if p, f are real-valued and p > 0, then the moment ayf(t) of Q; := {p < t}
satisfies

dp(t)= Y chdan(t)

a€l,0<i<k

mod a real-analytic function on R, fort >> 0 (resp. t << 0).

The set I has cardinality pr :=total Milnor number of p = dim ¢ Clz]/Iv,
(cf. e.g. [10]).

Uniqueness of the coefficients of the algorithm of Theorem 0.4.1 follows since,
by Lemma 3.5, I} decomposes uniquely as a sum of local I;j mod O(C). For ~
generic and f € Iy, the relations among integrals are characterized by: I;Z =0
iff for 1 < j <'s, fdz/dp is exact on a neighborhood of the critical point x;.

0.5. As to proofs, first, from the local algorithm of Theorem 0.2.1 and a
decomposition theorem for n-chains ([20]), the global algorithm via the (Borel)-
Laplace transform (in 7) follows immediately (Prop. 3.1).



In order to invert this (Prop. 3.8) to an algorithm in ¢, injectivity of the
semi-local Laplace transform ([21]) under (various) growth conditions ([17]) is
needed; with moderate growth conditions, pnt. b) of thm. 0.4.1 follows.

A direct proof (Prop. 3.4) of pnt. a) follows from the local algorithm in ¢ by
the variation map ([20]) and a standard local cohomology argument (Lemmas
3.5, 3.6).

In Prop. 3.2 (using [20] -the variation map and (Borel)-Laplace transforms),
we prove a version of the local algorithm, for co-vanishing instead of vanishing
cycles.

Finally, we apply the above to the real case, to obtain an asymptotics al-
gorithm for oscillatory integrals with phase p (Proposition 3.10); if p > 0, we
obtain as a consequence (Proposition 3.11) the real semi-local algorithm (by the
co-area theorem, this proves pnt. c¢) of Thm. 0.4.1).

These technical results on the semi-local Gauss-Manin are in the spirit of
[21], but are different from them in several ways (cf. Remark 3.7). The author
could not find any written account of these nor any up-dates in connection with
this particular direction. Quite remotely, for extremal moments, the question
of reducing moments to a basis was asked in [23] and solved (implicitly, in the
reconstruction algorithm for p) for n = 2 (in several cases, including that of
quadrature domains), by using hyponormal operators.

0.6. The paper is organized as follows: section 1 consists of definitions and
properties of the various integrals associated with the polynomial p. In section
2, the complex integrals are viewed as solutions of the Gauss-Manin (micro)-
differential system.(These two sections are preliminary). In section 3 we prove
several versions of the algorithm of theorem 0.4.1 in the global case. Section 4
consists of examples corroborating the algorithm with asymptotic computations
([4], [18]) and with computations for planar quadrature domains ([2], [12]).

1. INTEGRALS (RELATIVE A POLYNOMIAL p).

1.1. Moments and the Dirac distribution. If p > —M (some constant M) is
a polynomial in R[z] = R[z1, ..., z,], then the moments ay(t) of p < t are well-
defined (for f polynomial) and I¢(t) = a’s(t) for ¢ a regular value of p (cf. 0.1).
(The form fdz/dp in (1) denotes the restriction to p~1(t) of any (n — 1)-form 7
s.t. dp Am = fdx - this is independent of the choice of 7.)

Let us now consider the local case of domains in a neighborhood of a critical
value (0, say) of p. The integral (1) is well-defined if f € C§° for p arbitrary in
Rlz].

The map from C§° to R defined by f — Iy is the ”Dirac distribution along
p”. It has an asymptotic expansion at (the critical value) 0, with coefficients
distributions in f, of the form:

Ip(t) ~ > Cag i (f) - 1% (log t)*,

ap>—1,0<k<n—1



where the index « ranges over a sequence of rational numbers (with a single
denominator, depending on p only).

If 0 is an isolated critical value for p, then the asymptotic expansion as ¢t — 0
of the Dirac distribution applied at f depends only on the Taylor series of f at
0; if moreover 0 is an isolated critical value for pc, then the indices ag, k depend
on the monodromy of pc (cf. [15]).

1.2. Homology decompositions. Let p : C™ — C be a polynomial. Then
p has finitely many branching points (i.e. critical values and ”second type”
singularities (cf. [20] for the definition).

We shall assume that the following condition (*1) is satisfied:

i) p has no "second type” singularities ([20]); and
i1) for every critical value there is only one corresponding critical point.

We shall denote the (finite) set of critical points (resp. critical values) of p
by
Cp={z; |1<j<s}, respR,={t; | 1 <j<s} (6)

By (*1), p defines a locally trivial fibration over C* := C\ R,. The parallel
transport of homology classes is well-defined in C* and by [20] we can also
localize homology classes, w.r.t. a fixed generic direction of angle 6, as follows.

With notation S = SF(0) = {t € C| Rete ™ > c}, (resp. S with >
changed to <), letting ® = ®(0) := {A closed C C" | ANp~*(S,) compact,
for some ¢ > 0}, the cohomology groups HZ(C") := lim._ H,(C",p~1(S}))
are defined ([20]) using semi-algebraic chains. For ¢ >> 0 (sufficient ¢ s.t. all
critical values of p are in S.°), and if t € S, the boundary map 9 : HZ(C") —
H¢_ 1 (p~Y(t)) is an isomorphism.

We denote by H¢ or H homology with compact supports; the coefficients
are taken in C.

By a deformation retract and excision argument, it follows that HY(C") =
@1§j§an(Xj,X;)7 where X; is a Milnor ball at the critical point z; and
X;r = p~1(S;) N X, with notation S;-r =t; + S5 (for a certain small § > 0.)
To this isomorphism corresponds a decomposition

r- Y T, @

1<j<s

for T' € H®(C™).
Applying the boundary map (isomorphism), a similar decomposition holds
for (n — 1)-cycles. If v €HS _;(p~1(t)), then

n—1
7= Z €js (8)

1<j<s



where e; is a cycle vanishing in direction 6, i.e. an element in H, (X4, ), for
to; arbitrary € S]‘-".

1.3. Complex integrals. Let p, f be complex polynomials (n variables), p
satisfying (x1). For [y(t)] € HS_,(p~'(t)) parallel transported in the cohomology
bundle, the complex integrals (2) are well-defined and holomorphic multi-valued
for t € C\ R,.

From the definitions with forms, if p is real the (complex) integral I}Y(t)
coincides with the (real) integral I(t) for ¢ real. This is so for instance if p > 0,
since in this case v(t) = pg'(t) N R™ is compact.

For I' € H2(C"), (® = ®(0) as in 1.2), the integrals with phase p and
amplitude f (both complex polynomials) are well-defined [20] (i.e. convergent;
besides obviously holomorphic in 7) by

() = / ) f(2)dz, (9)

We consider next localized versions at a critical value (0, say) of the above
integrals.

Let X; = the Milnor fibre := BNp~1(¢), t in a small disc D s.t. 0 € D. Let
HEY | (X;) denote cohomology with closed supports; the elements of HS_;(X;)
(resp. HY |(X})) are called vanishing (resp. co-vanishing) cycles.

By replacing, in the above integrals, v(t) with e(t) € HS_;(X}) (resp. €(¢) €
H)_ (X)), we obtain I§(t) (vesp. I4(t)).

These integrals are shown to be holomorphic multi-valued in D* = D\ 0
(resp. holomorphic multi-valued in D* mod holomorphic in D). We shall use the
standard notations O(D) (resp. O(D)/O(D)) for the set(s) of such functions.

1.4. (Borel)-Laplace transforms. In the local case (0 = critical point for p,
p(0) = 0), the complex integrals defined above are related as follows [20].

Let e = ey € HY |(X;1), t; > 0 in neighborhood of 0, be a co-vanishing
cycle (corresponding to direction 6 = 0). The cycle ey =var(e) € Hf (X, )
is defined by var(e) = € — ¢, where ¢ is obtained by parallel transporting e
along a circuit (counter-clockwise) around 0. This generates an isotopy of the
Milnor ball X (s.t. = identity on 0X) and with it an n-dimensional chain
Ay € Hy (X, XT) st. 0:A4 =eq.

Relative to these paths of integration, it is shown (with definitions below)
that

/A e Tw = BL(IGY)(r) = LUGT)(7), (10)

for every holomorphic n-form w = f(z)dz, with equality of convergent integrals
for 7 in a sector in C.
Here BL denotes the Borel-Laplace transform, well-defined by

BL(h)(T) == /0 h et hdt,



for h holomorphic multi-valued on a sector with origin at 0.
The Laplace transform L is defined for h as above by

L(h) := /5 et hdt + /U e "tvar(h), (11)

where o (resp. 0) is a small circle, oriented clockwise, with base point ¢y near

0 (resp. a half-line in direction €%, with origin #;), and var(iz) is the variation
map on functions:

var (h)(t) = h(e 2™ - t) — h(t). (12)

2. (MICRO)-DIFFERENTIAL (SEMI)-LOCAL THEORY.

2.1. Solutions. Let n > 1, = (1, ...,2,) be the variable in C™ and let
p: C" — C be a polynomial s.t. (*1). For the local study, assume that 0 is an
isolated critical point of p of Milnor number p and that p(0) = 0. Let X; be the
Milnor fibre at 0, with ¢ a regular value (near 0) for p.

In the differential case, for e(t) € H,_1(X:) a vanishing cycle, the integral
I5(t) (cf. 1.3) is a solution (applied at a differential form f(x)dz/dp) of the
differential system K, defined below (the solutions of which are obtained by
integrating over slightly more general forms).

Let QF ., (x € N), denote the complex of (germs of) relative differential

z,t/t
forms (consisting of forms of the type >  aq(z,t)dz® with holomorphic coeffi-
cients).
Let )
QZ = Q;,t/t[ﬂ]/gz,t/t

be the complex of meromorphic differential forms with pole along the graph of
.

Let D; (resp. D;,) be the ring of (germs at 0) of differential operators in ¢
(resp. (t,x)) with analytic coefficients.

The differential Gauss-Manin module is the D;-module defined by

Ky = Qp/ap". (13)

The D;-structure of K, is induced on forms in QZ from the derivation 9; on
integrals over the forms. (By the residue map, it coincides with the Gauss-Manin
connexion).

The function

t— I(Q)(t) = /(t) Res ¢

has its values in (7),570(: the space of germs at 0 of multi-valued analytic func-
tions) and the map fe(t) : ¢ — I(Q) is a solution of K,, i.e. an element of

Hom Dy (’Cp, (5@0).



The homomorphisms fe( 4 88 e(t) varies in H,,_1(X;) are all the solutions of
K, (and in a one-to-one correspondence with the vanishing cycles e(t)).

If ¢ has a simple pole, writing ( = w/2wi(p — t), with w a holomorphic n-
form, its residue is Res ¢ = w/dpl,-1(). Writing w = fdx, with f a holomorphic
function, the integral I¢(t) is therefore a solution (applied at () of Kp,. The set
of such integrals forms a lattice K in Ky, i.e. an Op-module that generates K,
(freely, with rank p) as a Di-module.

In the micro-differential case, if e(t) € HI ,(X;), the integral I5(t) is a
solution (applied at a differential form) of the micro-differential system /C,,.

This system is an &-module with structure extending its Di-module struc-
ture, where &; - the ring of micro-differential operators - is a ring containing D;
in which 8y is invertible (£; = the micro-localization of D;).

The submodule ICI(,O) is free of rank u over the ring C{{9;'}} of micro-
differential operators of order 0 with constant coefficients.

2.2. Semi-local theory. The study of semi-local solutions is described in
[21], in the case of (non-characteristic) systems of the form & ,/Z, where Z is
an ideal (¢, are complex variables, © = (x1, ..., Z,)).

In the case of a single variable t, since & is a p.i.d., it is possible to reduce
to a system defined by a single differential polynomial of the form

Pto; ) =t"+ > a®)o; ",

0<k<oo

with a certain condition of simultaneous convergence for ¢, € Oy 9. Here m € N
is the multiplicity of P.

The space of solutions relative a fixed disk D in C is defined (for U simply-
connected open in D) by

Sol P(U) = {u e OW) | P,(u) € OD)},

(where the action of 8{1 in P, is taken by integrating w.r.t. to ¢y, a base point
in D - here the convergence conditions ensure this is possible for some D; the
space Sol is independent of the choice of ty).

The space of "singularities” of solutions is sol? (U) := Sol?(U)/O(D). Both
Sol and sol are regarded as sheaves and germs of solutions can be considered. In a
semi-local situation one replaces t™ with a small perturbation of it, a polynomial
of degree m having all its roots (¢;)1<;j<m in D. Fixing a generic direction and
(parallel) cuts C; at ¢; in that direction, the solutions are uni-valued on

D =D\ Ui<j<mCj. (14)

An argument based on index for operators shows that local solutions at a
point extend to D’ and that dimg sol?(D’) = m.



From this, the following decomposition of the space of semi-local solutions
(mod O) is obtained:

sol P(D') = @1<j<msol 7 (Dj), (15)
where D; is a small disk at ¢; and D} = D; \ Cj.

Further, the Laplace transform on the space sol is injective and maps the
summands of this decomposition to subspaces of AS"/A<_,. (growth < Ce’ll
resp. < Ce~ "Il where r = (1/+/2)- radius of the disk and r’ < r is variable).

The (micro-differential) Gauss-Manin module I, (discussed at 2.1) has a
presentation as an &-module of the form

’CPgBP/ Z amz‘Bp7

1<i<n

where
Bp = gt,z/gt ' (t - D 8321 - 8x1p ’ at)

The module K, is not of the form &, , considered above and while in principle
this case is sufficient for the study of general holonomic systems ([17]), it is
possible to obtain (cf. section 3) a similar semi-local decomposition formula by
other, simpler means.

3. ALGORITHM FOR MOMENTS - SEMILOCAL / GLOBAL CASE

Let p € Clz] = Clz1, ..., Zn], n > 1, satisfy (x1), let (cf. 1.2) Cp, R, denote
its set of critical points (resp. critical values) and let §# € R be the angle of a
fixed generic direction in C.

Proposition 3.1. Let p € Clz] = Clz1,...,x,], n > 1, satisfy (*1) and let
(%) aer be a monomial basis for Clz]/Iy,. LetT € HY, & = ®(0) (cf 1.2).

Then for every f € Clx], there exists a finite k (depending on p and f) such
that (cf. 1.3 for notations)

ACENED DERCE0 A (16)
acl,0<I<k

with equality asymptotically in T — oo (T in a sector containing a half-line in
direction €% ). The coefficients ., € C are computed by the algorithm of Lemma
0.2.2.

Proor. By [20] (cf. 1.2), I has a decomposition I' = 37, ., I';, where I';
is admissible, i.e. in H, (X7, X*J) (where + is w.r.t direction ). By the local

10



algorithm (Thm. 0.2.1) in 7 for the integral over I'; (relative any writing as in
Lemma 0.2.2, not necessarily w.r.t. a local basis), we have

= S ) ), )

iT
Q€I 0<I<k

asymptotically as 7 — oo. Noting that the same form (fdz—3_ c; o<i< c x®dzx)

is integrated at all the critical points of p, and since I}: = Zl<j<s ijf, summing
over j in the above formula gives formula (16) for I". O o

We have the following algorithm mod O in the local case, for integrals over
co-vanishing cycles.

Proposition 3.2. Let p, f € Clz], and let 0 be a critical point for p. Let
e(t) e HE ((p~'(t)nX), (X — D = Milnor fibration at 0 ) be defined by parallel
transportation. Then

I5(t) =E5(t) = > (95, I5(t) mod O(D), (18)

a€l,0<I<k

(multi-valued) for t in D* = D\ {0} (and any choice of the base point toy); the
coefficients ¢!, € C are computed by the algorithm of Lemma 0.2.2.

PROOF. By the local algorithm (cf. 0.2.1) for e :=var(e) (a vanishing cycle),
we have [§(t) = E(t) for t € D*. Therefore also BL(I§)(7) = BL(E$)(7) for 7 in
an infinite sector. By [20] (cf. 1.4), this is equivalent with £(1§)(7) = L(E%)(7),
from which it follows that I3(t) = E%(t) mod O(D), since the local Laplace
transform is an injection on O(S)/O(D)(cf. [17], [21]), where S is a sector in D.
O

Notations 3.3. (In C, w.r.t. R, and a fixed 6.). For R > 0, let S = Sg :=
{|t| < R| Re(te®) < 0}U{t | Re(te=%) > 0 and | Im(te=%)| < R} (i.e. a half-
disk U a half-strip), let C; = { Re(t —t;)e~" > 0} be parallel cuts at ¢;. Let S;
(1 < j <'s) be open ”"thickenings” of C; containing ¢;. Then C; C S; C S, for
1<j<s.

Let S := S\Ulgjgscj and S; = Sj\Cj; C = C\Ulgjgscjy C* = C\Rp;
similarly D’, D*, for D a disk.

Proposition 3.4. Let p, f € Clz], where p satisfies (x1) and let v = [y(t)] €

HS (p~L(t)) be defined by parallel transportation, univalued fort € C' (cf. 3.3,
w.r.t. a direction 0). Then
I}(t) = E}(t) := Z L (0,)7 2 mod O(C), (19)
a€l,0<I<k

11



(uni-valued) for t in C'; the coefficients cl, € C are computed by the algorithm
of Lemma 0.2.2.

PROOF. a) Since by (*1), p defines a locally trivial fibration over C’, [y(¢)]
can be transported by parallelism to [y(to)], to € ST (6), ¢ >> 0.

By [PhI], [v(to)] = >01<j<lejl €5 € Hi_1 (X4, ), vanishing cycles at ¢; (to;
in X;‘, + being w.r.t. direction 6).

b) By the local algorithm (Thm. 0.2.1) w.r.t. direction 0, I;j (t) = E;j (1),
forlgjgs,tinX-*.

¢) For S = Sk (notations as in 3.3) there is a (natural) decomposition (cf.
Lemma 3.5 below)

O(5")/0(8) = ®1<j<sO(55)/O(S;).

For t € S/, by a) and Lemma 3.6 below

Ii(t) = Z I;j (t) mod O(S)

1<j<s

and similarly

E}(t)= Y E{(t) mod O(S).

1<j<s

Using b), it follows that 7, I;j (t) =2 1<j<s E;j (t) mod O(S) for t € S'.
Therefore also, I7(t) = E}(t) mod O(S), for t € S'. Letting R — oo, since
solutions extend to C*, we have equality mod O(C). O

Using (8), from Lemmas 3.5 and 3.6 below it will follow that the integral

I;(Z)(t) over a global cycle [y] € H,—1(p~1(t)), t € ST (0), ¢ >> 0, localizes, i.e.

Ii(t) = Z I;j (t) mod O(C).

1<j<s

We prove this by using standard arguments from local cohomology.

Lemma 3.5. With notations as in 3.2, we have

O(5')/0(5) = 1<;<s0(57)/O(S;) (20)

PROOF. Since Z := U;<;j<sCj is closed in S, we have the following exact
sequence in local cohomology with supports in Z ([9], cf. also [3]).
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The leftmost term =0, by the identity principle for (one variable) holomor-
phic maps; the rightmost term =0 since S (= an open domain in C) is Stein.
Hence the exact sequence

0= O(8) = O(8') = Hy(S,0) — 0,

or equivalently

0(8)/0(S) = HL(S,0).

Similarly,
O(85)/0(S)) = He, (S5, O)s;)-

On the other hand, by excision for local cohomology one has
Hy(S,0) = ®1<<:HE, (8, 0)
and since C} is closed in S; and S; is open in S, also
HE,(5,0) = HE (S5,0)s,).
From this the lemma follows immediately.O0

Lemma 3.6. Let p satisfy (1) and let S (cf. notations 8.8 ) contain Rjy.
Let [y] = Z1§j§s[€j] in Hy_y(p~*(to)) = @1Sj§sHﬁ—1(XtJ;+)~

Then I} (t) = 3 < < I;J (t) mod O(S) uni-valued for t € S, with equality
meaning corresponding elements via the isomorphism of Lemma 3.5.

PROOF. Since by (1) the variation map is well-defined on S, after parallel
transporting [y] to S, we have that var(y) = > ;... var e;; since the map
var on functions commutes with var on cycles [15], [14], it follows that var
I} =30 < var I}, as cocycles in H (S, 0), where Z := Ui <j<;Cj. Since by
excision H}(S,0) = @ISszHéj (S,0), the same argument as in Lemma 3.5
finishes the proof, since var = ¢ : H°(S,0) — H}(S, O) (the Cech coboundary
map associates to a section the corresponding cocycle). O

Remark 3.7. We have essentially avoided using holonomic differential sys-
tems, by ad-hoc arguments for the case of the Gauss-Manin differential system;
this is a prototype for some of the general theory, cf. [17], [20], [21].

The local Laplace transform (at 0) in direction a = €% is described as follows.
Let

Z. :={Z |Z closed homogeneous C C s.t. (z,a) <0,z € Z\0}.
The Laplace transform is the map

L7 = (L))o lim_ye s, 0D\ 2)/O(D,) — (BS'/B=7Y),
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(cf. notation below for the target space) defined on h = h(t) s.t. h =var(h)
(surjectivity of var, c¢f. [MO]) by

L= (h)(7) :== / et h(t)dt + / e Tth(t)dt,

5

where oo = 9D, (based at tp) and § is a half-line with origin ¢y in direction a.

By [17], the (local) Laplace transform is an isomorphism between the fol-
lowing spaces ai) and bi), i = 1,2, 3 of holomorphic functions on sectors:

al) no growth conditions (=: sp O, specialization of Sato); a2) sub-exponential
growth as t — oo (=: B<!); a3) moderate growth as t — oo (=: B=0);

bl) B<!/B=~1; b2) B<!; b3) sub-exponential growth as 7 — oo, moderate
growth as 7 — 0 (=:=0 B<1).

In the semi-local case, £, is defined by ([PhlII])

L, (h)(r):= / e Th(tydt + > / e~ Tth(t)dt,
‘ 1<j<s 9%
where h = var h, o is s.t. [o] = Y 1<j<sloj] (0; and 9; as in the local case

above).

Therefore L, (R)(7) = 321 <<, Lo, (hj)(7), if h =3, h; (in the sense
of the isomorphism of lemma 3.5). Replacing in the spaces bi) above < 1 with
< 1, we obtain spaces bi’), which are codomains for the semi-local Laplace
transform.

Proposition 3.8. Let p, f,~v and a direction a = €' be as in prop. 3.4; let
[v] = Zlgjgs[ej] (as in 1.2).

If, for 1 < j <s, E;l'(lﬁ") and (L, (I;3))aer are in the space bl) (resp.
b2), resp. b3)), then I;Z = E}Y mod a function which is entire (resp. entire of
sub-exponential growth at infinity, resp. a polynomial).

€j

PrOOF. 1) In the local case (at t;), since (by Thm. 0.2.1) I;j = EY (on
Dj}) mod O(Dj), we have L; (I;7)(r) = L5 (EY )(1) in B<'/B=71(%'), for some
(infinite) sector ¥ containing direction a. Since £, is an isomorphism ([17])
between ai) and bi) (i=1,2,3), the assertions in the local case follow (with O(C)
replaced with O(Dj;)).

2) In the semi-local case (S = Sg, R fixed, sufficiently large) since, as in
the proof of prop. 3.4, I = ZI? and E} = ZE;’ mod O(S), with all terms
defined on " (resp. S7), taking their semi-local Laplace transforms (using
additivity and a commutative square with equalities mod O(S)), we have that
Lo, (IP)(r) =Ly, (E})(r) for 7 € &' C NXy, for ¥’ a sector, with equality in
the space bl’.

3) The assertions of the statement of the proposition are now consequences
of 2), extendability (by parallel transport of [v]) of I;Z, E}, and the fact that
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L, is injective on ai) 1 < ¢ < 3 ([21], the inverse in the semi-local case also
given by integration (£'*, cf. [17]). O

Remarks 3.9. 1) In the proof of Proposition 3.4, we can avoid the local
cohomology argument of lemmas 3.5 and 3.6 by using proposition 3.1 and inver-
sion of L, ; the solutions I}Y and E} extend analytically over Sr (by parallel
transport of [y]), therefore £, is defined and injective [21] (with target space,
see 2.2, AST/A<_,).

2) In the local situation, instead of the spaces in [21], we can use the space
A of functions holomorphic on sectors truncated to a neighborhood of co. Then,
since the local Laplace transform is an isomorphism [17] to B! /B<~1 we obtain
the equivalence between the local algorithms in ¢ and in 7.

Proposition 3.10. Let p, f € Rlxy,...,x,]. Then (with coefficients com-
puted as in Lemma 0.2.2),

/ e P@) f(z)dx ~ Z cla(ir)fl/ e P g

a€l,0<k<l

with ~ meaning asymptotically as 7 — +oo.

ProOOF. a) The (phase) integrals are well-defined by truncating f with a
C§°-function which is identically one in an open set containing all critical points
of pc, and = 0 outside a neighborhood of its closure, since (e.g. by [15]) such
integrals are asymptotically 0 if supp f N C, = 0.

b) By a partition of unity, it is therefore sufficient to prove the local asymp-
totic equality:

/ PO f(2)gy (x)dr ~ S (i) / TPy g, (x)da,
n el 0<I<k "

where ¢; is a C§°-function which is identically one in a neighborhood of z; and
= 0 outside a larger neighborhood. We may, by a change of coordinates, assume

c) At 0, by a theorem of [15], there exists an admissible n-chain ' = T'" (i.e.
in H,(X,X"), where X* = { Im pc > 0}) such that

/ e P@) f(2)p(x)dx ~ / ™3 f(2)dz,
n r

asymptotically as 7 — oo (and similarly w.r.t. a '~ and 7 — —00.)
In the same way, (for the same n-chains)

Z cla(iT)*l/ e”p(x):vo‘(b(m)dxw Z cla(iT)*l/ei”’(z)zo‘dz,
R~ r

a€el,o<k<l a€l,0<I<k
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asymptotically as 7 — oo (resp. as 7 — —00.)
d) By the above, we have reduced the proof to showing

/e”p(z)f(z)dz ~ Zcfx(ir)_l/e”p(z)zadz,
r o r

asymptotically as 7 — oo (resp. as 7 — —o0,) which is the local algorithm
(thm. 0.2.1), via the Borel-Laplace transform. O

Proposition 3.11. Let p > 0, p € Rlxy,...,x,] be s.t. its complezified pc
satisfies (*1), let R = R, NR and let f € Rlzq, ..., Ty

Then ~(t) := {p = t} defines a class in H_,(p~*(t)) s.t. the real integrals
(c¢f. 0.1) I5(t) and Ef(t) (the latter mod O) are real-analytic on t > t, :=
sup R (resp. t <t_ := inf R).

Fort >t, (resp. t <t_) they satisfy

15 (t) = Ey(t) (21)

mod a Teal-analytic function on R.

Moreover (writing [y] = 3_;le;] as before), if the complex integrals I;j and
(I:3)aer are of moderate growth at infinity, then the above equality holds mod
a (real-valued) polynomial.

The last condition above holds if all the local solutions of the Gauss-Manin
system are of moderate growth at infinity.

PROOF. (in the case t > t., the case t < {_ is similar).

a) By (x1) for p, [y(t)] is well-defined by parallel transportation.

b) By [20], if ¢ >> 0 (sufficient, cf. 1.2, ¢ s.t. all critical values of p are in
S ), for t € St we have

noa(p7H (1) = Ho(Cp~ ' (7)) = Hy (CT).
Here ST = S*(6), ® = ®(#), where 0 is a generic direction, arbitrary for now.

c) It is possible to choose 6 s.t. the cuts C; = C;(8) at t; (abusively, with
the same indexing for points in R as for R,) in direction 6 satisfy

1) ST intersects the semi-axis t > 0 (e.g. if 0 # —7/2);

2)C;NR = R (eg. if 6 #0);

3) 6 generic in neighborhood of 0 s.t. (C}); are disjoint.

Then (letting & — 0) a sector ¥y with origin at ¢, and axis {t > ¢} is
in the domain of definition of I7(t) and E}(t); at the same time, for ¢ in this
range, v admits a decomposition [y] = ) "[e;] as before (1.2).

d) By Proposition 3.4 for v, I}(t) = E}(t) mod O(C), for t € C*, equality of
univalued holomorphic functions on sectors avoiding C;,1 < j < s, in particular
on E_;,_.
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For t € ¥, t real (i.e. ¢ > t;), we have by definition I}(t) = I;(t) and
similarly (since defined mod O(C), univalued) E}(t) = Ey(t). Therefore for
t € Xy, If(t) — Ef(t) = h(t), where h € O(C); since it is real-valued, h is
real-analytic. This proves (21).

e) The last assertion of the proposition follows from Proposition 3.8 (mod-
erate growth conditions and the Laplace transform).0

Remark 3.12. For p real (p > 0) we have used complex integrals over
the real cycle v(t) = {p = t} to prove an algorithm between real integrals (=
derivative of moments associated with p). Another cycle, 71 (isotopic with )
is used for computing local (at 0 = critical point for pc) real asymptotics using
complex integrals over ;. The latter satisfies v;(¢t) C {Impc = ¢}, therefore
7 () NR™ = @, for any ¢t > 0, in particular v # ;. Indeed, computations
for asymptotics at a critical point by the method of the steepest descent, use
directions for which Im pc =const. (pc = the phase).

In conclusion, we have

PROOF OF THM. 0.4.1. a) follows from prop. 3.4; b) from the fact that I§
and IS. are solutions of IC,, (see 2.1) and by prop. 3.8; ¢) is prop. 3.11.

4. EXAMPLES

We shall abbreviate I} as I; and mod O(C) as mod O.
4.1. Let n = 2 and let

3
X
p(@,y) = palz,y) = 5 = Nz +y?, (22)

where A € C is a parameter, z,y € C are the variables. (This is the mini-versal
deformation of the Ay singularity).

Since Vp = (2% — A\?,y), a monomial C-basis for C[z,y]/Iv, is {1,z}. For
A # 0 there are two non-degenerate critical points (£A,0), which for A = 0
degenerate to a single critical point (0, of Milnor number = 2).

In general I, =t - Ip; we have, for this p,

1
glms — NI, + 1,2 =t I (23)

We shall apply the algorithm of section 3 (which shows that I can be reduced
mod O to integrals (I,«) in a basis with indices a € I, |I| = pr) to f = 2% and
to f = y2.

For f = 23, since f = fy = x(2? — A\2) + 2%, we have fo = x\? + 20,p,
therefore g° = (,0) and f; = div ¢° = 1. Hence

Is = N1, + 0; ' Iy mod O. (24)
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Similarly, from fo := y* = (1/2)yd,p, we have
1, _
Iyz = §8t 1[0 mod O. (25)

Consequences:
a) These latter formulas reduce (23) to a (micro-)differential equation in I,
(if Iy is known):

221, = (gagl — 3t)Iy mod O.

For A\ = 0, this equation has solutions Iy = ¢ t’%, ¢ a constant; comparing,
the Picard-Fuchs equations (at the only critical point 0) give the same solutions
for Iy. Indeed, note that since pg is quasi-homogeneous (of quasi-homogeneity
degree = 1), the monodromy matrix is M = diag (< v,a+ 1 > —1)4er, where
v =(1/3,1/2) is the weight of quasi-homogeneity.

b) We may alternatively reduce (23) to an equation for Is in terms of Iy :

2 3.
*g 3 = (t - §8t 1)[0.
For A = 0, this and the equation for Iy (at a) above) imply
Is =0 'y,

If v (t) = 0, (9 relatively compact in R™) this follows from

3
I :/ 2 drdy :/ xdy :/ d(zdy) = vol (),
@) dp ~(t) Q

the last term being = 9; Iy by the co-area theorem.

Since pg is quasi-homogeneous, Iz can be also computed by a standard ([1])
change of variables (from p~1(t) to p~1(1), e.g.).

c) For A arbitrary, we note that (24) and (25) imply I;s_x2,_9,2 = 0. This
also follows from the fact that the form (23 — A2z — 2y?)dzdy/dp is exact. In-
deed, we have (3 — A2z — 2y?)dx A dy = dp A db, for 6 = zy.

4.2. Let p = p, be the polynomial defined by
pulz) = |24 = (22 +7%) — 2ul2?), (26)

where u € C is a parameter, z € C is the variable.
Rewriting z = x + iy gives

pulz,y) = (0° +9%)% = 2(2% — ) — 2u(a® + ¢*).

Allowing next z,y to be complex, we are in the case n = 2.

18



a) For u real, u # 0, the domain
Q= {z € C | pu(z) = —(u—1)*} (27)

is relatively compact in C and for w # 0 it is a quadrature domain ([2]), i.e.

O =|P(2)]P = Y 1Qi(z,2)) =0, (28)

0<k<d

where P, Qi are polynomials, d = deg P and deg Q = k.
Indeed, in the present case, we can write 9Q, = {Q.(z,%Z) = 0}, where

Qu(2,%) = |22 — 1] — 2u(|z]* + 1) + u? (29)

is of the form (28); 99, is the boundary of a Hele-Shaw flow ([11]) with two
sources at 1, which for 0 < u < 1 is a disjoint union of two disks with centers
at +1.

For 1-parameter quadrature domains €2,, the moments can be computed
from the equation of the boundary Q,(z,%z) = 0 by ([12]):

Q' > ay, (u)
D 30)
Q ~I+1 (
k,1=0 iz

where @’ denotes derivative w. r. t. the parameter u. The moments (in the
(z,%Z) writing) ag;(u) are defined by

agr(u) :z// 2MzldA,
Qy

where dA = dxdy is the area element.
Computing the left-hand term of (30) in this case (using ¢ = 1/z and long
division), we obtain

! !/ ! !/
agy = 2m, a7, = 2m(u+ 1), a5, = age = 27

(and besides the vanishing of the moments of order one).
In coordinates (z,y) this gives:

Io =27, L2 = g(2u+3),1y2 - g(Qu—i— 1),

the integrals being taken over 7, (t) := 92, where t = —(u — 1)%.
b) On the other hand, we will show that the algorithm of section 3 implies

—L2(t) (L4+u)+ L) - (1—u)=(t— %8{1)10 mod O, (31)

w.r.t. a v,(t) as in Thm 0.4.1.
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Indeed, from I, = tly, we have first
Tz2qy2)2 — 202 (1 +u) + QIyz(l —u) =tl. (32)

We have ,p = 4x(2? + y? — 1 —u), Oyp = 4y(z* + y*> + 1 — u). For u # +1,
there are 5 non-degenerate critical points : 0, (++v/1+ u,0), (0, £v/u — 1); for
u = %1, the critical point 0 has Milnor number p = 3.

By the algorithm of section 3 (parametric version, at a regular value of the
parameter) for

f=tfu=@"+y")? = L+ w2 + (1 - w)y® = (1/4)20.p + (1/4)y0,p,

we have ¢° = (1/4)(z,y), fi = div ¢° = 1/2 and hence I; = (1/2)9; 'Io.
Explicitly, this gives

1
I(z2+y2)2 —(14+u)lez+(1— ’LL)Iyz = 58;110.

Subtracting this from (32), we obtain formula (31) of this sub-paragraph.

¢) Finally, in order to compare the results at a) and b) above, we take
t = —(u—1)2, or equivalently u = /=t + 1 in (31) (here u > 1 s.t. u = regular
parameter; ¢t < 0 avoids the critical values of p,,).

We obtain, by b)

—L2()(V=t+2) + L2 (t)(—V—t) = (t — %8;1)10@) mod O /. (33)

By a), the right-hand term equals 7¢; the left-hand term is in O /=%» since both
I,2(t), I,2(t) depend linearly in \/—t. Therefore a) too implies that equality
mod O+/—t (and not exact equality) holds in (33).

4.3. a) Let n > 1 and let p € Clz] (x = (z1,...,2,)) be a polynomial
satisfying (x1) and such that its critical points (z;)i1<j<s are non-degenerate;
(note that s = pr).

Let f be a polynomial of the form

f=2a"+h, (34)

where h € Iy, § € I. For the Fourier integral with phase p and amplitude f
defined by (notations differs from 1.3)

I (1) = /F P f(z)da,

(where I' = T'™ € H®(C"), ® = ®(6), § a generic direction in C) we have, by
the first step of the algorithm of Section 3,

1
1(r) = Iha(r) + — T (1),
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for some f; € C[z].
b) We shall use the method of the stationary phase to show that

15(7) ~ I () - (14 0(), (3)

asymptotically as 7 — oo, 7 in a sector in C. (This checks asymptotically the
first step of the algorithm of Thm. 0.4.1).

Since (1.2) I' =37, ., I';, it is sufficient to prove the above formula with I
replaced by I';, in local coordinates x" at x;. Let I'; = mp, - A, where (notations
of Section 1) A € H, (S, S;“) is the standard (Lefschetz) generator (z; is non-
degenerate).

By stationary phase (since e'"P(*1) = (1 + O(1)), we have (asymptotically
as T — 00, T in a sector in C)

r 1

) 1
T2 () ~ m(l + O(;)) O K,

with constants C;, K, defined by
Cj = Ci(f,T,p) = f(x;) - ( Hess p(x;))~/* - mr,,

K, = (271')”/2 e/,
Since f was assumed of the form (34), writing f(z) = xﬁJergkgn gr(z)Okp(x),
we note that f(x;) = zf Therefore

Oj(fal_‘j’p) = Cj(x5>rjap)7

and from this (by a similar computation for the right hand term of (35)) we
obtain the asymptotic equality of (35).
¢) In particular, for n = 2, let

P

u+1

p(z,y) = -zt

Since Vp = (a* — 1,2y), the critical points of p are (€/)o<;j<,—1, where € is a
primitive root of order u of 1.

Letting f := 2#*! = 2 + x(z* — 1), u > 2, we are in the situation above.
By the algorithm of Section 3, if [y(¢)] is parallel transported in H,,_1(p~1(¢))
(t large in a sector of axis ), we have

I, =17+ 07 ' 1) mod O;.

(For u = 2, we have used this in example 4.1).
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By the above computation using the stationary phase formula (for T' s.t.
Ol = ~(ty), some tg), the leading terms as 7 — oo of IL,,, and I. are both

equal with
1 eima |2 S 2oy
T 1 a

0<j<p—1

d) For p = 2, n = 1, we also have (similarly) the estimate (for a Laplace
transform with phase)

g [T 0L
/Fe T z\/: ( JrO(T)),

which is used in computations for asymptotics ([4],[18]) of the Airy function
(where directionally only one of the critical points x; contributes and I" = T'; is
s.t. mpj = 1)
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