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Abstract

We prove a non-negative-stellensatz and a null-stellensatz for a class

of polynomials called hereditary polynomials in a free x-algebra over
the real field.

1 Introduction and main result

This note is concerned with sums of squares decompositions in a free *-
algebra. Already quite a few facts about such decompositions are known, see
[3, 4, 5] and the references cited there. In particular, the article [4] contains
a simple example showing that no analogue of the real nullstellensatz, as
known in real algebraic geometry, exists. Another divergence between the
commutative and the free % theories was singled out in [5], where a stronger
than expected non-negative-stellensatz with prescribed supports was proved.
We consider below another fortunate free x-algebra case, when both a simple
non-negative-stellensatz and a nullstellensatz hold. The proofs are based on
the same principles as before ([4, 5]) : Carathéodory’s theorem about convex
hulls, Minkowski’s separation theorem and a general Gelfand-Naimark-Segal
construction.

The notation of the article [5] will be used throughout the note. Specifi-
cally, P is the ring of polynomials over the real field, in the non-commuting
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variables (z,z!) = {x1,22,...,Zn,z7,...,z.}. The involution on the alge-
bra P works as expected:

(zp)" =z, (zf)" =2, 1<k <n,

and
(uv)? = vTuT,

for any words u, v in the free variables.

We call a polynomial belonging to P analytic provided it contains no
transposes. The corresponding space is denoted by .A. Similarly, we call
a polynomial hereditary provided all transposes xf appear to the left of
z;’s in any monomial. The corresponding space will be denoted by H. The
notion of hereditary polynomial has appeared in Agler’s work on the dilation
theory of linear operators, [1].

By definition, Py is the finite dimensional subspace of P consisting of all
polynomials of degree less than or equal to d. We also introduce notation
for various classes of polynomials of degree less than or equal to d:

Ag = ANPy
and similarly for a subset B C A we put:
By = BnN7P,.

We denote by Hag the vector space, over the reals, generated by AL A,.
Thus, Hog is the vector space of polynomials of the form

q= Z QU,wUTwa Quuw € R,

u,w

where the sum is over words u,w of length at most d is the variables z.
In the following p1, ..., pm € A will always denote analytic polynomials.
The left ideal in the algebra A generated by them is

(p) =={D _rjpj:rj € A
we consider the associated symmetrized space:
sym(p) = {> _r1fi+ firj:ri € A fi € (p)}.

The point evaluations in commutative algebraic geometry are replaced
in this framework by evaluations on n-tuples of finite matrices. Specifically,



consider an arbitrary positive integer N, and let X = (X3, Xo,..., X)) be
N x N square matrices with real entries, regarded as linear transformations
acting on the vector space R"V. Then X7 is the tuple of transposes of these
matrices. Thus, for an element h € P, the evaluation h(X) makes sense,
and produces a real N x N matrix. One step further, the zero set V}, of an
m-tuple h = (h1, ha,...,hy) of elements of P is the collection of all pairs
(X,v) with X an n-tuple of real N x N matrices, and a vector v € R,
satisfying hi(X)v =0, 1 < k < m, with N an arbitrary integer. The same
definition applies to any left ideal I of P or A, and produces a zero set V.
As a matter of fact, Vi, = Vap,+.. +4n,, = VPhi+..4tPho -

The main result of this note is the following theorem. A few extensions
are given in Section 3.

Theorem 1.1 Let p = (p1, ..., pm) € A™ be an m-tuple of analytic polyno-
mials. If a symmmetric hereditary polynomial q € H has

{g(X)v,v) >0

on all pairs (X,v) satisfying pe(X)v =0 (1 < £ < m), then:
k
(a) a=> fffi+g (1)
j=1

where g € sym(p) and f; € A, 1 <j <k.
(b) If instead, (q(X)v,v) = 0, for every (X,v) satisfying pe(X)v =
0,1 <4< m, then q € sym(p).

Acknowledgement. We are grateful to the anonymous referee for his
critical and constructive comments.

2 Proofs

2.1 Zeroes and Ideals

Throughout this section p is an m-tuple of analytic polynomails. As before,
V), represents its associated zero set of pairs (X,v), where X is an n-tuple
of real N x N matrices, v € RY, and N € N. The next result is a null-
stellensatz proved by G. Bergman, see [4] for details.



Lemma 2.1 Ifa € A and V, C V,, then a = ) rjp; for some analytic
polynomials r; € A.

If a and the components p; of p have degree no greater than d, then the
inclusion V,, C V, in the hypothesis need only to be verified on n-tuples of
N x N matrices with N = (d +1)2.

Based on the above lemma we immediately derive part (b) of Theorem
1.1, as follows.

2.2  Proof of Theorem 1.1.(b)
Lemma 2.2 If f; € A, 1 < j <k, are analytic polynomials and

f]Tfj-I-g:() on Vp,

k
=1

J

with g € sym(p), then f; € (p), 1 <j <k.

Proof: Write g = Z(rfgj+gfrj), wherer; € Aand g; € (p). The conditions
pj(X)v=0,1 <j <k, imply g;(X)v =0, 1 <j <k, thus

Z(ro(X)gj(X)'u,v) =0 and Z(gj(X)Trj(X)'u,v) =0.

Therefore Z;?:l(fj(X)Tfj(X)v,v) = 0 and consequently f;(X)v = 0 for all
7’s. Now Lemma 2.1 yields the conclusion. B

Assume now that part (a) of Theorem 1.1 is true. By Lemma 2.2 we
find f; € (p), so that

k
q €Y f]fi+ sym(p).
j=1
Hence g € sym(p). B

The next result asserts that the evaluations at pairs (X, v) € V), separate
the points of the quotient algebra A/(p).



Lemma 2.3 There exist finitely many pairs (Xg,vg) € Vp, 1 < k < m,
such that the function S : Hag — R defined by

S(h) = > (ri(Xi)vk, ¢;(X)vk), (2)

j=1k=1

where

h=) dirj (rj,q €A),
has the property:

S(f7f) = 0 implies f € (p)
for any f € Ag.

Proof: Let Wi denote the closed unit sphere in the finite dimensional
space W = Ay/(p)4, endowed with an Euclidean norm. Given a non-zero
class [h] € W7, since its representative h is not in (p), we can pick by Lemma
2.1 a pair (Xp,vp) € V), such that

(r(Xp)"r(Xp)vp, vh)Ryg > 0

for all r in an open neighborhood O of [h] in W;. By the compactness of W
there exists a finite cover consisting of such open sets O, each associated
with a pair (Xg,v;) € V,, 1 <k < m. Use these points to produce the
definition (2) of S.

Let h be an analytic polynomial in A,4. If the element A is not in (p), then
[h] # 0 and hence a positive multiple of [h] lies on the unit sphere W7, hence
in some open set 0. Therefore S(hTh) > (h(Xy)vk, h(Xk)vk)Ry, > 0. B

2.3 Proof of Theorem 1.1.(a)

Let ¢ be a hereditary polynomial satisfying the hypothesis in Theorem 1.1.
Let d be a fixed degree. Denote by Ro4 the subset of Poy consisting of
sums of the form

k
> i+, (3)
j=1

with f; € A4, g € sym(p)2q and the integer £ is arbitrary.
The proof will be divided into a few natural steps. The first one is stated
as an independent lemma.

Lemma 2.4 For every d > 0 the cone Roq is closed in Pag.



Proof: This is an application of Carathéodory’s theorem on convex hulls
in finite dimensional vector spaces. A similar application of Carathéodory’s
theorem appears in [9].

Specifically, if £ — 1 denotes the dimension of Hy4, then Carathéodory’s
theorem asserts that every function h in the convex cone Rq4 can be written
as a combination of at most k elements from the set {f1f+g:f € Aqg, g €
sym(p)} which generates it. Thus, there exist fi,..., fx € A4 such that

h=fTfi+ I fot ..+ flfe +w.

with w € sym(p).

Suppose h¥ € Ro4 is a Cauchy sequence in the topology of Poy. For
each (positive integer) v pick any f{,..., fy (some of them possibly equal
to zero) in A4 and w” in sym(p) such that

k
W= S (4)
j=1

Now A" is bounded, and if the f]'-’ would also be bounded, we could pass to
convergent subsequences and the proof would finish. Here we use the fact
that Ay is finite dimensional so that the bilinear mapping Ag x Ag — Hog
given by (f,g) — ¢ f is continuous.

In order to prove that the sequences f; and w” can be chosen to be
bounded, recall first the linear functional S : Hyy — R from Lemma 2.3.
Since S is a linear map on the finite dimensional vector space Hoq and since
the sequence {h"} is bounded, it follows that

k

S(h") = I (Xe)vel® (5)

j=1 ¢

is bounded. Note also that

AN =D 1IF (Xe)well?
L

defines a norm on the quotient Wy = A4/(p)q- Thus, equation (5) implies
that each of the sequences [f], j = 1,2,...,k, is bounded in W, (with
respect to any norm) and therefore we may assume, by passing to a sub-
sequence if necessary, that each of these sequences is Cauchy. Since Wy
is finite dimensional, it is complete, and thus each of the sequences {] Iy 1}
converges.



The mapping Ay — Wy given by f +— [f] is linear and onto. Therefore
it has a right inverse p. Consequently, the sequences {g; = p[f/]}, are
bounded for each j = 1,...,k. Since f} = g7 +r} for r € (p),

=30 e o

for some u” in sym(p), and all terms in this decomposition are uniformly
bounded in v. W

Separation. If the hereditary polynomial g in the statement of Theorem
1.1 admits the decomposition (1), then g € Roy4 for some large d.

Henceforth we contradict this statement and assume that ¢ ¢ Roq4, for
any large d. For instance the assumption

d > 4 max(deg(p1), ..., deg(pn), deg(q))

is sufficient for the rest of the proof.
In view of Lemma 2.4 and by Minkowski’s separation theorem there
exists a linear functional L; on Py, satisfying:

Li(q) <0< Li(e), c € Rag- (6)

Note that Li(sym(p)) = 0, since Li(sym(p)) > 0 and sym(p) is a real
vector space. We modify L, to L := L, + €S where S is the function defined
in Lemma 2.3 and with € > 0, chosen small enough to make

L(q) <0< L(c), c¢€ Raqs (7)
still hold true. Then L has the additional critical property: if h € Ay, then

L(hTh) = 0 implies h € (p).

The Hilbert space. We consider again the vector space
W =Wy = Aa/(p)a

and denote by [f] or simply f the class of f € Ay in W.
Next we define a symmetric positive semi-definite form on W by

(la} [6) = 5L(a"b + 7).



We must check that the definition is independent of the choice of represen-
tatives a, b:

Lla+r)To+sf)+ b+ s (a+rf)) =

L(aTb+bTa)+L(aT sf+(sf)Ta)+ L((r )T o+bTrf)+ L((rf) T sf+(sf)Trf),

for an arbitrary element f € (p)y. The last three terms have the form L(g)
with g € sym(p), so they vanish; thus we obtain a well defined inner product
on W which is strictly positive definite by the choice of L. Thus (W, (-,-))
is a real Hilbert space.

Construction of matrices. Let W’ be the image in W of Ay 1 under
the projection map and let X; : W' — W denote the left multiplication
by the variable x;. This is well defined due to the degree assumption and
the fact that m € (p) implies zjm € (p). Extend arbitrarily X; to a lin-
ear transformation from W into W, and denote the extension by the same
letter. Then the adjoint X]-T with respect to the real inner product of W is
unambiguously defined.

Suppose that our symmetric hereditary polynomial has the form g =
Zk(g,{hk + hfgk)/2 with g, hy € Ag_o for all k. Then

L(g) =Y gk hw) = Y _(gr(X)1, hp(X)1) =

k k

1723 ((he(X) T g (X) + gr(X)The(X))1,1) = (g(XT, X)1,1).
P

Thus (¢(X7T, X)1,1) = L(q) < 0 by the construction of the functional L.
At the same time

(pe(X) 1, p(X)1) = ([p&], [pk]) = O,

whence p(X)1 = 0 for all .
In conclusion the pair (X, 1) contradicts the hypothesis of Theorem 1.1
and the proof is complete.l

3 Ramifications of the main result

This last part of the note contains a couple of generalizations of Theorem
1.1.



3.1 Analytic modules

The main result above can easily be adapted to more general polynomial
sets. For instance consider a left A-module M C P which contains 1, hence
contains A.

Let N be an A-submodule of M and consider its symmetrized vector
space:

sym(N) = {Z(rofj + ijrj; r; €A, fj e N}
J
Let h be a M-hereditary element, that is:

hZijng, [i»95 € M.
J

Instead of Lemma 2.2 we assume that the following condition is fulfilled.

A. If a sum of squares

m

F=Y 1tk freM,
k=1

vanishes on all pairs (X,v) € Vi, then fr e N, 1 <k <m.

With these notations and assumptions the following variant of Theorem
1.1 is valid.

Proposition 3.1 Let M C P be an A submodule containing 1 and let N
be a left A-submodule of M. Suppose that N'; M are subject to condition A.
If a symmetric M-hereditary element h satisfies

(h(X)v,v) >0, whenever (X,v) € Vy,

then there are fr € M, 1 <k < 'm, such that

m

h=> fifx+9

k=1

where g € sym(N).

Note that assumption A is parallel to the notion of a real ideal in the
commutative case, see [2].



3.2 Complex coefficients

The case of a free complex *-algebra with antilinear involution is similar,
with one little improvement in the second part of Theorem 1.1 which, to be
precise, removes the symmetry assumption on gq.

Namely we consider the x-algebra P @g C with the extended antilinear
involution f — f*. The definitions of an analytic, respectively hereditary
element are the same.

For a left ideal I of A ®r C the zero set V7 consists of all m-tuples
X of complex N x N-matrices and a vector v € CV, N € N, satisfying
f(X)v=0,forall fel.

Proposition 3.2 Let I be a left ideal of A Qr C. If a hereditary element
q € P ®r C satisfies

<Q(X)Uav) =0, (X,’U) eV,
then q € sym(I) +1 sym(I).

The decomposition 2qg = (¢ + g*) + i[(g¢ — ¢*) /1] reduces the proof to the
self-adjoint case ¢ = ¢*, and this can be treated by a direct analogue of
Theorem 1.1. Note that all terms in the decomposition remain hereditary.

Indeed, by definition ¢*(X) = ¢(X)*, and

(¢(X)v,v) =<v,¢(X)"v >= (¢*(X)v, )

for any m-tuple of complex N x N matrices X and vector v € CV. Thus,
if ¢ vanishes on V; (in the sense of the statement), then the same is true of
q*, and hence the real and imaginary parts of ¢ also vanish on V7.
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