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ABSTRACT. We consider relations between the Friedrichs operator and
constructive aspects of the Dirichlet problems for the Laplace and J-
operator. Then we investigate the Fourier expansions in the eigenfunc-
tions of the Friedrichs operator. A link between a generalized Friedrichs
operator and minimal nodes quadratures for complex polynomials of
a fixed degree is explained. We initiate a discussion of the boundary
Friedrichs operator, on the Hardy space of a domain. The transforma-
tion law of the Friedrichs operator under conformal mappings leads to a
modified version of it, based on a symbol function; this object will turn
out to be closely related to Hankel operators. We obtain some results
concerning which symbols correspond to compact operators.

1. INTRODUCTION

Let © be a planar domain and let AL%(Q2),CAL?(f2) be the Bergman
space and its complex conjugated space, in L?(€2,dA), where dA stands for
the Lebesgue measure in C. Motivated by some planar elasticity problems,
Friedrichs [7], has studied the ”gap operator” (in the sense of Kato [12]
Chapter IV) between these subspaces, and a natural anti-linear square root
of it F', called below the Friedrichs operator of the domain 2. To be more
specific, the operator F' acts as follows:

(f,Fg) = (g, Ff) = /Q fgdA,  f.g€ AT2(9).

A first paper [25] was devoted to some basic spectral theory questions for
the operator F', and their relevance to the geometry and analysis on 2. The
present note is a direct continuation of [25], touching other aspects of this
rich field.

The contents are as follows. In Section 2, for a Jordan domain with
rectifiable boundary one starts with a function f in the Hardy space H2(Q)
and obtains the decomposition zZf(z) = f:o F f(u)du+h(z), with h € H?(Q)
and zg € ). This simple fact has remarkable consequences: for instance if
Fz is a linear polynomial, then 2 must be an ellipse. Or a solution of the
Dirichlet problem with boundary data of the form z" f(z) can recurrently be
described in terms of the action of the Friedrichs operator on such special
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functions, and quadratures. Similarly one obtains necessary conditions for
the existence of bi-analytic functions with prescribed boundary data, see
also [2] and [5] for related topics.

Section 3 deals with some simple aspects of the Fourier series expansions
in the eigenfunctions of the operator v/S, where S = F2. Whenever the
Friedrichs inequality holds, see Theorem 4.1 for the precise statement, one
can prove that any square summable harmonic function in the simply con-
nected domain €2 is the sum of a square summable analytic function and the
conjugate of such a function. This opens a natural way of computing the
reproducing kernel for the space of square summable harmonic functions.
This is sketched in Section 4.

Section 5 is based on the remark that, given a degree n, to find min-
imal quadrature formulas on a bounded domain €2, for all complex poly-
nomials of degree less or equal than n, involves only the bilinear form
E(p,q) = (p,Fq) = [opgdA. A canonical space which parametrizes all
these minimal quadratures is described in terms of n and the action of a
generalized Friedrichs operator on polynomials (of degree less than n).

An extension to Friedrichs operators with L°-symbol is considered in
Section 6. This is motivated, for instance, by the pull back of the Friedrichs
operator via a conformal map. The compactness of such an operator is
discussed with the methods of Chapter 8 of [30]. In particular we obtain
another proof of Friedrichs’ result on the essential spectrum of F' on a domain
with corners.

The analogous Friedrichs operators with symbols, acting on the Hardy
space of a domain with rectifiable boundary are defined in Section 7. On the
unit disk, treated in Section 8, these operators are rank-one perturbations
of some conjugated Hankel operators. For completeness we include the well
known Nehari’s compactness criterion, adapted to the setting of Friedrichs
operators.

We are indebted to the two anonymous referees, whose accurate observa-
tions and recommendations led to an improved version of this paper.

Notation and terminology (consistent with those in [25]).

Throughout this paper 2 will be a planar domain; the regularity as-
sumptions on its boundary 92 will be made clear in each section sepa-
rately. The area measure in C will be denoted by dA and the associated

Lebesgue spaces by LP(Q2) = LP(Q,dA). We put W*P(Q), WP (Q) for
the Sobolev spaces of functions, or distributions, in 2 having the derivative
up to order s in LP(),dA), respectively the closure of the Schwartz space
D(Q) in W*P(Q). The Bergman space associated to € will be denoted by
AL?(Q) and the Bergman projection by P, that is the orthogonal projection
of L2(Q) = L?(2,dA) onto AL?(Q). The Hardy spaces of a domain € with
sufficiently regular boundary will be denoted by HP(f2), 1 < p < oo. The
arc length element on 02 will be ds.
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Let C : L?(Q) — L?(2) be the complex conjugation operator: Cf =
f, f € L*(Q). The Friedrichs operator of the domain € is then the anti-linear
operator F = PC : AL?(Q) — AL?*(Q); we put as before S = F?, so that
S is a complex linear, non-negative and contractive operator. Throughout
this paper we refer to /S as the modulus of the Friedrichs operator F.

2. THE FRIEDRICHS OPERATOR AND CERTAIN BOUNDARY VALUE
PROBLEMS

We show that the Friedrichs operator of a planar domain is intimately
connected to the Dirichlet problems for the Laplacian and for the square of
the Cauchy-Riemann operator. The main observation we develop below is
that, knowing the action of the Friedrichs operator on a space of functions f,
such as the complex polynomials, it is a matter of finitely many quadratures
to solve the Dirichlet problem for A with boundary data z" f(z), for arbitrary

n > 1. Then a solution to the 3 Dirichlet problem is also at hand.
Throughout this section we assume that €2 is a Jordan domain with rec-
tifiable boundary I' = 02, which moreover is sufficiently regular that the
space WhH2(9) has traces in L?(T',ds). For some purposes even more regu-
larity will be needed. In this initial study we shall not strive for maximal
generality. Therefore we shall sometimes invoke a rather vague hypothesis:
”sufficiently smooth”, leaving for future study the sharpest possible results.
Certainly, C? regularity is more than enough to justify all our assertions.
The next proposition is a simple application of the
Friedrichs-Havin Lemma, see [7], [11].

Proposition 2.1. Let f € H%(2), where 09 is sufficiently smooth, and let
G be a primitive function of g = Ff. Then

Cf(Q)=G)+h(), <C¢eT (ds—ae), (1)
where h € H*(1).
Proof. By definition, the function g — f is orthogonal to AL?(f2). So, by

Friedrichs-Havin lemma, there exists a distribution v €W? () such that
Ov=g—f,in Q, that is:

0Zf(z) —G(2) +v(2)] =0, z€qN.
Thus there exists a holomorphic function h(z), z € Q, with h(z) =zZf(z) —

G(2)+v(z),z € Q. Our regularity assumptions imply that G, h are in H2((2),
hence, by taking traces on I' and using the fact that v vanishes there a.e.,

we obtain relation (1). O

Note that the decomposition (1) can be reversed and used in computing
the value F'f of the Friedrichs operator from the solution u of the Dirichlet
problem with boundary data (f(¢). Indeed, the harmonic function « can
always be decomposed, uniquely up to an additive constant, as G + h, with
G, h in the Hardy space H?(f2), and then Ff = G'.



The decomposition (1) has several interesting consequences. First of all
we note the following regularity result.

Theorem 2.2. Let Q) be a Jordan domain with sufficiently smooth boundary
I' = 09, so that the space W12(Q) has traces in L*(T',ds).

If Fz is the derivative of a rational function, then I' is a subset of an
algebraic curve.

Proof. Write ¢ = Fz and let ® be a primitive of ¢, assumed to be rational.
Thus relation (1) yields

EC = (C) + h(C), ¢er, ae, (2)

hence the function h—® € H?() has boundary values (¢ —®(¢)—®(¢), ¢ €
I', which are real. Therefore h — ® is constant, and we can write:

|C‘2 - 2§RQ)(C) =G C € Fa

where ¢ is a real constant. It remains to remark that the function R(z,z) =
|z|2 — 2R®(z) — c is not constant since its Laplacian equals 4. O

Inspection of the above proof shows that the simple assumption that F'z
extends analytically across the boundary of 2 implies that the latter is real
analytic, locally or globally.

As an application of the reasoning used to prove Theorem 2.2 we state
the following characterization of ellipses, including among them the disks.

Corollary 2.3. In the conditions of Theorem 2.2, assume that Fz is a lin-
ear polynomial. Then  is an ellipse.

Proof. In this situation ®(¢) is a quadratic polynomial, and by invoking
the proof of the theorem, the boundary I' of Q is contained in the set of
zeroes of a real polynomial in z,Z, of total degree 2. Hence 2 must be an
ellipse. O

By combining this corollary with the analysis of the eigenvalues of the
Friedrichs operator of an ellipse, cf. [25] Proposition 6.1, we obtain the
following result. Below we denote by P, the space of complex polynomials
of degree less or equal than n.

Corollary 2.4. Let Q be Jordan domain as in Theorem 2.2. The following
conditions are equivalent:

a). The space Py is invariant under F';

b). For alln > 1, the space P, is invariant under F;

c). Q is an ellipse.

Next we turn to the Dirichlet problem for the Laplace operator. Let
f, G, h be as in Proposition 2.1, and let z € 2. Then, since h € H?():

h(z) = L/wdg — ﬁ/F—Cf(?__G(Odg. (3)

C2mi JpC—z z

Consequently we can state the following observation.



Corollary 2.5. The solution to the Dirichlet problem:
Au=0 in @ u(¢)=(f(C), C€T,
is u(z) = G(z) + h(z), where the function h is defined by (3).

Observe that, once ¢ = Ff is known, both G and h are determined
by integrations. This opens the way to recursively solving the Dirichlet
problem with data of the form z™f(z), with m > 0 and f € H?(Q), in
terms of the Friedrichs operator and finitely many integration operations.
Indeed, starting from (1) we obtain:

—92 I _
Cf(¢) =C¢G(¢) +¢h(¢), (¢€eT.
Since the function zG(z) is analytic, solving the Dirichlet problem with

boundary data EQ f(¢) is reduced to that for (h(¢), and hence to a second
application of Corollary 2.5. In particular, choosing f(z) = 2z*,k > 1, we
see that the solution of the Dirichlet problem with polynomial data on the
boundary is reduced to the knowledge of the Friedrichs operator and a finite
number of integrations. This is of special interest in quadrature domains,
when F' has finite rank and in principle can be calculated once its values are
known on a finite set of functions, see [25].

To make the above remark more precise, let us define the operators A, B,
acting on the Hardy space H?(Q) as:

(Af)(z) = / CFHw)dw,  (Bf)(z) = QLM /F wdc,

where z( is a fixed point in  and the integration in the expression of A is
taken on a path fully contained in 2. The operators

CA: H*Q) — CH*Q), B:H*Q) — H*Q)

are complex linear and bounded on the Hardy space and they satisfy, in the
sense of boundary values, the identity:

Cf(Q)=CAf(C)+Bf(), (¢e€T. (4)

By iterating this relation we obtain, for an arbitrary polynomial P(z), the
next formula, in which the standard notation P*(z) = P(Z) appears:

(z) - P(B)

P
PO =P B)IC) + ClA——5—fI(0), (€T
The symbolic notation % means the value of the polynomial function

W at w = B. The first term in the decomposition above extends

analytically inside €2, while the second term, understood as a polynomial in
z, A and B, with the multiplication operator by z acting to the left of A
and B, admits an anti-analytic extension in 2. Therefore, we are led to the
following ”explicit” formula for solving the Dirichlet problem.



6

Corollary 2.6. Let P(z) be a polynomial and let f € H*(Q). The solution
to the Dirichlet problem

Au(z) =0, z€Q u(()=P()f(), CeT,

u(z) = [P (B)f)e) + o D=2
z—B
Finally, let us remark that formula (5) can be extended to more general
functions instead of polynomials, as soon as the functional calculus P(B)
and the evaluations P(z),z € Q UT, are well defined (as for instance for
entire functions).

Another application of decomposition (1) is to the 5 operator. Suppose
we wish to solve the boundary value problem:

Tu=0in & u(¢)=pC), C€T, (6)
for some function p on T'.

The most general solution to 9w = 0 is of the form u(z) = f1(2)+Zf2(2),
with f1, fo analytic functions in €. If we suppose the Dirichlet problem for
the Laplacian with boundary data p solved, then we can write p = a+b, with
a,b analytic in Q. Then clearly (6) reduces to p = b, and the decomposition
(1) just solves this problem. To be more specific we have proved, modulo
the regularity details which are left to the reader, the following proposition.

Proposition 2.7. Assume that p € L2(T',ds). Then problem (6) is solvable
if and only if p = G, where G is the primitive of an element g € Ran(F), g =
Ff, and in this case the solution is u(z) = [(z — B) f(z).

Thus, the 9 Dirichlet problem can be reduced to the Laplace Dirichlet
problem and knowledge of the Friedrichs operator. Again, in quadrature do-
mains this reduces to finitely many quadratures and algebraic computations,
modulo a fixed finite "table” of values of F.

3. FOURIER EXPANSIONS IN THE FRIEDRICHS EIGENFUNCTIONS

The aim of this section is to continue the study, started in [25], of the
elements in the kernel and the range of the Friedrichs operator.

First we derive from Proposition 2.1 a characterization of quadrature
domains in terms of the location of zeroes of functions in the kernel of F.

Proposition 3.1. Let Q be a bounded domain with rectifiable boundary T'.
Then Q s a quadrature domain if and only if there exists a function f €
H?(Q) satisfying Ff = 0 and such that there exists € > 0 with |f(2)| > € for
dist(z,T') < e.

Proof. 1If Q is a quadrature domain of order d, then the Friedrichs operator
F has rank d, [25]. We also know that any element f € ker F' vanishes,
counting multiplicities, at the quadrature nodes. Since a non-trivial linear
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combination of the monomials 1,z,22,... , 2% lies in ker F, there exists a
monic polynomial p of degree d, which satisfies: Fp = 0 and p is zero on
d points belonging to Q. Consequently p(z) is bounded away from zero on
0Q.

Conversely, assume that the function f as in the statement exists. Then,
according to decomposition (1) we obtain:

Cf(Q)=h(c), CeT,

with » € H?(Q). Consequently, the function ¢ admits the meromorphic
extension h(z)/f(z) throughout €, and this is equivalent to © being a quad-
rature domain, see [30]. O

A consequence of the previous proof is that, functions f € ker(F') which
are bounded away from zero in a neighbourhood of the boundary I" must
have zeroes in ().

Also, the apriori weaker hypothesis that to each point { € 0€) there exists
f € ker F and € > 0 so that |f(z)| > e for all z € QN D((, €) suffices to show
that € is a quadrature domain.

Next we consider a bounded domain €2 with compact and injective
Friedrichs operator F, so that the same is true for the square S = F2. (For
examples and necessary conditions for these assumptions, see [25].) Let
1=Xg > A1 >... be the eigenvalues of VS, with associated eigenfunctions
én € AL?(Q), n > 1, which form an orthonormal basis of the Bergman
space.

The following general criterion is well known for any compact operator
and we omit its proof.

Lemma 3.2. The necessary and sufficient condition for a function g €
AL?(Q) to belong to the range of F is:

S A 2l(g, ) < . (7)

n=0

In the specific situation of the Friedrichs operator this leads to the next
proposition.

Proposition 3.3. With assumptions as above,

- Pn(2z 2
n=0 n
for each z € Q.

Proof. In view of Lemma 3.2 , the finiteness of the left hand side of (8)
would imply that the Bergman evaluation function k£, belongs to the range
of F, and we know from [25] Corollary 4.2 that this cannot happen. O

The same idea leads to more general results, as follows.
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Proposition 3.4. Assume F compact and let u be a distribution u € L?(Q)
satisfying fu = 0 for a nontrivial element f € H*®(Q). Then:

Proof. Recall from [25] that the Toeplitz operator Ty corresponding to f
satisfies F'Ty = T{F. Let a be the representing vector for u:

u(g) = (g,a), g€ AL* Q).
Then, by our assumption, T]’f a=0.
Assume by contradiction that a = Fh for some h € AL?(2). Then
FT¢h = T;Fh = T}"a = 0, which contradicts the injectivity of F', because
Tih = fh#0. O

4. THE HARMONIC KERNEL

This section is mainly devoted to the computation of the orthogonal pro-
jection of the Lebesgue space L?(Q2,dA) onto the closed subspace HL?(Q)
of square-summable harmonic functions in 2. We prove that, if  is sim-
ply connected, then whenever the Friedrichs inequality holds, the space
AL%(Q) + CAL%*(Q) is closed and equals HL?(2). In addition, a general
formula due to Lenard, [16], gives a rather explicit formula for the orthogo-
nal projection onto the sum of two non-orthogonal subspaces.

First we recall some basic facts and conventions concerning Friedrichs’
inequality. For more details we refer to [29], [30] and [25].

Theorem 4.1. (H. S. Shapiro [29]). Let Q be a bounded domain satisfying
an interior cone condition and let zy € . Let f € AL*(Q) be a function
subject to one of the following normalizations:

a). / fdA=0, or b). f(z)=0.
Q
Then the Friedrichs inequality holds in either of the forms:

2 2
| /Q f2dA| < e /Q | I2dA, (10)

for some constant ¢ < 1, or:

/ li[2dA < c/ lu[2dA, (11)
Q Q
for some finite constant C, where u = Rf and 4 = Sf.

The constants ¢, C' above depend only on € if the normalization a) is used,
and respectively on  and zp under the normalization b). Inequality (10)
holds also if f2 is replaced by an arbitrary function in AL!(2) normalized to
have mean zero, or to vanish at zy. Moreover, (11) holds also for exponents
p > 1, and then C depends also on p. Finally, in (11) it is sufficient to
normalize @ by one of the conditions a) or b).
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For the sake of completeness we state below some consequences of the
Friedrichs inequality, part of them previously known in one form or another.

Corollary 4.2. If Q) satisfies an interior cone condition, and is simply con-
nected, then for every real valued u € HL?(Q), its harmonic conjugate sat-
isfies 4 € HL*(Q).

Proof. We only sketch the idea of the proof. One can show that  is the
union of an increasing sequence €2;, 7 > 1, of simply connected domains
which uniformly satisfy an interior cone condition. Let zg be a point of €.
We can assume that @(zp) = 0. Then, by the Friedrichs inequality (11) the
norms ||i/|2,o; are uniformly bounded in j, hence @ € L?(9). O

Corollary 4.3. If Q is simply connected, then every u € HL?*(Q) can be
written, uniquely up to an additive constant, as f + g, with f,g € AL?(S2).

Proof. 1t suffices to deal with a real valued u. By the preceding corollary the
harmonic conjugate function 4 is square integrable in €2, hence 2u = f + f,
where f = u + it € AL*(Q). O

Corollary 4.4. In any domain ) for which the Friedrichs inequality holds
(in particular, for Q satisfying an interior cone condition) we have, whenever
f,g € AL%(Q) and g satisfies one of the normalizations in Theorem 4.1:

I+ llgll < Cllf + 3l (12)

where the norm is in L?(Q) and C is a constant depending only on Q (or
and zg, as the normalization demands).

Proof. In virtue of Friedrichs’ inequality and Schwarz’ inequality we obtain:

1F +312 = 71 + lgll® + 2% / fgdA >

1712 + llgl? — 2 /Q fgldA >

(1= + llgll] + <1 = Nlgl)*.

Since the last term is non-negative, relation (12) follows with C' = /.
O

Corollary 4.5. With the same hypotheses on €, analytic polynomials are
dense in AL%(Q) if and only if harmonic polynomials are dense in HL?(S2).

Proof. If analytic polynomials are dense in the Bergman space, then any
u € HL?(Q) can be decomposed as before u = f + g and therefore it is
approximable by harmonic polynomials.

Conversely, assume that the harmonic polynomials are dense in HL?(Q)
and let f € AL?*(Q) be given. Let € > 0 be arbitrary. Then there exists a
harmonic polynomial h with the property ||f — h|| < e. Now, h = f1 + g1,



10

where f1, g1 are analytic polynomials and, without loss of generality g;(zp) =
0 for some fixed point zy. Thus, ||(f — f1) — 71|l < €, and, using (12),

||f - fl” < CE,
which completes the proof. O

The observation that P is the orthogonal projection onto AL%(), Q =
CF = CPC is the orthogonal projection onto CAL?(f), and PQ = S =
F?, leads to the following simple but useful partial conclusion of the above
results. For details about the geometric relations of two subspaces of a
Hilbert space we refer to [12], Section IV.2.

Proposition 4.6. Let Q2 be a bounded planar domain. Then the following
assertions are equivalent:

1). The Friedrichs inequality holds;

2). Restricted to the subspace of AL%(Q) consisting of functions with
mean value zero, the operator S has norm less than 1;

3). The space AL?(Q) + CAL?(RQ) is closed.

In addition, if Q is simply connected, then the above assertions are equiv-
alent to:

4). The vector sum AL*(Q) + CAL*(Y) equals HL?*().

Our next aim is to compute the reproducing kernel H(z,w) of the space
HL*(Q), under the assumption that the domain 2 is simply connected and
satisfies Friedrichs inequality.

In general, if P and @) are two orthogonal projections of a Hilbert space
H, such that, for instance ||PQ| < 1, then Ran(P) N Ran(Q) = 0, the
subspace V = Ran(P)+ Ran(Q) is closed and the operators I — PQ,I — QP
are invertible. By a formula due to Lenard, [16], the orthogonal projection
RontoV is:

R=(I-Q)I-PQ™P+(I-P)I-QP)Q.
We could simply use this formula, for the subspace H of functions f € L2()
having mean 0 (so that Ran(P)N Ran(Q) = 0), and deduce the form of the
harmonic reproducing kernel H(z,w). Below we denote AL%(2) = {f €
ALX(Q); [, fdA = 0}.

As a matter of fact, assuming the spectral decomposition of the Friedrichs
operator known, our situation is simpler.

Assume first that F' is compact and injective, and let 1 = Ay > A1 > A9 >
... be the eigenvalues of v/S with corresponding eigenfunctions ¢,,n > 0.
The system of functions:

VI=X2’
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is orthonormal and, by the very definition of F', (¢, 1,) = 0 for all m > 1
and n > 0. Thus ¢g, ¢n, ¥y, n > 1 is an orthonormal basis of HL%(Q). As a
first conclusion of these simple remarks we note the following lemma.

Lemma 4.7. Assume that Q is a simply connected domain which satisfies
Friedrichs’ inequality. Let ¢n,n > 0, be the eigenfunctions of the modulus
of the Friedrichs operator and let 1p,n > 1, be defined as in (13).

Then the reproducing kernel of HL?(Q) is

H(z,w) = +Z (én(2)$n(w) + 9n(2)n(w)). (14)

Second, we assume that €2 is a quadrature domain, so that, 1 = Xy >
A1 > Ao > ...)g > Age1 = 0. Then the finite dimensional space Ran(F)
is spanned by the vectors ¢,, n < d, and the Bergman kernel K (z,w) of
can be written as:

K(z,w) = N(z,w —I—Z% )b (w), (15)

n=0

where N (z,w) is the reproducing kernel of the space Ker(F).
The harmonic space can be decomposed into an orthogonal sum as:

HI*(Q) = [Ker(F) + CKer(F)] @ [Ran(F) + CRan(F)).
Moreover, the reproducing kernel of the first summand is precisely N (z, w)+

N(w, z), because, F'f = 0 implies

/f N(z,w) + N(w,z))dA =0+ f(w),

and by symmetry,

/f N(z,w) + N(w,z))dA = f(z) +

In conclusion we can state the following result.

Lemma 4.8. If Q is a quadrature domain, then the reproducing kernel of
HIL*(Q) is
—_ d _ _—
H(z,w) = K(2,w) + K(w,2) = ¢o(w)o (2) + Y_ (0 (2)thn(w) = pn(w)n (2))-
n=1
(16)
Further on, recall ([25]) that ¢y, is a linear combination of the evaluation

vectors K(z,a;),1 < i < d, where a;,1 < i < d, are the quadrature nodes.
Thus the real kernel H has the form:

d
H(z,w) = 2RK(z,w) + R Z K(z,a;)Cij K (aj, w)+
2,j=1
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d
R Y K(z,0)DiK(w,a5),
,j=1
with the unknown matrices Cjj, D;;, to be determined by a linear system

of reproducing formulas for the functions f = K(z,a;) and their complex
conjugates. We do not expand here these details.

5. INTERPOLATORY QUADRATURE FORMULAS

Since the Friedrichs operator encodes the geometrical relationship of two
subspaces, it is a flexible concept, and can usefully be introduced in other
contexts than that of Friedrichs. From this point on we explore such gener-
alizations. We emphasize that in the following sections the term ” Friedrichs
operator” and symbol F' thus get a special meaning. We hope this will cause
no confusion.

A generalized Friedrichs operator is related below to Gaussian cubatures
for complex polynomials. This is a direct extension of the relation between
orthogonal polynomials and Gaussian cubatures on the line.

To be more specific, let ;4 be a positive measure on C, rapidly decreasing at
infinity, and with infinite support. These conditions assure that any complex
analytic polynomial p is integrable with respect to u, and [ |p|ldp = 0, if
and only if p = 0. Let P denote the orthogonal projection of L?(u) onto
the closure P?(u) of all polynomials. The Friedrichs operator F is then well
defined:

Ff=PCf=P(f), fePu)
Note that C[z] C L?(u). For a fixed integer d > 0 we adopt the following
notation:

Py ={peClz]; deg(p) <d}, FP;={Fp; p€ Py}

We will show that the angles between the elements of the increasing chains
of subspaces (Py)32, and (FPy)32,, are responsible for the existence of quad-
rature formulas of prescribed degree, for the measure p.

Fix a degree n > 1. A quadrature formula of degree n, for the measure y,

has the form:
m np—1

/deu =Y > dpP(ar), peP.

k=1 j=1

The number N = Y ;" | ny is called the order of the quadrature formula.

A simple linear dependence argument shows that always, for fixed n, such
formulas exist. We will be interested in minimal quadrature formulas, that
is those with minimal order N. In this case we can assume that the formula
is also interpolatory, that is the map:

P, — CNa D= (p(j)(ak))j,k’
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is onto. Details about quadrature, or after some authors cubature, formu-
las can be found in [19]. Some aspects of the related theory of complex
orthogonal polynomials is developed in [31].

We start with a series of simple remarks. For every d, dim Py = d + 1,
while dim F P71 < dim F'P; + 1. Indeed, denoting by M the multiplication
operator on C[z] by the complex variable z and by 1 the functions equal to
1, we have:

FPy={p(M")1; p € P4} (17)

We have to be careful with the possible unboundedness of M on the whole
space C|z]; however, for arbitrary polynomials p,q € C|z], the definition of
M* is unambigous:

(Mp,q) = (p, M*q) = (p, P(Zq)).

Assume that for a given d, dim FP;; = dim F'/P;. Then, according to
formula (17), the subspace F P, is invariant under the linear operator M*.
In virtue of the same formula we find that F Py, = F P, for all K > 0. Thus
the second tower (F'Py)q is stationary. Let T' = M*|pp,, regarded as an
operator from F' P, to itself. Let

o(T) =A{a1,az, ... ,am}
be the spectrum of T'. Let vy be the corresponding generalized eigenvectors:
(T — ak) k’l)k =0.

In virtue of the fact that T admits 1 as a cyclic vector, for each a; there
exists exactly one such vg. A basis of F'P; is then given by the vectors
(T —ag)vg, 1 <k<m,0<j<mng— 1. By decomposing 1 in this basis:

1= Z d — CI,]c ’U]c,
we obtain a universal quadrature formula:

/pdu Zd’(p, — ) vy).

After rearranging the terms above, we get:
/pdu Zfrip Nay), pe€ Cl]. (18)

Thus we can state the followmg proposition.

Proposition 5.1. Let u be a positive, rapidly decreasing measure on C.
The following assertions are equivalent:

a). The measure p admits a universal quadrature formula (18);

b). There ezists a degree dy with the property that FPy, = FPgyy1;

¢). The Friedrichs operator F annihilates a non-trivial polynomial.
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Let dA be the planar Lebesgue measure, let {2 be a bounded quadrature
domain and let yq be the characteristic function of 2. Then the mea-
sure xodA satisfies the conditions in the above proposition, see [25]. More
generally, assume that Q,1 < k < m, are quadrature domains and that
ap > 0,1 < k < m. Then the measure p = Y }* | agxq, still satisfies the
conditions in Proposition 5.1.

From now on we assume that dimF Py = d+1 for all d > 0. Assume that
the quadrature formula of degree n is given. We denote by I; the intersection
of the polynomial ideal I vanishing at the quadrature nodes with Py:

Iyj={p€ Py pV(a)=0, 1<k<m,0<j<ny—1}

Note that for all d > 0, Iy11 N Py = I, hence the maps induced by
inclusion:
Py/Ig — Pyi1/Ias
are all one to one. Since we assume the quadrature formula to be interpo-
latory, the evaluation map:

Py/I, — CN, p— (09 (a)) sk
is an isomorphism. Thus
dim(Py/Iq) < N, 0<d<n,
with equality for d = n.

The following simple remark will be essential for the characterization of
minimal quadrature formulas:

I, C PO FP,_4, 0<d<n. (19)
Indeed, if p € I and q € P,, 4, then:
{p, Fq) = (pg,1) = 0.

Thus we obtain a lower bound for the number N of nodes in the quadra-
ture formula (18):

> ) .
N > Oléll%xn dim[Py/(Py © FPp,_4)] (20)

Our next aim is to study the function:
kg = dim[Py/(Pq © FPy_g)]-
Since FPy = Py = C1 we find kg = ks, = 1.
Lemma 5.2. Let dy be the largest integer d € [0,n] satisfying PiOFP,_q =
0. Then Kkgy41 < kgy = do + 1, for all 1 € [0,n — dp).

Proof. Assume that P; © FP,_4 # 0 and d < n. Let a be an arbitrary
complex number. Then the multiplication map by z — a is well defined and
injective:

PyoFP, 4“3 P11 6FP, 4 1.
Indeed, if p € P; and q € P,_4_1, then

((z —a)p, Fq) = (p,(M* —a)Fq) = (p, F((z — a)q)) = 0.
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By choosing a to be distinct from the roots of a non-zero element of Py, ©
FP,_4_1, the map z — a above will not be surjective.
Thus we have proved that

dim(Py11 © FP, 4 1) > dim(Py© FP,_4).

But dimPy1 = dimPy, so that kg+1 < Kq.
Let dg be as in the statement. Then k4, = do+1 and k4,41 < dp+2—-1 =
do + 1. O

The ideal [ is principal, generated by a monic polynomial p of degree N:

m
ple) =[] (= — aa)™.

k=1
We know already that dy < N <n, and that p e P;o FP; for alld > N. If
we seek minimal interpolatory quadrature formulas, then N = dy + 1 and p
is subject to the only restriction p € Pgy11 © FP,_gy—1.

Indeed, with such a choice, the ideal I = (p) satisfies dim(P,/I,) = N

and the integration functional on P, factors through P,/I,: if ¢ € P,,_n,
then

(pg,1) = (p,Fq) = 0.

Therefore the existence of a quadrature formula with nodes, counting mul-
tiplicities, equal to the zeroes of p, is established.
In conclusion, we have proved the following result.

Theorem 5.3. Let u be a rapidly decreasing, positive measure on C and
let F be the associated generalized Friedrichs operator on P?(u). Let n be
a positive integer and let dy be the largest d € [0,n) with the property that
P, o FP, 4=0.

The set of all minimal interpolatory formulas of degree n of s is in bijec-
tive correspondence with the monic polynomials p € Py 11 © FPy_gy—1.

For such a polynomial p, the corresponding quadrature formula has nodes
equal to the roots of p.

Thus, the theorem above proves in particular the existence of minimal
quadratures. For a fixed polynomial p, the corresponding weights in the
quadrature formula can be obtained from the moments of degree n of u, as
in the classical case, by linear algebra. A simple dimension count shows that
dim[Pgy+1© FPy_gy—1] < 2.

The case when the support of yu is real corresponds to classical Gaussian
cubatures. Indeed, since supp(p) C R implies Fp = p for all real polynomi-
als p, the above method of finding minimal cubatures yields the next well
known result.

Corollary 5.4. Let u be a rapidly decreasing measure supported by a subset
of the real line and let n be a positive integer. Then:
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a). If n = 2k + 1, then there exists a unique minimal cubature formula of
degree n, whose nodes coincides with the (simple) zeroes of the orthogonal
polynomial p € Pxy1 © Py;

b). If n = 2k, then the set of minimal cubature formulas of degree n is
parametrized by all monic polynomials p € Py © Py_1.

In parallel with the theory of "mother bodies” of planar domains with
real analytic boundary, see [25], we analyze below the following situation.
Suppose, besides the measure u above, a second positive measure i, rapidly
decaying at infinity is given, so that:

[piu= [vap. pecp (21)

As in the case of y, we assume that the support of j is infinite.

The typical example for such a pair of measures is 4 = xgdA and
fo = const.v/1 — z2dx, where E is an ellipse with foci at +1, see [25].

Let Py, P, be the spaces of polynomials of degree less or equal than
d, regarded as subspaces of P?(u), respectively P2(ji). Let F,F be the
corresponding Friedrichs operators. The following simple remark is all we
need. X

The identity map ¢d : P; — Py is an isomorphism, and for every pair of
non-negative integers k, [, we have:

id[P, © FP) = B, o FP,.
Indeed, if p € P, and g € P}, then

(p, Fq)p2(p) = / padji = / padp = (p, Fq) p2(y)-
Thus we have in particular proved the following result.

Theorem 5.5. Let p, i be a pair of measures with the same complex mo-
ments, both of infinite support.

For every positive integer n the minimal interpolatory quadrature formulas
of degree n, of u and ji, coincide.

Moreowver, the spaces Pyo FP,,_4 and I:’deﬁ’lf’n,d which parametrize these
quadratures, are identical.

For instance, in the case of the ellipse E, the minimal quadrature formulas
are supported by the zeroes of the Chebyshev polynomials, i.e. orthogonal
polynomials with respect to the measure v'1 — z2dz, on the interval [—1, +1].
A remarkable feature of this example is that the polynomials in P;& F P, 4
are the same for all confocal ellipses E.

The same phenomenon holds for a continuous family of equipotential
domains satisfying a generalized quadrature identity given by a positive
measure v compactly supported on the real axis. To be more specific, let
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0,0 < t < tg, be the domains constructed by inverse balayge as in [27] and
satisfying for all ¢ € (0, ¢):

fdA = et/ fdv, feClz].
Q R

Then the orthogonal complement P; & F P, _4, considered in the metric of
the Hilbert space L2(, dA) does not depend of t. Consequently the nodes
of the minimal quadrature formula are located on the real axis, and can be
identified, in terms of the measure v only, as in Corollary 5.4.

Finally we mention that the location of the zeroes of the polynomials
p € Pyy41 © FP,_ 4,1, for a fixed measure y as in Theorem 5.3, seems to
be the most difficult part of this theory.

6. FRIEDRICHS OPERATORS WITH SYMBOL

In analogy to the theories of Hankel and Toeplitz operators, we intro-
duce below a class of 7 Friedrichs operators with symbol”. The simplest
motivation for this generalization is the pull back of the standard Friedrichs
operator by a conformal map.

If not otherwise stated, throughout this section (2 is an arbitrary planar
domain. For a function a € L*°(2) we denote by M, € L(L*(2,dA)) the
multiplication operator (M, f)(2) = a(2)f(z), z € Q, f € L*(Q). As before,
P stands for the Bergman projection.

The Friedrichs operator F, with symbol a is then the anti-linear operator

F,: AL*(Q) — AL?*(Q), F,= PM,C.

It is clear that ||F,|| < ||a||oc-

The next property appears implicitly in [17].
Lemma 6.1. Let ¢ : QF — Q be a conformal map and let U : L*(Q) —
L2(Q1) be the associated unitary map Uf = (f o ¢)¢'.

Then for every function a € L*°(Q) the corresponding Friedrichs operators
satisfy:

F, = U*FU, (22)

where b= (a o ¢)¢'/¢'.

The proof is straightforward and it is left to the reader.

In analogy to the compactness criteria known for the original Friedrichs
operator, see [7], [28], [30], [17], [25], we investigate below such a property
for the operators F,. The spirit of the proofs below is that of [30].

Theorem 6.2. Let Q be a bounded planar domain with boundary I' and

suppose that a € C(Q). If for each point { € T' (at least) one of the following
assertions s true:

(i) For some € > 0, the set T N{z; |¢ — 2| < €} is a C*T Jordan arc, for
some a > 0;
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or,

(ii) a(¢) =0,
then the operator F, is compact.

Proof. As in [30], we go back to the definition of a compact operator and
prove that under the stated conditions, if (f;) is a sequence in AL?(£2) which
converges weakly to zero, then the sequence || F f;|| tends to zero.

For f,g € L%(Q) we have:

(Fof,g9) = (Maf,g) = (a, f9g),
therefore
|Fofll = sup | [ afgdAl
llgll=1
We have to prove that

Assume by contradiction that this is false. Hence there exists a constant
¢ > 0 and a sequence g; € AL?(R), |g;|| = 1, such that:

| / afg,dA| > ¢, > 1. (23)

Write h; = f;g; so that h; is a bounded sequence in AL' (), and h;(z) —

0 for every point z € . By theorems contained in Chapter 8 of [30],

there exists a subsequence, still denoted by h;, such that the measures h;dA

converge weak* to a signed measure v carried on I';.., that is on the set of
those points ¢ € ' where condition (i) does not hold.

Thus we find that | [ @dv| > ¢, but @ vanishes on supp(v), a contradiction.

O

Thus, in studying the compactness behaviour of the operator F,, one can
localize the symbol a at points of I'. As a direct application of the above
proof we state the following result.

Corollary 6.3. Let a,b € C(Q). If the operator F, is compact, so is Fg.

As Friedrichs showed, if 0f) is smooth except for one ”corner” where there
is an angle « # 7, 2w, then the operator F' = F} cannot be compact. He did
this by showing that the self-adjoint operator S = F? has in its essential
spectrum the number (%)2 Here we outline another, computationally
perhaps simpler way to establish non-compactness in this situation, that is
also applicable with slight modifications to the boundary Friedrichs opera-
tor, to be discussed in the next section.

Proposition 6.4. Assume that the boundary of the bounded domain €} con-
tains a corner of angle o # w,2w. Then the operator F is not compact.
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Proof. We will assume for simplification, although not necessary, that the
boundary has only one corner zy. Let p > 0 be a sufficiently small radius so
that the set N B(zg, p) has a simply connected component 2y having zy
on its boundary.

Let % be a non-negative C* function on C supported by a compact subset
of the ball B(zp,p) and satisfying ¢ = 1 on B(zp,p/2). Denote a = ¥xq.
Then F = F, + Fi_,4; by the above theorem the operator F;_, is compact
since its symbol vanishes at the irregular point of 9Q. Thus it suffices to
show that F, is not compact.

Next, map the wedge W = {w : |argw| < «/2} by a conformal map
z = (w) on g, so that (0) = 2zp. According to Lemma 6.1, the operator
F, is unitarily equivalent to the Friedrichs operator on W with symbol b =
(aop)(¢'/¢')- Tt is easy to see that ¢' is continuous on W and non-vanishing
near w = 0.

Thus our assertion is reduced to proving that if the function b € C(W) is
bounded, with b(0) # 0, then the operator Fj on W is not compact.

Let f € AL?(W) be a function of order O(|w|?) near co and satisfying
fQ f2dA # 0. This is possible because a # 7 and hence W is not a "null
quadrature domain”. For instance f(w) = (w + 1)~3 is such a function.

Then the functions f,(w) = nf(nw), n > 1, have equal L? norms on W
and tend weakly to zero in AL?(W).

But Fjyf, do not tend in norm to zero. Indeed,

<fnanfn> = /W[_)fgdA =

/ Bw)n2f (nw)2dA = / b/ f (w)2dA — 50 / F2dA £0,
w w w
by Lebesgue’s dominated convergence theorem. O

In view of Theorem 6.2 we obtain the next application.

Corollary 6.5. In the conditions of Proposition 6.4, let a € C(Q). If
a(zg) # 0, then the operator F, is not compact.

Exactly as in the case of the Friedrichs operator, we note the following use-
ful intertwining property. We denote as usual by T}, = PM}, : AL*(Q) —
AL?(Q) the Toeplitz operator with symbol h.

Lemma 6.6. Let a € L>®(R2) and let h € H*®(R2). Then:
Ty Fy = F,Ty,. (24)
Proof. The proof is a simple chain of operator identitites:
Ty Fo = PMzPM,CP = PMy; CP = PM,CM,P = F,T},.
O

By using this identity and following the proof in [25] one can show that for
any symbol a € L*(() the corresponding operator F, cannot be Fredholm.
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7. THE BOUNDARY FRIEDRICHS OPERATOR

Let ©Q be a bounded domain with smooth boundary and let H?(Q) be
the Hardy space, regarded as a closed subspace of L%(€,ds); let P denote
the corresponding orthogonal projection. To simplify the coming computa-
tions we asume that the measure ds is normalized and has mass one. By
considering the complex conjugation operator C : L?(f2,ds) — L?(Q,ds)
a boundary Friedrichs operator B = PC : H?()) — H?(2) can therefore
be defined in analogy to the Bergman space situation considered at the be-
ginning of this note. The purpose of the present section is to outline a few
relevant properties of this generalized Friedrichs operator.

First we consider the ideal situation of a domain bounded by a real an-
alytic Jordan curve. Our aim is to draw a parallel to the classical Riesz-
Herglotz representation in the unit disk, cf. for instance [6], and show that
the boundary Friedrichs operator naturally appears in at least one such
formula.

Let S(z,w) be the Szegd kernel, that is the reproducing kernel of the
Hardy space H?(2), cf. [3]. Then any analytic function f € H?(2), assimi-
lated with its non-tangential boundary values, satisfies:

flz) = [ F(¢)S(z()ds(C), ze€Q.
o

Similarly we have:

Bf(z)

(©)S(z,{)ds(¢), =z€Q.

N
By denoting u = Rf and adding the above equations we obtain:

L+ BAE) = / w(Q)S(z,O)ds(C),  z e (25)

a0
An equally simple argument leads to the following companion formula:

2@+ TENSEm = [ w(@SC0)SE 00, zwen (2)
oN

Both the above representations can be interpreted as generalizations of
the classical Riesz-Herglotz formula in the disk. The first one is of interest
for instance when the operator B has finite rank, in which case a solution
of the Dirichlet problem for the Laplace operator can be deduced from it by
linear algebra in a finite dimensional space.

Also, under the generous conditions imposed on 2 we will see below that
1 is an isolated point in the spectrum of B2, so that the operator (I+ B) can
be inverted on the subspace HZ()) of functions f having zero mean on 9
(f,1) = 0. This yields an arbitrary function f(z) as an integral operator
applied to u(¢). To be more precise, let a = (f,1), so that the function
f — al has zero mean on the boundary and (u,1) = Ra. By subtracting
formula (25) written for the constant function a from that of f we obtain a
Riesz-Herglotz type formula.
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Lemma 7.1. Let Q be a simply connected domain with real analytic bound-
ary and let f € H*(Q). Then

=1+ (7 [ (S0 - DRAQBE)- @D

Note that the inverse of (I + B) acts on an element of H3(02) and that
Ra = R(f,1) is determined by the boundary values u({) = Rf({), ¢ € 09,
while Sa = S(f, 1) remains, as expected, free. We leave it to the interested
reader to develop the ramifications of this formula.

The second formula, (26), contains a more symmetric, positive definite

Poisson type kernel P(z,() of the domain Q: P(z,{) = %; see [3]
for more details of this nature. In the (only) well studied case of a disk (or
polydisk), formula (26) is the link between the Riesz-Herglotz representation
and classical interpolation problems, see [15].

Returning to formula (25), a conformal mapping argument, or simply the
inspection of the regularity of the integral kernel of the Friedrichs operator,
shows that B extends uniquely (by continuity) to any function f € H' (),
where now Bf € HP(Q),p < 1, and therefore it has almost everywhere
boundary values. We will denote the extension by the same symbol B f. This
immediately leads to the following representation formula, also of classical
flavour.

Proposition 7.2. Let Q) be an analytic, smooth, Jordan domain and let f
be an analytic function in Q satisfying Rf > 0 in Q. Let u be the posi-
tive measure supported by 0S) obtained as distributional boundary values of

Rf(C). Then
%(f+Bf)(z): / S(z,0)du(¢), z€Q. (28)
oN

Conversely, any positive measure p on 0X) produces by the above formula
an analytic function f in Q, unique up to an imaginary constant, and sat-
isfying Rf > 0 in Q.

Proof. It is known that any positive measure p on 0f is the distributional
boundary limit of a positive harmonic function £f > 0. To be more specific,
this means that p is the weak* limit of measures Rfds carried on suitable
curves bounding domains exhausting €2, see [6].

We have only to prove the fact that, if f € H'(Q2) and (I+ B)f = 0, then
f is a purely imaginary constant. Let h € H*°(2). By continuity we infer:

fhds = — fhds.
N onN
But this shows that the harmonic function Rf is orthogonal to H*®(Q2) +
CH™>(Q). The regularity assumption on the boundary, and the simply con-
nectdness of 2 imply then that Rf = 0, hence f = iC with C € R.
O
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From this point on we assume that (2 is a domain with rectifiable boundary
I'. The Szegd projector will be denoted by P : L2(T,ds) — H?(T',ds), and
for a function a € L*®(T") we define the boundary Friedrichs operator with
symbol a as: B, = PM,C. In parallel to the case of the Bergman space we
will be interested in the compactness of this operator.

Again, if ¢ : Q" — Q is a conformal map, then the operator B, €
L(H?(Q)) is unitarily equivalent to the operator BE € L(H?(Q")) with sym-
bol b = (a o ¢)(¢'/¢’). We omit the nearly identical details.

Theorem 7.3. Let Q be a bounded domain with C' smooth boundary T' and
let a € C(T'). Then the operator B, is compact.

Proof. 'The proof follows the same scheme as in the Bergman space case:
assume that (f;) is a weakly convergent to zero sequence in H%({2). We have
to show that
lim sup |/ a(z)fj(z)g(z)ds| = 0.
r

I |gllz,r=1

By our regularity assumption, on the boundary I' one can write dz = 7ds,
where 7 denotes the unit tangent vector at z € I', and the function 7(z) is
continuous. Thus we must prove that

lim  sup | /F a2 f;(2)9(2)dz| = 0.

77 |gll2,r=1

Now h; = f;g are in H'(Q) with bounded norms and it is easy to check
that h;(z) — 0 for each z € Q. Since at € C(I"), the proof will be completed
by the next proposition. a

Proposition 7.4. Let (h;) be a sequence in H'(Q) which is bounded and
tends pointwise to zero in Q. Then the measures (hjdz) on T' tend to zero
in the weak* topology.

Proof. We are given that

h;(z)d
mO =5 [ HEE S0, cen

z—¢
Moreover,
hj(z)dz —
0= / J , CecC\.
r 2—¢ \
Hence

/F hi(2)R(2)dz = 0,

for any rational function R with poles off T".

Since the area of I is zero by our regularity assumption, and the L(T, ds)
norms of h; are bounded, the Hartogs-Rosenthal approximation theorem
([8]) allows us to replace R in the last equation by an arbitrary continuous
function on I', which concludes the proof. O

lim
Jj—o0
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Exactly as in the preceding section we can treat the situation of domains
with finitely many corners and obtain the next result.

Proposition 7.5. Let Q be a domain with smooth boundary, except a cor-
ner of angle o # w,2w. Then the boundary Friedrichs operator By is not
compact.

Finally, let us remark that Lemma 6.6 has a counterpart for the boundary
Friedrichs operator: if a € L*(T') and h € H* (), then:

T}tBa = BaTha

where T}, = PM}, P is the corresponding Toeplitz operator. Thus, as before,
the operator B, cannot be Fredholm.

8. FRIEDRICHS OPERATORS ON THE UNIT DISK

Of special interest is the case of the unit disk Q = D. We denote by z = ¢’

the coordinate on the unit circle T, and work with the normalized arc length
measure ds = %dﬁ. The standard orthonormal basis of L? = L%(T,ds) is
(2")nez and the vector 20 will also be denoted 1. We recall that for a
function a € L®°(T) the associated Hankel operator H, : H> — L? © H?
is: Hy, = (I — P)M,P. Henceforth we regard H,, by natural coextension,
as an operator from H? to L2.

Lemma 8.1. Let a € L*®(T). The boundary Friedrichs operator B, and
the Hankel operator Hg are related by the following equation:

B,=CHz+1Q®a", (29)

where a*(z) = a(z).

Proof. 1t is enough to check the identity on a basis vector 2™, n € Z. Let
a(z) = Y50 _ . arz" be the Fourier decomposition of the function a.
Then

o0
B,z" = P( Z apzF ") = Zakzk_”,
k=—o00 k>n
and on the other hand,

o
CHgz" = C(I — P) Z a2k = Z apzt ™.
k=—00 k>n
Thus the operator B, — C Hg has rank one and can be identified with
(*,a*)1, that is the operator which maps 2" to a,1 for every n > 0.

O

Thus the twisted Hankel operator C' Hg is a rank-one perturbation of By,
and therefore if one is compact the other is, too. Now the compactness or
Schatten-von Neumann norm estimates of Hankel operators on the unit disk
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is a well studied area, with important applications to function theory, opera-
tor theory, approximation theory and stochastic processes, see for references
], [20], [22], [23], [24].

We present below as a continuation of the previous proofs a slightly dif-
ferent approach to the compactness of the Friedrichs operators B, and Fj,
on the unit disk.

Theorem 8.2. Let a € L>®(T). Consider the following conditions:
(i) The boundary Friedrichs operator B, is compact;

(7i) Every mazimizing sequnce for the extremal problem (iii) is norm con-
vergent;

(#5i) The linear functional A, H1

Aog = / agdz,

attains a maximum on the unit sphere of H';
(v) @ has a unique closest element in H*™.
(v)a € H® + C(T).

Then (i) = (i1) = (i14) = (iv) and (v) & (7).

The equivalence between (i) and (v) is due to Nehari [20]; the implication
from (iii) to (iv) is standard in the theory of dual problems, cf. [6] pp. 133;
the implication from (iv) to (v) is not true as it was for instance remarked
in [1].

We are grateful to one of the referees for the following couple of counterex-
amples. Quite specifically, let f € L> = L*(T) satisfy dist(f, H® + C) <
dist(f, H*). Then it is well known and it is easy to prove that f has a
unique closest element in H*. However, under this condition f does not
have to belong to H*® + C. To see that the implication (iii) = (v) is false,
consider a function h € H? such that f = % ¢ H® + C. It is easy to see
then that the functional L7 attains a maximum at g = h2.

In what follows we merely indicate the principal ideas in the proof of
Theorem 8.2. As in the proofs contained in the last two sections, the main
ingredient is the following lemma. The notations are unchanged.

Lemma 8.3. A necessary and sufficient condition for the operator B, to be
compact is: for every sequence (hy) in H'(T) with bounded norms such that
hn(2) = 0 for all z € D we have Aghy, — 0.

Proof.  Supose that B, is compact, and let h, € H' be a sequence with
|hnlli = 1 and h,(z) — 0 pointwise in D. One can factor h, = f,g, with
fn,gn € H? and ||fu]l2 = llgnll2 = 1, n > 1. By passing to subsequences we
can assume that f, — f and g, — g, in the weak topology of H2. Then
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frngn — fg pointwise, hence fg = 0, that is f = 0 or ¢ = 0. Without loss of
generality we can assume f = 0. Since || B, fr|l2 — 0, we conclude:

Aghy = <gnaBafn> — 0.

In the opposite direction, assuming Agh, — 0 for every sequence (hy) C
H' converging weak* to zero, let f,, be a sequence of H? which converges
weakly to zero. Then for every bounded sequence (g,,) C H? we have

(9n> Bafn) = Ma(fagn) — 0,
verifying the compactness of B,. O

In the proof of (i) = (i7) we need the following known result [21].

Lemma 8.4. Let h,,h € H' satisfy h, — h in the weak* topology and
([P ]| = [|2]]-
Then ||hy, — h|l; — 0.

Proof. We can assume || hy|[1 = |||, » > 1. Factor then h, = f,g, with
frn,gn € H2, ||fall2 = |lgnll2 = 1. By passing to subsequences we can assume
that f, — f and g, — g, weakly in H2. Thus 1 < ||f|l2/lglla < 1, therefore
1£1l2 = llgllz = 1.

Then

/ \h — hlds = / Fugn — Fag + fng — folds <
T T

/T (fallgn — gl + 1 — FllgDds < [[fn— Fllz+ llgn — gllo-
But
1o — 718 = Ifll2 + 112 — 2% / FTads =0,
T

and similarly ||lg, — gll2 — 0.
In conclusion ||h, — h|l1 — 0. O

Next we discuss the proof of (i) = (i%) in Theorem 8.2. Suppose B,

compact and let
M = ||Ay]| = sup |/ ahds|.
he(HY); JT

For a Banach space X, we have denoted above by X; its closed unit ball.
Let (hy) be a sequence in H', satisfying ||h,||1 = 1 and Agh, — M. We
can assume that M # 0, otherwise the assertion is trivial. By passing
to a subsequence we can assume that h,, — h pointwise, for some element
h € H'. If we can show that |h—hy||1 — 0 we are done since then A,h = M.

Assume by contradiction, in view of the preceding lemma, that ||hlj; < 1.
Then

Aoh = Aghy, + Ag(h — hy),

and the last integral tends to zero by Lemma 8.3. Thus Ajh = M which
contradicts ||h]| < 1.
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The implication (v) = (¢) follows from Theorem 7.3, and the rest of the
proof can be derived from the cited references: [1] or [20] for the implication
(z1) = (v) and [6] for the implication (iii) = (iv).

Theorem 8.2 and its proof show that the compactness of the boundary
Friedrichs operator B, is easier to characterize than its Bergman space coun-
terpart. For the operator F, a Nehari type condition is not yet known.

We can sum up what we know about the compactness of F; for the unit
disk as follows. We denote by

N(D) = {u € L®(D) : /qudA =0, f € AL'(D)},

the annihilator of the space AL'(D).

Proposition 8.5. Let a € L>®°(D), and consider the assertions:
(i) Fy, is compact;

(1) Any mazimizing sequence for the extremal problem (iii) is norm con-
vergent;

(#5i) The linear functional
Lo : ALY (Q) — C,  Lu(f) = /QafdA,
attains a mazimum on the unit sphere of AL'(Q);
(iv) @ has a unique closest element in N(D), in sup norm;
(v) @ belongs to C(D) + N (D).

Then (i) = (i1) = (i14) = (iv) and (v) = (7).

Remarks.

Observe that, since the annihilator space N (D) is weak™® closed in L*°(D),
every function in L*°(D) does have at least one closest element in N (D).
For aspects of this see [14] and further references there.

Functions a in L*(D) for which the maximum of L, is attained on the
unit sphere of AL'(D) have a special interest in connection with an extremal
problem in quasiconformal mapping, which translates into the question: for
which a in L*°(D) of norm one the functional L, has norm one? In those
cases where L, attains a maximum this can only happen if a has the special
form |g|/g for some g € AL'(D), and then a corresponds to the complex
dilatation of a so-called Teichmiiller mapping, see e.g. the references in [28].

Proof. (of Proposition 8.5.) (outline) The implications (i) = (i¢) = (ii¢) are
proved in a similar way to the corresponding steps in Theorem 8.2, based on
the (known) analog of Lemma 8.4. The implication (i74) = (iv) is standard
approximation theory, see [14]. And (v) = (7) has been done. O
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