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1 The dot product

In the last project, we learned how to deal with homogeneous linear systems of
equations in many unknowns. It would be helpful if we could utilize some “geo-
metric intuition” in dealing with such systems. But it is hard to draw geometric
pictures in say R'?, and we often need to deal with systems of equations that
involve hundreds of variables. Are there some concepts from geometry, such as
angle, that we can make sense of in R” for arbitrary n?

Ifx=(z1....,2,) and y = (y1....,yn) are elements of R"™, we define their
dot product by

X-y=T1y1 + -+ TpYn-

The dot product has several key properties:

1. it is symmetric: X -y =y - x;

2. it is bilinear: (ax+x') -y =a(x-y)+x'-y;

3. and it is positive-definite: x-x > 0 and x - x = 0 if and only if x = 0.
The length of an element x € R™ is defined by

X = V%

Note that the length of an element x € R™ is always nonnegative.
la. Ifx=(1,3,2,5) and y = (2,0,0,4), what is x - y?

b. Ifa=(1,1,1) and x = (z,y, z) where z, y and z are variables, the equation
a-x = 0 describes a plane in R3. Draw a sketch of that plane.

c. Ifa; =(1,0,-2) ay = (0,1, —5) and x = (z,y, 2), then the set V' of solutions
to the homogeneous linear system

a1~x:0, ag'XZO



is a linear subspace of R3. Find a basis for that linear subspace.

d. Draw a sketch in R? of the set of vectors of length one:

St ={x=(z,y) eR?: 2% + 4> =1}.

We would like to be able to discuss the angle between two nonzero vectors x
and y in R™. The following fact regarding the dot product is helpful:

Cauchy-Schwarz Theorem. If x # 0 and y # 0, then

Xy

-1<
Ix[lyl

<1 (1)

Sketch of proof (included to satisfy your curiosity—you may skip the proof if
you want): If v is any element of R™, then v - v > 0. Hence

x(y-y)—yxy) xy-y)-yx-y)=0.
Expanding using the properties for dot product yields
(x-x)(y-y)* —2(x-y)*(y-y) + (x-y)*(y-y) 2 0

or
(x-x)(y-y)’ 2 (x-y)*y y)
Dividing by y -y, we obtain

. 2
x-y)"

2 2 2
X“ly“=2 (x-y or +———5 <
e e

and (1) follows by taking the square root.

The key point of the Cauchy-Schwarz Inequality (1) is that it allows us to define
angles between vectors x and y in R™. It follows from properties of the cosine
function that given a number ¢ € [—1, 1], there is a unique angle 6 such that

6 € [0,7] and cosf =t.

Thus we can define the angle between two nonzero vectors x and y in R™ by
requiring that
Xy
6 € [0,7] and cosf = ——. (2)
X

Then the dot product satisfies the formula
x -y = [x||y|cos 0,

where 6 is the angle between x and y.



2.a. We would like to know whether the above definition agree with the usual
definition of angle for vectors in R2. If u is a vector of length one in R? which
makes an angle of a with the x-axis, show that

u = (cosa, sin ).

b. If u = (cosa,sina) and v = (cos 3,sin 8), what is u - v?

c. There is a formula from trigonometry which states that cos(a — 8) =
cos acos 3+ sin asin 3. How does this relate to the result of part b?

d. What is the angle between x = (1,2,2,0) and y = (—1,1,1,1)?

In particular, we can say that two vectors vectors x and y in R™ are perpendicular
or orthogonal if the angle between them is 90 degrees, or if x -y = 0. This
provides much intuition for dealing with vectors in R™. Thus if a = (aq,...ay)
is a nonzero element of R™, the homogeneous linear equation

a1z + -+ apTy =0 (3)

describes the set of all vectors x = (x1,...,x,) € R™ that are perpendicular to
a. We say that (3) is the equation of the hyperplane in R™ which is perpendicular
to a.

3.a. What is the angle between the two planes

r+2z=0 and z+2y+2z=07

b. What is the angle between the two hyperplanes

21+ 209 +223=0 and —xz;+x9+ 23+ 734 =07

Now let us apply these ideas to homogeneous linear system of equations, such
as

a1171 +aipxa + - -+ apr, = 0,
a2171 + agexg + -+ agpT, = 0, (4)
Am1T1 + Gm2Z2 + - + GpnTn = 0.

The dot product allows us to write such a system in a slightly different form. If
we let

ay - (a11,a127.--,a1n),
as - (a21aa127"'7a2n)a
Ay = (amlvam%”'vamn)a

then the set V' of solutions to (4) is just

V={xeR':a;-x=0,a,-x=0, -+, a, -x=0} (5)



We can say that V is the intersection of m hyperplanes or alternatively, the set
of vectors perpendicular to the vectors aq, ..., a,,.

4. Suppose that

a; = (27472a4a 6)7
as = (1,2,1,3,4),
a; = (3,6,3,6,9).

Find a basis for
V={xcR:a;-x=0, a-x=0, az-x=0}.
What is the dimension of V'?
Suppose that a,as,...,a,, are vectors in R” and that
W = Span(aj,az,...,am).

We recall from Project 9 that this means that x € V' if and only if it is a linear
combination of ay, as,...,a,,, that is, if and only if

X=cb1+ -+ cnbm,
for some choice of real numbers ¢y, ..., cp,. If
V={xeR":a;-x=0, a-x=0, .-+, a,, -x =0},
we say that V is the orthogonal complement of W and we write V = W+,

5. a. Suppose that

ar = (1,3,2,4,0,2),
ax = (0a0a1517271)a
ag = (173a3557273)a

elements of RS. Find a basis for

W = Span(aj,az,...,am).
b. Find a basis for the orthogonal complement

V=Wr={xeR’:a;-x=0, ay-x=0, azg-x=0}.

2 Matrix multiplication

A useful notation has evolved for writing linear systems of equations, such as

1121 + a1px2 + -+ a1pxT, = by,
(21T1 + Q22T + -+ - + A2pnTy, =  ba, (6)
Am1T1 + AmaZa + -+ ApnTn = bma



an a relatively compact form. Here the a;;’s and b;’s are known elements of R,
and we are solving for the unknowns z1,...,z,. We can write this system in
terms of the matrix

a1 a2 -+ Qin
A= a21 a2z -+ QA2n
Am1  Am2 e Amn

and the vectors
X1 bl
X = 33.2 and b= b.2
‘/Z;TL bm

as
Ax = b.

The matrix product on the left-hand side of this equation is obtained by taking
the dot products of the rows of A with x.

6. Suppose that

3 1 2 1
A=1|1 0 4 and x= (4
2 4 1 2

What is Ax?

Matrix products of more general matrices are defined in the same way. Given
matrices

a1 a2 -+ QAin bin bz - blp

as @ ea b b - b
A= 1 22 2n and B = |02t 022 2p

Am1 Am2 - Omn bp1 bp2 - bnp

the matrix product AB is defined to be the matrix whose entries are the dot
products of the rows of A with the columns of B. Thus if

al
A=|[%] and B=(bi by --- b,),
am
then
a-b; a;-by -+ a;-b,
AB — ag-b; as-by -+ ay-b,
am-by a,-by - a,-b,

The number of columns of A must equal the number of rows of B for the matrix
product AB to be defined.



7.a. Suppose that

Find AB and BA.

b. Suppose that

Find AB and BA.

c. Suppose that

1 3 2 0 3
(1) wam(202)

Are AB and BA both defined? Find the products that are defined.

8. (OPTIONAL) This problem uses complex numbers. The Pauli spin matrices
are
(0 1 (0 —i (1 0
=1 0) =i o) ==\ -1)
Find the products
UI O-y? Uyo'ar b Uyaz I’ Uz Oy b UZUJJ I’ O.LE UZ M
9. Suppose that A is a matrix with two rows and two columns. If x € R2,

matrix multiplication defines a new vector Ax € R2. In this way we obtain a
geometric linear transformation

X —y=Ax

from R? to itself. In this problem, we want to describe the action of the geo-
metric linear transformation

x+—y=Ax where A:<(1) _01>

As a first step, determine the image of the point

() o 4()

Then find the image of the point

(1) o 4 ()



From these facts can you determine what is the image of the point

X = <x1> ?
T2
Can you describe in words what happens to an arbitrary point in R? under the

linear transformation?

10. a. Use the same technique to describe the action of the geometric linear
transformation

X +—y=Ax where A:(l/\/i 1/v3

1/v2 —1/\/5)
b. Determine the action of the linear transformation

cosf) —sin 9)

X —y = Ax where A_(SiHH 030

¢. Determine the product BA, where A and B are the matrices
A 0959 —sinf ’ B_ CF)S(b —sing .
sinf  cosf sing  cos¢
What does the composition linear transformation

X+—y=Ax+— z=BAx

represent? Can you derive a formula for cos(f + ¢)?

11. a. Suppose you don’t “believe in” complex numbers, but you do accept
the rules of matrix multiplication. Your friend says, “Look, I can construct a
collection of matrices that behaves just like complex numbers.” He then goes
on to explain that he can write

x + 1y for the matrix (2 _xy> .

He claims that all the usual rules for addition and multiplication of complex
numbers hold for such matrices. Is he right?

b. What matrix corresponds to the complex number e¢*?? What geometric
motion does it correspond to?

c. What matrix corresponds to the complex number re??? What geometric
motion does it correspond to?



