ALTERNATE HEEGAARD GENUS BOUNDS DISTANCE
MARTIN SCHARLEMANN AND MAGGY TOMOVA

ABSTRACT. SupposéM is a compact orientable irreducible 3-manifold
with Heegaard splitting surfac&andQ. Then eitheQ is isotopic to a
possibly stabilized copy d® or the distancel(P) < 2genugQ).

More generally, ifP and Q are bicompressible but weakly incom-
pressible connected closed separating surfackktimen either

e P andQ can be well-separated or

e PandQ are isotopic or

e d(P) < 2genusQ).

1. INTRODUCTION

SupposeM is an irreducible compact orientable 3-manifold &d M
is a closed connected separating surface properly embedddd P is
bicompressiblé it compresses into both complementary componéraad
B. Pisstrongly compressibliéthere are compressing disks fein AandB
which have disjoint boundaries i If this is not the case, thdnis weakly
incompressible

Given a closed bicompressible surfdten M, there is a natural general-
ization, essentially due to Hempel [He], of the notion obaty compress-
ibility. Let U,V be the sets of isotopy classes of essential simple closed
curves inP that bound disks irA andB respectively. Thealistance dP)
is the distance in the curve complexBfbetween the set of vertices cor-
responding tdl and the set of vertices corresponding\to Put another
way, d(P) is the smallest numbar > 0 so that there is a sequence of es-
sential simple closed curves, ...,a, in P with ag bounding a disk irA,
on bounding a disk iB and for each K i < n, aj_1 anda; can be iso-
toped inP to be disjoint. Note thaP is strongly compressible if and only if
d(P) <1.

SupposeQ is another closed bicompressible surfacévin CanQ tell
us anything aboud(P)? Obviously it need not: I is isotopic toP then
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it can provide no new information abod{P). At the other extreme, if
Q can be isotoped well away from (for example, if it is an unknotted
handlebody inside a ball) then it also can tell us nothinguatb Our
intention is to show that, aside from these two possibditia factd(P) <
2genusQ). In particular this conclusion follows wheh and Q are non-
isotopic irreducible Heegaard splittings figk. In the context of the theory
of Heegaard splittings, our central results are these:

Corollary 4.5. Suppose P and Q are Heegaard splitting surfaces for the
compact orientabl&-manifold M. Then either @) < 2genugQ) or Q is
isotopic to P or to a stabilization of P.

Following Kobayashi [Ko], Hempel [He, Theorem 2.7] desesla method
to construct closed 3-manifolds that have Heegaard spgtof any speci-
fied genug > 2 and arbitrarily large distance. Then:

Corollary. For any genus ¢~ 2 and any k there is & manifold M so that

e M has a genus g Heegaard splitting MH; Up H, and
e for each h< k any genus h Heegaard splitting of M is isotopic to P
or to a stabilization of P.

Of course the second conclusion implies in particular thatd are no
Heegaard splittings of genus less tlgaiso we may as well take> g.

Proof. Following [He, Theorem 2.7] construct a 3-manifdidand a Hee-
gaard splittingl = Hy Up H so thatgenugP) = g andd(P) > 2k. Suppose
Qis a Heegaard splitting surface that is not isotopie twr to a stabilization
of P. Then by Corollary 4.5R< d(P) < 2genus$Q) sogenugQ) > k. O

2. PRELIMINARIES

Many of the technical foundations for the argument here Viick in
[Sc], but the setting was somewhat different. In [Sc] theeswnly one
bicompressible surface, it was not necessarily conneatedeach of its
components had boundary. In order to incorporate thosétsesa briefly
review some of the relevant definitions and results there.

Definition 2.1. Let (Q,0Q) C (M,0M) be a properly embedded orientable
surface in the orientable irreducib@manifold M. Q will be called aplit-
ting surfacaf no component is closed, no component is a disk, and M is the
union of two3-manifolds X and Y along Q.

We abbreviate by saying that Q splits M into the submanifgldsd Y .

Definition 2.2. Suppose thatQ,dQ) C (M,0M) is either a splitting sur-
face that splits M into submanifolds X and Y or Q is a closedhected
separating surface with complementary components X andhén Q is
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bicompressiblé both X and Y contain compressing disks for Q in M; Q is
strongly compressibli there are such disks whose boundaries are disjoint
in Q. If Q is not strongly compressible then itvigakly incompressible

Let &, S be two connected compact subsurfaces in the same component
N of M, with each component aS,i = 0,1 essential iMM and & C
interior(S;). LetT;,i =0, 1 be the properly embedded surfacéimbtained
by pushingS, rel dS, into the interior ofM, so the regiorR lying between
To andT; is naturally homeomorphic t§; x I. (The boundary oR is the
union of Tp, Ty and$§; — )

Definition 2.3. The properly embedded surfacedT; C M is called the
recessed collatetermined by $C S bounding R. The properly embedded
surface obtained by tubingyo T; along an I-fiber of $x | = R that is
incident to P is called atube-spanned recessed collaM.

Proposition 2.4. [Sc, Proposition 2.55uppose M is an irreducible com-
pact orientable3-manifold, N is a compressible componentodf and
(Q,0Q) C (M,0M) is a properly embedded essential surface containing
no disk components and with at least one essential compam&dént to

N. LetV be the set of essential curves in N that bound disks in M and let
g be any component af). Then, either @V,q) < 1—x(Q) or g lies in the
boundary of ad-parallel annulus component of Q.

Theorem 2.5.[Sc, Theorem 5.45uppose M is an irreducible compact ori-
entable3-manifold, N is a compressible boundary component of M and
(Q,0Q) C (M,0M) is a bicompressible, weakly incompressible splitting
surface with a bicompressible component incident to N.

LetV be the set of essential curves in N that bound disks in M argl let
be any component @QNN. Then either

e d(g,V) <1—x(Q) in the curve complex on N or

e ( lies in the boundary of a-parallel annulus component of Q or

e one component of Q is a tube-spanned recessed collar; adiroth
components of Q incident to N are incompressible @upavrallel.

In addition, we note the following more technical lemma:

Lemma 2.6. Suppose S is a closed connected bicompressible separating
surface in M, dividing M into components A and B. LLeandV be the
collections of simple closed curves in S that bound disksdesA and B
respectively. Let = M be a properly embedded connected surface trans-
verseto S. Letf/=F NA Fg = FNB and suppose:

e All curves of FN' S are essentialon S and F.
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e There is at least one @ 0Fa such that da,Ul) < 1—x(Fa) and any
a € 0Fa for which the inequality does not hold is the boundary of an
annulus component ofaRvhich is parallel into S.

e There is at least one & 0Fg such that db,V) < 1—x(Fg) and any
b € 0Fg for which the inequality does not hold is the boundary of an
annulus component ogRvhich is parallel into S.

ThendS) <2-x(F).

Proof. Call a component of F NS A-conformingrespB-conforming if

d(c,U) < 1—x(Fa) (respd(b,V) <1-—x(Fg)). By hypothesis there are
both A-conforming components &N Sand B-conforming components. If
there is a componemtthat is both A-conforming and B-conforming, then

d(S) =d(U,V) <d(c,U) +d(c,V) < 2—X(Fa) = X(F8) = 2—X(F)

as required.

If there is no such component, kebe a path i from an A-conforming
component to a B-conforming component, chosen to inteSastlittle as
possible. In particular, any componentfof Sincident to the interior of
y is neither A-conforming nor B-conforming, so each of thesmponents
of Fa andFg is an annulus, parallel to an annulusSnit follows that the
components oF N Sat the ends oy are isotopic irS. Lettingc be a simple
closed curve in that isotopy class®we have as above

d(§) =d(U,V) <d(c,U)+d(c,V) < 2—X(Fa) = X(F8) = 2—X(F)
as required. O

Corollary 2.7. Suppose M, S, A, Bf andV are as in Lemma 2.6. Let
F C M be a properly embedded connected surface transverse tal&so
all curves of FNS are essentialon Sand F. KEFNAand B =FNB
are essential in A and B respectively, thegigd< 2—x(F) .

Proof. Proposition 2.4 shows th&k andFg satisfy respectively the second
and third conditions of Lemma 2.6. O

3. PAIRS OF BICOMPRESSIBLE SURFACES AND THEIR INTERSECTION
CONFIGURATIONS

Throughout this sectior? and Q will be closed connected orientable
bicompressible and weakly incompressible separatingasesfin the ori-
entable irreducibl@-irreducible manifoldM. The complementary compo-
nents ofP will be denotedA andB; those ofQ will be denotedX andY.

We introduce the following notation: Ld?* denote the possibly dis-
connected surface obtained by maximally compresBinigwardsA. If a
2-sphere arises and the 3-ball it bound$iries on theA side, delete the
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2-sphere. That is, add the 3-ball to the partthat lies betweerr and
PA. In the end,PA may be empty; this is equivalent fobeing a handle-
body. Similarly define”® by maximally compressing towardsB, Q* by
maximally compressin@ towardsX andQ" by maximally compressin@
towardsy.

The surfaceP” separates!. Let A_ C A denote the closure of the re-
gion that lies betweeR andP” and similarly defind8_,X_,Y_. There is a
collection of 1-handles iA\ _, dual to the 2-handles by whidhwas com-
pressed td* so that when 1-surgery is done® along these handlep,
is recovered. Alternatively, we can think of the cores ofsthé-handles
as forming a grapl® in A_, disjoint from PA except precisely on its va-
lence one vertices. A regular neighborhood®if PA then has boundary
isotopic to the union oP” andP. We will denoteGUPA by A and call it a
spineof A_. There are parallel constructions of 3-manifoldMrdenoted
B_,X_,Y_ and their spine&B, X > respectively. Notice that spines are
not well-defined as graphs, but may be altered by sliding®dtpng edges
or along the surface (e8*) to which the edge is attached.

The surfaces? andQ in M are said to bevell-separatedf they can
be isotoped so thad_ UB_ and X_ UY_ are disjoint. We are interested
in understandind® N Q when these surfaces are not well-separated, so we
henceforth assume this.

Note that if PA contains a sphere component, then the ball the sphere
bounds can't lie entirely i\ (else it would have been removed) so in fact
all of A_UB_ lies in the ball. This would mean in particular tHatand
Q are well-separated. So henceforth we further assume thedamponent
of PA,PB QX, or Q" is a sphere. It follows that the only way in whi¢h
or Q could be a torus is iM is a Lens space (&°) andP andQ are both
genus one Heegaard surfacesNbr In that case, it is known th& andQ
are isotopic ([BQ]), so we further assume that neifh@or Q are tori.

Summarizing:

Henceforth assume that P and Q are not well-separated, teaher
surface is a torus, and that no component 8%, Q%, or Q" is a sphere.

Each of the surfaceB?, PB, QX, or QY is incompressible. For suppose,
say, thatP” or PB is compressible. TheR"U PB is compressible. The
compressing disk cannot lie l— A_ elseP” could be further compressed
into A. Nor canitlie inB—B_. Hence it lies inA_ UB_, a manifold that is
Heegaard splitb?. Theniitis a classical result, essentially due to Haken (cf
[CG]) that it is a weakly reducible splitting, i is strongly compressible.

Suppose thaP and Q are in general position and there are curves of
intersection that are inessential in both surfaces. Each survec bounds
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both a diskD C P and a diske C Q. If D intersectQ andE intersects
only in curves that are inessential@h(respP) we say that is removable
The term reflects the fact that all such curves can be remoyvebtopies of
P whose support lies away from any curves of intersectiondhtaessential
either inP or in Q. Indeed, ifc is removable, then any component»h E
is clearly also removable. An innermost oneln(say) cuts off a dislD’
from D and a disjoint diskE’ from E; neither intersectP or Q in essential
curves. SincéM is irreducible, the union dd’ andE’ bounds a ball ifM,
which can be used to isotofi# pastD’, removing only removable curves.
Continue the process until all removable curves are gone.

Having removed all removable curves of intersection, pedc® asso-
ciate one or more of the following labels to the configuratiiven by P
andQ:

e Label A (respB) if some component o NP is a meridian circle
for A (respB).

e X (respY) if there is a meridian disk foX (respY) that is disjoint
from P.

o x (respy) if some spine” or 3B lies entirely inY (respX).

The following is immediate:

Lemma 3.1. If the configuration of P and Q has no label above, then
d(P) <2—X(Q).

Proof. Consider the curveBN Q and suppose some are essentid? inut
inessential iNQ. An innermost such curve iQ will bound a disk inA or
B (cf [RS][Lemma 4.3]). Since there is no label, such curvesmat exist.
In particular, any intersection curve that is inessenti@iis inessential in
P. Now suppose there is a curve of intersection that is ingéisgém P. An
innermost such curvebounds a dislo C P that lies either irK or inY but,
because there is no labglorY, this curve must be inessential@has well.
Let E be the disk it bounds there. We have just seen that all irdtoses of
E with P must be inessential in both surfacescse removable and would
have been removed at the onset. We conclude that all rergainives of
intersection are essential in both surfaces.

If PNQ=0thenQ C Asay saBiis entirely contained iiX or inY, say in
Y. But B contains all spine&B so there will be a labet contradicting the
hypothesis. ThuBPNQ # 0.

If Qa = QN A were compressible iA the boundary of the compression
disk would also be essential @, since no curve o NP is inessential in
Q. In other words, there would be a meridian disk ¥or Y contained
in A. As there are no labels orY, Qa and similarlyQg = QN B must be
incompressible il andB respectively. Now suppose that every component
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of Qa were parallel intd® so the region between each componer@gfind

P is a product. We could then use this product structure t@ma®a so
that it is disjoint from a spin&” contradicting that the region is not labeled.
ThereforeQa andQg must be essential iA andB respectively. The bound
on the distance then follows by Corollary 2.7. O

Lemma 3.2. If there is a spin&” C Y then any meridian disk for Y that is
disjoint from P must interse&”.

Proof. SinceX” C Y, Q is disjoint from the separating surfaB&. In par-
ticular,Q either lies inA—A_ orinBUA_. The former is impossible, since
all compressions o) could then be done il — A_ (sinceP” is incom-
pressible) implying® andQ are well-separated. S C BUA .

SupposeE is a meridian disk folY that is disjoint fromP and from>A.
Use the product structure betweRmndZ” to push all ofQN A, as well as
E, intoB; after that push, maximally compre®s1Bin BNY to get a surface
Q, an incompressible surface B Compressing disks fdP in B can be
taken to be disjoint fron®Y, soPB can be chosen so th@& NB_ = 0. That
is, B_ remains completely il¥ even aftelQ is compressed sufficiently into
Y to makeQ'. This means tha) itself is disjoint fromB_. By the argument
just given, this would imply again th& andQ can be well separated. [

Of course the symmetric statements hol@4fc X, 28 c Y or 2B c X.

Lemma 3.3. Suppose there is a collar 1 of P and QC P x I. Then

e if Q separates the ends ofsPl, then P and Q are parallel and
e if Q fails to separate the ends of P then Q compresses to gx@ut!
side in Px | and that side is a handlebody.

Proof. If Q is incompressible ifP x | then it is parallel td® and we have
the first conclusion.

Suppose then th& is compressible intY N (P x ). Maximally com-
press intoy N (P x 1) and cap off any resulting spheres with ballsyin|f
the result is the empty set, th&ns a handlebody completely contained in
Px 1. If Q fails to also compress iK N (P x I) then we have the second
conclusion.

If Q does compress in bothN (P x 1) and inXN (P x I) then a maximal
compression in one direction or the other won't yield a hahdty, since
P x | has boundary. So, with no loss of generality, we are reduceket
case in which the result of a maximal compression i¥ito (P x 1) is a
possibly disconnected but non-empty surféfe- (P x 1). We show that
this leads to a contradiction.

LetV C Y denote the corresponding compression body lying betWgen
andQ’. ThenV UX_ c M is a manifold Heegaard split b and, sinceQ
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is weakly incompressible this is a strongly irreducibleitsply. It follows
from [CG] thatQ can’t compress in this manifold; sin€@* is incom-
pressible inM, it follows thatQ’ doesn’t compress i UX. HenceQ' is
incompressible ifP x | and so consists of a number of parallel copieB.of
SinceQ is connected and lies on one sideQ@f the number of copies &
in Q@ is one ifQ separates the endsBfx | and two if it does not.

If Q were a single copy oP then it would compress iM on both its
sides, whereas we have established tats incompressible on at least
one side. On the other hand, suppose tYatonsists of two copies of
P and thatQ lies between them. Thevi U X_ is a strongly irreducible
Heegaard splitting o x I, in which both boundary components lie in the
same compression body. These are understood [ST]; in particulXr,
is the handlebody obtained by removing the neighborhood sihgle |-
fiber of P x I. We have established that both complementary components
of Px1in M lie in Y; one of them is homeomorphic # the other toB.

In the end ofP x | (i. e. one component df) that abutsA, choose an
essential simple closed curaghat bounds a disk in A, hence inY —V.
Letc be an essential simple closed curv@ithat intersecta in at most one
point. Then the annulug x |) C (P x |) intersect<E in at most one point.
Removing a vertical fiber from x | turns the annulus into an essential disk
D in X intersectinge in at most one point. This leads to the contradiction
thatQ is strongly compressible. O

Lemma 3.4. If there is a configuration labeled both x and Y but not A or B
(or symmetrically X and y but not A or B) then either P and Q aaeafiel

ord(P) <2-x(Q).

Proof. From the labelk we may assume, with no loss of generality, that
>A C Y. From the label we know thatQ is compressible itY — P. Fol-
|OXVing Lemma 3.2 we know that any such compression @ishtersects
P2

We first argue that we may as well assume that all componerRs\&
are essential i?. For suppose not; lat be the boundary of an innermost
diskD in P— Q. If c were essential iQ thenD can’t be inY (by Lemma
3.2) and so it would have to lie iK. But D is disjoint fromE C A, con-
tradicting the weak incompressibility 6. We deduce that is inessential
in Q. Replace the disk that it bounds @with D. This changes the con-
figuration, but it clearly can’t remove a label of the foxyy, X,Y (though
conceivably it may add such a label as the pa@oémoved might intersect
potential spines oA_ or B_ or meridian disks foX orY.) So the new con-
figuration satisfies the hypothesis also, and has at leadewrs curve of
intersection. Continue until all curves of intersectioatthre inessential in
P are removed. Notice that the moves@rare all isotopies, so the process
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does not change the fact tHatandQ can not be well-separated. Suppose
now that some curve of intersection is inessentialpnBy the above it
must be essential dA but then an innermost such curve would give rise to
a labelA or B contradicting the hypothesis. Th@ A andQnN B have no
disk components and therefore have nonpositive Euler ctarstic.

By Lemma 3.2Q N A does not compress inddin A— 34 so it is either
incompressible there or else it compresses Kitimere. The latter would
imply that QN A is actually bicompressible iA. We show that in either
case, for each componenmbf QN P that is not the boundary oféparallel
annulusinA, d(gq,U) <1—-x(QNA).

Case 1:QnNAis incompressible i\ —2p = P x 1.

Then each component N A must be boundary-parallel infe. The
compression disk dNAin Y — P can be extended via this parallelism to
give a meridian disk foA that is disjoint fromQN P and thus disjoint from
allge QNP. Henced(q,U) <1<1—-x(QNA).

Case 2:QnNA s bicompressible iA.

QNA can'’t be a tube-spanned recessed collar (else it would czsaim
A—25) so, by Theorem 2.54(q,U) < 1—x(QNA) for all g € 0Q which
are not the boundary of an annulus parallel iRto

Now considerQN B. It is incompressible iB because a compression
into Y would violate Lemma 3.2 and a compression iKtavould provide
a weak reduction o). If QN B is essential irB then by Proposition 2.@
satisfies the hypotheses ferin Proposition 2.7 and the conclusion of that
Proposition completes the proof. @GN B is not essential ilB then every
component ofQN B is parallel intoP soQ C P x I. It follows from Lemma
3.3 that eitherQ is parallel toP (and we are done) oX is a handlebody
contained irP x I.

Consider the latter possibilityX is a handlebody contained in a collar
of P. We know that some compressing diskin Y lies entirely inA, so
in particular it is disjoint from the end d® x | that lies inB. Put another
way, we can push the handlebodyinto A along withE. Once bothX and
E lie in A, maximally compres® into Y N A and call the resulting surface
Q. @ is incompressible irA (sinceQ is weakly incompressible), so all
compressing disks fd? in A can be made disjoint fro® and hence from
Q. That is,PA separate® from Q. As usual, this would imply tha® andQ
are well-separated, a contradiction to our underlying raggion. O

Lemma 3.5. If there is a configuration labelled both X and Y but not A or
B then either P and Q are parallel or(®) < 2—x(Q).

Proof. SinceQ is weakly incompressible, any pair of meridian disks, one
in X and one inY, must intersect on their boundaries and so cannot be
separated b¥. It follows that if both labels andY appear then the only
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meridian disks foX andY that are disjoint fronP are both inA, say, so
Qa=QnNAis bicompressible i\ andQg = QN B is incompressible iiB.

Again we may as well assume that all component80fQ are essential
in P. For suppose not; lat be the boundary of an innermost diBkin
P — Q. If cwere essential iQ then a disk irB parallel toD would provide
a compression oQg in B. From this contradiction we deduce thais
inessential iMQ and proceed as in the proof of Lemma 3.4. As no laBels
or B appeatr, all curves are also essentialpand therefoQNAandQNB
have nonpositive Euler characteristic.

Following Theorem 2.5 there are two cases to consider:

Case 1:d(U,q) <1—x(Qa) for each componerg of PN Q that is not
the boundary of an annulus componentQfparallel intoP.

If Qg is essential then this case follows much as in Lemma 3.4 byd?r
sition 2.4Q satisfies the hypotheses férin Proposition 2.7 and the con-
clusion of that Proposition completes the proofQIfiB is not essential in
B then every component @ N B is parallel intoP so Q would be disjoint
from a spinezB. This would imply that=® is contained in eitheX or Y so
the region would also be labeladry and Lemma 3.4 applies.

Case 2: Qa is the union of a tube-spanned recessed collar and some
components parallel int®.

If Qa is the union of a tube-spanned recessed collar and some some ¢
ponents parallel int®, then>* can be made disjoint fro® asQa is con-
tained in a collar oP. Thus Lemma 3.4 applies again. O

Lemma 3.6. If there is a configuration labeled both x and y but not A or B,
then either P and Q are parallel or(#) < 2—x(Q).

Proof. As usual, we can assume that all curveRinQ are essential in both
surfaces. Indeed, if there is a curve of intersection thatrisssential irP
then an innermost one either is inessential al9Q,iand can be removed as
described above, or is essentialQrand so would give a rise to a lab¢élor
Y. In the latter case, the result would follow from Lemma 3.4.r% labels
A or B appear, we can again assume that all curves are also ebsar@a
and thusQa andQg have no disk components.

Both X andY contain entire spines o&_ or B_, though since we are
not dealing with fixed spines the labels could arise if theget&o distinct
spines ofA_, say, one irX and one irY. Indeed that is the case to focus on,
since if spineza C X andZg C Y thenQ lies entirely inP x | and separates
its ends. By Lemma 3.3 this implies th@tis parallel toP.

So suppose th&a C Y and anothe&), C X. SupposéP? £ 0 (i. e. A
is not a handlebody). Then the parallel incompressible'ax;tf.uil:”A andP?
lie respectively inX andY. That is,Q lies in a collarP? x . SinceP” is
incompressible iM, Q can be fully compressed into baxhandY entirely
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within PA x I, HenceQX is parallel toP’”, Q" is parallel toP” andQ is a
Heegaard splitting of the produef x | and separates its ends. But by [ST]
this would imply thatQ is strongly compressible, a contradiction.

So we conclude thad is a handlebody. IQN A compresses iX N A
(respY N A) then the configuration has both lab&lsandy (respY andx),
and we are done via Lemma 3.4. So we henceforth assum@that is
incompressible iA. Then it is certainly incompressible in the prodédct
>a and so every component @ Ais parallel inA— 4 to a subsurface of
P. Similarly every component d@NA is parallel inA— X, to a subsurface
of P.

Any arc inA betweenza C Y andZ, C X must intersecQN A an odd
number of times, so there is a compon€xt of QN A that such an arc
intersects an odd number of times. Put another Wyis a component of
QnNAthat lies betweeix andX),. This implies thaQo is parallel intoP
on both its sides, ie that = Qg x I. SinceP is not a torusQg is hot an
annulus.

Let a be an essential arc Qy. Thena x 1 € Qp x | = Ais a meridian
disk D for A that intersect§)g precisely ina. d-compressing) along one
of the two disk components @ — a gives a curve or curves iQ that are
essential imM (sinceQp is not an annulus) and are disjoint both fr@@Qg
and the meridiarD Ug D’. In particular, forgg any 9-component ofQp,
d(go,U) <2<1—%(Qo). If Qa— Qo has a non-annulus component, then
1—-X(Qo) < 1—x(Qa) and thus for any componeqtin PN Q, d(U,q) <
d(U,go) +d(d,do) <1—X(Qo)+1<1—x(Qa). ThusQa always satisifies
the hypothesis foFa in Lemma 2.6.

Now considerQg = QN B. If Qg is essential, then by Proposition 2.4
Qg satisfies the hypothesis fég in Lemma 2.6 and we are done by that
lemma. IfQg is compressible B, we have labelX andy (or x andY) and
we are done via Lemma 3.4. Finally, if each componer@gfs parallel to
a subsurface d?, thenQ s disjoint from a spin&® as well, a case we have
already considered. O

4. HOW LABELS CHANGE UNDER ISOTOPY

Consider how configurations and their labels change esisotoped in
Q. Clearly if there are no tangencies Bfwith Q during the isotopy then
the curved? N Q change only by isotopies iRandQ, so there is no change
in labels. Similarly, if there is an index 0 tangen®&m Q changes only
by the addition or deletion of a removable curve. Since athsturves are
removed before labels are defined, again there is no affeitteolabelling.
So it suffices to consider only what can happen to the lalgellinen passing
through a saddle tangency Biwith Q.
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FIGURE 1

Lemma 4.1. Suppose a configuration is changed by passing through a sad-
dle point, and the bigon C defining the saddle tangency (airféid) lies in
XNA. Then

e No label x or X is removed.

e No labelyorY is created.

e Suppose that, among the labels both before and after the,meive
ther A nor B occur. If there is no label x or X before the move, bu
one is created after and if there is alabel y or Y before theevamd
none after, then either P and Q are parallel ofR) < 2—x(Q).

Proof. We first show that no labed or X is removed. If there is a meridian
disk for X that lies inA, a standard innermost disk, outermost arc argument
on its intersection witlC shows that there is a meridian disk f&rin A

that is disjoint fromC. The saddle move has no effect on such a disk (nor,
clearly, on a meridian disk foX that lies inB). If there is a spine oA_ or

B_ lying entirely inY then that spine, too, is unaffected by the saddle move.

Dually, no labely orY is created: the inverse saddle move, restoring the
original configuration, is via a bigon that liesBNY.

The third item is the most difficult to prove. A useful apprbas to
imagine positioningQ so that it is exactly tangent t8 at the saddle. A
bicollar of Q then has ends which correspond to the positioQ pfst before
the move and just after. L&, denoteQN A after the move an@, denote
QN B before the move. The bicollar description shows tQatand Qy,
have disjoint boundaries iR. Moreover the complement @, U Qy in Q
is a regular neighborhood of the singular componer® ofQ, with Euler
characteristic-1. It follows thaty(Qa) + X(Qp) = X(Q) + 1.

With Q positioned as described, tangenftat the saddle point but oth-
erwise in general position, consider the closed (non-daryaurves of in-
tersection.

Claim 1: It suffices to consider the case in which all non-singulavesr
of intersection are essential ih

To prove the claim, suppose a non-singular curve is inesgemd con-
sider an innermost one. Assume first that the digkat it bounds irP does
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not contain the singular cunsgie the component d? N Q, homeomorphic
to a figure 8, that contains the saddle point)dlf is essential irQ, then it
would give rise to a labeX or a labelY that persists from before the move
until after the move, contradicting the hypothesis. Suppas the other
hand thatoD is inessential ifQ and so bounds a digk ¢ Q. All curves
of intersection ofE with P must be inessential iR, since there is no label
A or B. It follows thatdD = 0E is a removable component of intersection
so the disk swap that replacEswith a copy ofD, removing the curve of
intersection (and perhaps more such curves) has no effdatiedabelling
of the configuration before or after the isotopy. So the oaghypotheses
are still satisfied for this new configuration BfandQ.

Suppose, on the other hand, that an innermost non-singuiaséntial
curve inP bounds a dislo containing the singular componentWhen the
saddle is pushed through, the number of componerstswitches from one
S to two si. or vice versa. All three curves are innesentiaPisince they
liein D; 59 and at least one . bounds a disk i that is disjoint fromQ.

If either is essential iQ then they determine a lab¥lorY that exists both
before and after the move across the saddle (sin€gtime curves can be
isotoped away frons). This would violate the hypotheses of the third case
above, so we can assume both curves, hence all three cuwasessential

in Q. As above, this implies that they are all removable, so pgdsirough
the singularity can have no effect at all on the labelling.isTgroves the
claim.

Claim 2: 1t suffices to consider the case in which also all three curves
S, S+ are essential iPR.

The case in which all three curves are inessenti& ia covered in the
proof of Claim 1. If two are inessential iR, so is the third. We're left with
the case in which exactly one is inessentiaPimand, following Claim 1,
the disk it bounds irP is disjoint fromQ. If the curve were essential @
then there would have to be a labébrY that occurs both before and after
the saddle move, a contradiction. If the curve is inesskeinti® then it is
removable. If this removable curve $s then passing through the saddle
can have no effect on the labelling; if this removable cus/syithen the
curvess; are parallel in botlP andQ. In the latter case, passing through
the saddle has the same effect on labelling as passing aluameamponent
of Px across a parallel annulus compon@gtof Qa. This move can have no
effect on labelx ory. A meridian diskk for Y that’s disjoint fromP would
persist after this move, unlegf is in fact the core curve of the annulus
Qo. But then the union oE and half ofQy would be a meridian disk of
A bounded by a component 3Qy C P. In other words, there would have
to have been a lab& before the move, a final contradiction establishing
Claim 2.
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Claims 1 and 2, together with the fact that neither laeter B appear,
reduce us to the case in which all curves of intersection asergial in
both surfaces both before and after the saddle move. NatethlaéQ, and
Qp are incompressible iA and B respectively. For example, if the latter
compresses iB the compression must be in¥o(since no labeKX exists
before the move) and such a compression would persist (atidsavould
the labelY) after the move. Then also neith@g nor Qp can be inessential
in A or B respectively. For example, if all components@f are parallel
into P thenQy, is disjoint from some spine d and such a spine will be
unaffected by the move, resulting on the same labek ) arising before
and after the move. We deduce tiiat andQy are essential surfaces M
andB respectively.

Now apply Proposition 2.4 to both sides: lagt(respqy) be a boundary
component of an essential componen@Qgf(respQyp). Then

d(P) =d(U,V) < d(Ga, U) +d(da, db) + d(dp, V)
< 3—X(Qa) —X(Qp) =2-X(Q)

as required. O

Corollary 4.2. If two configurations are related by a single saddle move
and the union of all labels for both configurations contaistx or X and
y or Y, but neither A nor B then either P and Q are parallel Py <

2-X(Q)

Proof. With no loss, the saddle move is as described in Lemma 4.1t Tha
lemma shows that either we are done, or there is a single cwafign for
which bothx or X andy or Y appear. The result then follows from one of
Lemmas 3.5, 3.6 or 3.4 U

Here is our main theorem:

Theorem 4.3.Suppose P and Q are bicompressible but weakly incompress-
ible closed connected surfaces in M. Then either

e P and Q can be well-separated,
e P and Q are parallel or

e d(P) <2-X(Q).

Proof. We use the notation above, e. BsplitsM into A andB containing
spines>” andzP respectively. We will assume thBtandQ are not well-
separated.

Consider a squatex | that describes generic sweep-out®a@indQ from
>Ato 2B and fromZ* to X" respectively. We picture the limit of the sweep-
out asP gets neaE” as represented by the left side of the square. Similarly
>B is represented by the right side of the squareas represented by the
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bottom side of x | andX" as represented by the top. See Figure 2; what's
in the interior of the square in that figure will now be expkn

Each point in the square represents a positionin® @nd Q. Inside
the square is a gragh, called thegraphicthat represents points at which
the intersection is not generic: There is a single point nféancy between
P and Q at each point in an edge in the graphic; at each (valence four)
vertex of " there are two points of tangency. There are also valence two
vertices corresponding to “birth-death” points, but thégymo role in the
discussion and we ignore them. By general position of, $ayspinex”
with the surface the graphid™ is incident todl x | in only a finite number
of points (corresponding to tangencies betweerx®@ndQ). Each such
pointindl x | is incident to a single edge of

Any point in the complement df represents a generic intersectionPof
andQ. Each component of the graphic complement will be callezbson;
any two points in the same region represent isotopic cordtgurs, so we
can label each region with labels as described above. SeeeRg If any
region is unlabelled we are done, by Lemma 3.1.

-«

FIGURE 2

Consider what we know about the labelling near the edgesecdhare,
that is whenP or Q are near one of the spines. For any gen&jc”
is transverse t®), soQ is either disjoint from the edges Ef* or intersects
them transversally. On the other hand, any cunitimat bounds a meridian
of B will intersect every meridian oA (sinceP is weakly incompressible)
so asP limits on 2, any meridian curve dB will limit on a curve that runs
multiple times along each edge Bf. It follows that whenP is near>?,
and for a generi® there may or may not be a lab&] depending on how
Q intersect”. But note that by general position all but a finite number of
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meridians of edges & are disjoint fromQ. Hence in any case there is no
label B, for such a label requires a curve®f Q to cross all meridians of
edges of”.

Dually, whenP is near>8 there is no labeh.

Suppose next thad is nearz*. All but a finite number of points on the
edges o X will be disjoint fromP; it follows that forQ near>*, there are
meridians ofX that are disjoint fronP. Hence all regions on the side of the
square corresponding @ near=* (the bottom in the Figure) have a label
X, as well as possibly other labels. Similarly all regions ba bpposite
side of the square (the top) correspondingttoear>’ have at least label
Y.

Now we proceed in almost the same way as in [RS][Section 5{./N\Le
be the dual complex df in | x I. Specifically is constructed as follows:
place one vertex in the interior of each face and in the iotei each edge
including edges alongl x | (ie components 0dl x| —T). Then in each
face connect by an edge the vertex in the interior of the fatetive vertex
in each edge of the boundary of the face. Each vertex lying on an in-
terior edgee of I will then be incident to exactly two edges, corresponding
to the faces of to whiche is incident. Amalgamate these two edges, re-
moving the vertex. Then in the entl,has one vertex in each facelofand
one vertex in each componentadifx | — . Each edge of not incident to
dl x| crosses exactly one interior edgelofEach component dfx | — A
is called a face of\. Note that because each internal vertek dfas valence
four, each face of\ is a quadrilateral. That igy can be thought of as a tiling
of I x | by quadrilaterals, where any two quadrilaterals are eitdgoint,
meet in exactly a face of each, or in a corner of each. Arligrarany tiles
may meet at a single corner. See Figure 3.

FIGURE 3
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Now choose the following labelling scheme for each verteX\inThe
vertex lies in a regiolR of I which has a collection of labels. If a lab&lor
B appears among the labelsRfassociate only those labels to the vertex.
If no label A or B appears among the labelsRfthen associate the label
to the vertex ifx or X appears among the labels®find the label to the
vertex ify or Y appears among the labelskf

The first observation is that unleBdgs parallel toQ or d(P) < 2—x(Q)
(and we are done), each vertex/Mhas exactly one labe\ B,x or Y.
Indeed, Lemma 3.1 says that every vertex has some label,emahs 3.4,
3.5 and 3.6 say that no vertex Afhas both a labek andy. No region
can have both label& andB elseP would be strongly compressible, and
no region can have both a lab&lor B and a labek or Yy by our choice of
labelling scheme.

Moreover, Corollary 4.2 says that vertices labelle@ndy can’t even
be connected by an edge M Vertices labelledA andB also cannot be
connected by an edge helseP would be strongly compressible. Finally,
the observations above about labelling along the edgéscdfshows that
no labelB appears along thE” side ofl x | (the left side in the figure), no
label A appears along thE® side (the right side), no lab&l appears along
theZ* side (the bottom) and no labelappears along the" side (the top).

We now appeal to the following quadrilateral variant of Syeis Lemma:

Lemma 4.4. Suppose a squareA | is tiled by quadrilaterals so that any
two that are incident meet either in a corner of each or in atirerside of
each. LetA denote the graph in k | that is the union of all edges of the
guadrilaterals. Suppose each vertex\ois labelled NE, S, or W in such a
way that

e no vertex on the East side ofll is labelled W, no vertex on the
West side is labelled E, no vertex on the South side is lablland
no vertex on the North side is labelled S.

e no edge iN\ has ends labelled E and W nor ends labelled N and S.

Then some quadrilateral contains all four labels

Two different proofs are given in a brief appendix below.

In our context the lemma says that there are four regionsdrgtaphic
incident to the same vertex bflabelledA, B, x andy. (See Figure 4). Note
then that only two saddle moves are needed to move from a coafign
labelledA to one labelledB. The former configuration includes a meridian
circle of Aand the latter a meridian & In particulard(P) <2<2-—x(Q),
as required. O
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FIGURE 4

Corollary 4.5. Suppose P and Q are both Heegaard splitting surfaces for
the compact orientabld-manifold M. Then either @) < 2genugQ) or Q
is isotopic to P or to a stabilization of P.

Proof. If P is weakly reducible thed(P) < 1 and we are done. Since any
Heegaard splitting of a reducible 3-manifold is reducible, may as well
assume that! is irreducible andP is strongly irreducible. We may as well
assumeQ is not stabilized, so ifQ is weakly reducible then there is an
essential surfac® in M with smaller genus ([CG]). In this case, the result
follows from Hartshorn’s theorem [Ha] (see also [Sc]). Somay as well
assume that alsQ is strongly irreducible.

P andQ are not well-separated, for if they were there would be an in-
compressible closed surface, not boundary parallel, Iginigrely on one
side ofQ, ie inside a compression body. SineeandQ are strongly irre-
ducible Heegaard surfaces (thus weakly incompressibfaces) and are
not well-separated, the result follows immediately fromedtem 4.3. [

5. APPENDIX. A QUADRILATERAL SPERNERS LEMMA

Here we sketch two different proofs of Lemma 4.4. The firssusge-
braic topology and the second is completely elementary.

Algebraic Topology Proof: Considerd(l x I) with its standard simpli-
cial structure as a 4-gon. The dual compleis also a 4-gon, with a vertex
in the interior of each side af(l x I). There is a natural way to label the
vertices ofK: the vertex in the East side ofl x |) is labelledE and so on.

Side noteOf course the identity mag(l x | )—K is not a simplicial map;
a useful way to think of it as a map from one 4-gon to anothehdswv in
Figure 5.

Now consider the subdivision dfx | given by the labelled graph.
We will assume that no quadrilateral face/ohas corners containing all 4
labels and arrive at a contradiction. This assumption mereist least two
vertices of each quadrilateral have the same label. If theydagonally
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a(l x 1)
A
VAN
P S

FIGURE 5

opposite, add an edge between them, triangulating the itpiadal face.
If they are adjacent, add either diagonal. The resultirgngulation/ .
of I x | still has the property that no edge has ends labdédexchdW or
SandN. Map each vertex of\ to the vertex inK with the corresponding
label. Our labelling convention guarantees that any edgk.irhas ends
labelled the same as an edgekirand, moreover, no 2-simplex ;. has
more than two labels. It follows that the map of the verticeA extends to
a simplicial mapp : A —K.

Now examine the map|d(l x |). Our labelling rule guarantees that
maps the entire East side bk | to the two edges oK that are incident
to the vertexE in K, ie tostar(E). Similarly for the other three sides. In
particular,p(X) is never the antipode of sop is homotopic to the identity
map. But it is a classical theorem (equivalent to the Browgedr Point
Theorem) that a map of the circle to itself that is homotopithe identity
does not extend over the disk. The contradiction compléegtoof. [

Elementary Proof: This proof is modelled on elementary proofs of
Sperner’s Lemma (following very helpful comments of Fran8u, cf also
[DPS]). As above, assume there is no such quadrilatera| &ckagain ex-
tendA to the triangulatiom\ . as described in the first proof. We will give
an elementary argument that there can be no triangulatidheointerior
of | x | that satisfies the stated labelling rules on edges and ondés of
o(l x1).

Place four extra vertices in the plane outside the squatk,onie labelled
N directly north of the square, one labellEddirectly east, etc. Cone each
of the new points to the corresponding side of the squaratiogea collec-
tion of new triangles on the outside of the square. Call therunf these
triangles and the original square a trianguladéamond The diamond has
four sides, each with two edges. Because no vertex on thé Niole of the
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N

S

FIGURE 6

square is labelle8 (and symmetrically for the other four sides) the labelling
on each edge in the diamond still satisfies the given lalgetlite on edges.
Moreover, since the Northwest corner of the original squanst have been
labelled eithelN or W, exactly one of the edges on the Northwest side of
the diamond has exactly the lab&lsandW. See Figure 6. Symmetrically,
of the eight edges on the boundary of the diamond, exactlyhasdabels
SandW, one has labelS andE and one has labeld andE. Each of the
other four edges has both ends labelled the same (eg botletalg.

The labelling rule on edges ensures that in each triangdevhtch the di-
amond is divided, at most two labels appear. st the number of triangles
in the triangulation containing both the lab&lsandW ande the number
of edges in the triangulation containing both these lab@lsy edge has
two sides in the plane so, in the plane, there asi@es of edges labelled
exactlyN andW. 2e—1 of these sides of edges lie inside the diamond,
since, as we have seen, exactly one edge of the boundary dfaimeond
contains the labels andW. On the other hand, each triangle that contains
labelsN andW contains exactly two sides of edges labeledndW. Thus
2t = 2e— 1, a parity contradiction. U
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