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Abstract

This paper deals with symmetric and non-symmetric polynomial perturbations of
symmetric quasi-definite bilinear functionals. We establish a relation between the
Hessenberg matrices associated with the initial and the perturbed functionals using
LU and QR factorizations. Moreover we give an explicit algebraic relation between
the sequences of orthogonal polynomials associated with both functionals.
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1 Introduction.

Given a linear functional S in the linear space P of polynomials with real
coefficients, let us consider the Hankel matrix M = (ui1;)55-9, where p, =
S(z™). This is the Gram matrix of standard moments associated with the
bilinear functional L(p, q) := S(pq) in terms of the canonical basis {z"},en.
If the leading principal submatrices of M are nonsingular [5], S is said to be
quasi-definite. Moreover, there exists a sequence of monic polynomials {P,}
orthogonal with respect to S, i.e.,

(1) deg(P,) =n, n>0,
(2) S(PuPy) = Kndym, Kn#0, n,m>0.
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Every sequence of polynomials orthogonal with respect to a quasi-definite
linear functional satisfies a three-term recurrence relation,

The previous recurrence relation can be rewritten as

v, = Jup,

t
where v, = | Py(z) Py(x) Py(z) ... | , and
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The matrix J is said to be the Monic Jacobi matriz associated with {P,} (or
with S). Notice that the tridiagonal matrix J is associated with the operator
multiplication by x with respect to the monic orthogonal family {F,}. This
matrix gives some information about analytic properties of the sequence { P, },
for example the distribution of the zeros of the polynomials as well as certain
asymptotic properties.

Given a quasi-definite linear functional S, consider the linear functional S :=
7S defined by (7S)(p) := S(mwp), where m and p denote polynomials. The
functional 7S is said to be a polynomial perturbation of the linear functional
S. This kind of perturbation was first considered by Christoffel in 1858 —
he used a polynomial of degree one as w. This is the reason why this par-
ticular perturbation is known as Christoffel transformation in the literature
of orthogonal polynomials (see [3], [13], and [14]). It is also called Darbouz
transformation without parameter in the framework of bispectral problems
and evolution equations (see [7], [9]). Darboux transformations were redis-
covered in the 90's because of their multiple applications in several areas, e.g.
Quantum mechanics [10], Theory of nonlinear integrable systems [11], Compu-
tation of Gauss quadratures with multiple free and fixed knots 6], Bispectral
transformations in orthogonal polynomials [7,8], and so on.

Let us consider the matrix interpretation of the Christoffel transformation.
Given the monic Jacobi matrix associated with a linear functional S and the
corresponding sequence of monic orthogonal polynomials {P, }, if & € R and
P,(a) # 0 for every n, then the unique LU factorization J — al = LU of
J — al exists, where L denotes a lower triangular and bidiagonal matrix with
ones in the main diagonal, and U denotes an upper triangular and bidiagonal
matrix. The matrix J; = UL + ol is a new tridiagonal matrix, that is, the



Jacobi matrix associated with the sequence of polynomials orthogonal with
respect to the Darboux transform S = (x — a)S of S.

While the matrix interpretation of the polynomial perturbation (x — «)S is
given in terms of the LU factorization, the matrix interpretation of the poly-
nomial perturbation x2S is given in terms of the QR factorization. In [1], it
is proven that a single step of the QR method applied to the Jacobi matrix
of an orthogonal polynomial system associated with a positive definite lin-
ear functional S corresponds to finding the Jacobi matrix of the orthogonal
polynomial system associated with x2S.

Let us consider now a general bilinear functional L defined in the linear space of
polynomials with real coefficients. The corresponding Gram matrix of standard
moments is given by (Mp);; = pi_1-1, i,5 > 1, where p;; = L(2% 27).
If the leading principal submatrices of M are nonsingular, L is said to be
quasi-definite. In such a situation there exists a sequence of polynomials {P, }
orthogonal with respect to L. In this case, {F,} does not satisfy a three-
term recurrence relation anymore. Examples of such a kind of orthogonal
polynomials have been considered in |2]| and [4]. The matrix associated with
the operator multiplication by x is a lower Hessenberg matrix. We will refer
to it as the Hessenberg matriz associated with L.

The aim of this paper is to define polynomial perturbations of a symmetric
quasi-definite bilinear functional that extend the definitions given in the linear
case as well as to give an algebraic relation between the Hessenberg matrices
associated with the original and the perturbed functional.

The structure of the paper is the following. In section 2 we present some basic
concepts related with symmetric bilinear functionals and the corresponding
Hessenberg matrices. In section 3 we study the non-symmetric polynomial
perturbations of a symmetric quasi-definite bilinear functional. In particular,
we show that the Hessenberg matrix associated with the bilinear functional
L(p,q) := L((z — &)p,q) can be obtained by the application of a Darboux
transformation without parameter to the Hessenberg matrix associated with
L. Explicit algebraic relations between the sequences of polynomials orthog-
onal with respect to L and L are also obtained. In section 4 we present the
symmetric polynomial perturbations of symmetric quasi-definite bilinear func-
tionals. In particular we study the functional L given by i(p, q) = L(xp, zq).
We prove that this functional extends the definition of x2S, when S is a linear
functional. In the positive definite case, we find the corresponding Hessen-
berg matrix by the application of one step of the infinite QR algorithm to the
Hessenberg matrix associated with the original functional. When the original
functional is only quasi-definite a similar transformation is obtained in terms
of the hyperbolic QR factorization.



2 Symmetric bilinear functionals and Hessenberg matrices.

In this section we give some basic concepts related with symmetric bilinear
functionals and the corresponding Hessenberg matrices, that will be useful in
the next sections.

Definition 2.1 Let L: P x P — R be a function such that

(1) L(p+p,q) = L(p,q) + L(p,q),
(2) L(\p,q) = AL(p, q),

and such that the two previous properties also hold for the second argument.
Then, L is said to be a bilinear functional.

Definition 2.2 The bilinear functional L s said to be symmetric if

L(p,q) = L(q,p).

In the other case, we say that L is non-symmetric.

Definition 2.3 Given a bilinear symmetric functional L, consider the canon-
ical basis of polynomials {x™}, and let X = [1,z,2?%,...]'. Then, the standard
moments associated with L are i, ,,, = L(z",2™) and the Gram matriz M,
defined by (Mpr)i; = pi—1,-1, 4,J > 1, is said to be the matrix of standard
moments associated with L. If the moments are computed in terms of another
basis {P,} different from the canonical one, then the modified moments w, ,
are obtained, where
Upm = L(Py, Pp).
The matriz My, p defined by

(Mpp)ij=ui1j-1, 4,j=>1,

1s said to be the matrix of modified moments associated with L with respect

to {P,}.

Definition 2.4 A symmetric bilinear functional L is said to be quasi-definite
(L generates a pseudo-inner product) if the corresponding matriz of standard
moments My is quasi-definite, i.e., the leading principal submatrices of M,
are nonsingular.

A symmetric bilinear functional 1 is said to be positive definite(or an inner
product) if the leading principal minors of My are positive.

Definition 2.5 Given a symmetric bilinear functional L, a sequence of monic
polynomials { P,} is said to be orthogonal with respect to L if



(1) deg(P,) =n, for everyn >0,
(2) L(PTU Pm = Knan,my Kn ?é O

A weaker property than the previous one is defined below.

Definition 2.6 Given a bilinear functional L defined on the space of polyno-
mials with real coefficients, a sequence of polynomials {P,} is said to be left
orthogonal with respect to L if

(1) deg(P,) =n, for everyn > 0.
(2) L(P,,2™) = K,,0pm, with K,, # 0, form < n.

Remark 2.7 An equivalent definition for right orthogonal polynomials is pos-
sible. It is enough to replace condition (2) by

L(z™, P,) = K\.0ppn, with K, #0, withm <n.

Proposition 2.8 Assume that L is a symmetric quasi-definite bilinear func-
tional. Then there exists a sequence of polynomials {P,} orthogonal with re-
spect to L.

PROOF. Let
Moo Mio -+ Hno
o1 i1 - Hna
P, = det

Hon—1 H1n—1 -+ MUnn—1

1 AL

be a polynomial associated with L. It is straightforward to prove that if L is
quasi-definite, then P, is a polynomial of degree n and

Hoo Hio -+ Hno

Ho1 M1 o Hna
L(P,, 2") = det

Hon—-1 H1n—1 -+ Hnn-—1

Hoj — Hij - Hnj



Thus, from elementary properties of determinants and taking into account
that L is quasi-definite, it follows that

: 0, for0<j<n-—1,
L(P,,7) = O
K,#0 forj=n.

Definition 2.9 Given a symmetric quasi-definite bilinear functional L and
the corresponding sequence of orthogonal polynomials { P,}, consider the semi-
infinite lower Hessenberg matric H such that

xv, = Huy, (2.1)

where v, = [Py(x), P (x),..., Pu(x),...]". H is said to be the Hessenberg ma-
trix associated with {P, }.

Lemma 2.10 Let L be a symmetric quasi-definite bilinear functional and let
{P,} be the corresponding sequence of monic orthogonal polynomials, then

L(UZ” U}i) = Dp7

where D, 1s a nonsingular diagonal matriz.

In the particular case when L is positive definite, there exists a sequence
of orthonormal polynomials {P,}. Observe that in this case, L(vp,v5) = I,
where I denotes the identity matrix.

3 Non-symmetric perturbations of symmetric bilinear functionals.

Consider a symmetric quasi-definite bilinear functional L. Next we consider
the following perturbations of L:

e The perturbed functional is bilinear but non-symmetric. This situation ap-
pears if we perturb just one of the arguments of L, that is, if we consider
the functional L given by either

L(p,q) == L(7 p,q), or L(p,q):=L(p,7q),

where 7 denotes a polynomial. We can also obtain a non-symmetric bilinear
functional when we multiply both arguments of L by different polynomials,
iLe., _

L(p,q) := L(m p, 2 q).
We will refer to this kind of perturbations as non-symmetric polynomial
perturbations of L.



e The perturbed functional is bilinear and symmetric. That is the case if we,
for example, multiply both arguments of L by the same polynomial,

L(p,q) :== L(7 p, 7 q).

We will refer to this kind of perturbations as symmetric polynomaial pertur-
bations.

In this section we study non-symmetric perturbations of symmetric bilinear
functionals in which only one of its arguments is modified.

Let L be a symmetric quasi-definite bilinear functional. We consider the fol-
lowing standard cases:

Li(p,q) == L((z — @)p, q), (3.1)

where o € R, and

La(p, q) == L(p, (z — a)q). (3.2)

Notice that both functionals extend in a natural way the polynomial pertur-
bation (x — «)S, where S is a linear functional, to general bilinear functionals.
If L can be expressed in terms of a linear functional, then

Li(p,q) = L((z — a)p,q) = S((x — a)pg) = (x — @)S(pq).
The same happens if we consider Lo.

Remark 3.1 Observe that the bilinear functionals L and Ly are non-symmetric
in general. Let us consider an example. Assume that L is the following sym-
metric bilinear functional [2]

L(p,q) := /R padpio + /R p'qddp.

Consider o = 0. Then the functionals Ly and Ly defined as in (3.1) and (3.2)
are both non-symmetric:

Li(p,q) = L(zp, q) = /R xpqdpo + /R (p+ap')q'dpy # Lai(q,p).

La(p,q) = L(p, zq) = /R:quduo + /Rp’(q + aq)dp # La(q,p).

In the sequel, we analyze the perturbation that generates L, from L and we
find an algebraic relation between the Hessenberg matrices associated with
both of them. Similar results are obtained for the other case. Let {P,} be the



sequence of monic polynomials orthogonal with respect to L and let H be the
corresponding Hessenberg matrix. We also assume that P,(«) # 0, for all n.

Lemma 3.2 Let il(vp, v},) be the matriz of modified moments (Definition 2.3)
associated with Ly with respect to {P,}. Then,

fJl(vpvvt) = (H —al)D,,

p

where Dy, := L(v,, v}).

PROOF. Taking into account the definition of L1,

L1 (vp, v}) = L((z — a)v,, vt).

p p

From (2.1), we deduce that (x — a)v, = (H — al)v,. Then,

Ly (vp,v}) = L((H — al)v,,vl) = (H — al)D,. O

p

Since L; is a non-symmetric functional, there is not a sequence of monic
polynomials orthogonal with respect to L;. However, the next proposition
shows that there exists a sequence of monic polynomials left orthogonal with
respect to le

Proposition 3.3 The sequence of monic polynomials {R,} given by

P,.i(x —L“(D‘)Pn x
Ro@) = D@~ B Pal@)

r—

15 left orthogonal with respect to L;.

PROOF.

(1) Tt is obvious that deg(R,,) = n for n > 0.
(2) If 0 <k < n, then

Li(R,,2") = L((x — )Ry, 2) = L <Pn+1(x) — P;:E;(;)Pn(a:),xk> :

Since { P, } is orthogonal with respect to L, from the above expression we
deduce
Ll(Rn,:ck) =0, for 0<k<n.



(3) On the other hand,

r Pn+ (a)

Li(R,,2") = — L(P,,z") # 0. O

Let H; be the Hessenberg matrix associated with {R,}. Next we establish an
algebraic relation between the Hessenberg matrices H and H;. Notice that,
since {P,} and {R,} are monic polynomial bases, there exists a lower trian-
gular matrix L with ones in the main diagonal such that

v, = Lu,. (3.3)

where v, = [Ro(x), Ri(x), ..., Ry(x), ...]". In the following proposition we prove
that L is also the lower triangular factor obtained from the LU factorization
without pivoting of the Hessenberg matrix H associated with {P,}.

Proposition 3.4 Let L be a symmetric quasi-definite bilinear functional and
let {P,} be the corresponding sequence of monic orthogonal polynomials. Con-
sider the functional defined in (3.1) as well as the sequence of left orthogonal
polynomials given in Proposition 3.3. Let L be the lower triangular matriz
with ones in the main diagonal given by (3.3). Then, H — al = LU, where U
denotes a nonsingular upper triangular matriz.

PROOF. From Lemma 3.2,
(H — oI)D, = Ly (v, v}) = Ly (Lv,, v L") = LLy (v, v}) L.

Therefore, _
H —al = LLy(v,,v})L'D; "
Notice that

(1) L' is an upper triangular matrix,
(2) The matrix Ly (v,,v}) is also an upper triangular matrix, since {R,} is
left orthogonal with respect to Ly and Ly (R,, R;) =0if 0 < k < n,

(3) D, " is a diagonal matrix.

Then, if _
U := Ly (v, vL)L'D; ", (3.4)

T

the main result follows. The matrix U is a nonsingular matrix since Ly (v,., v%),
L' and D, are nonsingular matrices. O

Remark 3.5 Observe that the LU factorization of H—al exists since P, («) #
0, for all n. Moreover, it is easy to prove that U is an upper bidiagonal matrix
taking into account that H — ol 1s lower Hessenberg.



The next theorem shows that the matrix H; can be obtained as the Darboux
transform without parameter and with shift o of H.

Theorem 3.6 If H—«al = LU denotes the LU factorization without pivoting
of H— al, then,
H =UL+ al.

PROOF. Taking into account Definition 2.9

Li((z — a)v,,vt) = Ly ((Hy — al)v,, v!) = (Hy — o)Ly (v, 0}). (3.5)

On the other hand, considering (3.3)

Li((z—a)v,,vl) = Ly((z—a) L vy, vi L") = L7'Ly ((z —a)v,, v)) L. (3.6)
From Lemma 3.2,
L™'Ly((x — @)y, )L™ = L7 (H — al)*D,L™". (3.7)
Then, comparing (3.5) and (3.6), and replacing (3.7), we get
(H, — o)Ly (v,,vt) = L™Y(H — al)?D,L".
Finally, taking into account the LU factorization of H — o and (3.4), we get

H —al=LYH—-al) U '=L'"LULUU*=UL. O

A finite version of Theorem 3.6 is given below. We use the following notation:
Given a matrix A, (A), denotes the leading principal submatrix of order n of

A.

Theorem 3.7 If (H — al), = L,U, denotes the LU factorization without
pivoting of (H — ad),,, then

(Hi)n-1= (UnLp)p-1 + a(l)n-1,

i.€., the leading principal submatriz of order n—1 of Hy is the leading principal
submatriz of order n — 1 of Uy Ly, + a(I),.

PROOF.

Consider the unique LU factorization of H — al.

10



_hll — hlg 0 0 ]
h21 h22 — 0 0
hnl hnZ T hnn -« hn,n+1 o
hn-i—l,l hn+1,2 T hn+1,n hn—i—lm,—i-l — Q-
[ 1 0 0 0 ..._ _U1h12"' 0 0 1
la1 1 0 |0 0 us 0/ 0
lnl an 1 o --- 0O O "'unhn,nJrl"'
ln+l,1 ln+l,2 T ln-l-l,n .- 00 ---0 Upy1 -

If we reverse the order of the factors L and U, then we get

_u1h12... 0 0 ‘.._ [ 1 0 0 0 ..._
Hl—Oé[:

o0 .- U, hn,nJrl"' lnl ln2 1 o ---

00 -0 Upy1 - anrl,l ln+1,2 ln+1,n .-

It is obvious that

0 0 0 |
0 0 0
(Hl)n - a<])n - UnLn + hn,n+1 .
|11 b2 o lnin |

Thus, (Hy), — a(I), and U, L,, differ only in the last row. Then, deleting the
last row and column of the matrices appearing in both sides of the previous
expression, we obtain the result. O

11



Along this section we have considered non-symmetric polynomial perturba-
tions of a symmetric quasi-definite bilinear functional when the polynomial
that multiplies one of its arguments has degree one. It is obvious how to
extend such results to the general case where the polynomial 7 has a higher
degree. Tt is enough to take into account that, given a symmetric quasi-definite
bilinear functional L, if {P,} denotes the sequence of monic polynomials or-
thogonal with respect to L and H is the Hessenberg matrix associated with
{P,}, then
m(z)vp = m(H)uvy,

where 7(H) is a matrix polynomial obtained by replacing the variable x in
7(x) by H. Moreover, if deg(mw) = s, then it can be considered the sequence
{R,} given by

PnJrS(x) + Z?;ﬁs_l &n,ipi(w)

()

Y

Ry (x) =

where the coefficients a,, ; are chosen so that the zeros of 7 are also zeros of the
polynomial in the numerator. In such a case, {R,} is left (right) orthogonal
with respect to the perturbed functional if the perturbation modifies the first
(the second) argument of the functional L.

The non-symmetric polynomial perturbations of a symmetric quasi-definite
bilinear functional L when both arguments are perturbed as

L(p,q) :=L((x —a)p,(x = B)q), o, B€C, a#p

are not studied because they are neither left quasi-definite nor right quasi-
definite.

4 Symmetric perturbations of symmetric bilinear functionals.

Given the symmetric quasi-definite bilinear functional L, we study the stan-
dard perturbation

(x°L)(p,q) = (zp, xq). (4.1)

Again, the expression given in (4.1) is a natural extension to bilinear func-
tionals of the perturbation of linear functionals given by x2S,

(x°L)(p.q) = L(ap, zq) = S(z’pq) = (x*S)(pq).

In the sequel, we distinguish between symmetric positive definite bilinear func-
tionals and symmetric quasi-definite bilinear functionals.

12



4.0.1 The symmetric functional x>L when L is positive definite

Let L be a symmetric positive definite bilinear functional and let {P,} be
the corresponding sequence of orthonormal polynomials. Let H be the semi-
infinite lower Hessenberg matrix associated with {P,}.

Proposition 4.1 The bilinear functional x2L is a symmetric positive definite
bilinear functional.

PROOF. Consider the vector X = [1,z,2?,...]". Then the matrix of stan-
dard moments M,2; associated with x2L is given by

M, = (x*L)(X, X!) = L(zX, 2X") = Méfl,q)’

i.e., M,2; is obtained by deleting the first row and column of the matrix of
standard moments associated with L. Since M, is a positive definite matrix,
the matrix M,y is also positive definite. O

Let {Qn} be the sequence of polynomials orthonormal with respect to x2L
and let H; be the semi-infinite Hessenberg matrix associated with {Q, }. Next
we find an algebraic relation between H; and H. Let us consider the unique

factorization

H=LG, (4.2)
where L is a lower triangular matrix andNC;*~ is an orthogonal and lower Hes-
senberg matrix. In more familiar terms, G'L' is the unique QR factorization
of H', which exists since H is irreducible. Let us mention that the orthogonal

Hessenberg matrices of order n are uniquely determined by n parameters, the
so-called Schur parameters [12].

Theorem 4.2 Taking into account the notation introduced above

(1) o, = E%
(2) H, = GL.

PROOF. Since v, and 7, are ordered by increasing degree, there exists a
unique nonsingular lower triangular matrix L such that

. (4.3)



Taking into account that (x*L)(0,,0}) = I, where I denotes the semi-infinite
identity matrix, from (4.3) we get

(x*L) (8, 7)) = (x*L)(L,, 5, L")
(x*L) (8, ) L'

= LI (4.4)

I
~

On the other hand, since L(9,, %) = I, we obtain

p

/\
N
gy
N
=
33
’U
~—
I
&
—~
8
!
=
8
e
~

GGYHL' = LL. (4.5)

Because of the uniqueness of the Cholesky factorization, from (4.4) and (4.5)
we deduce

Moreover,

= (xL)(H,%,,7})

= (x*L)(z0,, 0})

= (x®L)(zL ™6, 9, L7")

= L7 H (x*L)(%,, 0,) L~

= G(LLYHYL™!

= GL, (4.6)

which proves the result. Notice that we have proven that if H' = QR denotes
the unique QR factorization of H', then H! = RQ. O

4.0.2  Ezplicit algebraic relation between the sequences {P,} and {Q,}.

Next we give an explicit algebraic relation between the sequences {P,} and
{Q,} associated with L and x2L, respectively. Let {7, }72, be the sequence of
polynomials given by va Since G is a lower Hessenberg matrix, deg(T}(x)) =
i for all i > 1. If v, = [T1(x), Ta(x), T3(z), . . .]*, then

xt, = Ho, = LGo, = Lu;.
Taking into account (1) in Theorem 4.2, the following result follows

v = 20, (4.7)

14



Moreover, since v; = @f)p, from (4.7) we obtain the following explicit algebraic
relation between the sequences {P,} and {Q,}

10, = G, (4.8)

Therefore, the factors L and G given in (4.2) are the matrices that determine
the algebraic relations between the sequences {P,} and {Q,}, since 0, = L%,
and z9, = GUp.

4.0.3 The symmetric bilinear functional x*L when L is quasi-definite.

This case is essentially close to the positive definite case but it requires ideas
less familiar than QR and Cholesky factorizations. We will use hyperbolic QR
factorization and triangular factorization.

The Gram-Schmidt process applied to the columns of a nonsingular matrix X
produces the columns of an orthogonal matrix ) such that X = QR, where
R is an upper triangular matrix with positive main diagonal. When the stan-
dard inner product is replaced by the “indefinite inner product” given by €2,
(r,y)q := z'Qy, then the Gram-Schmidt process yields an alternative factor-
ization: the hyperbolic QR factorization. We have not found any references
about this kind of factorization for semi-infinite matrices. This is the reason
why we include the following definition and results.

Definition 4.3 Let T be a semi-infinite upper Hessenberg matriz, and let
Q = diag(£1) be a semi-infinite signature matriz. We say that

T = QnR, (4.9)

is the hyperbolic QR factorization of T' with respect to if Q is a semi-infinite
Q-orthogonal matriz, i.e., it satisfies Q'QQ = Q, R is a semi-infinite upper
triangular matriz with positive main diagonal, and 7 is a permutation matriz.

Remark 4.4 In the previous definition, if we denote by Q the matriz Q,
then T = QR, and Q satisfies Q'QQ = Q, where Q is another signature
matriz uniquely determined by T and Q. Moreover, T'QT = R'QR.

Below we include a theorem that gives conditions for the existence of the
hyperbolic QR factorization of a semi-infinite upper Hessenberg matrix.

Lemma 4.5 Let M be a symmetric matrix such that all its leading principal
submatrices are nonsingular. Then, the (unique) triangular factorization of M
exists, that is,

M = LDIL',

where L is a lower triangular matriz with ones in the main diagonal, and D

15



15 a diagonal matriz. Moreover, M can be expressed in the following way:
M = L|D|"*Q|D|"2 L,

where Q = diag(£1) is a signature matriz and |D|/? denotes the diagonal
matriz given by (|D|Y?);; = |D;s|"?, i > 1. We will refer to the matriz Q as
the tri-signature matrix associated with M.

Definition 4.6 Let Q2 be a signature matriz. If we denote by i (Q2) and i_(2)
the cardinality of the sets {(Q);; = (2);; = 1} and {(Q)i; : (Q);; = —1},

respectively, then we define the inertia of ) as
inert(Q) := {i (Q),i_(2)}.

Theorem 4.7 Let T be a semi-infinite nonsingular upper Hessenberg matriz,
and let Q be a signature matrixz. The hyperbolic QR factorization of T with
respect to ) exists if and only if all the leading principal submatrices of T'QT
are nonsingular and inert(Q) = inert(@), where §) is the tri-signature matriz
associated with T'QT .

PROOF.

(1) Assume that the hyperbolic QR factorization of T with respect to 2
exists. Then, 5 )
T'QT = R'7'Q'QQTR = R'QR,
where Q is a signature matrix. For all n > 1, the leading principal sub-
matrix of order n of RIQR satisfies

(R'QR), = (R)!(Q)n(R)n.

Therefore, 3
det((R'QR),,) = det*((R),) # 0.

(2) We assume now that all the leading principal submatrices of T'QT are
nonsingular. Then, the (unique) triangular factorization of T"QT exists
and we get )

T'QT = LDL! = L|D|V*Q|D|2Lt.
Consider the matrix )
Q = TLYD|~/2. (4.10)
Then, o
Q'QQ = |D|~V2L ' Tt QT LY D72 = Q.
Since inert(Q2) = inert(§2), there exists a permutation matrix 7 such
that 7'Qm = Q. Then, we get

(wt@) Q0 (Qw) =Q.

16



Multiplying (4.10) by 7 on the right, we obtain
Q = Qm = TL7'|D|™Y?x,

which implies that
T = Qr'R,
with R = |D|Y/2L. O

The following result is obtained in a straightforward way from the previous
theorem.

Corollary 4.8 Let T be a semi-infinite nonsingular upper Hessenberg matriz,
and let Q be a signature matriz. All the leading principal submatrices of T*QT
are nonsingular if and only if there exists an upper triangular matriz with
positive main diagonal R, and a matriz Q such that T = QR, where Q'QQ = )
and ) is the tri-signature matriz associated with T*QT .

We will refer to this factorization as the pseudo-hyperbolic QR factorization
of T

In the sequel, we consider a quasi-definite symmetric bilinear functional L. Let
{P,} be the sequence of monic polynomials orthogonal with respect to L, and
let H be the semi-infinite Hessenberg matrix associated with {P,}. Consider
the bilinear functional x2L given in Definition 4.1.

Unlike what happens in the positive definite case, L being quasi-definite does
not imply, in general, that x2L is a quasi-definite bilinear functional. For
instance, assume that the leading principal submatrix of order 3 of the matrix
of standard moments associated with L is

120
(Mp)s=1200
001

It is obvious that (M} )s is a non-singular matrix while the matrix obtained

00
by deleting its first row and column is singular. Therefore, L must

01

satisfy an extra condition so that x2L is quasi-definite. It is easy to prove that
a necessary and sufficient condition for x2L being quasi-definite is that the
matrix M Lfl’fl) is quasi-definite. However, this condition involves the matrix
of standard moments. Later on we will give another condition on the matrix H
to assure that the functional x?L is quasi-definite. In the sequel, we denote by
{Q,.} the sequence of monic polynomials orthogonal with respect to x2L, and
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H, denotes the corresponding Hessenberg matrix, assuming that the functional
x2L is quasi-definite.

In the quasi-definite case, the key for the connection between the bilinear func-
tionals L and x?L is the (unique) triangular factorization of (x*L)(v,,v}) =
HD,H', where D, = L(v,,v}), given by

HD,H"= LDL". (4.11)

Let us assume that all the leading principal submatrices of HD,H" are non-
singular so that its triangular factorization exists.

Theorem 4.9 Using the notation given above, for a quasi-definite and sym-
metric bilinear functional L,

(1) vy = Ly,
(2) H =L 'HL.

PROOF. Since the entries of v, and v, are monic polynomials and they
are ordered by increasing degree, there exists a nonsingular lower triangular
matrix L with ones in the main diagonal and such that

v, = Lu,. (4.12)
Taking into account orthogonality properties (x*L)(vg,vf) = D, is diagonal

and

(XZL)(UP, v;) = (X L)(qu, v Lt)
E(X2L)(Uq, q)Lt
_iD,I! (4.13)

On the other hand,
( 2L) (Upv Up) L(‘TUZN v )

= L(Huvp, v, H")
— HD,H". (4.14)

Because of the uniqueness of the triangular factorization, from (4.11), (4.13),
and (4.14), we deduce that L = L and D = D,, which proves the first result.

On the other hand,
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H,D, :Hl(sz)(vq, vg)
— (L)(Hyty,v])
— (<L), 1)
= (x*L)(aL vy, vl L)
=L (x*L)(zv,, vp) L~
=L "H(x*L) (v, v}) L™
=L 'H(LD,L") L™
=L 'HLD,. (4.15)

Since D, is nonsingular, the second result is proven. O

In order to recover a QR like transformation, we write
D, = |Dp|1/29p|Dp’1/27 Dy = |Dq|1/29q’Dq|1/27 (4.16)
where Q, = sign(D,), and €, = sign(D,).

The tool for the connection between the matrices H and H; is the pseudo-
hyperbolic QR factorization of |D,|'2H* with respect to €),. From Corollary
4.8, this factorization exists if all the leading principal submatrices of

(|Dp|1/2Ht)tQp|Dp|1/2Ht = HDth
are nonsingular.

Proposition 4.10 If all the leading principal submatrices of HD,H" are non-
singular, the pseudo-hyperbolic QR factorization of ]Dp|1/2Ht with respect to
Q, ewists. Moreover,

|Dp‘1/2Ht = QR7
where Q'Q,Q = Q, and R = |D,|"/?Lt.

PROOF. The existence of the pseudo-hyperbolic QR factorization of ]Dpll/ kK
with respect to (2, is guaranteed by Corollary 4.8. Consider this factorization

|D,|'?H' = QR. (4.17)

Then, taking into account that () is orthogonal with respect to 2, and the
triangular factorization of HD,H", we get

LD,L' = HD,H' = R'Q'Q,QR.
Considering (4.16) and Corollary 4.8, we deduce that R = |D,|'?L! and
Q'Q,Q =9, O
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The previous theorem allows us to obtain H; from H by the application of a
QR-like transformation.

Theorem 4.11 Giwen a symmetric quasi-definite bilinear functional L as
well as the quantities defined above, if all the leading principal submatrices
of HD,H" are nonsingular, then

H=I1G, H =GL
where G = |Dy|"2Q*| D,|~1/2.

PROOF. Using transposition in (4.17), we get
H = L|Dq|1/2Qt’Dp|_1/2 = LG.

From Theorem 4.9,
H,=L'HL=CGL. O

Notice that the matrix G is orthogonal with respect to D,, that is,

GDth = |Dq|1/2Qt|Dp|_1/2Dp’Dp|_1/2Q|Dq|1/2
= |Dq|1/2QtQPQ‘Dq|1/2
= |Dq|1/QQq’Dq|1/2 =D

q-

As an immediate consequence of the previous results we obtain a necessary
and sufficient condition for x2L to be quasi-definite.

Corollary 4.12 Let L be a symmetric quasi-definite bilinear functional and
let H be its corresponding Hessenberg matrixz. Then, the symmeltric bilinear
functional x2L is quasi-definite if and only if all the leading principal subma-
trices of HD,H" are nonsingular.

Next proposition gives also necessary and sufficient conditions for x2L to be
quasi-definite.

Proposition 4.13 Let L be a symmetric quasi-definite bilinear functional and
let {P,} be the sequence of monic polynomials orthogonal with respect to L.

Then, the symmetric bilinear functional x2L is quasi-definite if and only if
DFET, # 0 for all n > 1, where

DET, = [[ d;P2(0) + dpi1 DET, 1,
=1

with DETy = 1 and d; = L(P;, P;) for all 1 > 1.
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PROOF. It is obvious that, for all n > 1,
(HD,H"),, = H,(D,),H., + dpi 1€l en,

where dyi1 = (Dp)nt1ns1 and e, = [0, ..., 1] € R™™. Then, considering some
determinant properties,

det ((HD,H'"),) = det(H,(Dy), HY) + dyrdet ((HD,H"),1)

where det (HD,H")y) = 1. Taking into account that det((H),,) = (—1)"P,(0)
and that d; = L(P;, P)),

det ((HD,H'"),) = ﬁ di P2(0) + dyadet ((HD,H),y )
=1

Then denoting DET,, := det (HD,H"),), and taking into account Corollary
4.12, the result follows. O

Finally, notice that the following explicit algebraic relations between the se-
quences {P,} and {Q,} can be obtained from Theorem 4.11

v, = Lvg, and zv, = Gup.

4.0.4  The symmetric bilinear functional x*"L

The results obtained in the previous subsections can easily be generalized. Let
L be a symmetric quasi-definite bilinear functional. It is obvious that the best
way to define the symmetric bilinear functional x22L is

(x*L)(p, q) := L(z"p, 2"q). (4.18)

Remark 1 The definition of x®"L, for n > 1, is a natural extension of the
definition of x*"S, where S denotes a linear functional.

It is easy to prove that x2"L is a positive definite bilinear functional if L is
also positive definite. On the other hand, if L is quasi-definite, it is necessary
to consider an additional condition so that x?"L is a quasi-definite functional.

Assume that H and H; denote, respectively, the Hessenberg matrix associated
with L and x?"L. If L is positive definite and (H")" = G'L* denotes the QR
factorization of (H™)', then

H!=L"'H"L and (H})'=L'G". (4.19)

A similar result is obtained in the quasi-definite case.
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The definition in (4.18) can be used to give a general definition of the symmet-
ric bilinear functional 7L, where 7 denotes an even polynomial. In the linear
case, if S denotes a linear functional and 7(z) = Y1, a;z’, then

n

(TS)(p) = >_ cu(x'S)(p).
i=0
Therefore, as an extension of the above result, if m(z) = >, a;z%, it seems
to be natural to define

m

(7L)(p,q) ==Y a;(x*L)(p, q).

1=0
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