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1. Introduction

In the present paper we are concerned with eigenvectors and minimal bases of lineariza-
tions of square matrix polynomials over the complex field C. A square n X n matrix
polynomial over C

PA) =) XNA;,  Ag,..., Ay €T AL #£0, (1)

is said to be regular if the determinant of P(\) is not the identically zero polynomial.
The matrix polynomial P()\) is singular otherwise. The finite eigenvalues and associated
eigenvectors of a regular matrix polynomial (1) are defined as those values Ay € C and
nonzero vectors v € C", respectively, such that P(\g)v = 0. They are of relevance in sev-
eral applied problems where matrix polynomials arise (see, for instance, [20] for a survey
on quadratic polynomials, and [17, 18, 22] for recent examples of applications of higher
degree polynomials). The problem of the computation of eigenvalues and eigenvectors of
regular matrix polynomials, which is know as the Polynomial Eigenvalue Problem (PEP),
has attracted the attention of many researchers in numerical linear algebra. When the ma-
trix polynomial is singular, instead of the eigenvectors we are interested in minimal bases,
which are particular bases of the right and left nullspaces of P(\) and are also relevant in
applications [2, 9].
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The standard way to numerically solve the PEP for regular polynomials is through the
use of linearizations. These are essentially matrix pencils H(\) = AX + Y, with X, Y €
Cnkxnk sharing certain information with the polynomial P()), in particular, the invariant
polynomials, which include the eigenvalues and its associated partial multiplicities (see
[11] for the definition of these notions). However, the eigenvectors of H(\) and P()\) are
not the same, and actually they can never be the same because the sizes of H () and P(\)
are different. Similarly, for singular matrix polynomials, minimal bases are not usually
preserved by linearization. Then, the problem of relating the eigenvectors and minimal
bases of P(\) with the ones of H () becomes essential in numerical computations.

An important issue to determine the errors in the numerical computation of eigenvalues
is the eigenvalue condition number. The standard formula for the condition number of
eigenvalues of a matrix polynomial P()\) involves the associated left and right eigenvec-
tors of P(A) [19]. When using linearizations to compute eigenvalues of P()), we have
to consider the eigenvalue condition numbers corresponding to the linearization H(\),
which are, in general, larger than the ones of the polynomial P()). Actually, these con-
dition numbers involve the eigenvectors of H()\), instead of the eigenvectors of P ().
Hence, in order to compare the condition numbers of the eigenvalues corresponding to
H ()\) with the condition numbers corresponding to P()), the knowledge of the left and
right eigenvectors of H () is relevant. Moreover, it would be desirable to know the rela-
tionship between these eigenvectors and the eigenvectors of P(\).

The classical linearizations of matrix polynomials used in practice have been the first
and second (Frobenius) companion forms [11]. However, during the last decade several
new families of linearizations have been introduced by different authors [1, 3, 7, 16, 21],
some of them extending other known families, like the one introduced back in the 1960’s
in [14]. The natural subsequent step is to analyze the advantages or disadvantages of these
new families and, in particular, to study their numerical features. In connection with the
problems mentioned in the previous paragraphs, a natural first step for this would be:

(P1) Find recovery formulas for eigenvectors and minimal bases of P(\) from the ones of

the linearizations.

(P2) Obtain explicit formulas for the eigenvectors and minimal bases of the linearizations in

terms of the eigenvectors and minimal bases of P(\).

We want to stress that solving (P2) implies solving (P1), but the converse is not true.

For the families of linearizations introduced in [16], Problem (P1) has been solved in
[5, 12, 16], but (P2) has been only partially solved. For the family of Fiedler pencils, in-
troduced in [3] (and named later in [6]), both (P1) and (P2) have been completely solved
in [6] for square matrix polynomials and in [8] for rectangular polynomials. For the fam-
ily of generalized Fiedler pencils, also introduced in [3] (though named in [4]) (P1) has
been solved in [4], but (P2) remains open. The present paper deals with problem (P2).
Our main goal is to obtain formulas for the eigenvectors and minimal bases of the gener-
alized Fiedler pencils and the Fiedler pencils with repetition, which is the family recently
introduced in [21]. These formulas will be given in terms of the eigenvectors and min-
imal bases of the polynomial. We will also provide a simpler expression of the formula
obtained in [6] for the eigenvectors of Fiedler pencils. In order to get our formulas for the
left and right eigenvectors, we introduce the notion of right and left eigencolumn. This
will allow us to get formulas for left and right minimal bases as well.

The paper is organized as follows. In Section 2 we introduce basic notation and def-
initions, and we recall the families of linearizations that we have mentioned above. In
Section 3 we introduce the notion of eigencolumn of linearizations and explain how it is
related to eigenvectors and minimal bases. In Section 4 we present the main results of
the paper, namely, formulas for the left and right eigencolumns of the families of Fiedler
pencils, proper generalized Fiedler pencils and Fiedler pencils with repetition. Section 5
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is devoted to the proofs of these results, and in Section 6 we summarize the main contribu-
tions of the paper and we pose some open problems that appear as a natural continuation
of this work. The case of non-proper generalized Fiedler pencils is addressed in Appendix
A, because this is a very particular case which deserves a separate treatment. Finally, in
Appendix B we obtain formulas for left and right eigenvectors associated with the infinite
eigenvalue of regular polynomials. This case is also addressed in a final appendix because
the techniques employed in this case have nothing to do with the main techniques of the
paper, and even the formulas for this case are very specific.

2. Basic definitions

Along the paper we will use the following notation: I,,, will denote the m x m identity
matrix. When no subindex appear in this identity, we will assume it to be n, which is the
size of the matrix polynomial in (1). We will also deal with block-partitioned matrices
with blocks of size n x n. For these matrices, we will use the following operation.

Definition 2.1m: If A = [A;;] is a block  x s matrix consisting of block entries A;;
with size n x n, then its block transpose is a block-partitioned s x 7 matrix AB whose
(Z,j) block is (AB)ij = Aﬂ

By C[\] we will denote the ring of polynomials in the variable A with complex coeffi-
cients, and C(\) will denote the field of rational functions in the variable A with complex
coefficients. Accordingly, C[A]" is the set of vectors whose n coordinates are polynomials
in C[A\] and C(\)" is the vector space of dimension n with coordinates in C(\).

Two matrix polynomials P(\) and Q(\) are said to be equivalent if there are two matrix
polynomials with constant nonzero determinant, U (\) and V() (such matrix polynomi-
als are known as unimodular), such that Q(\) = U(N)P(A\)V(A). If U(X) and V() are
constant matrices, then P(\) and Q(\) are said to be strictly equivalent.

The reversal of the matrix polynomial P()) is the matrix polynomial obtained by re-
versing the order of the coefficient matrices, that is

k
rev P()\) := Z NA_;.
=0

We use in this paper the classical notion of linearization for square n X n polynomials
(see [11] and [10] for regular matrix polynomials and [5] for singular ones).

Definition 2.2m: A matrix pencil H(\) = AX + Y with X, Y € C"**"* is a lin-
earization of an n x n matrix polynomial P(\) of degree k if there exist two unimodular
nk x nk matrices U(A) and V() such that

UNHNV() = [1““5”" P?A)] : 2)

or, in other words, if H () is equivalent to diag (/(z—1)n, P())). A linearization H () is
called a strong linearization if rev H(\) is also a linearization of rev P(\).

In Section 2.3 we will introduce the families of linearizations which are the subject of
the present paper. They are constructed using the following nk x nk matrices, partitioned
into k x k blocks of size n x n. Here and hereafter, A; denotes the ith coefficient of the
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matrix polynomial (1).

My = [Ak My = HM" A}, 3
—40

and

Ik—iz1yn
AT o
M; = s =1, k—1. (4)

Iy

The M; matrices in (4) are always invertible, and the inverses are given by

Ie—iz1ym 0
i I A ' )

I 1yn

However, note that M, and M _;, are invertible if and only if Ag and A, respectively, are.
We will also use the notation

M_;:= M1, fori =0,1,....k — 1, and M, == M~}

The notation for M_; differs from the standard one used in [3, 4, 6]. The reason for this
change here is that, for all but one of the families of linearizations considered in this
paper (and this last one is addressed only in Appendix A), M _ will appear in the leading
term of the linearization, and we follow the convention of using negative indices for the
matrices in this term. We want to emphasize also that M_¢ := M, L For this reason, we
will use along this paper both 0 and —0, with different meanings.

It is easy to check the commutativity relations

M;Mj = M;M;  for |[[if —[jl| # 1. (6)
For 0 < ¢ < k we will make use along the paper of the polynomial
Pi(\) = Ap_i + Mp_jy1 + - + N A

This polynomial is known as the ith Horner shift of P(\), with P(\) as in (1). Notice that
Po(/\) = Ak, Pk()\) = P()\) and )\Pz()\) = R+1()\) — Ak,z;l, for 0 < 7 < k—1.

2.1. [Index tuples, column standard form, and the SIP property

In this paper we are concerned with pencils constructed from products of M; and M_;
matrices. In our analysis, the order in which these matrices appear is relevant. For this
reason, we will associate an index tuple with each of these products to simplify our devel-
opments. We also introduce some additional concepts defined in [21] which are related to
this notion. We will use boldface letters, namely t,q, z. . ., for ordered tuples of indices
(or index tuples in the following).

Definition 2.3m: Lett = (iy,42,...,%,) be an index tuple containing indices from
{0,1,...,k,—0,—-1,...,—k}. We say that t is simple if i; # ¢; forall j,l € {1,2,...,r}
with j # 1.
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Definition 2.4m: Lett = (iy,42,...,%,) be an index tuple containing indices from
{0,1,...,k,—0,—1,...,—k}. Then,

My = M;, M;, --- M;, . (7

We want to insist on the fact that 0 and —0 are different. We include —0 along this
section for completeness and symmetry in definitions and developments, though the only
case where it is relevant is the one addressed in Appendix A, where matrix M_g appears.

Unless otherwise stated, the matrices M;, ¢ = 0,...,k, and M refer to the matrix
polynomial P()) in (1). When necessary, we will explicitly indicate the dependence on a
certain polynomial Q(\) by writing M;(Q) and M¢(Q).

Definition 2.5m: Let t; and te be two index tuples containing indices from
{0,1,...,k,—0,—1,...,—k}. We say that t; is equivalent to to, and we will write
ty ~ to, if My, = Ms,.

Notice that this is an equivalence relation and that if M, can be obtained from My, by
the repeated application of the commutativity relations (6), then t; is equivalent to ts.

We will refer to an index tuple consisting of consecutive integers as a string. We will
use the notation (g : [) for the string of integers from ¢ to [, that is

v g+, ifg <1
(q’l)_{ 0, ifg>1"

Observe that if ¢; # qo, with ¢ > [ and g2 > [, then both (¢ : ) and (g2 : 1)
correspond to the empty index tuple. This creates an ambiguity that can be avoided by
using the notation (oo : [) for any tuple of the form (g : 1) with ¢ > [. We shall also say
that M@ = I,

Definition 2.6 m: Given an index tuple t = (i1, ...,1,), we define the reverse tuple of
t, denoted by rev t, as revt := (ir,...,41).

Definition 2.7m: Given an index tuple t = (i1,...,1,), we define the tuple —t :=
(—i1y.eny—ip).

The following two notions are introduced for tuples of nonnegative integers (later we
will consider the case of negative indices).

Definition 2.8m: [21] Let t = (i1,%2,...,,) be an index tuple with elements from
{0,1,...,k — 1}. Then t is said to satisfy the Successor Infix Property (SIP) if for every
pair of indices i4,7, € t with 1 < a < b < r, satisfying ¢, = 1, there exists at least one
index i, = i, + 1 such that a < ¢ < b.

Definition 2.9m: [21] Let t be an index tuple containing indices from {0, 1,...,k—1}.
Then t is said to be in column standard form if

t=(ck—1:k—1,ck2:k—2,...,c0:2,¢c1:1,¢0:0), ¢ €(0:7)U{oc}.

By removing the empty strings of the form (co : j) in t, it can be seen that t is in
column standard form if and only if

t = (as:bs,as—1:bs_1,...,a2:ba,a1 :b1),
withk —12>bs >bs_1>--->by>b; >0and0 < a; <bj,forallj=1,...,s.

The connection between the column standard form and the SIP property of an index
tuple is shown in the following result.
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Lemma 2.10m: [21] Let t = (iy,...,i,) be an index tuple containing indices from
{0,1,...,k — 1}. Then t satisfies the SIP if and only if t is equivalent to a tuple in
column standard form.

Note that, in particular, if t is simple, then t satisfies the SIP and, therefore, is equiv-
alent to a tuple in column standard form. In the more particular case of a permutation
we can obtain an expression for t in column standard form that will be used in further
developments.

Lemma2.11m: Let t be a permutation of { hy, ho+1,...,h}, with0 < hg < h < k—1.
Then t is in column standard form if and only if

t:(tS_l—l-l:h,ts_g—i-l:ts_l,...,tg—i-l:t3,t1+12t2,h0:t1)

for some positive integers hg < t; <ty < - - <ts_1 <h.
Denote tg = ho—1 and ts = h. We call each sequence of consecutive integers (t;—1+1 :
t;), fori=1,...,s, astring in t.

The proof of Lemma 2.11 is straightforward and is left to the reader.
The previous concepts can be extended to tuples of negative indices. In particular, below
we extend definitions 2.8 and 2.9, and also Lemma 2.11.

Definition 2.12m: Let t' = (i1,i2,...,i,) be an index tuple with elements from
{=k,—k + 1,...,—1}. Then t’ is said to satisfy the SIP if for every pair of indices
ia,0p € twith 1 < a < b < 7, satisfying i, = 1, there exists at least one index
1. = 14+ 1 suchthat a < ¢ < b.

Definition 2.13m: Let t' be an index tuple containing indices from {—k,—k +
1,...,—1}. Then t’ is said to be in column standard form if

t'=(co1:—1l,cc0: =2, ..,c g1 —k+1,cp:—k), ¢ € (—k:i)U{c}.

By removing the empty strings of the form (oo, j) in t’ we see that t’ is in column
standard form if and only if t’ is of the form

t' = (—ay: —bp,—ar_1: —by_1,...,—as: —by, —ay : —by),

withl <b, <bs<---<by<by<kandk >a; >b; > 1,forallj=1,... 7.
Lemma 2.14m: Let t' be a permutation of {—qo, —qo + 1, ..., —q — 2, —q — 1}, where
1< q+1<qp. Thent' is in column standard form if and only if

t=(—t_ +1:—q—1,—~th o+1:—t 4, ...ty +1:—th, —qo: —t}),

for some positive integers qo >ty >t > ... >t _; >q+ 1
Denote t; = qo + 1 and t,, = q + 1. We call each sequence of consecutive integers
(=t +1:—t)), withi=1,...,r, astringint’.

Lemma 2.15m: [21] Let t' = (i1,...,1,) be an index tuple containing indices from
{=k,—k+1...,—1}. Then t' satisfies the SIP if and only if t' is equivalent to a tuple in
column standard form.

2.2. Consecutions and inversions of simple index tuples

Here we recall some definitions introduced in [6] which are key in the formulas for the
eigencolumns.
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Definition 2.16m: Let q be a simple index tuple with all its elements from
{0,1,...,k =1} orall from {—k, -k +1,...,—1,—0}.

(a) We say that q has a consecution at j # —0 if both 7,5 + 1 € q and j is to the left of
j 4+ 1in q. We say that g has an inversion at j # —0 if both j, j + 1 € q and j is to the
rightof 7+ 1inq.

(b) We say that q has ¢; (resp. i) consecutions (resp. inversions) at j # —0 if q has
consecutions (resp. inversions) at j, j+1,...,j+¢;—1(resp.atj,j+1,...,j+i;—1)
and q has not a consecution (resp. inversion) at j + ¢; (resp. j + i;).

(c) We say that q has c¢_g (resp. i_g) consecutions (resp. inversions) at —0 if
—C_@gy...,—1,—0 (resp —0,—1,...,—c_g) appear in this order in q, and —c_g — 1
is to the right of —c_g (resp. to the left of —c_g) in q.

We insist again that part (c) of Definition 2.16 will be only used in Appendix A.

Example 2.17 Let g = (11 : 13,10,6 : 9,5,4,0 : 3). This tuple has consecutions at
0,1,2,6,7,8,11 and 12. Moreover, q has three consecutions at 0, it has two consecutions
at 1, and just one consecution at 2.

2.3. Fiedler pencils, generalized Fiedler pencils, and Fiedler pencils with repetition

In this section we recall the families of Fiedler pencils, generalized Fiedler (GF) pencils,
and Fiedler pencils with repetition (FPR) of a given matrix polynomial, and some of their
properties. The Fiedler and GF families were introduced in [3] for regular matrix polyno-
mials (although the authors did not assign any specific name to these pencils). They were
also studied, and named, in [6] and [4], respectively, for square singular polynomials. The
Fiedler pencils have been addressed recently in [8] for rectangular matrix polynomials.
Finally, the FPR have been introduced in [21]. It is worth to mention also that the GF
pencils have been used in the construction of structured linearizations, like symmetric [3]
and, more recently, palindromic [7].

Definition 2.18 m: (Fiedler pencils) Let P(\) be the matrix polynomial in (1). Let g be
a permutation of {0, 1,...,k — 1} and Mg be the matrix in (7). Then the Fiedler pencil
of P()\) associated with q is

Fo(A) = AM_j, — My,

Next we introduce GF pencils. In the following, if £ = {i1,...,4,} is a set of indices,
then —& denotes the set {—iq,..., —i,}.

Definition 2.19m: (GF and PGF pencils). Let P(\) be the matrix polynomial in (1) and
let M;, fori = 0,1,...,k — 1, —k, be the matrices defined in (3)-(4). Let {Cp, C1} be a
partition of {0, 1,...,k} and q, m be permutations of Cy and —C', respectively. Then
the generalized Fiedler (GF) pencil of P(\) associated with (m, q) is the nk x nk pencil

K(N) = AMp, — Mg

If 0 € Cpand k € (4, then the pencil K () is said to be a proper generalized Fiedler
(PGF) pencil of P()).

If, in Definition 2.19 we admit Cp = (), then My = I, and, if C; = () then My, = Iy

It is obvious that any Fiedler pencil Fq(\) of P(A) is a particular case of a GF pencil
with Cp = {0,1,...,k — 1} and C; = {k}. We stress that GF pencils that are not proper
are defined only if A and/or Ag are nonsingular.
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It is proved in [4, Theorem 2.2] that the GF pencils are strong linearizations of P(\).
We state this result here for completeness.

Theorem 2.20 m: Let P(\) be an n x n matrix polynomial. Then any GF pencil of
P()) is a strong linearization for P(\).

Theorem 2.20 is true for both regular and singular polynomials P(\), but in this last
case we recall that the only GF pencils that are defined are the PGF pencils.
Now we recall the notion of FPR, recently introduced in [21].

Definition 2.21m: (FPR). Let P(\) be the matrix polynomial in (1), where Ay and
Aj. are nonsingular matrices. Let 0 < h < k — 1, and let q and m be permutations

of {0,1,...,h} and {—k,—k +1,..., —h — 1}, respectively. Assume that 1, and r, are
index tuples with elements from {0, 1,...,h — 1} such that (1,,q,r,) satisfies the SIP.
Similarly, let 1,,, and r,,, be index tuples with elements from {—k, —k +1,...,—h — 2}

such that (1,,, m, r,,,) satisfies the SIP. Then, the pencil
L(X) =AMy, My, My My My, — My, My, MM, M,

is a Fiedler pencil with repetition (FPR) associated with P(\).

Remark 1 m: The constraint Ay and Ay being nonsingular can be relaxed. We need Ay
to be nonsingular only if 0 is an index in 1, or ry, or both. Similarly with A, and the index
—kinl,, and r,,.

Notice that if 14, ry, 1,,, and r,, are all the empty index tuple in Definition 2.21, then
L(\) is a GF pencil (actually, a PGF pencil). Note also that not all GF pencils are FPR.
We have the analogue of Theorem 2.20 for FPR.

Theorem 2.22m: [21] Let P(\) be an n x n matrix polynomial. Then every FPR of
P()) is a strong linearization of P(\).

The requirement that (1,,q,r,) and (1,,, m, r,,) satisfy the SIP in Definition 2.21 is
introduced in order to keep the product of the M; matrices defining L(\) operation free
[21]. As a consequence, the coefficients of L()\) are block-partitioned matrices, whose
n X n blocks are of the form 0,+17, or +A; (that is, no products of A; blocks appear).
This requirement implies some constraints in the strings of 1,, rg, 1,,, and r,, when they
are expressed in column standard form. In the following, we focus on r, and r,,, because
they are the only relevant strings for the right eigencolumns (as we will see in Section
5.3).

Lemma 2.23m: Let h be a nonnegative integer and q = (bs,bs_1,...,b1) be a
permutation of {0,1,...,h} in column standard form, where b; = (t;—1 + 1 : t;),
fori =1,...,s, withty = —1 and ty = h. Let vy = (h1 : hg) be a string with

0 < hy < hy < h and such that (q, rq) satisfies the SIP. Then, either

o tg 1+ 1="h1 < hs <ty,forsomes>d>1;or
o tg 1+ 1< hy <hg <ty,forsomes>d>1.

Proof: If hy =t4_;+1forsomes >d > 1,then (q,ry) ~ (ts—1+1:h,... . tq—1+1:
ta,ta—2+1:tg_1,t4-1+1: hg,...,0:t;). Since (g, r,) satisfies the SIP, then hy < tg4.

If hy # t;—1 + 1forall 1 < i < s, since q is a permutation of {0,1...,h} and the
elements of r, are in {0,1,...,h — 1}, there is a string b, in g containing h;, that is,
tg—1 +1 < hy < t4. Then (q,r,) is equivalent to the following index tuple in column
standard form

(t5—1+1 shyootg+ 1 tger,tg1 +1:tg,hy e hg,td,Q—l—l:tdfl,...,O:tl).
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Then it must be hy < t,4 because, otherwise, this tuple would not satisfy the SIP. O

‘We have the analogue of Lemma 2.23 for tuples of negative integers. We omit the proof
because it is similar to the one of Lemma 2.23.

Lemma 2.24m: Let h be a nonnegative integer with 0 < h < k — 1 and m =
(bl,bl_4,...,b}) be a permutation of {—k,—k+1,...,—h — 1} in column standard
form, where b, = (—t._; +1 : —tl), fori = 1,...,r, with —t{, + 1 = —k and
—t. = —h — 1. Let v,, = (—h} : —h}) be a string with —k < —h} < hl, < —h — 2 and
such that (m, r,,) satisfies the SIP. Then, either

o —tl | +1=—h) <—hl < —t), forsomer >d>1;or
o U, ,+1<—h} <—hiy<—tl), forsomer >d>1.

Lemmas 2.23 and 2.24 motivate the following definition.

Definition 2.25m: (Type 1 strings). Let i be a nonnegative integer with0 < h < k — 1
and q = (bs,bs—1,...,b1) be a permutation of {0,1,..., A} in column standard form,
withb; = (t;_1 +1:t;),fori =1,...,s. Letry = (h1 : ho) be a string with 0 < hy <
ha < h and such that (q, r,) satisfies the SIP. Then r is said to be a type 1 string relative
toqif hy =t4_1+1,forsomed=1,...,s.

Similarly, let m = (b/.,b/_,,...,b}) be a permutation of {—k,—k +1,...,—h — 1}
in column standard form, with b} = (—t;_, +1: —t}),fori = 1,...,r. Letr,, = (—h} :
—hl) be a string with h + 2 < h, < b < k such that (m, r,,,) satisfies the SIP. Then r,,
is said to be a type 1 string relative tom if A} =¢/, | —1,forsomed =1,...,r + 1.

Definition 2.26m: (Associated simple tuple for one string). Let h be a nonnegative
integer and q = (b, bs_1,...,b;) be a permutation of {0, 1,...,h} in column standard
form, with b; = (t;_1 +1:¢;),fori = 1,...,s. Letry = (hq : h) be a type 1 string
relative to q. Set

tg—1+1=hy < hy <tg,

for some 1 < d < s. Then the simple tuple associated with (q, r,) is the simple tuple

5((17 rq) = <b87 b8—17 cee 7bd+17 Bd) Bclfla bd727 cee 7b1> )

where:

(a) If d > 1, then

Ed—l = (td_g +1: hg) and Bd = (hg +1: td).

(b) If d =1, then

Bd—l = (O : hg) and Bd = (hg +1: tl).

Now we extend recursively definitions 2.25 and 2.26 to tuples with more than one string.

Definition 2.27m: (Type 1 tuples and associated simple tuple) Let h be a nonnegative

integer and let q = (bs, bs_1,...,b1) be a permutation of {0, 1, ..., A} in column stan-
dard form, with b; = (t;—1 + 1:¢;), fori = 1,...,s. Let r, be an index tuple such that
(q,ry) satisfies the SIP (so, in particular, r, satisfies the SIP). Let r, ~ (cq,...,¢c4) in
column standard form, with cq, ..., cg4 strings. Then r, is a type 1 tuple relative to q if

the following conditions hold:

(i) cqisatype 1 string relative to sg := q.
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(i) Foreachi =1,...,9—1, c;41 isatype 1 string relative to s;, which is the simple tuple
associated with (s;_1, ¢;).

The simple tuple associated with (q, r,) is the simple tuple associated with (541, cg).
We will denote it by s(q, ry).

Similarly, let m = (b, b/ _,,...,b}) be a permutation of {—k,—k+1,...,—h — 1}
in column standard form, with b, = (—t,_, +1: —t}), fori = 1,...,r. Let rj, be an
index tuple such that (m, r,,,) satisfies the SIP. Let r,y, ~ (cf, ..., c}) in column standard
form, with ¢, ..., c strings. Then ry, is a type 1 tuple relative to m if the following

g
conditions hold:

(i) ¢} isatype 1 string relative to 5o := m.
(ii) Foreachi=1,...,9—1,cj, isatype I string relative to s;, which is the simple tuple
associated with (s;_1, c}).

The simple tuple associated with (m, r,,,) is the simple tuple associated with (s,-1, c;)).
We will denote it by s(m, ry,).

Example 2.28 Let h = 16, q = (16,11 : 15,7 : 10,6,2 : 5,0 : 1) and r, =
(11,12,2,7,13,8,9,10,11, 3, 12). It is immediate to check that (q,r,) satisfies the SIP.
Also, ry ~ (c1,c2,c3) in column standard form, with ¢; = (11 : 13), cg = (7 : 12)
and c3 = (2 : 3) (where we have removed the empty strings). Then, following the
notation in Definition 2.26, we have s = q, so c; is a type 1 string relative to so;
57 = (16,14 : 15,7 : 13,6,2 : 5,0 : 1), so cg is a type 1 string relative to s1;
s9 = (16,14 : 15,13,6 : 12,6,2 : 5,0 : 1), so c3 is also a type 1 string relative to
5y. Finally, s(q, rq) = (16,14 : 15,13,6 : 12,4 : 5,0 : 3).

3. Eigenvalues and eigenvectors, minimal indices and minimal bases. Right and left
eigencolumns of linearizations

The right and left eigenspaces of an n x n regular matrix polynomial P()\) at \g € C are
the right and left null spaces of P()\g), i.e.,

N (P(No)) := {xz € C" : P(M\g)xz =0},
Ne(P(N)) = {y eC": P\)Ty= O} :

If P()\) is a regular matrix polynomial and N,.(P(X\o)) (or, equivalently, Ny(P(Xo)))
is nontrivial, then A is said to be a (finite) eigenvalue, and a vector x # 0 (respectively,
y # 0)in N.(P(Xo)) (resp. Ny(P(Xo))) is a right (resp. left) eigenvector of P associated
with \g. Matrix polynomials may also have infinite eigenvalues. In this work we will focus
on finite eigenvalues. Infinite eigenvalues are considered only in Appendix B, because
the techniques used for this case are completely different (though simpler) than the ones
employed for finite eigenvalues.

In the case of P()\) being a square singular n X n matrix polynomial, the previous
notion of eigenvalue (and eigenvector) makes no sense, because with this definition all
complex values would be eigenvalues of P(\). In this case we are interested, instead
of eigenvectors, in minimal bases of P(\). This notion is related to the right and left
nullspaces of P()\), which are, respectively, the following subspaces:

N.(P) := {z(\) e CN)" : P(\)z(\) =0},
Ni(P) = {y(0) € CO" = POYTy(A) = 0} .

A polynomial basis of a vector space over C(\) is a basis consisting of polynomial vectors
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(that is, vectors whose coordinates are polynomials in A). The order of a polynomial basis
is the sum of the degrees of its vectors. Here the degree of a polynomial vector is the
maximum degree of its components. A right (respectively, leff) minimal basis of P(\)
is a polynomial basis of A;.(P) (resp. NV;(P)) such that the order is minimal among all
polynomial bases of N;.(P) (resp. N¢(P)) [9].

In order to relate eigenvectors and minimal bases of P(\) with the ones of a given lin-
earization of P(\) we introduce the following notion, which is valid even for rectangular
matrix polynomials although, for simplicity, we restrict ourselves here to square matrix
polynomials.

Definition 3.1m: (Right and left eigencolumn) Let P()\) be an n x n matrix polyno-
mial of degree k and H ()) be a linearization of P(\). Then, a right eigencolumn (resp.,
a left eigencolumn) of H()) is a block-column matrix polynomial Ry (\) € C[A]"F*"
(resp. Lz (A\) € C[A\]"**™) partitioned into k blocks of size n x n and such that

(a) rank Ry(p) = n (resp. rank Ly (1) = n), for all u € C;

(b) there is a nonnegative integer ~(P) such that, for all polynomial vector v(\) € N, (P)
(resp w(\) € Ny(P)), deg R (N)v(A) = degv(N) + k(P) (resp. deg Ly (MN)w(N) =
deg w(A) 4+ k(P)); and

) HNRg(A) = U(N)P()) for some matrix polynomial U(X) € C[A]"**" (resp.
HNTLz(A) = V(A)P(M)T), for some matrix polynomial V(X) € C[A|"F*m),

The motivation for introducing Definition 3.1 is given in Lemma 3.3. To prove it, we
need the following result, which deals with rectangular matrix polynomials.

Lemma 3.2m:

(a) Let Q(\) be an m x n matrix polynomial with m > n such that Q(p) has full-column
rank for all u € C. Then, there exists an m X m unimodular matrix polynomial U ()
such that

that is, Q(X) is formed by a subset of the columns of a certain unimodular matrix.

(b) Let Q(\) be an n x n matrix polynomial with m < n such that Q () has full-row rank
for all u € C. Then, there exists an n X n unimodular matrix polynomial V (\) such
that

QM) = [Ln 0] V(N),

that is, Q(X) is formed by a subset of the rows of a certain unimodular matrix.

Proof: We prove only part (a), since part (b) follows from (a) via transposition. The con-
dition “Q () has full-column rank for all z € C” implies that all the invariant polynomials
of Q()\) are equal to one. Therefore, a Smith canonical factorization [11] of Q()\) is

QW =UM) [ 0 ] VN,

with U () and V() unimodular. Now simply observe that
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and define
v =om |,
In—n
which is unimodular, because the product of unimodular matrices is unimodular. O

Notice that both R (\) and L () in Definition 3.1 are matrix polynomials, so it
makes sense to talk about their degrees.

Lemma 3.3m: Let H(\) be a linearization of a matrix polynomial P(\), and let
R (N) and L () be, respectively, a right and a left eigencolumn of H()\). Then:

(a) The maps

Ru: No(P) —  N(H) nd Ly: Ne(P) —  Ni(H)
v(A)  — Ru(M)v(N) wN) — Lap(Nw(N)

are isomorphisms of C(\)-vector spaces. Moreover, Ryv(\) € C[A"™ (resp.
Lyw(N) € C[A]") if and only if v(\) € C[A]" (resp. w(\) € C[A\]"), and Ry, Ly are
maps with a uniform degree-shift between polynomial vectors equal to k(P).

(b) If P(\) is regular and \g € C is a finite eigenvalue of P(\), the maps

Ry Ne(P(N)) — No(H(Xo))
v — Ru(Xo)v
and
LY Ni(P(h)) — No(H(Mo))
w — Lp(lo)w

are isomorphisms of C-vector spaces.

Proof: We will only prove the statement for the right eigencolumns, because the argu-
ments for the left ones are similar. Let us begin with R iy in part (a). Clearly, the map Ry
is a linear map. Let Ry (\) be as in Definition 3.1. Then, given v(\) € N,.(P), we have

HORz(Wv(A) = TN PA)o(A) =0,

so Ry (MN)v(X) € N,.(H), and the map is well-defined. Now, notice that, as a consequence
of (a) or (b) in Definition 3.1, the columns of R () are linearly independent over C(\).
Hence the map is injective. Since the dimension of N, (P) and N, (H) coincide (as a
consequence of the definition of linearization), the map R 7 is an isomorphism.

Now, let v(A) € C[\]". Since Ry (\) is a matrix polynomial, Rz (A)v(A) is also a
polynomial vector. Conversely, let v(\) € C(A\)™ be such that R (M\)v(A) € C[A]"*. By
Lemma 3.2 we have

for some unimodular matrix polynomial U () € C[A]"**"* Then

] = v e e,
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with U(\)~! being a matrix polynomial. Hence v(\) € C[A]™. The fact that Ry is a
degree-shifting map with constant shift equal to x(P) is a direct consequence of (b) in
Definition 3.1.

Now let us prove (b). Let Ag and v be as in the statement. Clearly the map R% is linear.
We have P(A\g)v = 0 and, by definition of right eigencolumn, we get H(A\o)RY (v) =
H(M)Ru(Xo)v = U(Xg)P(Ao)v = 0, so the map is well defined. Now, set v # 0. By
property (a) in Definition 3.1, R (o) is of full column rank over C. Hence RY(v) # 0,
SO R%[ is injective. The fact that the map R(}{ is an isomorphism follows from the fact that
the dimensions of both N,.(P(\g)) and N,.(H (\g)) coincide. O

Remark 1 m: The fact that Ry is an isomorphism implies that all bases of N,.(H) are
of the form {Ryvi(A),...,Ruvy(N)}, with {v1(N),...,v,(\)} abasis of NV,.(P). The
same happens with £ and bases of NVy(P) and N;(H), and also with R}, and £Y, and
right and left eigenspaces associated with Ag.

In Lemma 3.3 we are using the same number x(P) for both the left and right eigen-
columns of H(\). However, if Ry (P) and L (P) are, respectively, a right and a left
eigencolumn associated with a given linearization H(\) of P(\), and k1 (P), k2(P)
are the corresponding nonnegative integers in part (b) of Definition 3.1, we may have
/ﬂ(P) 75 HQ(P).

As an immediate consequence of Lemma 3.3 we get the following result, which shows
the relevance of eigencolumns to get formulas for the left and right eigenvectors and
minimal bases of linearizations in terms of the corresponding magnitudes of the original
polynomial.

Theorem 3.4m: Let H()\) be a linearization of an n x n matrix polynomial P(\)
of degree k, and let Ry (\) € CIN"™ ™ and L1;(\) € CI\"**" be a right and a left
eigencolumn of H()\), respectively.

(a) (Right and left eigenvectors using eigencolumns) If \g is a finite eigenvalue of P()\)
and v, w are, respectively, a right and a left eigenvector of P(\) associated with \o,
then Ry (Xo)v and L (Ao)w are, respectively, a right and a left eigenvector of H(\)
associated with ).

(b) (Right and left minimal bases using eigencolumns) Let {vi()),...,v,(N\)} and
{wi(A),...,wp(N)} be a right and a left minimal basis of P(\), respectively. Then
{RuaN)vi(A), ..., Ra(N)vp(N)} and {Lg(Nwi(A), ..., La(AN)wy(N)} are a right
and a left minimal basis of H (), respectively.

Proof: We will only address the proof for the right eigenvectors and minimal bases, since
the proof for the left ones is similar.

Claim (a) is an immediate consequence of (b) in Lemma 3.3.

For claim (b), let Bp = {vi()),...,v,(\)} be a right minimal basis of P()), where
p = dim N, (P). By Lemma 3.3, {Rg(A)vi(A),..., Ra(A)vp(A)} is a basis of N,.(H)
consisting of polynomial vectors. It remains to show that this basis is minimal. We proceed
by contradiction. Let us assume that {R g (X)vi(A), ..., Rg(A)vp(A)} is not minimal.
Then there is a right minimal basis By = {v1()), ..., Up(A)} of H(X) such that the order
of By is less than the order of {Rg(A)vi(A),..., Ru(A)vp(N)}. Therefore, by Lemma
3.3, we have order (By) < order (Bp) + p - k(P) (with x(P) as in Definition 3.1(b)).
Since, by Lemma 3.3 again, R is an isomorphism, we have that v;(A) = Rg(A)v;(A),
fori =1,...,p, where {01()),...,0p(\)} is a basis of \V,.(P) consisting of polynomial
vectors and whose order is equal to order (B ) — p - k(P), which is less than the order of
Bp. But this is in contradiction with the fact that 5p is minimal. O

Though Theorem 3.4 is the one we need to get formulas for the eigenvectors and min-
imal bases of H (\), we include here for completeness the converse statement. The proof
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is an immediate consequence of Lemma 3.3 and the proof of Theorem 3.4, where we have
seen that minimal bases of H () and P(\) are in one-to-one correspondence via the maps
Ry and L.

Theorem 3.5m: Let H()\) be a linearization of an n X n matrix polynomial P(\) of
degree k, and let Riz(\) € CIN™ " and L(N\) € CIN™ " be a right and a left
eigencolumn of H()\), respectively.

(a) If P(\) is regular: Let Ao be a finite eigenvalue of P(\) and x,y be, respectively, a

right and a left eigenvector of H()\) associated with \o. Then there exist v,w € C"
which are, respectively, a right and a left eigenvector of P()\) associated with Ao such
that x = Ry (Xo)v and y = Ly (Ao)w.

(b) If P(X) is singular: Let x1(X\),...,zp(X) and y1(N),...,yp(X) be, respectively, a

right and a left minimal basis of H(\). Then, there exist a right and a left min-
imal basis of P(X), vi(N),...,vp(A) and wi(N),. .., wp(N), respectively, such that
zi(A) = Rg(Nvi(A) and y;(A) = Lg(MN)w;(N), fori=1,...,p.

By Theorem 3.4, an eigencolumn of a given linearization H () provides formulas for
both eigenvectors and minimal bases of H(\). Moreover the eigencolumn relates the
eigenvectors and minimal bases of H () with the eigenvectors and minimal bases of the
polynomial P(\). Though P()) in the statement of Theorem 3.4 is an arbitrary square
matrix polynomial, we want to emphasize that the formula for eigenvectors makes only
sense for regular polynomials, whereas the formulas for minimal bases are valid only for
P()) singular.

From the defining identity (2) of a linearization, we may get a right and a left eigen-
column for H(\). More precisely, let us consider U(\) and V() as block-partitioned
matrices with k& x k blocks of size n x n (each). Then, if U and V' denote the last
block-columns of U(\)5 and V'()\), respectively, we have that U~ and V7 fulfill property
(c) in Definition 3.1 (see [6, Lemma 5.1]), and it is also trivial to see that they satisfy
property (a). Actually, Lemma 3.2 tells us that every right and left eigencolumn are the
last block-column of a certain unimodular matrix. The study of the structure of the block-
column matrices V# and U* for the linearizations described in Section 2.3 is the main
goal of this paper.

In the particular case where Ry (\) = VF and L(\) = U as in the previous para-
graph, with H () being a linearization within the families introduced in Section 2.3, we
will see that both R (A) and L (), when considered as block-partitioned column ma-
trices consisting of k blocks of size n x n, contain an identity block. We will also prove
that they are degree-shifting maps between polynomial vectors, which is property (b). As
a consequence, they will be right and left eigencolumns, respectively.

Summarizing the previous arguments, one way to obtain an expression for the right
eigenvectors and right minimal bases of a given linearization H(\) of P(\) within the
families of Section 2.3 is through the last block column V# of the matrix V' ()\), with
V(A) as in (2). Namely, if vi(X),...,vp(X) is a right minimal basis of P(\), the corre-
sponding right minimal basis of H()) is VE(A)v1(A), ..., VE(X)v,(X). Similar expres-
sions follow for the right eigenvectors via V?()\g), and also for the left minimal bases
and left eigenvectors with U”. In Section 4 we display formulas for V() and U*()\)
for linearizations within the families considered in Section 2.3.

4. Main results

By theorems 2.20 and 2.22, all pencils within the families considered in Section 2.3 are
(strong) linearizations. The main goal of this paper is to derive formulas for the left and
right eigenvectors and the left and right minimal bases of these linearizations. In particular,
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we want to relate the left and right eigenvectors and the left and right minimal bases of
these linearizations with the ones of the polynomial P()), as explained in Section 3.

In sections 4.1, 4.2 and 4.3 we display formulas for the left and right eigencolumns of
the Fiedler pencils, the GF pencils and the FPR associated with type 1 tuples. From these
formulas and Theorem 3.4 the corresponding formulas for eigenvectors and minimal bases
will follow immediately. As we will see, all these eigencolums contain an identity block.
These identity blocks allow us to go in the opposite direction and recover the eigenvectors
and minimal bases of P(\) from the eigenvectors and minimal bases of the linearizations,
as it was done in [4] for the GF pencils, and in [6] for Fiedler pencils. The proofs of all
these formulas are addressed in Section 5.

From now on, when considering an ordered tuple z with ¢ entries, we will follow
the convention of assigning the position 0 to the first entry in the tuple. Also, for each
0 < ¢ < 4, z(i) will denote the number occupying the ith position in z and, for each
j € z,21(j) denotes the position of j in z (starting with 0). In other words, we see an in-
dex tuple z with ¢ elements, ji, ..., jg, as abijectionz : {0,1,...,0—1} — {j1,...,7¢}.
We will also associate tuples of blocks to tuples of numbers. Then, according to the pre-
vious convention, when referring to “the position of a block" we understand that we start
counting in O (the Oth position)

4.1. Eigencolumns of Fiedler pencils

The following theorem is a restatement of Lemma 5.3 in [6]. In our statement we implic-
itly use the fact that every permutation is equivalent to a permutation in column standard
form.

Theorem 4.1 m: Let P(\) be an n X n matrix polynomial of degree k, P; be its ith
Horner shift, fori = 0, ..., k, and let z be a permutation of {0, 1, ..., k—1}. Let F,(\) =
AM _y, — My, be the Fiedler pencil of P(\) associated with z. Let w = (bs,bs_1,...,b1)
be the permutation of {0,1,... .k — 1} in column standard form equivalent to z, with
bj = (tj,1 +1: tj),forj =1,...,s.

(a) A right eigencolumn for F,()\) is given by

B
Rz(P) := [Bo By ... Bk—l] , )
where, if w(i) € b, for some j = 1,...,s, then
N i =kt -1,
Bi = {)\j -1p, otherwise. ®)

Moreover, if z has ¢y consecutions at 0, then the (k — co)th block of R,(P) is equal to
I,.

(b) A left eigencolumn for F,(\) is given by L,(P) := Ryevz(PT). Moreover, if z has ig

inversions at 0 then the (k — ig)th block of L,(P) is equal to I,.

Remark 1 m: We want to stress that £ —t; — 1 in (9) is the position in z, starting with 0,
of the first number of b; (that s, z_l(tj_1 +1) = k—t; —1). Then, we may see the right
eigencolumn of F,(\) as partitioned into s strings of blocks, each one corresponding to
a string b; in z. More precisely, the string in R, (P) associated with b; is of the form
NI Pyergy, 49y - - Pz—l(tj)]B. Hence, the right eigencolumn R,(P) can be easily
obtained from the column standard form of z.

Remark 2m: There is a duality between the formulas for the right and left eigen-
columns of P(\) given in Theorem 4.1. More precisely, if the ith block, B;, of R, in
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(8), with i # 0, is of the form A7 ~! P, then the ith block, B}, of L, is A*~U+9) T and, sim-
ilarly, if the ith block of £, is ¥ ~' PI’, with i # 0, then the ith block of R, is \*~U+9) [,
Notice, finally, that By = A*"'T and Bj = \" "I, with s + r = k + 1.

Example 4.2 Let £ = 13 and z = (10 : 12,9,8,6 : 7,5,2 : 4,0 : 1). Note that
z contains seven strings. Each string induces a string of blocks in R,, where F,(\) =
AM_j — M,. The first entries of these strings correspond to the positions 0, 3, 4, 5,7, 8
and 11, respectively. Then the right eigencolumn of F;, given by Theorem 4.1 is

Ry = [AST AP APy NT|NINST X3P|A2I|AT APy APio|I Pr2]”
For the left eigencolumn, we have revz ~ (12,11,7 : 10,4 : 6,3,1 : 2,0) in column
standard form, so, from Theorem 4.1 we get

L, = [MSTNSTINT MPE MPE MPI|NT X3P X3 PI|A2IAT APE|T]5.

4.2. Eigencolumns of GF pencils

In this section we present an explicit expression for left and right eigencolumns of a GF
pencil. Here we only address the case of PGF pencils and we postpone for Appendix A
the case of non-proper GF pencils. This case deserves a special treatment and non-proper
GF pencils do not seem to be relevant in applications (except in the particular case of the
symmetric linearizations of even-degree regular matrix polynomials in [3]). It should be
remarked that index tuples q and m in Definition 2.19 are both permutations and, so, they
are equivalent to tuples in column standard form.

Theorem 4.3m: Let P()\) be an n x n matrix polynomial with degree k, let P;, for
i =0,1,...,k be its ith Horner shift, and let K(\) = X\ My, — Mg be a PGF pencil of
P(\). Assume that m has c_j, consecutions at —k, and writem ~ (my, —k : —k+c_y) in
column standard form. Let z = (bs,bs_1,...,b1) be an index tuple in column standard
form equivalent to (—revmy, q).

(a) A right eigencolumn R (P) for K(\) can be obtained as follows:
(al) If c_, =0, then R (P) := Rz(P), with R4(P) as in (8).
(a2) Ifc_y > 0, then

Ri(P):=[X(Py Pi... P, 1)|Be_, Be_ys1 ... Byt ]®

; (10)
where, if z(i) € by, for some j =1,2,...,s, then the block B _, is as in (9).
Moreover, if q has ¢y consecutions at 0, then the (k — co)th block of R (P) is equal to
I,.
(b) A left eigencolumn for K(\) is given by Lx(P) = Ry:(PT), where K}(\) =
AMiey m(PT) — Mrevq(PT). Moreover, if q has i inversions at 0, then the (k — iy)th
block of L (P) is equal to I,.

Remark 3m: Notice that the B; blocks in (10) follow the same rule as in (9). More
precisely, the ith block B; is of the form A ~Tif (i — c_y,) is the first element in b;, and
it is of the form A~ P; if z(i — ¢_;) € b; but is not the first element of b.

In the following, for simplicity and when there is no risk of confusion, we will drop the
dependence on P in the eigencolumns R (P) and Lx (P).

Example 44 Letk = 12, m = (—4: —3,—6,—12 : —10) andq = (7 : 9,5,0 : 2).

Then, ¢c_; = 2. Note that (—revm;,q) = (6,3 : 4,7 : 9,5,0 : 2) is equiva-
lent toz = (6 : 9,3 : 5,0 : 2) in column standard form. Thus, s = 3. Also,
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revm ~ (—3,—4,—6,—10,—11,—12) = (m), —12), in column standard form, and
revq ~ (9,8,7,5,2,1,0). Then, (—revm/,rev q) is equivalent to z' = (11, 10,9, 8,6 :
7,4:5,3,2,1,0) in column standard form, so s = 10 in this case. If K(\) = AMpy — M,
Theorem 4.3 gives

Ric = [ APy A3Pi|A2I A2P3 \2Py A2 Ps| AT AP; ABs|T Py Piy |°

and
Li = [NIPNSIINTINSIINST X5 PEAAT MPE N IINIAI| 1] .

Example 4.5 Let £k = 12, m = (—12 : —8),and q = (6 : 7,5,4,0 : 3). In

this case, ¢c_; = 4, —m; is the empty tuple, and z = q. Therefore, s = 4. Simi-
larly, revm = (—8,-9,—10,—11,—12) = (m), —12), which is already in column
standard form, revq = (3,2,1,0,4 : 5,7,6), so (—revm/,revq) is equivalent to

z' = (11,10,9,8,7,3: 6,2,1,0) in column standard form, so s = 9 in this case. Then, if
K(X) = AMm — Mg, Theorem 4.3 gives
Ric = [ NPy NPy NPy XAPy|X*T X*Ps|\2I|AI|T Py Pyg Py |°

I

and
Lrc = [NINTPETNTAT|INT X P N3PE X PEN2IAT|T)E.

We want to stress that the palindromic linearizations introduced in [7] are, up to multi-
plication by certain nonsingular matrices, particular cases of PGF pencils. More precisely,
the pencil L,(\) in [7, Theorem 4.8] is a PGF pencil, and the palindromic linearization
is S; - R - L;(\), with R and S; nonsingular matrices. Since multiplication on the left
by nonsingular matrices does not affect the right eigencolumns, the formulas obtained in
Theorem 4.3 are valid also for these palindromic linearizations.

4.3. Eigencolumns of FPR

We provide in this section formulas for the right (respectively, left) eigencolumns of FPR
with r;,, and r, (resp. rev l,,, and rev l,) in Definition 2.21 being type 1 tuples relative to
m and q (resp. rev m and rev q). This case seems to be the relevant one for applications.
Indeed, all the symmetric families of linearizations considered in [21] correspond to this
case. These families of symmetric linearizations are considered in Section 5.3.1. To derive
formulas for the eigencolumns in the case where tuples are not type 1 seems to be quite
involved and remains as an open problem.

Theorem 4.6 m: Let L(\) = AM;, My, My My, My, — My My, Mg My, My, bea FPR
of a matrix polynomial P(\) of degree k.

(a) Assume that rp, and r, are type 1 tuples relative to m and q, respectively. Let s(q,rq)

and s(m, ry,) be the simple tuple associated with (q,ry) and (m,r,,), respectively.
Then, a right eigencolumn of L(\) is given by R, where IN(()\) = AMMymy,,) —
My(q,r,) is a GF pencil. Moreover, if 5(q, 14) has ¢ consecutions at 0, then the(k—co)th
block of R is equal to Iy,

(b) Assume that revl,, and revl, are type 1 tuples relative to revm and rev q, respec-

tively. Let s(revq,rev]y) and s(revm,revly,) be the simple tuple associated with
(revq,revly) and (revm,revl,,), respectively. Then, a left eigencolumn of L(\) is

given by R[?’ where K()‘) = )‘Ms(revm,revlm)(PT) - Ms(revq,revlq)(PT) is a GF
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pencil. Moreover, if 5(rev q, rev r,) has ¢y consecutions at 0, then the(k — ¢o)th block
of Ry is equal to I,.

Example 4.7 Let L(\) = AMy, My My M, M, — M, My, MqM, M., be the FPR
associated with a matrix polynomial of degree k = 12, withq = (6,1 : 5,0),r, = (1: 4),
m = (—7,-8,-12: =9), r,, = (=12 : —10,—12 : —11),1, = (0), 1, = (=8, —9).
Then, (q,ry) = (6,1 : 5,0 : 4) and s(q,ry) = (6,5,0 : 4). Similarly, (m,r,,) =
(—=7,-8,-12: =9, —12 : —10,-12 : —11) and s(m, 1,,) = (7, -8, —9, —10, —12 :
—11), so c_ = 1. Also, (revqg,revly) ~ (5 : 6,4,3,2,0 : 1,0), s(revq,revl,) =
(5 : 6,4,3,2,1,0), (tevm,revly,) ~ (=9 : —7,—10,—11,—12,—9 : —8), and
s(revm,revly,) = (—7,-10 : —=8,—11,-12), 50 T_j, = 0. Let K(\) = AMy(myr,.) —
Mj(q,r,)> and I/(\'()\) = AM;pevmpevl,) — Ms(revqprevl,)- Following the notation in
the statement of Theorem 4.3, we have m; = (—7,—8,—9,—10) and then z =
(10,9,8,7,6,5,0 : 4). Similarly, m; = (=7,10 : -8, —11) and 2 = (11,8 : 10,7,5 :
6,4,3,2,1,0). Hence

Ri = [N Po|NCI|NSTINT|N3I|NI|AI|I Ps Py Prg Py |
and

Lp = [N\ T X PE N PENIINT N PENIIN TN

5. Proof of the main results

In the following subsections we will prove theorems 4.1, 4.3 and 4.6. We will only
prove the part regarding the right eigencolumns. The statements about the left ones
can be obtained from the right one using the following observation. Given a index tu-
ple t, let us denote by M¢(P) the matrix in (7) associated with the polynomial P(\).
Let H(A) = AMa(P) — My (P), where a and b are index tuples with indices from
{0,1,...,k,—0,—1,—-2,..., —k} (notice that this includes all three families of Fiedler
pencils, GF pencils and FPR). Then H(\)? = AM,eya(P?) — Myeyp(PT). Since the
left eigencolumns of H()) are the right eigencolumns of H(\)7, we can get formulas
for the left eigencolumns by reversing the tuples of the coefficient matrices of H(\) and
replacing the coefficients A; by A7 in the formulas for the right eigencolumns.

5.1. The case of Fiedler pencils

Theorem 4.1 follows almost immediately from Lemma 5.3 in [6], where the authors derive
formulas for the last block-column of V' (\) and the last block-row of U(A) in (2) with
H(X) being a Fiedler pencil. Our proof of Theorem 4.1 consists of relating our formulas
(8) and (9) with the ones obtained in [6].

Proof of Theorem 4.1. First, let us recall the notion of Consecution Inversion Structure
Sequence (CISS) of z, introduced in [6, Def. 3.3]:

CISS(Z) = (Cl,il, Cca, iQ, ce ,Cg,ig).
This means that z has ¢; consecutions at 0, then ¢1 inversions at ¢, then co consecutions
at ¢1 + 11, then 29 inversions at ¢; + 41 + ¢, and so on. Notice that ¢; and 7, in this list

may be zero, but the remaining numbers are nonzero. Using this notation, and following
Remark 1, we may write

Ro=[TiCr... ThC1 ",
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where, for j = 1,...,7,
=115 11"
. . . : o . ol
Zj _ A7/1+"'+7/j—1+] : and Cj — )\zl-i- +i_1+5—1 ] ! 7
Al :
I P

(where we set ig := 0) and
Oég:k‘*(Cl+Z'1+-"+Cj,1+Z'j,1+6j)+i*1, for izl,...,Cj.

These are precisely formulas (5.3) in [6], which are the building blocks of formula (5.4)
in [6], that corresponds to the right eigencolumn of the Fiedler pencil F,. The fact that
‘R, contains an identity block follows immediately from this formula. This implies, in
particular, that R, satisfies (a) in Definition 3.1. It is proved in [6, Theorem 5.7] that R,
satisfies also part (b) of Definition 3.1. Hence R, is indeed a right eigencolumn. [

5.2. The case of PGF pencils

To prove Theorem 4.3 we use the following elementary observation. Let B be a block-
column matrix consisting of k square blocks with n columns. When B is multiplied on
the left by M, only the first and second blocks of B are modified. When multiplied
by Mj_oMj._1 only the first, second, and third blocks of B are modified. Thus, when
multiplying M;._;.x—1)B the only blocks of B that can be altered are the blocks with
indices from 1 to 5 + 1.

Proof of Theorem 4.3. Let K (\) = AMyy, — Mg be a PGF pencil associated with a matrix
polynomial P(\) such that m and g are index tuples in column standard form. We will
focus on the right eigencolumn, because the arguments for the left one are similar using
block transposition and the argument at the beginning of Section 5. We will obtain a right
eigencolumn R g of K () from strict equivalence with a right eigencolumn of a Fiedler
pencil. This will ensure properties (a) and (b) in Definition 3.1, because multiplication by
an invertible matrix preserves these properties. Moreover, our procedure will show that,
if the Fiedler pencil is adequately chosen, then also (c) in Definition 3.1 is fulfilled. In
the last part of the proof, we show that this strict equivalence preserves an identity block,
proving the last part of the statement (note that the presence of this block also implies (a)
in Definition 3.1).

Let us assume that q has ¢y consecutions at 0, and that m has ¢_j; consecutions at —k.
Then, there exists an index tuple m; such that

K(A) = A M, M{ g pre_p) — Mg (11)
Notice that the index tuple (—revmi,q) is a permutation of {0,1,....k — ¢_j —
1}. Let z = (bs,bs_1,...,b1) be an index tuple in column standard form equiva-

lent to (—revmi,q) and z be an index tuple in column standard form equivalent to
(-revmi,q,k — c_; : k — 1). We construct the following Fiedler pencil associated
with P(\):

FE(A) = M—reVm1K()‘)M(k7c,k:k71) = AM_j — M(frevml,q,kfc,k:kfl) ) (12)

where My, ,.x—1) = I if c_j, = 0. We know that there exist U (A) and V' (\) unimodular
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such that

which can be rewritten as
I 0
(U(A)M—rele)K()\)(M(kfffkikfl)v()\)) = 0 P()\) :

The right eigencolumn R i of K (A) will be given by M(;._. _, ._1)Rz, which is the last
block-column of M, _, . k,l)V()\). Recall that the explicit expression for R is given in
Theorem 4.1. Thus, if ¢_; = 0, then Rx = Rz = R, and this proves part (al) in the
statement.

Now assume that ¢_j, # 0. Let by = (w : k — ¢_j — 1), for some w > 0. Then z is
equivalent to (w : k — 1,bs_1,...,b1). Now, by Theorem 4.1,

Rz =X Pt ... Puo1—)|Bi—w Br—wi1 .- Bio1]” (13)
where B;, fori = k — w, ...,k — 1, are as in the statement. Now, multiplying Rz on the
leftby M, ,.x—1) only affects the first c_; + 1 blocks of Rz. Since (w : k— 1) contains
at least ¢_; + 1 elements, only some of the first £ — w blocks in (13) will be modified.

It is easy to check by direct multiplication that M, _._,.x_1)Rz is equal to

[(X(Po Py .. P, 1) X YI P ys1 - Py ) Brow .- Bpa]®
and this proves (a2).

Finally, for the claim on the identity block, we first assume that kK — ¢ # c¢g + 1,
and then ¢g + 1 € mj or ¢g + 1 € q. This implies that s > 2. From Theorem 4.1,
the (k — ¢p)th block of R3 (given by (13)) is equal to I,, and, since multiplying on the
left by M;_._,.x—1) does not affect this block, the identity block remains in Ry. If
k —c_p = co + 1, then s = 1 and, by the previous arguments, R = [B; Bs]®, where
the first block of of By is equal to I,,. This is, precisely, the (k — co)th block of Rx. O

The following corollary deals with the case where q in Theorem 4.3 is a permutation of
{0,1,...,h}, for some 0 < h < k — 1 and, therefore, m is a permutation of {—k, —k +
1,...,—h — 1}. It will be used in the proof of Lemma 5.2, which is used in turn to prove
Theorem 4.6.

Corollary 5.1m: Let K(\) = MMy — My be a PGF pencil such that q is a per-
mutation of {0,1,...,h}, for some 0 < h < k — 1. Let @ = (bs,bs_1,...,b1) and
m ~\ {—k} = (b],b,_4,...,b) be in column standard form, with b; = (t;—1 + 1 :
t;) and b = (—t;_y +1 : —t%), fori = 1,....,s and j = 1,...,7. Set z =
(—revbl,...,—revbl by, ..., b1). Then a right eigencolumn for K (\) is of the form

Ri = [B1|B2]° = [Bo Bi ... By_no|Bin1 ... Bx1]®

)

where

o for1 <i<k—h-2,

B, = { NHS=IT o if z(i) € —revb;- and i =k — t;—l

ATHS=Ipif g(i) € —revbl and i #k—1t; ;;
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o fork—h—-1<i<k-—1,

B NI, ifz(i)ebj and i=k—t; —1
PTANTIR, ifz(i) €bj and i £k —t; —1;

and

B — NS if (=K, —k + 1) form an inversion in m
0= Y arts—14, . otherwise.

Proof: The result is an immediate consequence of Theorem 4.3 (see also Remark 3). Just

notice that the column standard form of the tuple (—revb/,..., —revb! by, ... ,by)is

itself, so applying Theorem 4.3 we get the blocks B; in the statement. O

Remark 1 m: The right eigencolumn obtained in Corollary 5.1 can be seen as parti-
tioned into r + s strings of blocks

)

[B)...B._, B.[B;B,_;...B]"

where the string B; corresponds to the string b; of q. More precisely, the string B; is
of the form M\ [I Py, 42y - Ppige )]B, where j is the number of strings to the

right of B;. Similarly, each B correspojnds to the string b} in m and is of the form
N [I szl(t;,_l+2) () ] B, with j being the number of strings to the right of B/.
Also, the first block of Ry is A"~ 1T or \"+5~1 A, depending on whether there is a
consecution at —k or not. Hence, the right eigencolumn R g can be easily obtained from
the column standard form of both m ~\ {—k} and q.

5.3. The case of FPR

Let P(A\) be a matrix polynomial of degree k as in (1) and let L(\) =
AMy, My, My My, My, — My, My, MqM,, M, be aFPR for P()). Here we assume that
Ao (resp. Ay) is nonsingular if O (resp. —k) is an index in 14, rg, or both (resp. in 1, 1y,
or both). In order to find an explicit expression for a right eigencolumn of L(\), first no-
tice that () = M_rey1, M_rev1,, L(A) M _revr, M _revr, is a PGF pencil. Therefore,we
can get a right eigencolumn of L(\) by computing M_,cy r,, M_revr, R, With R ¢ as in
Theorem 4.3. Hence, we can assume without loss of generality that M) and M, are both
the identity matrix for this purpose.

Note that, if —k has ¢_j, consecutions and we write m = (mj, —k : —k + ¢_j), then
K(A) = AMm, M(_p:_4c_,) — Mg, where q is a permutation of {0, 1, ..., h}, for some
h < k (actually, h < k—c_g). Let z be an index tuple in column standard form equivalent
to (—revmy, q). Theorem 4.3 provides explicit formulas for R i depending on z. Notice

that m (and, as a consequence, also m1) contains indices from {—k, —k+1,...,—h—1}.
Also, ry contains indices from {0, 1,...,h—1} and ry, contains indices from {—k, —k +
1,...,—h — 2} (by definition of FPR). All these observations, together with Corollary

5.1, imply that R = [B1|B2]B, where B consists of k& — h — 1 blocks and depends
only on m, and By consists of & 4 1 blocks and depends only on q. Now, multiplying
on the left by M_ ey, only affects some blocks in Bo, while multiplying on the left by
M_ ey r,, only affects some blocks in Bj.

Here we will study thoroughly the product M_,eyy, RK. A similar procedure can be
applied for M ey r,, - (M _revr, R ). More precisely, based on the observations above,
the multiplication by M_,ey,, only affects some of the first k¥ — A — 1 blocks of R
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that were not modified when multiplying by M_,eyr,, so the product by M_,eyy,, and
M_ ey r, Will never overlap. Then, these multiplications can be addressed independently.

Lemma 5.2m: Let K(\) = AMy, — Mq be a PGF pencil such that q is a permutation
of {0,1,...,h}, for some 0 < h < k — 1. Let @ = (bs,bs_1,...,b1) be in column
standard form, with b; = (t;_1 + 1 : t;), fori = 1,...,s. Let vy = (h1 : hg), with
0 < hy < hg < h — 1 such that (q,ry) satisfies the SIP. Then

M_1evr,Ri = [Bo By ... Bk—l]B

Y

where, fori & {k —hy —1,...,k — h1}, B; are as in Corollary 5.1 and
(a) if tg1+ 1< hy <hg <ty,forsome d> 1, then

B — )\dilpk,hl, t="Fk—hy—1,
PN NP+ ApiPrp,)i=k—hok—ho+1,... k—hy;

(b) l'f():hl < hg < t, then

B — — Ay Py, i=k—hy—1,
! Pi,1—Ak_iAalpk_l,i:k—hz,k—h2+1,...,/€—l;

(c) If tg_1 +1 = h1 < hy < tg, for some d > 1, then

B _ N2 j=k—hy—1
PTAN2P =k —ho, ... k—h.

Proof: The proof can be carried out by keeping track of the blocks of Ry after multi-
plying on the left by M_evr, = M(_p,._p,). Itis straightforward to see that, for h; > 0,

[ L(k—ho—1)
0 I
I Ap,
M(*’hi*hl) = . : ’
I Ay,
i Ln(hy-1)
whereas, if b1 = 0,
[ L(k—no—1) 1
0 Ayt
-1
M(*hQ:O) = I Ah2AO
L I AiAgt

(see [21, p. 325]). In particular, if we denote by go, §1, e Ek_l the blocks of R i, only
the blocks El withi =k —hga — 1,k — ho, ...,k — hy are modified by this multiplication.
Now the result follows from Theorem 4.3 by direct multiplication. In case (c), for i =
k—ho — 1,k — ho,..., k — hy, we have used that A\P; 1 + Ap_; = P, (Il

We have the counterpart of Lemma 5.2 for strings of negative elements.
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Lemma 5.3m: Let K(\) = AMpy — Mg be a PGF pencil such that m is a permutation
of {—k,—k+1,...,—h—2}, forsome 0 < h < k—1. Leem~{k} = (bl,b]_,,...., b)),
withb, = (—t;_, +1: —t), fori = 1,...,r, be in column standard form. Let r,,, =
(—hf = —hf), with —k < —h} < —hb < —h — 2, be such that (m, r,,,) satisfies the SIP.
Then

M_evr, R = [Bo B1 ... Br1]",

where, fori & {k —h} — 1,...,k — hl}, B; are as in Corollary 5.1 and
(a) if —t!, | +1<—h} <—hiy <—t, for some d > 1, then

[ NPy — A iPyop)i=k—h, —1Lk—hi+1,...,k—hy—1,
S P Xa sty S RV i =k — hb;

(b) if —k = —hy < —hly < —t}, then
AL =0,
Bi= XNTIP =1, . k—hh)—1,
ANFST2L i =k — hby;

(c) if =t!, | +1=—h} < —hly < —tl, for some d > 1, then

B — Nstl=dp =k —hh —1,... k—hh—1,
: Arts=dr =k — b,

Proof: As in the proof of Lemma 5.2, we have to keep track of the blocks of R after
multiplying on the left by M_revr,, = M(p;.1;). For this, we make use of [21, p. 332]

[ Lk—n—1)
—Ah/l I
My = S :
I 0...0
I Tnny-1) |
valid for A} < k, and
1 B
AT T
M(h;:k) - _Ah’g—lAlzl I
—Ap A 0...0
I Tn(ry—1) |

The proof is analogous to that of Lemma 5.2. For claim (c), we use the identity
)\r-i-s—d(_Ak_j + Pj) — )\7”+3+1_de71, 0

Example 5.4 Let L(\) = AM,, My MM, — M, M, MqM,, be the FPR of a ma-
trix polynomial P(\) of degree £k = 15 withq = (8,4 : 7,0 : 3), m = (—11 :
—9,—-12,—15 : —13), and ry; = (5 : 6). Let K(\) = AMy, — Mq. Notice that r,
consists of only one string. This string corresponds to Case (a) in Lemma 5.2. According
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to Lemma 5.2, only blocks in positions 8th, 9th, and 10th of Ry (starting with 0) are
modified when multiplying on the left by M_ ey r,. More precisely, we have

(MNP ] i A\ Py i
NPy NPy
T 2T
AT AT
A3 Py A3 Py
>\3P5 >\3P5
2T AT

Rk = A ) MfrevquK = A
APs AP0
)\Pg )\(Ps + A6P10)
>\P10 )\(PQ + A5P10)
I I

P12 P12
Py3 Py3

| Py | i Pyy ]

This case has been only included for illustrative purposes, though it will not be addressed
in this paper because r, is not a type 1 string relative to q. However, if we take ry = (4 :
6), then r, is a type 1 string relative to q and M_ ¢y, R is equal to

[ NPy NPy | AT | AT A3P, MPs| A2I| M| I Py Pig Py Pis Pig Py |°

Notice that the formula for the right eigencolumn of Case (c) in both lemmas 5.2
and 5.3 corresponds to a PGF pencil. More precisely, it corresponds to the PGF pencil
AMy(m r,.) — Ms(q,r,)» Where s(m, rp,) and s(q, ry) are the simple tuples associated with
(m, ry,) and (q, ry), respectively. This observation is key in the proof of Theorem 4.6.

Proof of Theorem 4.6. Set K (\) = AMy, — My. We will consider separately the cases
where: (a) neither r,,, nor r, contain 0; and (b) at least one of r;, and r, contains 0.

(a) Since 1, and 1; do not affect the right eigencolumn of Rk, and r,,,r, modify
blocks with different indices (in particular, r,, modifies only blocks with indices from 0
to £ — h — 2 and r, modifies blocks with indices from £ —h — 1 to k), we may concentrate
only on r,, and we may assume that r,,, = (). The proof for the blocks modified by r,,
when r,,, # () can be carried out with similar arguments using Lemma 5.3. We will first
prove the result for r, consisting of just one string. The result for more than one string
will follow recursively from this case.

Letr, = (tg—1 + 1 : hg), for some d = 2,...,s and with hy < t; (notice that the
case d = 1 is excluded because r, does not contain 0). Let s(q, r,) be the simple tuple
associated with (q, r;) and K(\) = AMp, — Mj(q,r,)- Now, from Case (c) in Lemma 5.2,
we have

M—revquK = Rf(?

and then the result follows. Notice that the last equality directly implies the claim on the
identity matrix.

Now, if r, contains more than one string, we can iterate the previous argument. More
precisely, let ry, ~ (cq,c2,...,¢y) in column standard form, with cy, ..., ¢, strings. Let
us denote sy := g, and by s; the simple tuple associated with (s;_1,¢;), for i =1,...,g.
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Then
M—revl‘qRK =M ey (CQ,...,CQ)M_revclRK =M ey (cz,...,cg)RKl =
M ey (03,..‘,cg)M—rchQlR'K1 =M ;e (03,...,09)RK2 =...= M—revchKg,l = 7Q/Kg =Rg
where Ki = AMpm — My, Ky = MM — Mqy, ... Ky 1 = AMm — M,,_,, K, =

AMm — M, = K.

(b) Now let us consider the case where at least one of r,, or r, contains zero. Again,
we will focus on r,, because the arguments for ry,, are similar. We will assume again that
ry, = (. Let us first consider the case where r, consists of just one string, ry = (0 : h2),
with ho < t;. Notice that, since 0 € r,, Ap must be nonsingular. Using the identity

AP; + Ap—j—1 = Pjyq, j=1,...,k—1, (14)
and the fact that P, = P, we get
“MNAGIP =1 A'P
and
ANPj—Ap—jo1Ag ' Poo1) = —Ap_jo1 (I + MNAg ' Pe_1)+Pjp1 = Pjy1—Ap_j1 A5 P.

Then we have

s At
Pipy1 — Any Ayt Piq Py_p, 0 4
21 Ap, Ay
M Prhy = Ang1Ag Pi1 | = | P | — ' PN,
-1
Py—g — Ap,—1 Ay Py = Aidy
hence
_ 0 -
0
At
)\MfrevquK = Rf( - Athal P()‘)
Ap,—14¢
| A4
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or, equivalently,

0
At
Ap, At
Ah2_1A61

R =AM _oyr,Ric + P(N). (15)

A At

We have seen so far that R ;; in the statement fulfills (¢) in Definition 3.1. The fact that it
fulfills also (a) and (b) is an immediate consequence of Theorem 4.3, because these prop-
erties hold for the right eigencolumns R i obtained in this theorem, and multiplication by
constant invertible matrices preserves these two properties. For (b), we need to use also
(15), and notice that, if v(\) € N,.(P), then R zv(A) = AM_reyr, R v(N).

In the case where 1, # () and r,,, contains —k, which is the corresponding case to the
one addressed in (b) for r,, the result is an immediate consequence of Lemma 5.3 (b). [J

Example 5.5 Let L(\) = AM,y, My, M My, — M, My, MqM,, be the FPR of a ma-
trix polynomial P(\) of degree £ = 15 withq = (8,4 : 7,0 : 3), m = (—11 :
-9,-12,-15 : —13),and ry = (4 : 6), r;,, = (). Then, the simple tuple associated
with (q,1y) is q = (8,7,0 : 6). Therefore, a right eigencolumn of L(\) is given by R -,
where IN((/\) = AMm — Mg. In this case, (—revmy,q) = (12,9 : 11,8,7,0 : 6), thus

Rz =[NPy MPUNI|NT X3Py X3 P5|\2I|XI|I Py P Py Pra Pis P14]B,
as we have already seen in Example 5.4.

Now set ry = (), vy, = (—15 : —14). Then, the simple tuple associated with (m, r,,) is
m = (—11:-9,-12,—13, —15: —14). Therefore, a right eigencolumn of L(\) is given
by R, where K (\) = AMz; — M. In this case, (—revmy,q) = (13,12,9 : 11,8,4 :
7,0 : 3), thus

R = [ASPo|NTNI|NST X3Py A3 Ps|\2I|AT APs APy APio|I Pr2 Piz Pus]®
Example 5.6 Let K(\) = AM_sM_4M_sM_gM_7M_g — Mo MM, be the PGF pen-
cil associated with a matrix polynomial P()) with degree k = 8. We have m = (=5 :
—3,—8: —6) and q = (2,0 : 1) in column standard form. By direct computation we get
[—1 0 A5 0 0 0 ]
M —-TXA7 0 O 0
0 -1 0 O A
M NAg —1 0 A5
0 0 M-I XA
0 0 0 M AN3+A2 A -1
0 0 0 O -1 X 0
0 0 0 O 0 Ag M

SO O OO
OO O OO

OO OO OO

and, from Theorem 4.3,

Ric = [N As MPA2L X2 Py \2Py|AI|T Pr )"
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It is straightforward to see that K(\)Rx = [0000000 P()\)]B, so R is indeed a
right eigencolumn for K (). Now, set r,,, = (=5 : —4) and r, = (0). We have that both
(m,r,,) and (q,r,) satisfy the SIP and also that both r,,, and r, are of type 1 relative to
m and q, respectively. Moreover, a simple computation gives

R = Morove, M_revr, Ric = [ A3Ag X3Py X3Py N3Py N2IAI|T — A5 ' Pr )7,

which is in accordance with lemmas 5.2 and 5.3. It is also immediate to see that the FPR
defined as L(\) := K(\) My, My, is

[—7 0 0 0 Mg 0 0 0 |
M -T0 0 My 0 0 0
00 0 0 -1 A 0 0
L) = 0 M =T 0 Mg—A45 Ms 0 0
0 0 M —TXAs—Ay Mgy 0 0 |
0 0 0 M AA4 Az + Ay A1 Ay
00 0 0 0 I XM 0
00 0 0 0 0 Ag =)Mo

and that L(A)Ry, = [0000000 P(A)]B, so Ry is a right eigencolumn for L()).
However, Theorem 4.6 gives the following right eigencolumn for L(\):

Ry i= [ AN As NPy AP, NP NIN2I|AI|T]®

which corresponds to the PGF pencil K (A) = AMy(mr,,) — My(q,r,)» Where s(m, rp,)
(—3,—8 : —4) and s(q,r,) = (2,1,0) are the simple tuples associated with (m, r,,
and (q,ry), in column standard form. It is straightforward to check that L(A\)R
(00000 P(X\)00] 5 5o R f; is indeed a right eigencolumn for L(\).

~—

The case of tuples which are not of type 1 will not be addressed in this work. When both
r,, and r, contain at most one string, say the ith one, not being of type 1 relative to 5;_1,
we may use lemmas 5.2 and 5.3 to determine the blocks in M_ ey r, M _revr,, RK (We are
using the notation of Definition 2.27). However, if there are more than one in r,,, or ry not
being of type 1, then the problem of keeping track of the blocks which are moved after
successive multiplications by the corresponding M; matrices becomes an involved task,
and remains as an open problem.

5.3.1.  Symmetric pencils with repetition

Here we consider two different families of symmetric linearizations that belong to the
Fiedler families in Section 2.3.

Let us begin with the symmetric linearizations considered in [14] and [15], and recently
analyzed in [21] in the context of Fiedler pencils. These linearizations are FPR. In par-
ticular, for a given 0 < h < k — 1, we set Ly, ,(A) := AMm My My, — MMy, My,
withgq=(0:h),m=(-k:—-h—-1),r,=(0:h—-1,0: h—2,...,0:1,0), and
rm=(—-k:—h—2,—k:—h—-3,...,—k:—k+1,—k) (see [21, Cor. 2]). Notice that,
with the notation introduced in Section 2.3, we have 1, = 1,,, = () for all these pencils.

Notice that both r, and r,, are of type 1 relative to q and m, respectively. Moreover,
with the notation of Theorem 4.6, we have s(q,r,) = (h,h — 1,h —2,...,1,0) and
s(m,r,,) = (—h—1,—h —2,...,—k). Therefore, a right eigencolumn for Lih()\) is

Rps

k,h

[AF=17 Ak=27 \k=37 AT T)"
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Note that this eigencolumn does not depend on h. By the symmetry of the construction,
this right eigencolumn is a also a left eigencolumn of Lf »(A). As an example of these
pencils, let us consider the case k = 4 and h = 2. We have

L3 (X)) = AM(_g._3)M(g.1,0)M(—a) — Mgy M 91,0 M4y =

—Ay  MNAy 0 0

ANAy NAz + As Ay Ap
0 Aq —AA1 + Ag — A A
0 Ag —AAy 0

Notice that L7 ,Rps, = [0 P(A) 00]", and that (L7,)"Rps, = [0 P(A)T 0 0]%, so
Rps, is indeed a right and a left eigencolumn of Li?'

}B

We want to emphasize that, as mentioned in [21, p. 336], the pencils Lg 1 () are a basis
for the vector space DIL(P) introduced in [16]. This is an immediate consequence of the
following three facts:

(i) Every Lih(}\) belongs to DL(P) [15, p. 225].
(ii) The dimension of the vector space spanned by Lfyo()\), . ,LE’ p_1(A) is k (provided
that Ay #£ 0) [15, Lemma 10].
(iii) The dimension of the vector space DIL(P) is k [16, Cor. 5.4].

Next we consider a recent construction of symmetric linearizations introduced by Volo-
giannidis and Antoniou in [21, p. 338]. Let 0 < A < k — 1 and consider the cases:

(a) hisodd: Set q = (Qodd, Qeven) and m = (My4q, Meyen ), Where qogq = (1,3,...,h),
Qeven = (0,2, ..., h—1),mygg = (—h—2,—h—4,...),and meype, = (—h—1,—h—
3,...). Also, 1y = Qeven, g = 0, 1y, = 0, 1y, = mgq.

Notice that the column standard form of q and m is (h,h —2 : h — 1,h — 4 :
h—3,...,1:2,0)and (-h—2: —-h—1,—-h—4:—h —3,...), respectively. Thus,
ry, is of type 1 relative to m. Moreover, with the notation of Theorem 4.6, we have
s(m,r,)=(-h—-—1,-h—3:—-h—2,—h—5:—h—4,...,—k) if k is odd, and
s(m,ry)=(-h—-1,-h—3:-h—-2,—h—5:—-h—4,...,—k:—k+1)ifkis
even. However, rev 1, is not of type 1 relative to rev q. Nonetheless, by the symmetry of
the construction, a right eigencolumn is also a left eigencolumn for these linearizations
(replacing A; by AD).

(b) h is even: Set @ = (Qodds Deven) and m = (Mygg, Meyepn ), Where NOW qogg =
(1737 . '>h - 1)’ Qeven = (072a ) h)’ Moyqd = (_h -1, —h — 3, )e Meyen =
(—h—2,—h—4,...). Also,1; = 0, ry = Qodd> L = Meyen, 'y =0

As in the previous case, r, is of type 1 relative to q.

Example 5.7 Let £ = 6 and h = 3. Then 9 = (Qeven, doad) = ((1,3),(0,2)) and
m = (mevenamodd) = ((*5)a (*4a *6))’ Im = (75)’ lq = (O : 2) and rg = 0=

Then

L.

L(X) = AM g2y M(_5.—4,—6)M 5 — Mo 2y M(31.2,0)M -5 =
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0 —1I A 0 0 0

—1 Mg — A5  MAj; 0 0 0

A AAs AAy + As Ay -1 0

0 0 Ay —Ao + A1 M A

0 0 —I Al 0 0
0 0 0 Ay 0 —Adp]

29

Notice that L(\) is, indeed, block-symmetric.

The simple tuple associated with (m,r,,) in column standard form is s(m,r,,) =
(—4,—6 : —5), and the simple tuple associated with (q,r,) in column standard form is
s(q,ry) = (3,1 : 2,0). Then, following the notation of Theorem 4.6, m; = (—4) and
z = (4,3,1 : 2,0) is the tuple in column standard form similar to (—m;, s(q, r,)). Hence,
by Theorem 4.6, a right eigencolumn for L(\) is given by

Ri = [N AN INIAT AP |T]" .

It is straightforward to check that L(A\)Rz, = [0 000 P()) O]B, so R, is indeed a right
eigencolumn of L(\). Since L(\) is block-symmetric, we have that

Ri(PT) = [MAZ|NI|A2T|AT APT| 1]

is a left eigencolumn of L(\).

6. Conclusions and future work

We have obtained explicit formulas for the left and right eigencolumns of the following
families of linearizations of square matrix polynomials: (a) the Fiedler pencils; (b) the GF
pencils; and (c) the FPR with type 1 tuples. We have also analyzed two particular families
of symmetric linearizations that belong to the last family. It remains, as an open problem,
to obtain formulas for eigenvectors and minimal bases of FPR containing tuples which are
not of type 1. The formulas for the eigencolumns give rise directly to formulas for the left
and right eigenvectors and minimal bases for these linearizations, and relate these eigen-
vectors and minimal bases with the eigenvectors and minimal bases of the polynomial.
The formulas for the left and right eigenvectors may be useful in the comparison of the
conditioning of eigenvalues of matrix polynomials through linearizations. We think that
this is now one of the most challenging questions regarding the PEP solved by lineariza-
tions. There are several previous pioneer works where the conditioning of eigenvalues of
linearizations and the conditioning of eigenvalues of the polynomial have been compared
[12, 13]. The present paper may be useful for the continuation of these works. In par-
ticular, to compare the conditioning of eigenvalues in the Fiedler families (including the
Fiedler pencils, the GF pencils and the FPR) with the conditioning of eigenvalues in the
matrix polynomial.
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Appendix A. Eigencolumns of GF pencils that are not proper

Theorem A.1m: Let K(\) = AMmy, — Mg be a GF pencil of a regular matrix polyno-
mial P(\) of degree k. Then a right eigencolumn Ry for K () is given by the following
formulas.

(a) Assume 0,k € q. Let ' = q ~ {k} and z be a permutation of {0,1,...,k — 1} in
column standard form equivalent to (—revm, q'). We distinguish two cases:
(al) If k — 1is to the left of k in (—rev m, q), then

Ri = [Rzé’i k)],

with R, as in (4.1).
(a2) Ifk — 1is to the right of k in (—revm, q), then

Rr =Rz.

(b) Assume —0,—k € m. Let (—c_g : —0,m’) be the tuple in column standard form
equivalent to m.

(bl) Ifc_g =k, then

R = [M AP ... APy Ag]®

®2) Ifc_g < k, then
Rk =R,

where K(\) = AMp — Mo.c_,)Mq is a PGF pencil.
(c) Assume —0 € m and k € q. Set (—c_o : —0,m’) and (t : k,q’) for the tuples in
column standard form equivalent to m and q, respectively. We distinguish the following
two cases:

(cl) Ift > c_g+ 1, then
Rk =Ry,

where I?()\) = AM(_jp.—tyMm' — Mo.c_oyM¢ is a PGF pencil.
(c2) Ift =c_g+ 1, then

Ri = [Ak Pr ... Py1]®

Proof: (al) In the conditions of the statement, we have that (—rev m, q) is equivalent to
(—revm,d’, k), so K(\) = AMmym — Mg My, and then F5(N) := M_jey m K (X)) M_j, =
AM_j, — M_;ey m Mg is a Fiedler pencil. Now the claim is a consequence of Theorem
4.1 applied to F; ().
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(a2) In this case we have that (—rev m, q) is equivalent to (k, —revim, q'), so F;() :=
M_ M _teymK(N) = AM_j, — M_,eymMg is also a Fiedler pencil, and the result is
again a consequence of Theorem 4.1 applied to F,(\).

(b1) In this case we have

K(A) = AM_;M_jpq - M_1M_q — I,

s0 K(A\) My = AM_x M_gq - - My — My is a PGF pencil, and the result is an immediate
consequence of Theorem 4.3 applied to this pencil.

(b2) Notice that, in this case, K(\) = AM(_. ,._o)Mm — Mgy, so K(\) =
M g.c_,yK()) is a PGF pencil, and the result follows.

(cl) Now we have K(\) = MM ._o)Mm — MMy, so K(\) =
Mg:c_oyM(_1.—# K (N) is a PGF pencil, and the result follows.

(c2) In this case, we have K(A\) = AM(__._g) = M(c_,41:)> 50 M(g.c_ oy K(A\)M_ =
C1()) is the first companion form. Hence, the claim is a consequence of Theorem 4.1. O

For the left eigencolumn, similar results can be stated using the reversal of all tuples
appearing in Theorem A.1 and the polynomial P’

Appendix B. The infinite eigenvalue

A matrix polynomial P()) is said to have an infinite eigenvalue if rev P(\) has an eigen-
value 0. Moreover, the left and right eigenspaces of the infinite eigenvalue of P(\) are the
left and right eigenspaces of the zero eigenvalue of rev P(\), respectively.

In this appendix we will provide formulas for the left and right eigenvectors associated
with the infinite eigenvalue in the following cases: (a) Fiedler pencils; (b) PGF pencils;
and (c) FRP with type 1 tuples. Hence, the results we will state here are complementary
to the ones in theorems 4.1, 4.3 and 4.6, respectively, for finite eigenvalues.

The key in deriving formulas for the left and right eigenvectors associated with the
infinite eigenvalue relies in the following fact: Given a matrix polynomial P(\) =
Zf:o N A;, with Ay, # 0, then v (respectively w) is a right (resp. left) eigenvector of P(\)
associated with the infinite eigenvalue if and only if Axv = 0 (resp. A%w = 0), that is: left
and right eigenvectors of a matrix polynomial associated with the infinite eigenvalue are
vectors belonging to the left and right nullspace, respectively, of its leading coefficient. In
all three statements below, P(\) is assumed to be a regular matrix polynomial as in (1),
and the eigenvectors of linearizations are partitioned into k blocks with length n.

Theorem B.1 m: Let F;(\) be a Fiedler pencil of P(X\). Then:

(a) A right eigenvector associated with the infinite eigenvalue of P(\) is of the form

[v 0... O]B e C™ x" \where v = 0 is such that Apv = 0.
(b) A left eigenvector associated with the infinite eigenvalue of P(\) is of the form

[w 0... O]B € C"™ " where w # 0 is such that A%w =0.

Proof: The result is an immediate consequence of the observation in the paragraph just
before the statement and the fact that the leading coefficient of every Fiedler pencil is
M_y, = diag (A, Inx—1))- 0
Theorem B.2m: Let K(\) = AMy, — My be a PGF pencil associated with P()\), and

C_g, i_i be, respectively, the number of consecutions and inversions of m at —k.

(i) Let v # 0 be such that Apv = 0. Then [1)1 oo, v0... O]B, where v; = —Ap_;v,
fori = 1,... ¢y, is a right eigenvector of K(\) associated with the infinite eigen-
value.
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(ii) Let w # 0 be such that Agw = 0. Then [wl coo Wi W O...O]B, where w; =
fA%liw, fori = 1,...,i_y, is a left eigenvector of K(\) associated with the infi-
nite eigenvalue.

Proof: The result for the right eigenvectors is an immediate consequence of the fact
that, if we writte m = (—revmy,—k : —k + ¢_p), then Mz = 0 if and only if
M _g:—kqc_x =0, and

"o A, :
I Ak
M ppye) = - :
IAp_,
L |In(k—c—k—1) J
The result for the left eigenvectors is a consequence of (i) applied to K (\)7. O

Theorem B.3m: Let L(\) = AMy, My My M, My, — M, My, MM, M., bea FPR
of a matrix polynomial P(\). Assume ry,, rq, revly, and revl, are of type 1 relative to
m, q, revm and rev q, respectively. Let c_j, be the number of consecutions of —k in the
simple tuple associated with (m,r,,) and i_j, be the number of inversions of —k in the
simple tuple associated with (,,, m).

(i) Let v # 0 be such that Axv = 0. Then [vl Ve, v 0. O]B, where v; = —Ap_;v,
ori=1,...,c_y, isaright eigenvector of L(\) associated with the infinite eigenvalue.
J ; ght eig g
(ii) Let w 0 be such that Aw = 0. Then [wy ... wi , w0...0 B, where w; =
k K
—A{fiw, fori =1,...,i_y, is a left eigenvector of L(\) associated with the infinite
eigenvalue.

Proof: The proof can be carried out in a similar way as the proof of Theorem B.2. O
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