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p:10,T] — @(Rd) is a solution of the Fokker-Planck equation if
d,p = Ap +div(p VV) VRS R
(FP)
p(0) = py
Microscopic perspective: dX, = \/det — VV(X,)dt
Steady state: Ce ™V

dp(x) = p(x)dx

Gradient flow structure: 9,p = — Vy, &(p), &(p) = Jp log p + JVp

Motivation for Fokker-Planck equation on a graph:

e Clustering o,p = (1 = P)Ap + pdiv(p VV)
e Sampling

® Numerical analysis
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Data set & = {x!, ..., x")

Density Geometry

“clusters” are regions of high “clusters” are connected regions,
concentrations of points, separated |separated by bottlenecks
by areas of low density

mean shift spectral clustering

1) Embedding step: ¥ : &' — ¥

2) “Simple” clustering step, e.g., k-means




A = {x&, Xy} C R
Given ¢, the mean shift algorithm evolves xé via gradient ascent of log(q).

kernel density estimate:
X

. I $ ; I
q(X)=;i§f75(lx—xl), 775(36)=§’7<g)»7720, [77=1, nx) =n(|x|)

gradient ascent:

x'(t + 1) = x'(t) + Vlog(g(x'(1)) MS) { Zxi(f) = Vlog(g(x'(1))
xi(0) = x x'(0) = x;

W(xl) = x((T), T >0

PDE Perspective: x'(¢) solves (MS) < p™(¢) solves p(x,0) = 5366 and
0.p=V - -(pVV)forV=—1og(q)).



Graph Calculus

X ={x;,....x,},w: I XX = [0,+ co) symmetric
G = (I, w) connected

Forp + & — R, define Vog(x, x) = (x') — ().

1
Forv: I XX — R, define divev(x) = 5 Z (v(x, x") — v(x', x))w(x, x').

x/

Definition: The unnormalized Laplacian is the operator Ag = divg o Ve

Ae=D—-W, Wij = w(xi, xj), D = diag(dl, L dh, d' = Zj#iw(xi, xj)

Definition: The Coifman-Lafon Laplacian is the operator L™ = I — D71W

Wa = D *WD™% and Da — dlag(dé, cees dg), d& — Z (Wa)lj
Eall



There exists an orthonormal basis of e-vectors
(@1, ..., @}, corresponding to the first k nonzero e-values of L".

/li/nébl(xi)
P(x') = : , meN

AP (x?)
Dynamic interpretation: —L)" is a transition rate matrix

Definition: O : &' X X — R is a transition rate matrix if

1. O(x,y) > 0forx #y and 2. ZQ(x,y)=OforaIIxefl".
yexX




PX) = { p=Y p()8,: p: L — [0, + oo) satisies ¥ plx) = 1}
xed xed

Definition: A cts time Markov chain p : [0,T] = P(Z) is a solution to

0,p(y,1) = ergr px, HO(x, y) — { tpt p.Q
Po(x) = p(x)

P e TQ(xi)

Pre TQ(xi)

Y(x;,) =

change of basis = Z e
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Continuum limit:

o {x;}'_, iid samples of g
e wx,y) =nlx—y[)>0
e Q=—L"/C, for C., = My(n)e*/Myn),

As g, := 2 .0, = g and e — 0 slowly,

I=1"x!

pQ =5 A 4p —2(1 = a)div 4, (p V_4log(q))

00, =p 02 0.p=A,p—2(1-a)div ,(pV ,logq))
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0.p=A,p—=21—-a)div ,(pV ,log(q))

o = 1: Laplace-Beltrami operator, no density, pure geometry

o = 1/2: Fokker-Planck equation

o = 0: normalized graph laplacian, “maximal density”

After a change of variables, p(x, 1) = p(x, (3 = 2a)1), f,= 2 —2a)/(3 —2a)

op=0-p)A p+p,dv ,(pVV), V==V ,log(g)

A Fokker-Planck equation on graphs!

But...

e fixed choice of external potential V = — log(g), at both discrete & ctm

® degeneratesas a — — 0
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® How can we use the dynamic perspective of diffusion maps to define a
true Fokker-Planck equation on a graph, for general external potentials?

e \What is the clustering behavior?
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The Wasserstein distance between i, v € @2(|Rd) IS

Wa(p,v) := inf { (/ t(z) — x\zdu(fv)> . AR = V}

where t#u = v if (B) = u(t~1(B))

Alternatively

1
Wi (1o, 1) = inf{ J J [ v(x, 1) |2 du(x, Ddt = 0+ V (uv) = O}
0 JRA
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Examples:

energy functional Wasserstein gradient flow

E(p) =/plogp
E(p) = 1 /pm

m — 1

E(p) = /Vp
B(p) = [ (0 o)y

E(p)Z/Vp /plogp

o+ V- (pvlp]) =0,

0,p(1) = =V, E(p(1))

d

o= A
dtp %

d
= = Ap™
dtp P

d
ap =V - (VVp)

%p =V - (V(K xp)p)

d
2P =08p+ V- (VVp)

OE
vipl = = Vy E(p) = = V—
dp
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Wasserstein metric(s) on graphs

Graph continuity equation

p=2p(x)5x€@(5[),v:£l"xf[—>|]%

xeX

0,p + dive(pv) =0forp : & X X — R interpolating p on the edges

Graph action
4

J N v y) Pwix, )dp (x)d

Oxyef

How to define the interpolating function p?
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px) + p(y)
2

iInduces a true metric, but GFs not positivity preserving

arithmetic: p(x,y) =

px) — p(y)
log(p(x)) —log(p(y))

iInduces a true metric, but support of GF can’t expand

logarithmic: p(x,y) =

p(x) ifvix,y) >0,

p(y) iftv(x,y) <O.
preserves positivity, support can expand, but quasi metric and diff. nonlinear

upwinding: p(x, y) = {

19



Fnergy: 7(p) = Y, V0p()
xXeX
Gradient Flow:

0,0 (0) = ) pOQy(x.y), Qyx.y) =

xed

((V(x) = V(y) w(x, y) for x # y,
- z#x (V(x) = V() ;wlx,y) forx=y.

Formal Theorem [C., Garcia-Trillos, SlepcCev "21]:
o {x;}'_, iid samples of g

o w(x,y) =nlx=y|)>0
o O =0,/Cyy for Cyg = 2M,(n)dne?.

As g, = 2,0, —> qand e — 0 slowly

pQ 22 div 4(pqV , V).

See also forn — 4+ co,e > 0.
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When V = log(g), this is not quite mean shift.

A Wasserstein gradient flow with nontrivial mobility, 2(p(x)) = u(x)g(x):
o1 p

| v(x, 1) |2h(,u(x, 1), x)dxdt : o.u+ V(h(u)v) = ()}

W5 (o 1) = inf
Jo Jra

Modifying the ground metric on the underlying space RY.

1
d,(x,y) = inf { J \/61(}/(0)‘1 |7() | dr = y € AC([0,1]; R, y(0) = x, y(1) = y}
0

V(x) =

q(x) "



GF of potential energy: d.p, = p,Qv/Cyys.
(V&) = V), y) forx # 3,
EV=0_F (VW) - V@) wixy) forx=y,

Fokker-Planck: d,p, = p,Q, for Qs = — (1 = H)L"/C,,, + pOy/Cys

e Formal continuum limits:

e A true Fokker-Planck equation, including both endpoints at all timescales.

e Flexibility in choice of external potential
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Given g € P(Q), Q C C R, et {x;}'_, be iid samples from g.
W(X, y) — ;76( |x —y | ), ]76()(:) — e—xz/(2€2)/(2n_€2)d/2

€ = \/5 max min | x; — x;| in one dimension
iy

A 1 ‘Q‘ 1/2
G === nslx=yD. 5=ﬁ< )
n n

yeI

Algorithm 1 Dynamic Clustering Algorithm
Input: {z;}" ,,¢,90,t, k,Q
\IJQ(QTZ) - (etQ)(i,j:L...n) for 1 = 1, cea gy

Ly = Kmeans.fit(Uo(z1), ..., UVo(z,)) with nusters = &
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Initial conditions

1

0

L4 1 4
051

0 0.5 1 1.5 2 2.5 3 3.5 4

* restricts dynamics to data

« sensitive to 0, noise

n =280

e =0.3

long time behavior, 6 = 0.25

05
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A small amount of
diffusion helps graph
mean shift overcome the
problems of a noisy KDE
and “getting trapped”.

_I.1°o' 6. 'i ¢ ._Iol‘o' 6. 'i ® ’._Iol‘o" (,). 'i ® n _ 965
e = 0.04
o =0.10

I'=10



0.01

€

0.03

€

e € [0.04,0.11]

e =0.12

 Decreasing the
connectivity parameter

€ isn’t enough to save
pure diffusion methods.

 Graph Fokker-Planck
performs well for a

wide range of €.
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—0.25 0.00

0.25

—0.25 0.00

0.25

Choosing the “right” balance
between density and
geometry depends on
modeling assumptions.

n =966
e = 0.07
o = 0.05

I'=10



5 =0.0
Graph Fokker-Planck

B =0.25

B=0.5

— t =05

1 — t=1.0

— t=28.0

1 - gteady state

Coifman-Lafon

finite diff dynamics

e graph dynamics
agree well with
continuum PDE

Graph Fokker-
Planck steady state
depending on KDE

bandwidth o

Coifman-Lafon
steady state
depending on KDE

bandwidth ¢

n =625
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Clustering behavior of CL also appears to rely

on density estimator with bandwidth €.

0.4

data distribution

L

~N

—— density
—— KDE

data distribution

| — density
1 —— KDE

data distribution




® How can analysis of eigenvalues lead to appropriate choices of T7
Hierarchical clustering method?

e Sampling on graphs? Stochastic particle method?

e Can we combine logarithmic & unwinding interpolation, via inf-convolution
or product structure, to get gradient flow structure of graph FP? Rigorous
proof of continuum limit*?

e Numerical analysis -> data analysis”
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Thank you!



