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Hence, the L2 gradient flow of E is

∂u/∂t = −∇L2E(u) = −(−∆u) = ∆u .
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Examples of Hilbert Space Gradient Flow.

PDE Energy Functional Metric
Allen-Cahn d

dt
u = ∆u− F ′(u) E(u) = 1

2

∫ [
|∇u|2 + F (u)

]
L2

Cahn-Hilliard d
dt
u = ∆(∆u− F ′(u)) E(u) = 1

2

∫ [
|∇u|2 + F (u)

]
H−1

Porous Media / d
dt
u = ∆um E(u) = 1

m+1

∫
um+1 H−1

Fast Diffusion
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]
H−1

Porous Media / d
dt
u = ∆um E(u) = 1

m+1

∫
um+1 H−1

Fast Diffusion

Why gradient flow?
• Free estimates, e.g. |u(t)− v(t)| ≤ e−λt|u(0)− v(0)|
• Method to construct and approximate solutions (discrete gradient flow)
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∫
|x|2dµ < +∞, µ << Ld, E(µ) < +∞

Wasserstein Metric

• t : Rd → Rd transports µ to ν in case ν(B) = µ(t−1(B)). Write t#µ = ν.

• W2(µ, ν) = inf
{(∫

|t(x)− x|2dµ
)1/2

: t#µ = ν
}

Brenier-McCann: the inf is uniquely attained by the optimal transport map tνµ.
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Geodesics and Convexity.
Geodesics:
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W2(µ(α), µ(β)) = |α− β|W2(µ, ν) .

Convexity:

E is convex in case

E(µ(α)) ≤ (1− α)E(µ(0)) + αE(µ(1)) .

Assumption: E is lower semicontinuous and convex.
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The Wasserstein Metric's ``Gradient''.

By a similar computation as in the L2 case,(
∇W2E(µ),

∂µ

∂t

∣∣∣∣
t=0

)
µ

= lim
t→0

E(µ(t))− E(µ)

t
for all ∂µ

∂t
,

implies
∇W2E(µ) = −∇ ·

(
µ∇δE

δµ

)
.
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Examples of Wasserstein Gradient Flow.

PDE Energy Functional
Porous Media / ∂

∂t
µ = ∆µm E(µ) = 1

m−1

∫
ρ(x)mdx

Fast Diffusion
Fokker Planck ∂

∂t
µ = ∆µ+∇ · (µ∇V ) E(µ) =

∫
ρ(x) log ρ(x) + V (x)ρ(x)dx

Aggregation ∂
∂t
u = ∇ · (µ∇K ∗ µ) E(µ) = 1

2

∫ ∫
ρ(x)K(x− y)ρ(y)dxdy
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Theorem (Exponential Formula)
Let τ = t/n. Then limn→∞ un = u(t).
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Discrete Gradient Flow: Wasserstein Metric.
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2 (ν, µn−1) + E(ν) .
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Problem: ν 7→W 2
2 (ν, µn−1) is not convex, so Φ may not have a unique

minimum.

Need additional assumptions on E:
• coercive
• convex along generalized geodesics

Proposition (AGS)
For all τ > 0, there exists a unique minimizer of Φ(ν), so the discrete gradient
flow is well defined.
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Euler-Lagrange Equation.
In the Euclidean case,
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Sketch of Proof: Euler-Lagrange Equation.
Solution: generalized geodesics and transport metrics

• [AGS] ν 7→W 2
2 (ν, µ) is not convex (along all geodesics)

• [AGS] ν 7→W 2
2 (ν, µ) is convex along generalized geodesics with base µ

• [C.] the generalized geodesics with base µ are not arbitrary curves: they are
exactly the geodesics of the transport metric with base µ
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2 (ν, µ) is not convex (along all geodesics)

• [AGS] ν 7→W 2
2 (ν, µ) is convex along generalized geodesics with base µ

• [C.] the generalized geodesics with base µ are not arbitrary curves: they are
exactly the geodesics of the transport metric with base µ

Wasserstein
Metric: W2(µ, ν) =
(∫

|tνµ − id|2dµ
)1/2

Transport
Metric: W2,ω(µ, ν) =
(∫

|tµω − tνω|2dω
)1/2

• ν 7→W 2
2,ω(ν, µ) is convex

• W2(µ, ν) ≤W2,ω(µ, ν)
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Exponential Formula.
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2τ |v − u|2 + E(v)

}
=⇒ Jn

τ u0 = un.

..1 Contraction
inequality
Banach space: ∥Jτu− Jτv∥ ≤ ∥u− v∥

Theorem (Carlen, C.)
W 2

2 (Jτµ, Jτν) ≤W 2
2 (µ, ν) +O(τ2)

18 / 22



Exponential Formula.
..2 Large
vs
small
time
steps, 0 < h ≤ τ

19 / 22



Exponential Formula.
..2 Large
vs
small
time
steps, 0 < h ≤ τ

Banach space: Jτu = Jh
[
τ−h
τ Jτu+ h

τ u
]

19 / 22



Exponential Formula.
..2 Large
vs
small
time
steps, 0 < h ≤ τ

Banach space: Jτu = Jh
[
τ−h
τ Jτu+ h

τ u
]

Lemma (Jost, Mayer, C.)
Jτµ = Jh

[(
τ−h
τ tJτµ

µ + h
τ id
)

#µ
]

19 / 22



Exponential Formula.
..2 Large
vs
small
time
steps, 0 < h ≤ τ

Banach space: Jτu = Jh
[
τ−h
τ Jτu+ h

τ u
]

Lemma (Jost, Mayer, C.)
Jτµ = Jh

[(
τ−h
τ tJτµ

µ + h
τ id
)

#µ
]

19 / 22



Exponential Formula.
..3 Recursive
inequality:

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) =W 2

2

Jh
ν︷ ︸︸ ︷[(

τ − h

τ
tµn
µn−1

+
h

τ
id
)

#µn−1

]
, Jhµm−1



20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) =W 2

2

Jh
ν︷ ︸︸ ︷[(

τ − h

τ
tµn
µn−1

+
h

τ
id
)

#µn−1

]
, Jhµm−1


≤W 2

2 (ν, µm−1) +O(h2)

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) =W 2

2

Jh
ν︷ ︸︸ ︷[(

τ − h

τ
tµn
µn−1

+
h

τ
id
)

#µn−1

]
, Jhµm−1


≤W 2

2 (ν, µm−1) +O(h2)

≤W 2
2,µn−1

(ν, µm−1) +O(h2)

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) =W 2

2

Jh
ν︷ ︸︸ ︷[(

τ − h

τ
tµn
µn−1

+
h

τ
id
)

#µn−1

]
, Jhµm−1


≤W 2

2 (ν, µm−1) +O(h2)

≤W 2
2,µn−1

(ν, µm−1) +O(h2)

≤ τ − h

τ
W 2

2,µn−1
(µn, µm−1) +

h

τ
W 2

2,µn−1
(µn−1, µm−1) +O(h2)

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) =W 2

2

Jh
ν︷ ︸︸ ︷[(

τ − h

τ
tµn
µn−1

+
h

τ
id
)

#µn−1

]
, Jhµm−1


≤W 2

2 (ν, µm−1) +O(h2)

≤W 2
2,µn−1

(ν, µm−1) +O(h2)

≤ τ − h

τ
W 2

2,µn−1
(µn, µm−1) +

h

τ
W 2

2,µn−1
(µn−1, µm−1) +O(h2)

≤ τ − h

τ
W 2

2 (µn, µm−1) +
h

τ
W 2

2 (µn−1, µm−1) +O(h2)

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) =W 2

2

Jh
ν︷ ︸︸ ︷[(

τ − h

τ
tµn
µn−1

+
h

τ
id
)

#µn−1

]
, Jhµm−1


≤W 2

2 (ν, µm−1) +O(h2)

≤W 2
2,µn−1

(ν, µm−1) +O(h2)

≤ τ − h

τ
W 2

2,µn−1
(µn, µm−1) +

h

τ
W 2

2,µn−1
(µn−1, µm−1) +O(h2)

≤ τ − h

τ
W 2

2 (µn, µm−1) +
h

τ
W 2

2 (µn−1, µm−1) +O(h2)

W 2
2 (µn, µm) ≤ τ − h

τ
W 2

2 (µn, µm−1) +
h

τ
W 2

2 (µn−1, µm−1) +O(h2)

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) ≤ τ − h

τ
W 2

2 (µn, µm−1) +
h

τ
W 2

2 (µn−1, µm−1) +O(h2)

20 / 22



Exponential Formula.
..3 Recursive
inequality:
Let µn = Jn

τ µ and µm = Jm
h µ.

W 2
2 (µn, µm) ≤ τ − h

τ
W 2

2 (µn, µm−1) +
h

τ
W 2

2 (µn−1, µm−1) +O(h2)

20 / 22



Exponential Formula.
Iterating

W 2
2 (µn, µm) ≤ τ − h

τ
W 2

2 (µn, µm−1) +
h

τ
W 2

2 (µn−1, µm−1) +O(h2)

with τ = t/n and h = t/m for n ≤ m gives

W2(µn, µm) ≤ O(
1√
n
)

n,m→∞−−−−−→ 0 .

Therefore, the limit exists.
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Thank you!
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Backup
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Wasserstein Gradient Flow.
∂µ(t)

∂t
= −∇W2E(µ(t)), µ(0) = µ

Wasserstein Metric as ``Riemannian Manifold''*
The Wasserstein metric is induced by this inner product (Benamou-Brenier):

W2(µ0, µ1) =

inf
{∫ 1

0

∥∇ψ(t)∥µ(t)dt : µ(0) = µ0, µ(1) = µ1,
∂µ

∂t
+∇ · (∇ψµ) = 0

}
.
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The Wasserstein Metric's ``Inner Product''* [Otto].
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Given µ(t), there exists a velocity field v(x, t) = ∇ψ(x, t) so that

∂µ

∂t
+∇ · (∇ψµ) = 0 .

The tangent space at a measure µ is{
∂µ

∂t

∣∣∣∣
t=0

: µ(0) = µ

}
=
{
∇ψ : ψ ∈ C∞

c (Rd)
}
.

The inner product is(
∂µ

∂t
,
∂̃µ

∂t

)
µ

:=

∫
∇ψ(x) · ∇ψ̃(x)dµ .
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Wasserstein Subdifferential.
Wasserstein subdifferential of convex function:

• ξ ∈ ∂E(µ) in case E(ν)− E(µ) ≥
∫
⟨ξ, tνµ − id⟩dµ for all ν

• ξ ∈ ∂sE(µ) in case E(ν)− E(µ) ≥
∫
⟨ξ, t − id⟩dµ for all ν and all t#µ = ν.
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Generalized Geodesics.

• µ(α) = (αtνµ + (1− α)id)#µ is the geodesic from µ to ν
• µ(α) = (αtµω + (1− α)tνω)#ω is the gen. geodesic from µ to ν with base ω
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• µ(α) = (αtµω + (1− α)tνω)#ω is the gen. geodesic from µ to ν with base ω

Proposition (AGS)
ν 7→W 2

2 (ν, µ) is convex along gen. geodesics with base µ.

Thus, E convex along gen. geodesics =⇒
Φ(ν) = 1

2τW
2
2 (ν, µn−1) + E(ν) convex along gen. geodesics with base µn−1.
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Transport Metrics.
The transport metric with base µ is W2,µ(ω, ν) :=

(∫
|tωµ − tνµ|2dµ

)1/2
.
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• Since 1
τ (t

µn−1
µn − id) ∈ ∂sE(µn), a computation shows 0 ∈ ∂2,µn−1Φ(µn)

• Therefore, µn minimizes Φ.
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