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Lecture 8

likewise
Notation anato

If an is
increasing and

an a

Inverges
to 2 an L

If an is decreasing and

converges
to 2 and

The
All
increasingsequences

that are

unbounded above diverge to α

All decreasing sequences
that are

unbounded below diverge to o








































For a real valued sequence sn

MONOTONE NOT MONOTONE

ÉÉ CONVERGENT
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0

the limit exists








































Rmt Suppose an IN IF

É f fit

If an is decreasing and not

identically.IT
unbdd unbold below

RmkSuppose an is monotone
1 an bald converges2 an unbold
A an increasing

a an a liman α

dabor iman o

B an decreasinga an to him
an

to

b unbald below liman o








































Rmd Suppose an N R
increasing1 an a NEIN I an

2 ane o for at most finitely
many

NEIN
Then up to modifying finitely
many

elts in
sequence

an is bounded below
A an is bounded above

LEANED
B an is unbounded above

HLan t

Similarly for an IN I decreasing








































Er For an IN I monotone

has an exists

The The sequence
1 47

is increasing and convergentThe limit is denoted e

Recall
If lak 1 112 an 0
If a 0 In a 1
KNEIN a b 70

acb an bn

Ex For n 4 the sequence n
1








































To see this note that

Inti nʰ n 1 natl
Men

C1 hM n
Thus this holds r

for all n 24
Recall from previous thm
that 1 4 2 4 KNEIN

Furthermore n'in 20 KNEIN
so n'm is bounded hence converges
to some LER Thus 2k

k

converges
to h 1
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Furthermore In I'm n'm

Thus 2 0 is impossible Hence 2 1




17 Real Exponents
Goal For a 0 XER define a

Background rational exponents

The a o new there
exists b 0 sit bⁿ a

Denote b as a'm

Cor aER NEIN odd
belR sit bn a Denote b as a

Def For any
rEQ suppose

In for me 2 NEIN is its

expression in lowest terms Definer M

for all sit is defined



Lemma For all x 0 rEQ
if r KEZ LEIN then

not
necessarily r x ein lowest

terms

Pf First note that forany injani I J Thus

f 4J
Thus X's

Let r In be the expression
of r in lowest terms Then
an K ME



Thus n is a divisorage
so je NS.t.l njLikewise king
Then

Ix e
K
1 578 4 1 s

An Xr



The For all piqfQ ER
If 0

i 0 8 XP 8

ii XP p

iii Xy
P
Pyp

Iv XP 8 Pq

v If Oxcy p
0 then xRyPvi If x 1 and p q then XP

8

Pf Suppose p fr q ᵗe for mike 2
M LEIN

First we will show i



0 8 meette

In metkn

In me ten kn

mm x Kle

0 9
a b

Next we show v Since Xytxhyh_ xanagan
acb

Now real valued exponents



Idea For
any

a 0 define
a as fingarn where rn IN a

satisfying Fox

The ER rn IN a

sit rn x

Pf Choose rat Qst X Krax
Suppose we have defined rn i
to be an increasing sequencesit X crux n l k l

Choose retQ so that
max x re i creex

By construction rn is increasing



and since harnax
n N by Squeeze

Thm

he rn x

Lemma Suppose a 1 ER
and ru Sn IN Q sit
rn x Snax Then
Ling arm life ash

Pf First observe that by
previous thm part vi

arm is
increasing

Also
I earn also for you go
Thus a

converges
Similarly ash converges



Define Rn rn h and
Sn sn in Then

at
1 a Learn his amain

Learn
and similarly

his ash Life asn

thus it suffices to show

158 am like ash

We construct a new
sequence box

as follows Let be R1
Since R1 x na sit
R1 Snz x Likewise ns

be



Sit n 3 1 and Rnz Snz
b

Finally ny nz s t Sny Rn
In this way

we construct
be so odd elts are subsey
of Rn and even elts are

subseq of Sn Thus bk x

So lim
k o ab ER

Since all subseg musthare
same limits


