






















































Lecture 4

Recall Propertiesof AbsoluteValue

Def For ER 1 1
if 20

x x O

Tha For all x y.ae Ra70lilIxkaESasxca
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Facts HW3 Given x.ge R
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Reverse triangle
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cnet.seguenfeaNumberssection
10 se great

Def A sequence an converges to
LEIR if SO NEIN St

m N ensures Ian LKE
We call 2 the kit of an and
write has an L

E



Ex Sri

N
I 3

Def A sequence that does not
converge

to
any

LER diverge
Ex bn 17 C 1 1 1 1

Pf Assume for the sake ofcontradiction that bn convergesto some LEIR



Then for E NEIN
sit n N ensures Ibn Lk's
britz L but

Since n even with n N
I I ILL Since nodd
with n N LL I C 1

This is a contradiction

Tha The limit of a sequence
is unique

Pf Suppose an converges to both
L L EIR Fix 0

arbitrary



Then N N sit style
n N Ian L Elz argument
n N Ian L K E 2

L
a taffeta

Let Ñ max N N Then nÑ
add and subtract

K L IL antan L
L an L an I
L an L an doing

Since ESO was
arbitrarybyFact12 24 0 L



An equivalent defnofconvergence

Def A sequence an converges
to LER if ESO Ist
NIN ensures Ian Ll E

We call L the limit of an andwrite 1 an L

Altaf A sequence an converges
to LER if ESO Ian Ll E

holds for at most finitelymanyNEIN



Remark

Sometimes we will consider Sn

that are only definedfor

rgf.fi 9 y1arge
Its limit is still well defined
Ex Sn 5

We
maymodify finitely

many
elements in a

sequence
and the limitingbehaviordoes not changeththerit

converges or

diverges



Kubsequences

Def Given a sequence
Sn it is

increasing
in case n m she sm

strictly increasing
in case rem Snesm

n case n m snasmFI Iddreasing.incasenem ssnsm
Ex m 1

Def Given a sequence
sn for

any strictly increasing sequenceNk of natural numbers a

sequence of the form Snk is
a subsequence of Sn



Remak We could write Sn as sin

Nk as n kt and Sn as Strickll

Informally a subsequence is

any infinite
collection ofelements from the original

sequence
listed in order
n n

2 ns n
4

Ex Sn 1 2 3 4 5
v2 4

3

She
1 11 3 5
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Lemma If n is a

strictly
increasing sequenceof naturalnumbers then Nic 2K KEIN

Pf We proceed by inductionBase case K 1 since n E N n

Inductive step Suppose Nk 2K 1

Then Nk Nice Since he
Nk Nk l EIN Mk Nk it I k

The If a sequence sn converges
to a limit LER then

every
subsequence also

converges
to L



Pf Fix an arbitrary
subsequence Snp of Sn Fix

arbitrary
270 Since 1 Sn L

NS.t n2N ensures

Isn LICE If k N then

by the previous lemma

Mk N so Isn LKE This
shows 2 Snr L

Ex 1 diverges since

subsequences of even and odd
elements have different limits

Ex the constant sequence
an L L L t

converges
to L




