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function f X Y
f XYone to one injective

onto surjective
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ordered field
upper bound
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supremum least upper bound

Def the real numbers IR is

the ordered field sit XER
0 X bounded above the

supremum of exists
If Mis the supremum of

X
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Extend defnof supremantIf sup x 0

If X 0 and is unbounded
above then sup

α

In this way XER

supal has meaning
Rmt The supremum of X D N E

Sup X o

Ex sup IR 2
To justify this answer
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Bydefnof 1,2
e 1,2 X 2 so 2 is

an upper bound

Assume for the sake ofcontradiction that M is an

upper bound of aid and
M 2 Since M is an upper
bound of the set M 1

Let MIL then

I m x 2

Then EG 2 satisfies xM
so M is not an upper bound



a be sufficientlysmall
East acbte 70 then
a b

To prove directlyLet M be an upper bound

of 1,2 We must show 2 M

Fix f 1,2 Then M
Thus 2 E M for all 270

sufficiently
small so

2 Mt E 2 EM



The R exists

HW IR is unique up to isomorphism

Def The natural numbers IN
is the smallest subset ofIR
having

the properties that
i IE N
Ii NEIN Nt EIN

Tim
a If d 2R is the collection

of A EIR
sit i and Gil hold

then Act satisfies i and ii
b IN Act



Rmd IN 1,2 3,4

Bydefinition IEA Act
For
any

ne 1,2 if
neA then nt IEA by

ii

By induction

1,2 3,4 EA AEA

Is it possible that
1,213,4 EIN
No since 1,213,4 Ect
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Chapter 3 Setergialence
cardinality

Def Two nonempty sets X

and Y have the same

cardinality if there exists a

bijection between them
We will write 1 1 141

Def For any
NEIN write

121,2 n n 101 0

possiblyempty
Terminology Given a set
finite IX EINU 03

infinite if not finite



countable 1 1 IN or is finite
uncountable not countable

The A
nonempty set

is

countable iff f IN

that is surjective

Prop den INd
f I

Prop Q is countable

Def Given a b o URUoT
an interval between a and b



is a setof the formCa b
a b
a b
a b

Ex EO a I

Prop For a b
any

interval
between a and b is uncountable

Def A real valued sequence
is a function from IN intolR



Rmd To emphasize that
a

sequence
is a special typeofreal valued function

instead ofwritingf n ne IN
we will write

Sn NEIN
Often we will abbreviate a

sequence by listing
its values

S1 S2 S3 54 NE N
T

Sn new Sn E i

Ex 11 I



Ex 1 1 1 1 1 6 1

41 13 1 I

The Let Ai Ay be a

countable familyof countablesetthen 8 An is countable
K 1

Pf First if An NEIN
the result is immediate so

we
may

assume An 0
for some n E IN



Next if Am for men
then we

may redefineAm An without
changingAn Thus we
may

assume

that An 0 KNEIN

Since An is countable forallne N
we may

list the elements as
a ain a's finitefnite

If Ant k KEIN we define
aem am le IN l k

Define fllin ahh Then
f IN IN LIAN is surjective



Thus I An is countable


