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Lecture 10

Def For any
azl.IERdefineaxlinmoarn

where rn IN IQ satisfies rn x

For
any

Oca l XER define
ax Hal

Tmt
For all a bER 70
i xatb xaxb
Ii E

a

Iiil Ayla xaya
iv a b ab

vi If Oxcy as 0 then
a

ya
Iv If 71 and a b then xa x








































18 The Bolzano Weierstrass Thm

Recall For Sn IN IR

convergent bounded

bounded and monotone convergent

the limit of a sequence an IN IR
exists

as an LER Ensign c

Isa an α

Is_an α

The Every sequence Sn N IR
has a monotone subsequence
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Thin Bolzano Weierstrass Everybounded sequence
has achugtsubseq

119 The
Cauchy Criterion

Def an IN IR is a Cauchy
sequence

if ESO

NEIN s.t.mn N ensures
lan amke

A convergent sequence bunchesup
around its limit

need to know
what limit is

ACauchy sequence bunches uparound itself
don't need to know limit








































The All convergent real
valued sequences

are
Cauchy

The All real valued Cauchy
sequences

are convergent
130 Definition of the Limit of a Function

Def Given XER AER a is
an accumulation point of Xif 870 xe sit

O Ix at 8
Lemma a is an

accumulation pointof ER
Xn IN IR sit XnEX1 a

Knew and xn a



DefGiven XER nonemptyf X I a an accumulation
point of

X LEE the

limit of f x as x approaches
aiIifFegT

Xn IN X a sit Xn a wehave

158 fan L
in sequential
defnof faff

We denote this as figa fix L

fla
ya Mont

Iai's g a 3 Ix
10,1 set of allacc points 0,11



Ex limaf x f a

IIa f x D N E

lim

azfx yz
flaz

Ex 0 1 U 2

172 fix

Note that there does not exist
n IN 122 sit Xn 2

This is why
a must be an ace

point for the defh to make sense



Prop Given XER nonemptyf X R aan acc pointof Xand LER then

IMath L

I
70 8 0 Sit xEX with
02H aks we have HG LICE

Note that
6 7970s t 8 0 xEX

with Octx aks and
If x L ZE



Pf
First we will show A Isaff L

Fix Xn IN X a sit xn a

We must show Lieffn L

Fix 9 0

By 7870
sit xeX with Otx aks
we have If x LKE

Since Xn a NS.t.MN
ensures 0 In at 8 Thus
m N ensures Ifan Ll E

This shows him flyn L
how



Now we will show G If
is not true

By
718 270 Sit nE IN
xnfX with Oc xn akin

and Ifan L 29

Note that Xn IN Xl a

Furthermore E'so if Not
then n Nensures

In alk e
Thus Xn a

Since I flyn LEE KNEIN



An does not converge
to L

EEE not
Had 0

7 10,1
1 9 Ix

04H auks are shaded ingreen

Ex Consider X R 1 3 1

What is 1114 1 Guess 2



First we will prove via sequences

defn Fix Xn IN IR 1

sit Xn 1 Then
L Faf xn 1 3 1 3.1 1 2

limit sum
is sum of limits

Aside Suppose am m m

lim m lingam a a

in a

limit in to


