
 Let O and 1 denote the additive
and multiplicative identities of IR
Let IN denote the set where all
elements may be expressed

as a

finite sum of the form

Ést 1

As shown in class IN is the smallest set

satisfying 1 EIN and n'EIN n IE IN

Note that if EE 1 s E 1 since
WLOG n m by

the properties of
an ordered field

0 711 ET 1 s 1 ETI
1 Thm 4.2

Since 1 0 it rem the sum
ofpositive numbers is positive so the

RHS is nonney which is a contradiction
Thus we must have n'm

Conversely we also see that since 150
n m ensures E 1 E 1



Define f IN IN by
fin 1

By definition f is surjective its
range

is all finite sums of 1 and f is

injective
since f is strictly increasing

By definition n.me N we have

In m 71 It t 91 fin AIM

f n flm name

Next we show firm f n ffm
Base case m I

f nm f n fln 1 f n f m

Assume f nm f n f m for me N
Then fhmt1 f nm n fnm tfh

f flm fin f n flm t 1

flu f m tf 1 f n font 1
This shows



Let IN'U O U IN Extend
bydgnf 2 Z bydefining four

f x fix if EIN ordering
exactly

ffx if E More ofthese
O if D is true

Bydefn f is surjective Likewise
fak fly x

y by
above if IN

y by
above if N

Osy itx 0 Since EIN

xCy ftxkf.lyffxl ffyThus f is strictly increasing x
y

We check that this extension still
satisfies properties and Fix

yEZ If both x yEIN the result
has already been shown If 2
and
y

o then

flxty fix fix ol ffx f o

flxy flo O fix O ffxlflyThm3.4 Fhm3.4



If e IN ye IN then

fixty 2,91 if
xty 0

É 1 if
xty

o

É1 41 if
xty

0

E 1 EI itxtyeo
fix flyfix tfly

YEIN
Likewise

fixy flxy flxtyf flxlffyl
flxlflylfinallyifb

Q.IE ge
IN

fixty ffxyf ffxltffyBflxltflylflxyl

flfxlfyh fl xlfl yl fffxdlff.glf A fly Exercise3.8
givesC 11th I



Thus properties BD and continue to
hold for f z 2

Let Pq q e 2 03 p
e 2

Extend f Q1 Q
by defining

f f 11 for all qe 2 03pEZ
Note that this is a well defined
function since 8 5 for

q s 21 03 p re 2 implies
sp qr so fistfff sp flqr fly ffLikewise f q f s E Z 0

Thus 17
Since f Z 2 was surjective we

likewise have f Q Q is surjective



We now checkproperties BD and

Fix Pipat 2 qi get 2 03

For BD

piqz qipz
ftp.qzlcflq.pe
ftp.lfqz cflqiflpz y9nqf

2 44 ftp.flqztto

In particular this shows f is injective

For

fatty ftp 9f9I tfftffgfpd
I f Pg f Pq

For

flf.fi gffff fPqt1flf



By definition IR resp IR is an

ordered field containing Q resp Q
so that

every
subset that is

bounded above has a supremum

Aim For
any

ER x sup qe Q q x

ER sup q EQ qkx
Pf We show the result for IR The
same argument works for IR By
definition of the set S q

e Q q
x is an upper boundof

S so sup 5 Ex
Assume for the sake of contradictionthat sup s x Bydensityof

Q in R

q EQ s t sup s q X Butthen

q
e S which contradicts that sup

s

is an upper bound for S This sups x

We extend f lR R'bytf x sup flq q x qt k
If EQ this

agrees
with our

previous definition



We now show f is surjective
Fix
y
E R

Let x infEÉfqEy
Suppose q't Q qty Then for
all qts flat y q q f lg
Thus f lg is a lower bound for S
so x f Iq This shows q ETso f x q Since q

e Q was an

arbitrary
number

satisfying qkythis shows
f x sup qe y q y

On the other hand if f x

y
then

y
is not an upper bound for T

so there exists qtQ with gex
and flyby Thus qts and
q X which contradicts that is

a lower bound for S Thus flxtylso f is surjective



Next we show BDand Fix x.geR

To see note that
x
y flq q x qeQ flqliqsy.ge a

fix fly
4HW2 Q3 a

Furthermore if x
y bydensityofin R q qzEQ sit x qkqz ySince f is strictlyincreasing on Qf x f q flqz f
g

f x fly
In particular this shows fisinjectiveTo see Si 52 note that 52 5

is immediate If fight51then q y so g EQTo see notethatest.xsq.gg
fixtyl sup flq qaxty.ge 3hetqz qq

SupEflq q q qz qix qz y
EEE

sup ftp.ltf qz qkx qz4y qqzeofHw2sup Eflq q 2x qtQ ftp.qzg.qztog
04 fix fly



Before turning to observethat xe R
f x sup f q q2 x q

Sup f q q x qtQ
Sup ffr r x re a

Sup ft r re a Hw2 05

inf f r r re

inf r e Q f r
1

inf r't r f x

sup r E r of
42,05

Sup q E Q q offx f x

Now we show Note that it is
immediate if

y
O so suppose y

o

If ye
Q and

y
O

fixyk sup
f
q qexy.ge

Q

sup f q 94 gea
Sup flry r x q

e Q

Sup f r fly rax.ge a Eye

fly sup ft r x.ge a

fly f x



Thus if yᵗQ andy so
fky flex ty fl x fly FA fly

flatly
Finally if yER and 30

flatly fix sup f q qay.ge a I
sup x f

q q y q
a

sup ffg q y geo
sup fly xq xy q

e Q

Sup flz zoxy
A

4 SUPE.EE If
ftxy

As a
consequence

if yER and x O

fix fly f x flyft
g

flxyl
Justification of Last StepSince fixyl is an upper bound for
the setll we have sup the fixyl



If they supful then
flxy x sup u f x so

r't A's.t flxy A r sup a Ak
hence f

xy r'f x Supta
Then f r't x f Yr x

satisfies f ri x EQ and
r f x

flxy Hence r f x EU
This contradicts


