
 

Lecture 9

Recall

Def Given nus X F X IRU to
proper

x EDM the subdifferential of f at xis the set valued operator
of 6 ye

XP fix fix thy x x to Ax x1
as x x

If x DH Jfk 0

Then If f is differentiable at XEDcf
then 2 f x Of a

Prop If f X 7 IRU to is convex and
XE DCF then
If 6 ye

XP fix Zf A CyX X V X'EX

Prop Given f X TRU to
proper and convex

y
Edf Xo f xo tf yo yo Xo



yo y y

Prop Suppose f is convex and it is
Isc at Xo E Dlf Then Xo Eff yo
Yo Eff Xo

Thin Suppose f is proper convex and Isc
Then ye Jfk x E Jf ly

Def For CE X its characteristic is

HH 0 if Xe C
N otherwise

Primal Dual Optimization Problems

Goal of convex optimization givenf convex C convex solve

info
f x

ing
fix Xc x



Key trick observe the behavior ofthis optimization problem
under perturbations

Def Given normed vector spaces X
and U and a convex function
F X x U IR U to

primalproblem Po ing fix tht Fix o
XE X

dealproblem Do gyugas gas Flo v

Remark xx U is a nus with dual
X xu and duality pairing
ly v lx u Cy x Fru

In this case Young's inequality is
F x u Fly v Cy x to u

In particular



fix glu 20 fix giv tx ex ve U

Po Do

thus we will seek conditions on F
that ensure Po Do i.e there is
no dualitygap

Im Equivalenceof Primal and Dual ProblemsGiven F X U TRUE to convex suppose
Poff theprimalproblem is feasible

Define the inf projection Plus thx Flx.nlThen
i Po Do P is Isc at n 0
Gi Po Do and a maximizerof dual problem exists

2010 0

Pf Show Pla is proper and convex

By assumption Plo Po too



PAIGE IT x Fix ud
E F lxo Us V Xo E X

F taxotaxo l Huo t a Ui Vx

l a FIXand a Flo red Vx

Taking inf over to Plus Ed a Platte Phi

Po Do Plo P o

By definition
Pt SEU G u Ph

Eeg Cv u Fix n

You O x G D F ix us
EX

FTO v

ghz
P Tul sup vie t

gloVEUP



0 907 queuegas Do

Since Plot Po this gives the result

We now show i

Since P is convex OEDCP Fenichel Moreau
ensures 0107 0 0 P is Isc at 0

We now show ii

Suppose used Plo

Since P is convex OED P for any
sequence un O we have

IET Phin 21751 Plo Go Un O
2 Plo

Thus P is Isc at zero so by part lil Po Do

Furthermore Vat JPCO ensures
Plo P D 4,07 0

Thus step
ER go Do Po PG gla



g g

Converseley suppose Po Do and we is

a maximizerof the dual problem

By i Po Do P Isc at 0

By Fenichel Moreau

Pla Poco Eu go.pt
IEu glv
give
pas

Thus equality must hold in Young's
inequality v E 2010 D

Kantorovich Duality
Xd Polish space
MN EPA
c Xxx Lo to lower semi continuous



min KP
r rerun

Exchixffraxy

This is a convex optimization problem
To find its dual

Rewrite as unconstrained optimization
problem
Identify perturbation function
Flexin so that KP Do

We will do this via introducing a

Lagrange multiplier

Recall Lagrange multipliers in Calculus

Given A Emmen IR berm

iffy f x fkn fix X x Ax b x

of








