



































































































































Lecture 7 I will attempt to have a

synchronous zoom optionstarting
Recall next week

We seek to prove existence of solutions to
Kantorovich's OptimalTransport Problem
Given up EPIX solve

min Sdlxtx4 81 1 x2 pal
8 remain Elkpot
Lemma Given Polish spaces X dx 4dy

an nE EPIX narrowly convergingto u then for
any continuousfunction t X 74 t un narrowly

converges to the

Bop Given a Polish space x d and MN EPA
Mil is compact in the narrow topology






































































































































Lemmy Suppose g
X Ruta is Isc

and bounded below Then F gKÉECblx
St Esto get Ight f x ex

Thm Portmanteau For any g
X RUED

I stand bounded below the functional
at Sgdy is Isc wrt narrow conv in Pix
that is
un u narrowly

IS gdunzsgd.ee

Combining these results by theDirect Method of the Calculus of Variationswe obtain
costfunction

The Given a Polish space IX d
for any function E Xxx IRU to

that is Isc and bounded below
and u VE PIX there exists 8 EMV
satisfying8 min Sale x2 0863 4

8 Je MN
P
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In particular taking cat x da x P
we obtain that a solution to Kantorovich's

problem exists

Thus for any M
VE PIX there

exists an optimal transport plan 8

Why was narrow topology the right
topology
Recall

x d locally compact metric space
Banachspace Colt 11 110 Cb X 11 11 a

Dual space lens x it Itv bigspace containin
er x Il Atu

Weak topology widetopology narrow topology



MN is narrowlyopt widely apt

But the objective function may
not

be Isc in wide topology
Let clot x2 da x2 1

Consider 8m Sinn EP Rx IR

Exercise On in the wide topology

However I Scatx2 din x x

in Salt x2 1128nA x2
1
O
Scat x2 do it x2

Moral Wide convergence can allow mass

to escape to infinity
However



Prop Given a locallycompact Polish space Xan
Tun nÉ and u in PH

satisfying
tins Sfdyn Sfdm for all f Elc X

Then any narrowly
In particular
wide convergence mass conservation narrow conv

Pf Fix f Ecb X increasing
Intifadasets

Since y is tight t KEN F Knox
St MIX KNEE By Tietze extensiontheorem F 2K E C X St 212 1 on KK

supp Ricco X O 2k 1 and UTI

pointwise

Then V KEIN

linnet S ft Ilfllo dynetimingSftllfllarkdun
ft All DU du

Issus Sf Ilf lls dune linnet Slf Ilf lls RkdunSf If Ilo Riedel



µ

Finally by conservation of mass

Sfdu Ilf lls If If llady
MCT

Ilf lot Yao Slf Alla 2kdu
z Ilf lot 135 S f Il f lo dun
in S fdun

z limningS fdun
Ilf lo t timid If til fl lodu n

MCT

z Il f lo t Yao 5ft lfl lookdu
Ilf lls tf f t lif ladu

S f du

Thus equality must hold throughout
Since f was arbitrary any narrowly O



Rank The distinction between narrow

and wide convergence is especially
important when X is not locally
compact e.g X o D IR or

X P Rd

So we solved Kantorovich's problem

how does this help us solve

Monge's problem
via the Kantorovich dual problem

Crash course in convex analysisand optimization

Let IX 11 lx be a normendisectorspace
a



Let 119,11 1H be its dual space
that is the set of all bounded
linear functionals on X with

Hythe sup yo
Pixie

Given xeX ye X let Cy x ya

Exercise
For
any

collection of convex

functions fi ie I on X Effi x

is convex
For
any collection of Isc functionsfi i c I on X YI fi x is Isc

Def Given f X IRUEts proper its

conjugate f X IRUEta is

fly FIX Cy x FIX



Ex Suppose X IR and fix ex
Then

fly Er yx ex infer ex yx
If y O f ly to

If y o f ly O

If y
0 then Xt ex yx

is a convex differentiable fn so

a critical point is a global minimizer
exo go x logly ex ya

ytylogy
This Fly

to if yoO if
y O

glogy y
if
y o

Exercise If fix tp HIP find fly
An immediate consequenceof the defnis



m de consegue of def

EopMoung's Inequality t xEX yet
f ly f x Zyx

Another immediate consequence ofthe Cefn and the above exercises is

Lemmy For any
f X TRUE to proper

f is convex and Isc

In a similar way we may define

Def Given a nus X and f X RUED
proper its biconjugate for X IRU to

is
f G See Cy x fly

Note that for all f proper XE X

atty f x 2
yn Fy X Young

fix Cy x fly yetf x I f'd x



f

Note that since f'd is always convex

and lower semi continuous a

necessary condition for f f'd is
that f is convex and Isc

In fact this is sufficient

The Fenichel Moreau Given a nus X
and f X IRU to proper
i f convex and Isc fifth
ii If f is convex and f Xo to then
f is Isc at Xo f x Xo

Pf by Hahn Banach O

Exercise
o If Xo is a minimizer offwhat is f o
o If Xo is a local minimizer of
f that is thereexistsa neighborhood
U of Xo S.t Fto fly Hye Uand f is convex prove that Xo is


