
 

Lecture 4

Recall

Monge's Optimal Transport Problem
Given me PIX solve

p
min

titty v Eth p t

If a transport map t attains the
minimum we call it an optimal
transport map from u to v

Def GivenMN EPH the setof transportplans
from a to v is

Php 8 EPIX xx I

Em H2 8 0

81A x B the amountof mass fromMCA that is
sent to UCB

Lemmy If t m V then 8 id xt me run

Ex Consider two transport plans
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Exercise What is a formula for 8 Verify
directly from the definition that Jethro

Ex For u and u as above consider the
transport map

tix x if XELO B
x 1 if X E 2,3

By lemma D id xt me Paul
81A B MCCidxt CA B

ul x lx the Ax B
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Bird's eye view I 8 is the uniform prob
measure x tHxeo DUE
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Foreshadowing When Maad we will see
that 8 is an optimal transport plan
from u to v iff it is supported
on x tix xtra for an increasingfunction th



Usingtransport plans we can now state

Kantorovich's OptimalTransport Problem
Given up EPIX solve

min S dlxtx dE.fm 1massP8 Je Mur Xxx
that 8 sends from

Kpa
tox21

If 8 attains the minimum we will call
it an optimal transportplan

Reasons this is a better behavedproblem

HypePIX the constraint set is nonempty
since y V E P luv
The constraint set is convex

In particular given 8,8 email
define

82 1 2 To 28 for LE CO D



Then for anyone
O D AE Ba

At KLA JAXX
1 a JOLA X 2J CA X
I a HI JOLA LT J CA

ItalyCA MAMCA

Thus It 8am Similarly AZ 82 0
We conclude Jae Mun for all Leo B

The objective function is convex

Recall

Def Given a vector space Y and C EY
convex a function F C TRUE to is

convex if for all x y
EC

FA a

xtay Ed
a FA tatty

Lys

With regard to Kantorovich's problem

IK p 182 5 da x4Pd8alxtx2
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I a Kp ro a Kp 81
better than convex linear

RemarkSince Kantorovich's problem is the

minimization of a convex objective
function subject to convex constraints
it is a convex optimization problem

Kantorovich's problem has a dual problem
will discuss soon 7

We can prove there always exists a

solution to Kantorovich's problem via



The Direct Method ofthe CalculusofVariations

Goal prove that min Fix exists

Step Take a minimizing sequence i.e
choose Xn E C S.t

life Fkn Ifc Fix
sequentially in some topology

Step Prove that C is compact so there
exists a subsequence s t xnpxs.EC

in some topology

Step Prove that Fix is lower semi continuous
so that F X RU Eta Itifxximplislining Fan F xo

If FA sF xn Yan Funk FAZIL TA

Thus x is a minimizer of F over C

Keychallenge choosingthe right topology
weak enough to get compactness of C
Strongenough to get Isc of F



What is the right topology forKantorovich's problem

Def A sequence un ta is narrowly
Evergent to med if

It 59dun 59dm V QECb X
X

Remark Thinking of MIX
E Cb x

this is convergence in the weak

topology Also called weak
convergence

in
probability literature

Remarks The narrow topology is metrizable
so opt sequentiallycompact

From now on we will suppose that IX d
is a Polish space

complete separable metric space



Tim Prokhorov Given a Polish space
IX d and K EPIX
K is relativelycompact in narrow topolgy
1K is tight i.eV e o F ke CCX s t MAKE E E VEN
IWill give a roughsketchofproof next time

Willexplain connection to uniform integrability

Cer Given a Polish space x d for all

µ EPH M is tight

Pf This is an immediate consequence
of Prokhorov's theorem since K Y
is clearly relatively compact


