



































































































































Lecture 3

Recall

t m VE B ME B V BE BA

591 tix dull flyldrly teeth
X Borel meas

Monge's Optimal Transport Problem
Given me PIX solve

min
caestraint get no SHIEI.TTnction
Reasons the Monge problem is difficult

Difficulty I the constraint set can beempty

DefMEPIX is an empirical measure if

µ I ÉSx for Exist ERd

Exercise If u is an empirical measure
then for any transp map t t m is an emp meas











































































































































































































































































linear perturbations can kick us out ofthe constraint set

Ex Consider books on ashelf examplefrom last time
u v

in 54

to lx x t
ti lx Xt I if X E 0,44

x otherwise

Consider a convex combination
tax 1 a to G at lx

For example thx x 5 if xe 0,4
x t otherwise

Then
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Moral Even though to u v and
ti u v we do not have taterfor all at Co D

That is t t n v is not convex

Solution consider transport plans

In fact finding ts.tt n v relates to
well known problems in geometric PDE

Prop change of variables formula Suppose
ELI Rd nP Rd and t Rd Rd is Ct one to one
and let Dt 0 Then EEE

E'HAD A










































































dlt lyk ah
o t ly Ituralydy

dxly Ra

Pf By definition of the pushforward forall bounded meas 9

Saly dlt rllyRd

got x dux
fado tix ylxldx

Glo tix not o th KIBIE.io dx
I changeof variables th m

Lpagly Mt ly Idetttot ly dy dy IetDtlad

Sadly Tta o E ly Itaralydy
In particular for 9 1 B B E B x

Note that if Bet Ra then m B 0



Exercise Suppose ME L Rd and tax tb
for a 0 bend Prove that daylyk'anteldy

Thus if t 09 the above proposition ensures
that t F V iff

YET FUN91 1 I detox
if u O ont Rd V96

Given up we would seek to solve for9 such that the above equation holds
We will often restrict to 9 sit det 1396 0

This is a type of MongeAmpere equation

Find 9 s t det D 9 x F lx x tax

How can we get around the difficulties
of Monge's problem



Relax the problem
1 RedPlettyLeonid Kantorovich 1942

On the translocation of masses

Notation

Rojection maps for it 2 define Hi XXX

by at 1 7 4 27 4 7 2 X

Marginals for 8 EPIX X its first and
second marginals are At 8 A 8674A
D A xx and H2 8 B 8 Xx B

Def Given up EPIX the set oftransportplansfrom M to v is

Php 8EP Xxx Em we 8 0

We will use transport plans as a new

way to model
rearranging mass in n to

look like V



81A B the amount of mass from MCAthat is sent to u B

How dotransport plans relate to transport maps

Lemmy Given up EPA if t m D
then 8 id x t M E P luv

PfBydefinition
81Ax B p lid

xt CA B

µ Ex lx the Ax B

n Ex EA tix EB

Then for all A EB x

At 8 A 8 A X p A so It 8 p

Similarly T2 81137 8 Xx B MELBAIBfor all B EB x so H2 8 0
0

Visualizing transport plans



Ex For up as below consider the
transport plan where all mass

starting at location xo inn is

distributed evenly inv TCA B MCA UCB

Bird's eye view I
8 4 Ico Dx 0,23 12,3 0 2

7 i
I I l x1

µ I 1 0,17 112,3

Side view
n 8Gt x2

44

x2

x L

Remark This example illustrates the fact that

for any MN EPA there exists Je Plur
given by Faxon



MOULAYB MCA UCB

For any MN
EPA the transport plan

8mV takes mass from
any

location
Xo in M and distributes it across v in

proportion to the amount of mass v

assigns to each location

Moral typ EPA Mep 0
transportplans can split mass

Ex For M 1 0,13 16,3 0 1116123
consider the transport map

th x if X ECo D
x 1 if otherwise



By lemma 8 id xt m
EMur

Mass startingat Xo is only sent to tho

8 is the uniform
Bird's eye view I prob meas supported

on x th x EloD
06,3

a lx th

EI I x

µ I 1 0,17 112,3

a 861 XSide view É
44

I x2

x L



X L

Foreshadowing When Mcc X we will see
that 8 is an optimal transport plan
from u to v if f it is supported
on x tix xt Rd for an increasingfunction th


