
 

Lecture 2

Recall

Given ME P lx BE B x

µ B amt of dirt in the pile n that lies in B

If X d Rd 1.1 and yet drama
and y B fieldx ant of dirt in B

What does it mean to
rearrange

one

probability measure to look like another

t Be BG E B E BA

Def transport map Given EPH v e PC
a measurable function't X 74 transports
Av if

U B ult B K B EBC

We call v the pushforward of u under
t writing

Ft Im antwe callt
the transporter from Mta



rt if

É M1

the amount of mass that v assigns to
B equals the amount of mass sent
there from y

Informally mass starting at location
x in M is sent to location th i n v

Sanitycheck if MEP x and t X 74 is
measurable is the always a prob measure

Hulu ult ly MIX 1

Ex translation dilation Suppose IX d 411291
Fix a 0 be Rd and tix axt b



dilation translation
Then for any ME

PIX t m satisfies

m B ult B p BI YI ye B
BEBE

un th

Fiji t.am
B

II 2 1

Lemma equiv characterizationoftransp mapGiven a EPH VEPMland Z X 74 measurable
then t m o if and only if

Alta dux Saly duly for all 94 IR
X 4 measurable ELF

Before we prove the lemma recall



For
any

BE Bix define the indicator for1BG

1B x 0 if x B
1 if X E B Affixnonneg integrable

For
any bas fr 9 there exists a

sequence of simple functions
for x ETCint Bi x s.t.fm 9 pointwise

Pf First note that if 9 is an indicatorfor
then using

the fact

AHH IB Hd Q if 1 43
1 4314

equation A becomes

Stilted dylx Stay G duly Mlt B

S 1B ly duly v B

Thus
i If egn G holds for all 9 measurable
with 9 ELI G then it must hold for



9 113 so the above remark gives
B Felt B

ii If Z m o the above remark shows that
6 holds for all indicator functions

Thus A for all 9 meas w EELV

implies t n
v

Now assume t m v

We have A for all indicator fns 9 113
Furthermore by linearityof the integralA holds for all simple functions 9

non neg integrable
Next suppose 9 is a bas fr
Choose a sequence An of simple fns
so that 9m79 pointwise Thus

by the domino convergence theoremmonotone

Salthilldel Is Salta dull
Is SOnlyduly
Alyduly



Thus G holds for all 9 bas
non neg integrable

mix

meas for in Lta and define
Anl x x an min EG nHk

Then by the monotone convergencetheorem
Salthilldel im Salta dull

Is SOnlyduly
SOlyduly

Finally for 9 an arbitrary meas fr in La
the result holds by writing91 1 9 1 7 9 1 7 94 951

9 v0.0

Now we know what it means to rearrange
one measure to look like another or
more precisely to transport one measure
to another
Back to original question how can this
be done in the most efficient way
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Unfortunately Monge's problem is a

horrible optimization problem

Sudakov 1979 Ambrosio and Pratelli 2001
Evans and Gangbo 1999

Reasons the Monge Problem is difficult

Difficulty 1 the constraint set can be empty
That is given up

E Pk there doesn't

necessarily exist any
t meas s.tt M V

Recall Sx is the probability measure Exo B oifxo4
1 ifXoE

Ex
41 He
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If t m V then

X BROWN B p It BI O if th B
1 if th EB

There is no such t for which this holds

Heuristically the problem is that a transport
map t sends all mass starting at a
location x to tho In particular
mass cannot split

On the other hand note that txt
satisfies

It D B VA B V10 if I B SIB B
V X if ZEB



Two potential solutions to emptyconstraint set
a don't allow source measure to
concentrate mass on small sets

b instead of consideringtransport mapsconsider transport plans

Difficulty 2 Solutions may not
be unique

That is given up EPH there may exist
multiple distinct optimal transport maps
Ex books on shelf
µ o

the Tiit
44 5

4

Consider to x x th shiftingall bookstoright
ta x 1 if X E O Ya shift firs

x otherwise booktoend



Exercise to ut and t n v so both
to and ti

belong to
the constraint set

Fact will show later to and t are both
optimal transport maps

Potential solution to non uniqueness ofoptima
modifyeffort to be

strictly convex

Sith xiducx Ita xMdmaPpt
convex

strictly

manyoptima uniqueoptimum

Difficulty 3 The constraint set is nonconvex




