
 

Lecture 19

Recall

Def For re R XE Rd

fast x 8h if r so
if r x 0

0 if r O x O or r 0

Prof Given me Para medard define

Blum sup Sf du t Sg dm
f Ecb R R gECb Rd Rd
ft lypso

Then
i Blum is convex Isc wrt

narrow convergence
ii if u Maw W Borel meas on IR

Blu m SfBlG MG dwCx

where duh A dull
dm G madwix



iii Blum Sturdy if my
dm vdu

w otherwise

We now have everything
we need to

characterize absolutely continuous
curves in Poled Wal except the
definition of what it means to be an

absolutely continuous carve

Suppose It d is a complete metricspace

Deflabs cts I a b x is abs cts
denoted X E AClabi X if gettla b s t

dlxltdixltiktglsldstactos.tk b
to

Remark If this holds for geste
for CER then x is Lipschitz cts



Rink if x is abscts it is cts

Def metric derivative The metric
derivative of x a b x is

1 414 l in daleth xox generalizesHtxlal for
h 70 Ihl Xlt a curve in

a vectorspace

Prop For any XEAClaib
x

i lx lt exists for L ae te la bl

liilgltklx.lt is admissible in A

Gillxttlegit L a e for all gsatisfying

Pf
Since x a b X is cts and Ca b is

separable Naib is separable Let

yn n't
be a dense sequence and

consider
Init Alyn xlt

I



By the reverse triangle inequalityfor any
choice of g in the defn

of AC we have A
A

Id nlt dnCs E d kittixisteftger dr

Thus t Adult is abs cts and

dlt sup Idn Itll
NEIN

is well defined L a e Furthermore
if it is defined tea b

a
dlt sup

new Biff dnlfgn
lining dead
set it s

by EE
Thus'd It Ight L ae so delta b

To obtain an upper bound on

limsup note that by densityof
yn



dkltlixist sup Idnltl dish
NEIN

up IS dinar 1 ÉNEN
É

SUE ldn rldrl

Idirldr
Thus for L ae t

If dlxg Edit

Therefore XD exists L a e t and
Hillel edit

IQ shows Ix'll t is admissible choice

of gin defn of AC

If shows that Ix Ild is minimal D



Theorem characterization of absctsCurtin Wa

i suppose y
o I Pr Ra is abs

cts Then F v s.t Girl
is a weak son of E and

Strix t Pda E fillt L a e teat
Rd

ii
Conversely suppose u

o TJ Pard
and F v s t

fax t Pdx It to

and luv is a son ofCCE
Then Mlt is abs cts and

tilt flat dy Lae teat



Our proof of i relies on this Lemma

Lemmy Suppose mk o TJ 249 Ird
F KCCIRIS.t MK KC EO and I FELT T
St My Rd EFF L a e EE Lo T

Then up to a subsequence there
exists m o Ieds Rd sit

dmklxldt dmf.at narrowly wrt
Cb Rdx OF

Pj
Etty

Today we will show i

For simplicity we will assume that
F KCCIRds.t.ME Kc OKt

and that F1 gompactlysupport
Let Pek face for a mollifier9 with Mda to

For Ken consider the discrete
time

sequence



MM MIYA Milk we k

and the mollified sequence

Mikey mind
By our previous proposition since
these measures are Ld there
exists a unique geodesic Miltfrom Milk top tyke
Miko

Furthermore Mik Vik is a son ofCCE and

Stuka tidy IM WallyMitty feat

Now we chain these geodesics
together defining
µ t p tk i for te ik ik
VK It wilt K D K



Then fuk v14 is a weak som of
Druk To fuk v 14 0

Furthermore for t e filk ity

Strix t TIME G K WEN Mitty
Wz contracts under mollification
K WEluck M City

KITH'll slds

Kisilmisids

Define dm x ok t dm x Eddard

Note that for tech I

lmk Rd SHIKAI IME IS

Stax Didn't1 1
E K Gills Is flt



thus defining
flt KIMM'llstds for telicity

we have
ith

flat E

f billsldsK

and

If E at E fbills to

O

so f ELIO 1

To be continued






