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From Kantorovich back to Monge
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Now we have what we need to not onlysolve the Monge problem but also to

characterize its unique solution
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Now we can prove Brenier's theorem
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Now proved
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Therefore ER Mae
Now show
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Rearranging and recalling that x2 91 1
iff equality holds in Young's inequality
591 7 97 4081 7 4 5967 94 4AJAX

xt xd8 63
2

Rearranging

591 7 99 2 xt x2 d8xTx4 O
Il

591 7 97791 7 xt.TT x dFlxt x9

EYglyxgxt.PT
x7dmlxt

Thus 91 1 99791 7 Xt 897 Oga
I

891 70291 7 a are

I
881 4 0961 m a e

TE E
This shows OT maps are unique
µ a e D



In this
way

the dual of theKantorovich problem with cat x 3 1 1 42
on Rd helped us solve the Monge
problem in this case

The solution
of the Marge problemwill then be a key component in

proving
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But before we leave duality behindone last important application
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Furthermore the maximum is attained

In the particular case XC Rd
cat x2 txt x21 we can rewrite
this in a nice way
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This gives another important wayto compare probability measures

known as the 1 Wasserstein or

Earth Movers Distance
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