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Abstract

An element of the Jacobson radical of the endomorphism ring of a decomposable
module is characterized in terms of its action on the components of the decompo-
sition. This extends to arbitrary decomposable modules a result previously known
only for the special case of free modules.
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1 Introduction

The historical motivation for this study may be said to begin with a question
raised by N. Jacobson in “Structure of Rings”, first published in 1956 [4].
On page 23 of that seminal text, Jacobson asked for a characterization of the
elements in the radical of the ring M;(R) of I x I row-finite matrices over an
arbitrary ring R. In general, it is not true that a matrix whose entries lie in
the radical of R is in the radical of M;(R), as will be demonstrated below.

For a ring R we let J(R) denote the Jacobson radical of R, and we consider
the free R-module of infinite rank consisting of all row vectors (71,79, ...) such
that each r; € R and r; = 0 for almost all 7. Let ay,as,... be a sequence of
elements from J(R) and consider the row-finite matrix
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If 1 — « has a left inverse, then there will be a row vector (bq, b, ...) with
(by,ba,...)(1 — @) = (a1,0,0,...). This leads to the system of equations:

bl = a
bi - bi_lai = O, for all ¢ Z 2.

Solving recursively, we get b, = ajas...a; for all ¢ > 1. Since b, = 0 for
some n > 1 we conclude that ajas...a, = 0. Thus, a necessary condition
for J(M;(R)) = M;(J(R)) to hold for I an infinite set is that J(R) be left
T-nilpotent. In 1961, E.M. Paterson showed conversely that left T-nilpotence
of J(R) is sufficient for J(M;(R)) = M;(J(R)) to hold [6]. In particular then,
any local integral domain which is not a field is an example of a ring for which
J(M(R)) C M;(J(R)) whenever || = oo.

Jacobson’s question was settled in 1969 by N. Sexauer and J. Warnock who
employed a daunting calculation to establish the following characterization of
the radical elements in a ring of row-finite matrices.

Theorem. (N. Sexauer & J. Warnock [7]) For an arbitrary ring R and a
matriv o« € Mp(R), a € J(M[(R)) if and only if o« € M;(J(R)) and the

column left ideals of a are right vanishing.

We explain the preceding terminology. The column left ideals of
a = (a;;)ijer € M;(R) are the left ideals of the form

Aj(a) = {Z ria;; | ri € R and r; = 0, for almost all i € I}

iel

for each j € I. An arbitrary family of left ideals {A; | j € I} of R is called right
vanishing if for every sequence of elements a;, € A;, with 71,19, ... a sequence
of distinct elements of I, there exists an integer n > 1 with a;,a,, ...a;, = 0.

A ring of row-finite matrices over a ring with identity element is isomorphic
to the endomorphism ring of a free module. Accordingly, this theorem was
generalized to the endomorphism ring of an arbitrary projective module in
8], where a more conceptual proof of the Sexauer & Warnock theorem was
also presented. The key ideas in [8] were the use of the characterization of the
radical of a ring as the sum of the small (superfluous) one-sided ideals as well
as an often-mimicked calculation contained in the work of H. Bass [1].



Another direction for generalization is to determine the elements of the rad-
ical of the endomorphism ring of a decomposable module M = @;c;M; for
some suitable family of modules {M; | i € I} in terms of their action on the
components of the decomposition; the test criterion for suitability being that
the case where each M; = R is subsumed and the Sexauer & Warnock theo-
rem captured as a special case. This can lead to consideration of a number of
possible extensions: to the case when all M; are isomorphic; to the case when
all M; are cyclic; to the case when all M; are finitely generated, and so on.
Before we describe our principal result, it is worth considering motivation for
this line of research coming from another source.

In a successful search for extensions of the classical refinement theorems for
direct sum decompositions of modules, Crawley and Jénsson introduced the
concept of an exchange property for a module. An R-module M is said to have
the (finite) exchange property if whenever M occurs as a direct summand of a
(finite) direct sum N = @;e;N;, then N = M & (B¢ N/) for some submodules
N! C N; [2]. For modules that are direct sums of indecomposable modules,
the (finite) exchange property completely characterizes when such decompo-
sitions complement direct summands. So does a local vanishing condition on
endomorphisms of the module, as we now explain.

First, a definition: a family of modules {M; | i € I} is called locally semi-T-

nilpotent if for each sequence M;, n, M, 2 ia B of non-isomorphisms
with pairwise distinct indices i, € I, and for each € M;,, there exists an
integer n > 1 such that xf; fs... f, =0.

Theorem. Suppose that M = @;c; M; where each M; is indecomposable and
let S = EndrM. Then the following conditions are equivalent.

(1) M has the exchange property.

(2) M has the finite exchange property.

(8) The decomposition M = @®;c; M; complements direct summands.

(4) Fach M; has a local endomorphism ring and the family {M; | i € I} is
locally semi-T-nilpotent.

(5) Each M; has a local endomorphism ring, S/J(S) is von Neumann regular
and idempotents lift modulo J(S).

The equivalence of (1), (2) and (4) is due to Zimmerman-Huisgen and Zim-
merman [10], and the equivalence of the last three conditions to Harada and
collaborators (see [3] for more complete references). From our perspective,
condition (5) indicates that knowledge of the structure of J(S) determines
exchange properties for a completely decomposable module, and condition (4)
suggests a link with the Sexauer & Warnock theorem since the criterion in
(4) is expressed by a vanishing condition. Motivated by these observations,
we develop a characterization of the elements in the Jacobson radical of the



endomorphism ring of an arbitrary decomposable module. Somewhat surpris-
ingly, the characterization in Theorem 1 does not require any restriction on
the summands of the decomposition. In Theorem 2 we also describe the radical
elements in the important subring of those endomorphisms which are “locally
of finite rank.”

2 Radical elements of Endgp(®;crM;).

We begin by introducing some convenient notation. Let R be an arbitrary
ring (not necessarily containing an identity element), let M = @®;c;M; be a
decomposition of left R-modules, and set S = EndgrM acting as right opera-
tors on M. For i € I, we let e; € S denote the projection homomorphism of M
onto M; across ®jep\ (i3 M, and we set S; = EndgrM;. Similarly, for any subset
F C1I, set Mp = @®iepM;, Sp = Endgr(MFp), and let ep denote the projection
homomorphism of M onto My across @ ;e\ rM;. We will consistently regard S;
and Sk, respectively, as subrings of S by extending homomorphisms trivially
across the complementary summands @;cp i3 M; and @;ep pM;, respectively;
that is, we identify S; = e;Se; and Sp = epSep. For any a € S, 4,5 € I, and
F,G C I, we abbreviate a;; = e;ae;, apg = epaeg, and ap = app. (This
notation is consistent with the definitions of e; and ep as projection endomor-
phisms if we take e = 1g, the identity endomorphism in S.) Finally, observe
that for an infinite family 8; € S, j € J, the sum 8 = > ;c; 3; defines an
element of S provided that for every x € M, z3; = 0 for almost all j € J.

The principal result of this paper is the following characterization of the radical
elements in S = EndgM.

Theorem 1. For M = ®;c;M; with I an infinite index set and o € S =

EndgM, either one of the following conditions are necessary and sufficient
for a € J(S) to hold.

(1) For every v € S and every i € I, (ya); € J(S;) and, for every sequence
11,19, . .. of distinct elements of I and every x € M, there exists a positive
integer n with T(Y)ii, (Y®)igiy - - - (Y¥)ininy = 0.

(2) For every i € I, (Sa); C J(S;) and, for every sequence iy, iy, ... of

distinct elements of I, every sequence vy1,7%s,... € S, and every v € M,
there exists a positive integer n with (Yo i (YO )igis - - - (Y0) 00, = 0.

The proof that condition (2) is sufficient to imply that a € J(S) relies on
a lemma from [9], which is itself an adaptation of an argument presented in
[5] in the special case when the summands of the decomposition have local
endomorphism rings. Its statement is as follows.



Lemma 1. Suppose that M = @;c;M; with I an infinite set and that § €
S = EndrM is such that Br = erfBer has a left inverse in Sp = EndrMp
for every finite subset ' C I. Then for any v € M there exists a sequence of
finite subsets ) = Fy C Fy C Fy C ... of I and endomorphisms ji1, pta, ... € S,
51, (52, ... €8 such that:

(i) for eachn > 1, xp,3 = x(1+ 6102 ...0,); and
(ii) each 5k - SFkﬂFk7Fk+1\Fk'

This lemma will be applied to establish the invertibility of 5 = 1 + « when
condition (2) of the theorem holds. For, under those circumstances, condition
(ii) allows one to conclude that the product §19s ..., is eventually zero, and
condition (i) then implies that § = 1 + « is an epimorphism. We include a
brief proof of the lemma in order to keep this exposition self-contained.

Proof of the lemma. We proceed by induction on n. For F* C I, set F' = I\ F.
Choose F} a finite subset of I with o € Mp,. Set 81 = O, = er,fer, € Sk,
B = erfBepr, and B = epB; then B = B + B + 8. By hypothesis, there
exists p1 € Sp with @ =z =z (8 — 81 — B)) = zp (B — 1) because
Mp, 5] = 0. Hence zu1 5 = (1 + p187). Choose F; to be a finite subset of 1
which properly contains F} and with zu, 5 € Mp,. Then zpy ] = i —x €
Mg, N MF{ = Mp,\r, so, taking 6, = ufBiep\r, € SrBr p\F, We have
v f = x(1 +mp)) = x(1 + mpPier\r) = x(1 + 61), which establishes the
case n = 1.

Now assume that n > 2 and that the (n — 1)** case has been established,
so that zp,_18 = x(1 +6;1...0,-1) with each 0y € Sk, BF, F,,,\F,- As above,

write 3 = 3, + ), + 3, where 8, = Br, = ep,Ber, € Sr,, B, = er,Ber;, and
By = ep 3. Then x6; ...0,—1 € Mp,, so by hypothesis, there exists v, € Sp,
with

1'51 C 5n—1 :I‘51 Ce 5n—17/nﬁn
:.T51 . 5n_1Vn(ﬁ - 5; - 51/1/)
:LIZ‘51 . 5n_1Vn(ﬁ - 51/1)

because Mg, B = 0. From the induction hypothesis,
Tpp 1B =2+ 201 ...0p1 =2+ 201 ...0,10n(0— 3),
so that

ZL’(,Mn_l — 51 Ce 5n—1Vn)ﬁ = I‘(l — 51 Ce 5n—lynﬁ;>- (1)

Set pt, = pp_1 — 01...0,_1, and choose F, i to be a finite subset of [



which properly contains F,, and zp,3. Then zé;...8,_ 1,0, = v — zp,p €

Mg, ., " Mg, = Mg, \F, so, taking
/
On = —Vn3h€F, ,1\F, = —Vn€F,BEr €F, \F, (2)
= —UnBE, Foii\Fn € SE.BF, Frii\Fns (3)
we have

T = T—x01 ... Op_ 1V, = 2—x01 ... Op_1VnBrer,  \F, = (1401 ... 0,_10y).
This establishes the lemma.

Proof that condition (2) implies that o € J(S). Since condition (2) is also
satisfied by va for every v € S, it suffices to prove that 7 = 1+ « is a unit in

S.

Let F' be any finite subset of I, and for each j € F',set C; = { Xieppiij | p € S
and e;Sp;; C J(9;) for every ¢ € F'}. Then each C; is a left ideal of Sp, in
fact a quasi-regular left ideal of Sp because, as is easily checked, p;; € J(5;)
and (ep — Yiep i) = (&5 = 1) + Siervyy (€5 + ijle; — pg) ), with
(ej — pj;)~" the inverse of e; — pj; in S;. Hence pp = 3, jep pij € Y jer C; C
J(SF) for every finite subset F' of I.

In particular, since, by hypothesis, e;Sa;; C (Sa);; € J(S;) for every j € F,
ap € J(Sp) and O = (1 + a)r = ep + ap is a unit in S for every finite
subset F' of I. We may therefore apply the Lemma to learn that for each
x € M there exists a sequence of finite subsets ) = Fy C F}, C Fy C ... of I
and homomorphisms 1, pg, ... € S, d1,02,... € S such that:

(i) for each n > 1, zp, 8 = (1 + 6102 ...6,); and
(ii) each 0, € SFkﬁFk7Fk+1\Fk'

We first establish that 0105 ..., = 0 for some n > 1. By an application of the
Ko6nig Graph Theorem, it suffices to show that for every choice of i), € Fj.\ Fy_1
with k& > 1, there exists m > 1 (depending on the choice of the sequence {i})
with @(e; 01€5,)(€ir02€5,) - . . (€i,,0mei,,.,) = 0. Using (ii), for each k& > 1 we
may write each 0y = Y0k, k. ,\F, With v, € Sp,. Then for each k > 1,

eik(skeikJA = eikfykﬂFk,Fk+1\erik+1
= €i, VkEF, (1 + a)eFk+1\Fk Cirt1

:eikfykaeik+1 = (f}/kaolklk«rl



Hence, from condition (2), it follows that there exists m > 1 with

w(ei,01€i,) (€i02€55) - - (€0 Omipy) = T(V1Q)iyin (V20 )iy - - - (Y@ )imigsn = 0,
and thus 6,05 ...d,, = 0 for some n > 1.

From (i) we know that zp, = x and, since x € M was arbitrary, this proves
that g is an epimorphism. Since [ is a unit for each finite subset F' of I, 3

is also a monomorphism, and this completes the proof that condition (2) is
sufficient for a € J(S) to hold.

The fact that (1) implies (2) follows from the observation that for every se-
quence %1, 19, . . . of distinct elements of I and every sequence 71,7, ... € S,

(f}/ka)ikilvrl = € TeEip

:eik (Z eij%) ozeik“

Jj=1

= ((Z 6ij%’) a) = (’ya)ikikﬂ
gzl Tklk+1

where v = 37,51 ¢;,7; € S.

In order to prove the necessity of (1), let a € J(S) be given. Since ya € J(S)
for every v € 9, it suffices to show that a; € J(S;) for every i € I (which
is clear since «oy; = e;ae; € e;J(S)e; = J(S;)), and that for every sequence
i1,19,... of distinct elements of I and every x € M, there exists a positive
integer n > 1 with zay i, Qyiy - - - Qi = 0.

Without loss of generality, we may assume that {1,2,...} C I and we replace
each i; by j. To further simplify this presentation, we introduce some addi-
tional notation. Let 1 = k; < ko < ... be an arbitrary increasing sequence of
positive integers; later, we will specify a particular sequence for the purpose of
this proof. Set 1 = xe;, and for each ¢ > 1, set @11 = T, k410, +1.k42 - - -
ki1 —1kip1 = $iaki,ki+lﬁki+17ki+1> where 5k¢+1,/€i+1 = Okt Lk +2 - - Ok —1kiyg €
Homp(Mpy,41, My, ). Since p11 = Ta12003 . .. O, —1,k,,, We have to show
that x,,1 = 0 for some n > 1.

Set B = 3 i>1 Beit1,kia; B is a well-defined element of S, and the notations
are compatible in the sense that for each i > 1, ey, 4108ek,,, = Bri4+1,k,,- Also,
observe that e, e, = 0 whenever (h, ¢) # (k;+1, k;11) for some ¢ > 1. Further,
note thatlfor each i > 1, ey, a8 = 351 Qp, k;+10k;+1,k,4,, Which we rewrite as
ek, + E;;l aki7kj+1/6kj+17kj+1 = (eki - iji akiykj"l‘lﬁk)j"l‘l,kj«{»l) + ekiaﬁ'

We introduce the abbreviations w; = e, — 3, O, k4108, 41,4,4, and v; =



e, + Z;;ll Qs kj+10k;+1,k;,, Tor @ > 1 (by convention, v; = ey, ), and we let
U = {s € S|s =X su; for some sequence s; € S}. Then each w;,v; € S,
v; = u; + ep;af and U is a left ideal of S. Furthermore, U C Hompg(M, M)
where My = @;>1My,. Finally, put v = 37,5, v;; v is a well-defined element of
S and v € Hompg(M, My).

We begin the proof proper by first showing that v|y is an automorphism
of My. To see this, note that v|y;, is the ascending union of {vg,|m >
1} where U(m) = Z;il Vi = Z?il(eki + Z;_:ll akiykj+1/6kj+17kj+1) = Z;il Cr;, +

) ;_:11 er, e, 110er;,, € Endp(My, ©...® My,,). Furthermore, 37, ;;11
ex, e, 18ex;,, € J(Endr(My, ©...® My, )) because a € J(S). Since 321 ey,
is the identity automorphism of My, @...® My, , it follows that v, is an auto-
morphism of My, @...® My, for each m > 1. Hence v|y, is an automorphism

of Mo.

Next, v = Y10 = Yis1 Ui + Xz er,08 = (Zizl Uz) + eoaf € U + Sap,
where eg = Y5 e, is the identity element of My. Then ey = (v]az,) " (v|a) =
(v|a,) v € U+ Saf C Homp(M, My) = Seg, and therefore U 4+ Sa3 = Sey.
Since o € J(S), Saf is a small submodule of .5, hence of Seg, and therefore
U = Sey. In particular, e; = ey, = ereq € Seg = U, so we may write
e1 = >;>1 8:u; € U for some choice of s; € S. Since 1 = ze; = X5 wsju,,
there must exist an integer n > 1 with zspu = 0 for all £ > n. Hence

n n
Ty =Y wsiu; = Y xsi(er, — D Wy k1B + 1k )
i=1 i=1

Jj=i
n i—1
=816k T Z(xsieki - Z Isjakjvki—l‘f‘lﬁki—l-i-l,ki) -
=2 j=1
i—1
Z szjakjvki—l‘f‘l/@ki—l-i‘l,ki .
i>n \j=1

Examining the first n+1 components of this equation in My = ®;>; M}, yields
the following system of equations:

X1 = TS1€k,
i—1 :
TSi€r;, = 351 TS ki 410k +1k; TOT 1 =2,3,....1n

n —
22721 TS50 K+ 1Pk 41,k = 0.

We now fix a particular choice for the sequence 1 = ki < ko < ... recursively as
follows: k1 = 1 and k; having been chosen, k;11 > k; is chosen so that z;oy, j, =



0 for every h > k; 1. This choice is possible because x;oy, , = x;ex,aep = 0 for
almost all h.

With this choice for the sequence, we can solve the preceding system of equa-
tions. Substituting the first equation in the second gives

T52Cky = L5100y oy +1 k1 +1,k0 = T51€k; OVhy oy +1 k1 +1,ks = L1y 415k 41,k = T2

Substituting this into the third equation gives

T83€k; = TSIy kot 15kot1,ks T T2y iyt 1 Bka+1,k5
= T81€k; Oky kyt 15kot 1,k T T52€ky Uhy kg 1Bk +1,k5
= L1000y ko1 Bko+1,ks T T2y ko1 Bkot1,ks
= T90ky ky 10k +1,k5 = T3

because z1ay, 5, = 0 for all A > ky. Continuing in this manner through the nth
equation, we have that zs;er, = x; for ¢ = 2,3,...,n. Inserting this into the
final equation yields >-7_; wjau; k, 418k, 41,404, = 0. Again, since z;ay,; 5 = 0 for
every h > kjy1, we conclude that x,ou, k,+108k,+1,k., = 0. That is, 2,41 = 0,

)y

and with this the proof of the theorem is concluded.

3 Endomorphisms locally of finite rank.

In this section, with all notation as in the previous section, we consider an
important subring of S = Endr M relative to the decomposition M = ®;c; M;,
namely S° = {a € S| for each i € I, Mae; = 0 for almost all j € I}. Very
loosely speaking, S° consists of the endomorphisms of M which are “locally
of finite rank relative to the decomposition M = @®;c;M;.” Other descriptions
are S® = {a € S| for each i € I, e;a = e;aeg for some finite subset G C I},
and S = {a € S| for each finite subset F' C I, epav = epaeg for some finite
subset G C I'}. Observe that eg € S° for every subset G C I and that Sy C S°
for every finite subset F' C I.

A relatively straightforward adaptation of the proofs of Lemma 1 and Theorem
1 provides a characterization of the elements in the Jacobson radical of S°.
The description is a simplification of that given in Theorem 1 and proofs will
therefore be omitted.

We first recall some information about the Jacobson radical in R-Mod. For
K,L € R-Mod, J(Homg(K,L)) ={f € Homg(K,L)| forallg € Homg(L, K),
1.4gf is an automorphism of L} = {f € Homg(K, L)| for allh € Homg(L, K),
1k + fh is an automorphism of K}. Also, J(Homg(K, L)) is an ideal in the



category R-Mod; that is, it is closed under addition and for any X, Y € R-Mod,
Hompg(X, K)J(Homg(K,L))Homg(L,Y) C J(Homgr(X,Y)).

Lemma 2. Suppose that M = ®;crM; with I an infinite set and that 3 €
SY C EndgM s such that Br = epBer has a left inverse in Sp = EndrMp
for every finite subset F' C I. Then for any finite subset Fy C I there exists
a sequence of finite subsets Fy C Fy C F3 C ... of I and endomorphisms
1, fho, ... € S, 01,00,... € S such that:

(i) for eachn > 1, pu,8 =ep (1 + 0102...0,); and
(ii) each 5k c SFkﬂFk7Fk+1\Fk'

Theorem 2. For M = ®;c;M; with I an infinite index set and o € S° C

Endr M, either one of the following conditions are necessary and sufficient
for a € J(SY) to hold.

(1) For every v € S° and everyi € I, (ya); € J(S;) and, for every sequence
i1,19,... of distinct elements of I, there exists a positive integer n with
(Y)irio (V)i - - - (YX)iinin = 0.

(2) For every i,j € I, ay; € J(Homp(M;, M;)) and, for every sequence
i1,19, ... of distinct elements of I, and every sequence vi,%a,... € S°,
there exists a positive integer n with (V100)i i, (Y20)izis - - - (Yn®)inins, = 0.

Since S = SY whenever each module M; in the decomposition M = @;c;M; is

finitely generated, we have the following immediate consequence of Theorem
2.

Corollary 1. Suppose that M = @;c;M; with each M; a finitely generated R-
module and let o« € S = EndgM. Then o« € J(S) if and only if the following
two conditions hold:

(1) for everyi,j e l, a;; € J(Hompg(M;, M;)); and
(ii) for every sequence vy1,7%a,... € S, and for every sequence iy, i, ... of
distinct elements of I, there exists a positive integer n with

(V1) (V2 iy - - - (P Q)inyi oy = 0.

Corollary 2. (N. Sexauer & J. Warnock [7]) For an arbitrary ring R and
a matrizv o € Mp(R), o € J(M[(R)) if and only if « € M (J(R)) and the
column left ideals of o are right vanishing.

Proof. For a ring R with identity element, this follows immediately from the
preceding corollary. For an arbitrary ring R, we can regard R as an ideal of
an overring R' which contains an identity element. The result then follows
immediately from the fact that M;(R) is an ideal of M;(R') and J(M;(R)) =
J(M;(RY)) N Mi(R).
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In certain circumstances the Jacobson radical of S° has a particularly simple
structure. For example, consider E.M. Patterson’s result, cited in the intro-
duction to this paper, that J(M;(R)) = M;(J(R)) for I an infinite set if
and only if J(R) is left T-nilpotent. This is extended to arbitrary module
decompositions in Corollary 3 below.

First, a definition: a family of modules {M;|i € I} is called semi-T-nilpotent if
for each sequence M;, n, M;, 2E i3 %5 ... with each fr € J(Homg(M;,, M, ,,))
and with pairwise distinct indices i € I, there exists an integer n > 1 such
that f1fs...f, = 0. (This definition is compatible with the earlier concept of
locally semi-T-nilpotent families for modules with local endomorphism rings
because the requirement that f;, € J(Homg(M;, ,M;,,,)) is equivalent to fj
being a non-isomorphism in that case.)

Corollary 3. For M = @®;c;M; with I an infinite index set, J(S°) = {a €
S%ay; € J(Homg(M;, M;)) for all i,j € I} if and only if {M;|i € I} is
semi-T-nilpotent.

Proof. Suppose that {M;|i € I} is semi-T-nilpotent. It is always true that
J(S°) C {a € S%w;; € J(Homg(M;, M;)) for all 4,5 € I} so suppose that
a € SY is such that o;; € J(Hompg(M;, M;)) for all 4,5 € I. Then given
distinct elements iq,145,... of I and a sequence 7q,7s,... € S, there exists a
positive integer n with (y100);,4,(720)isis - - - (YnQ)inin,, = 0 because {M;|i € I}
is semi-T-nilpotent. Hence, by Theorem 2(1), we have that o € J(S?).

Conversely, suppose that J(S%) = {a € S%a;; € J(Homg(M;, M;)) for all
i,j € I} and let the sequence M;, TN M;, Lo, B be given with each

23

fe € J(Hompg(M,;,,M,,,,)) and with pairwise distinct indices i, € I. Set
a = Y p>1 €y, frei,,,- Then a € SO and

07 if (279) 7£ (ikaik-i-l) for any k >1

Oéij =
fr, if (i,7) = (ig,igs1) for some k > 1,
so a;; € J(Hompg(M;, M;)) for each i, j € I, and therefore a € J(SY). Hence
from Theorem 2, there exists a positive integer n with o , @iy, - - - @G5, = 0;
that is, fife... fn =0, proving that {M;|i € I} is semi-T-nilpotent.

Question. Is an analogous result true for S = EndrM, when M = @®;crM;?
That is, is it true that J(S) = {a € S|a;; € J(Hompg(M;, M;)) for alli,j € I}
if and only if {M;|i € I} is “locally semi-T-nilpotent” (with respect to se-
quences of radical homomorphisms)? An affirmative answer would shed addi-
tional light on the structure of completely decomposable exchange modules.

As another application, in [7] it was shown that when J(R) is a prime ring
then J(M(R)) = {column-bounded matrices in M(J(R))} = {(ai;)ijerlai; €
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J(R), and a;; = 0 for all j ¢ K, K a finite subset of I}. We conclude by
exhibiting a module-theoretic generalization of this result.

First, with M = @®;c;M; and notation as above, set C;(®;e;M;) = {f €
SO fi; € J(Hompg(M;, M;)) for all i,j € I, and fe; = 0 for almost all
j € I}. When each M; = R, a ring with identity element, then C;(P;crM;)
can be identified with the ring of column-bounded matrices in M;(R). From
Theorem 2, we know that C;(®,e;M;) C J(S°). The following definition
provides a sufficient condition for equality to hold: call the decomposition
M = @1 M; radical-prime if given 0 # f € J(Hompg(M;, M;)) and 0 # g €
J(Homp(My, My)) with j # £ there exists h € Homp(M;, M) with fhg # 0.

Corollary 4. If the decomposition M = @®;crM; is radical-prime then J(S°) =
C1(®ier M;). In particular, if each M; = N for some module N with J(EndgN)
a prime ring, then J(S°) = {column-bounded matrices in M;(J(EndgN))}.

Proof. Tt suffices to show that if f € SO\C(®icrM;) then f ¢ J(SY). We
can assume that each f;; € J(Hompg(M;, M;)); otherwise, from Theorem 2,
f ¢ J(S%).Since f ¢ Cj(®ierM;) we can also assume without loss of generality
that {1,2,...} C I and that fe; # 0 for all i > 1.

For each ¢ > 1, choose k; € I with eg, fe; # 0, and note that ey, fe;, €
J(Hompg(My,, M;)) for each i € I. Since the decomposition is radical-prime
there exists v1 € Homg(My, My,) with fi,171 free = ex, fervier, fea # 0. Set
f1 = 6171€k2f€2 = (71f)12 §£ 0 and note that f1 S J(HOTRR(Ml,M2>>. Next
use the radical-prime property to choose

Yo € HOmR(Mg, ng) with fl’)/gfk?)g = fleg’)/gekgfeg # 0 and set

fo = eapersfes = (92f)2s # 0. Then (v1f)12(72f)2s = fife # 0. Contin-
uing in this manner for each n > 1 we can find elements v, € S° with

(v1)12(v2f)23 - - - (WS )nns1 # 0. Hence, from Theorem 2, f ¢ J(S°).
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