Practice Final Math 104B, Winter 2008

Instructions: Write clearly and show all your work.

1. Find « so that

a 1 -1
A=|1 2 1
-1 1 4
is positive definite.
2. Find o and 3 > 0 so that
4 o 1
A= 1|26 5 4
0 2 «
is strictly diagonally dominant.
3. Consider the tridiagonal matrix
2 1
A=1]1 2 1
0 —1
(a)Find Crout’s factorization:
ll 0 0 1 (751 0
A = 12 13 0 0 1 U9
0 Iy I5] 10 0 1

(b) Use the factorization found in (a) to solve Ax = b where b = (3, —2,0)7.

4. Consider the linear system:

ry— 2+ w3 = —1,
2£L’1 + o —3.%'3 = 3,
r—xg+x3 = 0,

and let x = 0.

a) Do the first two iterations of Jacobi.

b) Do the first two iterations of Gauss-Seidel.

c¢) Do the first two iterations of S.O.R with w = 1.2.

d) Which of the three approximations is closer to the exact solution (1,1,0)7

5. Show that if A is SDD then ||Tj]] < 1.



6. Consider an iterative method of the form:
x*+D — 7x®) 4 ¢ k=0,1,...
with ||T]| < 1 and x(® and c arbitrary. Prove that

I = x|} < 1 - x|

. N
(k) _ (1) _ +(0)
I x| < I =
7. Consider the system
21’1 —ZE2+I‘3 =-1
21’1 + 2.I2 + 2£L’3 =4
—T1 — To + 2.1'3 = -5

By finding the spectral radius of 7} and of T, prove that the Jacobi method diverges
while Gauss-Seidel’s method converges for this system.

8. Consider the matrix Given the matrix

a) Show that T is positive definite.
b) Compute the p(T), the spectral radius of T.
¢) Suppose you have an iterative method defined by this particular matrix T in the

form
x*D —Tx® 4 ¢, k=0,1,...

Will the iterations converge? explain.
9. When are iterative methods preferable to direct methods (i.e. Gaussian elimination)?
10. True (T) or False (F). Suppose A is an n X n positive definite matrix:

a) () The vector x that minimizes x Ax — 2x”b is the unique solution to Ax = b

b) () The conjugate gradlent method (CG) will converge to the exact solution of
Ax = b in at most n? iterations.

¢) () Two vectors u and v are said to be conjugate with respect to A if and only if
u’Av > 0.

d) () The most expensive part in a CG iteration is computing the product of A and
a vector.



11.

12.

13.

14.

15.

16.

17.

18.

e) () For A sparse, CG generally beats Jacobi, GS, and S.O.R.

Consider the linear system

11 1
ro1 1 1
571 T 572 = g (1)
1 1

=T + —T9 = —=. (2)

3 4 168
(a) Find the condition number K (A) of the matrix of coefficients A in the infinity
norm.
(b) Let x = (0.142,—0.166)" be an approximation to the solution x of the system.
Using K« (A) find an estimate of the relative error ||x — X||oo/||X]] co-

True (T) or False (F). Suppose A is any n x n SDD matrix and x(© is arbitrary then:

b) () p(To) = Jw—1].

¢) () S.O.R. will converge only for w > 2

Let X be an approximation to the solution x of the linear system Ax = b. Prove that
the error e = x — X satisfies

(T

a) () Jacobi converges but Gauss-Seidel does not.
(
(

Ae=r

wherer = b — AXx.

Let
2 -1
=5
(a) Show that A is positive definite and find its condition number in the 2 norm, i.e.,
Ky(A).
(b) Consider the linear system Ax = b where b = (0,1)7. Taking x(0) = (0,0)”
your initial guess, compute the first three iterations of the steepest descent method.

Given a collection of data points {(z;, y;) }i", find the best least squares approximation
of the form y = ax? + ba?.

The concentration ¢ of a radioactive material decays according to the law ¢(t) = be™*
where t represents time in seconds, a = 0.1 sec™!, and b is the initial concentration.
a)Using the Least Squares method and the data table (Table 1) below find b. b) Find
the error in the least squares approximation.

(a) Given a collection of data points {(z;,y;)}/", find the best least squares approxi-
mation of the form y = ax + bx?.

(b) Use this approximation to fit the data in Table 2

(c) Find the error in the least squares approximation.

Write a summary of what you learned in this course.



ti (sec) C

1 0.91
2 0.80
3 0.76
4 0.65
Table 1:
1ol
2 08
3212
4 36.1
Table 2:



