COMMUTATION RELATIONS FOR ARBITRARY QUANTUM
MINORS

K. R. GOODEARL

ABSTRACT. Complete sets of commutation relations for arbitrary pairs of quan-
tum minors are computed, with explicit coefficients in closed form.

INTRODUCTION

The title of this paper begins with what may seem a misnomer — the term com-
mutation relation, in current usage, does not refer to a commutativity condition,
xy = yx, but has evolved to encompass various “skew commutativity” conditions
that have proved to be useful replacements for commutativity. Older types of com-
mutation relations include conditions of the form xy — yx = 2, used in defining
Weyl algebras and enveloping algebras. In quantized versions of classical algebras,
relations such as zy = qyz (known as g-commutation) appear, along with mix-
tures of both types. Thus, it has become common to refer to any equation of the
form zy = Ayx + z, where \ is a nonzero scalar, as a commutation relation for
x and y. One important use of such a relation, especially in enveloping algebras,
is that if the algebra supports a filtration such that deg(z) < deg(x) + deg(y),
then the images of x and y in the associated graded algebra, call them z and v,
commute up to a scalar: Ty = Ayz. Similarly, the cosets of x and y modulo the
ideal generated by z commute up to A. Such coset relations are key ingredients in
the work of Soibelman [28], Hodges-Levasseur [9, 10], Joseph [12], and others on
quantized coordinate rings.

In many quantized algebras, the available commutation relations are homoge-
neous and quadratic, of the form zy = Ayx + . p;z;y; (where A and the p; are
nonzero scalars). Relations of this type are particularly important in establishing
a (noncommutative) standard basis of monomials in generators that include the
elements x, y, x;, y;. Namely, if the generators are ordered in such a way that
each x; < y; but x > y, then the given relation allows one to rewrite monomials
involving zy as linear combinations of monomials closer to standard form. For
example, noncommutative standard bases have been constructed by Lakshmibai
and Reshetikhin [18, 19] for quantized coordinate rings of flag varieties and Schu-
bert schemes, by the author and Lenagan [5] for quantum matrix algebras, and by
Lenagan and Rigal [23] for quantum Grassmannians and quantum determinantal
rings.
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In order to work effectively with quantized coordinate rings of matrices, Grass-
mannians, special or general linear groups, and related algebras, one needs explicit
commutation relations for quantum minors and related elements. Such relations
have often been derived for special cases as needed, either by induction on the
size of the minors, using quantum Laplace relations, as in Parshall-Wang [25] and
Taft-Towber [29], or by applying the quasitriangular structure of U,(sl,(k)) (that
is, its universal R-matrix) to coordinate functions in O,(SL,(k)), as in the work
of Lakshmibai-Reshetikhin [18, 19], Soibelman [28], and Hodges-Levasseur [9, 10].
Along the former line, the most complete results to date were obtained by Fioresi
[3, 4], who developed an algorithm which yields a commutation relation for any
pair of quantum minors. This algorithm is an iterative procedure, in which cer-
tain products of quantum minors may appear multiple times; explicit coefficients
are produced, but are not expressed as closed formulas. Via the quasitriangu-
lar approach, general commutation relations for pairs of coordinate functions in
quantized coordinate rings O,(G), where G is a semisimple Lie group, have been
derived in special cases (e.g., see [18, 19, 28, 9, 10]), not all with explicit coefficients.
(Quantum minors in O,(SL,(k)) are special coordinate functions.) Perhaps the
largest group of explicit commutation relations obtained in this way appeared in
Hodges-Levasseur-Toro [11] (cf. also [2]). However, to make these fully explicit,
canonical elements for the Rosso-Tanisaki Killing form on U,(sl,(k)) had to be
computed.

Here we introduce a new method — new only in the sense that it has apparently
not been used for this purpose before — with which we derive complete commuta-
tion relations for arbitrary pairs of quantum minors, with explicit coefficients in
closed form. Our method is dual to the quasitriangular approach, as it relies on
the coquasitriangular (or braided) bialgebra structure on the quantized coordinate
ring of n X n matrices. Representation-theoretically, the two approaches are based
on equivalent information, in that a quasitriangular (respectively, coquasitriangu-

lar) structure on a bialgebra encodes braiding isomorphisms V @ W = WV for
finite dimensional modules (respectively, comodules) V' and W. To record such
isomorphisms, one typically requires formulas for matrix entries. However, in the
case of a coquasitriangular bialgebra A, the above isomorphism information is
stored more compactly, in a bilinear form r on A — the braiding isomorphism for
left A-comodules V' and W is then given by the formula

VR W — r(vg, wo)wy ® vy,
(v),(w)

where we have used the Sweedler notation v — Z(v) v9 ® vy for the comodule
structure map V. — A ® V, and similarly for W. The resulting commutation
relations are equations with values of r as coefficients, namely

(0.1) Z r(a, by)aghy = Z r(az, ba)biay

(a),(b) (a),(b)
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for a,b € A, where now the Sweedler notation is used for the comultiplication map
A— AR A.
When A is the bialgebra O, (M, (k)) and a = [I|J] and b = [M|N] are quantum

minors (see below for notation), equation (0.1) becomes

(0.2) > r([1s] MT)ISITINT = x([SIJ], [TIN])[MIT][1]5).
151=11] 1|=1J)
T|=|M| |T|=|N]
Observe that [I|J][M|N] occurs on the left hand side of (0.2) when S = I and
T = M, while [M|N][I|J] occurs on the right when S = J and "= N. As we shall
see, the coefficients for these terms, namely r([I|],[M|M]) and r([J]J],[N|N]),
are nonzero (in fact, they are powers of ¢). Thus, to obtain explicit commutation
relations for [/|J] and [M|N], we only need to compute the values r([/|S], [M|T])
and r([S|J], [T|N]). This is precisely what we do in the paper — see especially
Theorems 4.6 and 5.2. Additional relations follow from these by various symme-
tries, or by investing quantum Laplace relations. (Quantum Pliicker relations in

quantum Grassmannians can also be used for this purpose.) See Theorems 5.7,
6.3 and Corollaries 5.3, 5.8, 6.4.

Our notation and conventions are collected in Section 1. In particular, the
relations we use for O (M, (k)) are displayed in (1.6), so that the reader may
compare with other papers in which ¢ is replaced by ¢! or ¢2. Our computations
of the values of the form r on pairs of quantum minors occupy Sections 2 and 4; the
intermediate Section 3 provides a first set of commutation relations to illustrate
our methods. The general commutation relations are derived in Sections 5 and 6,
and we conclude by using these relations, in Section 7, to evaluate the standard
Poisson bracket on pairs of classical minors.

1. NOTATION AND CONVENTIONS

Fix a positive integer n, a base field k, and a nonzero scalar ¢ € k*. We
work within the standard single-parameter quantized coordinate ring of n x n
matrices over k, which we denote O,(M,,(k)), as defined in §1.2 below. We use
the abbreviation

(1.1) 7=q—q",
since this scalar appears in numerous formulas.

1.1. R-matrix. The standard R-matrix of type A, _; can be presented in the
form

n n n
(1.2) R:qzeii®eii+Zeii®ejj+azeij®€ji
i=1 i,j=1 i,j=1
i >j

[26, Equation (1.5), p. 200]. We view R as a linear automorphism of k" ® k", which
acts on the standard basis vectors x; ® x; according to the following formula, using
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the conventions of [14]:

(1.3) R(z; ® x) = Z R x; ® ;.

ij=1

The entries of the n? x n? matrix R}/ are as follows (cf. [14, Equation (9.13),
p. 309]):

. A Rj=1  (i#))
' RY =7 (i > 7) R} = (otherwise).

1.2. Generators, relations, and grading. The algebra A = O,(M,(k)) is ob-
tained from (1.4) by the Faddeev-Reshetikhin-Takhtadzhyan construction, namely
as the k-algebra A(R) presented by generators X;; (for ¢,j = 1,...,n) and rela-
tions

(1.5) > REXXim =Y XuXiRjl,

s,t=1 s,t=1

for all i,7,l,m =1,...,n. (See [26, Definition 1, p. 197] and [14, §9.1.1]. We have
written X;; for the generators labelled #;; in [26] and v in [14].) As is well known,
the relations (1.5) are equivalent to

Xij X1y = qX1; X5

Xinim = quszj

Xii Xim = Xim Xij
Xij Xim — XinXij = @ Xim Xy

i<l)
j<m)
1.
(1.6) i<l, j>m)

(
(
(
(1<, j<m)

(cf. [14, Equations (9.17), p. 310]). Some authors define quantum matrices using
relations as in (1.6) but with ¢ replaced by ¢~ '; thus, the algebras they define
match what we would label O,-1(M,(k)). See [21, p. 3317] or [25, Equations
(3.5a), p. 37], for example. In comparing our work with those papers, we must be
careful to interchange ¢ and ¢~'. However, ¢ is defined to be ¢~! — ¢ in [25, p. 38],
and so we do not change ¢ when carrying over results from that paper.

Because of the homogeneity of the relations (1.6), A carries a natural (Z" x Z"™)-
grading, such that each X;; is homogeneous of degree (¢;,€;), where €y, ..., ¢, are
the standard basis elements for Z".

1.3. Coquasitriangular structure. We follow [8, Section 1] in defining a coqua-
sitriangular bialgebra (also called a bialgebra with braiding structure [21, Theorem
2.7] or a cobraided bialgebra [13, Definition VIII.5.1]) to be a bialgebra B equipped
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with a convolution-invertible bilinear form r : B ® B — k such that

(L.7)(1) Z r(ay, by)aghy = Z r(az, be)biay

(a),(b) (a),(b)

(1.7)(ii) r(ab,c) = Zr(a, c1)r(b, co)
(o)

(1.7)(iii) r(a,bc) = r(a1,c)r(az, b)
(a)
(1.7)(iv) r(a,1) =r(l,a) =¢(a)

for all a,b,c € B, where we have written r(x ® y) as r(z,y) for convenience,
and have used the Sweedler notation for comultiplication in the form A(x) =
> (x) T1®2. Condition (1.7)(iv) is redundant by [14, Proposition 10.2(ii), p. 333].
Thus, the above definition agrees with [13, Definition VIII.5.1], [14, Definition 10.1,
pp. 331-2], and [20, Definition 7.3.1], but not with the conditions in [21, Theorem
2.7]. However, the latter conditions match those of (1.7)(i)—(iv) if one uses the
form (—|—) given by (a|b) = r(b, a).

By [14, Theorem 10.7, p. 337], whenever R is an invertible R-matrix satisfying
the original form of the quantum Yang-Baxter equation, the FRT-algebra A(R) is
coquasitriangular with respect to the form r determined by

(1.8) r(Xij, Xim) = Rﬁlm

for all 7,7,1,m. (By the original QYBE, we mean the equation RisRi3Ra3 =
Ro3Ri3R12 [26, Equation (0.7), p. 195], as opposed to the form exhibiting the
braid relation, namely RqsRo3Ris = Ra3Ri2Rs3.) Note that, in view of (1.8), if we
put a = X;; and b = X, into (1.7)(i), we recover the relations (1.5).

It is well known that the R-matrix given in (1.2) satisfies the original QYBE
(e.g., [14, §8.1.2, pp. 246-7 and Equation (8.60), p. 270]). Consequently:

1.4. Theorem. The algebra A = O,(M,(k)) is a coquasitriangular bialgebra with
respect to the bilinear formr : AR A — k determined by the following conditions:

(1.9)
r(Xii, Xi) = q (all 7) r(X, Xj;) =1 (i # 7)
r(Xy, X)) =q (i>7) r(Xij, Xim) =0 (otherwise). O

1.5. Quantum minors. We write [/|J] for the quantum minor in A with row
index set I and column index set J; this minor is just the quantum determinant in
the subalgebra k(X;; | i € I, j € J), which is naturally isomorphic to O4(M(k)).
Specifically, if we write the elements of I and J in ascending order, say

I={iy <- - <4} J={j < <j}h
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then
o
[I’J] = Z(_q) ( )Xigu),leig(z),jz o .Xio-(t)zjt
oESt
(1.10)
(o
= Z(_q> ( )Xi17j5(1)Xi27ja(2> e 'Xit»ja(tw
oESt

where /(o) denotes the length of the permutation o € S; as a product of simple
transpositions ({,] 4+ 1) (cf. [14, equations (9.18) and (9.20), pp. 311-312], [25,
p. 43]). Note that [I|J] is homogeneous of degree

(€ +- - +ei, e+ +e€,)

with respect to the grading of §1.2.
Comultiplication of quantum minors is given by the rule

(1.11) AL = ), UHIK]K|T]
Kc{1,...,n}
|K|=1]
(e.g., [14, Proposition 9.7(ii), p. 312]).

1.6. Transpose and anti-transpose. As observed in [25, Proposition 3.7.1(1)],
there is a k-algebra automorphism 7 on A such that 7(X;;) = Xj; for all ¢, .
We refer to 7 as the transpose automorphism. There is also a k-algebra anti-
automorphism 7 on A sending X;; — X, 41-in+1—; for all 4,5 [25, Proposition
3.7.1(2)]. This proposition also shows that 7 is a coalgebra anti-automorphism
while 75 is a coalgebra automorphism, that is,

AoT=¢o(T®T1)0A Aoy =(ra®7)0A,

where ¢ is the flip automorphism on A® A, sending a ® b — b® a for all a,b € A.
Hence,

At(a) =) 7(az) ® 7(a) Ary(a) =) 7a(a1) ® To(an)
(a) (a)

for a € A. Consequently, when writing out A7(a) and Ay (a) in Sweedler notation
we may take

7(a); = 7(az) 7(a)y = 7(ay)
(1.12) (@) = m(a1) ra(@)s = T5(a).
We recall from [25, Lemma 4.3.1] that
(113) r(11J]) = I ([11)) = el ]

for all quantum minors [/|J] in A, where wy is the longest element of S, that is,
the permutation ¢ — n + 1 — 1.

As discussed in [25, Remark 3.7.2], there is an isomorphism (of bialgebras)
Oy(My(k)) — Og-1(M,(k)) that sends X;; — X] .y ;.. ; for all 7, j, where the
X, are the standard generators for O,-1(M,,(k)). Let us call this isomorphism

L)
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3, and let us use the notation [/|J]" for quantum minors in Oy-1 (M, (k)). It was
shown in [7, proof of Corollary 5.9] that

(1.14) B(I1J]) = [wol|wo ]

for all quantum minors [/|.J] in A.

1.7. Lemma. The form r satisfies r(a,b) = r(7(b),7(a)) = r(12(b), 72(a)) for all
a,b € A. In particular,

(1.15) r([1]J],[M|N]) = r([N|M],[J|1]) = r([woM|woN], [wol |wo]])

for all quantum minors [I|J] and [M|N] in A.

Proof. Set r'(a,b) = r(7(b),7(a)) and r”(a,b) = r(72(b), 72(a)) for all a,b € A, and
note from (1.9) that r'(X,;, Xi,,) = " (X5, Xim) = (X5, Xip,) for all 4, j, 1, m. To
prove that r’ and r” coincide with r, it suffices to show that these forms agree
on all monomials in the X;;. This will be clear by induction on the lengths of

the monomials once we show that r’ and r” satisfy (1.7)(ii) and (1.7)(iii). These
identities are routine with the aid of (1.12); we give one sample:

r'(ab, ) = x(r(c), 7(a)r(b)) = Y r(r(), 7(0)r(7(c)2, 7(a))
(7(c))

Z )r(r(cr),7(a)) = > 1'(b,e2)r'(a, 1)

(c)
Z (a,c1)r'(b, o)
(c)

for all a,b,c € A. O

1.8. Definition of quantities ¢(S5;7"). Many formulas concerning quantum mi-
nors require powers of ¢ or —¢ whose exponents are quantities which might be
called the number of inversions between two sets. We follow [24] in defining

(1.16) 0S;T) =|{(s,t) € SXT| s>t}
for any subsets S, 7 C {1,...,n}.

1.9. Quantum Laplace relations. We shall need the following q-Laplace re-
lations from [24, Proposition 1.1}, for index sets I,J C {1,...,n} of the same
cardinality. If 11, I are nonempty subsets of I with |I;| + |I3| = |I], then

NE(d2) _ (—g)" W DIJ] (LN, = 2)
(1.17) J:;uh( q) [L1]J1][12]J2] {0 (LA £ ),
[J1|=|11|

while if .J;, Jy are nonempty subsets of J with |.J;| + | Jo| = |J|, then

_ o \U1312) _ (_Q)Z(Jl;h)[[u] (JlﬂJg = @)
(1.18) 12212( q) (1] J1][12|J2] {0 (s 4 D)
[11|=|J1]
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Observe that (1.17) holds trivially in case I or Iy is empty, and that (1.18) holds
trivially in case J; or Js is empty

Reduction formulas for values of the form r can be obtained by combining (1.17)
and (1.18) with (1.7)(ii)(iii). For example, if J = J; U J,, then (1.18) together
with (1.7)(ii) yields

(—q) e ([1]7), [M!N]) =
(1.19) Z Z M)y (11|00, (ML) ([Lo| 2], [LIN])
for all [M|N].

1.10. Some further notation. To simplify notation for operations on index
sets, we often omit braces from singletons — in particular, we write

(1.20) I\i = I\{i} Ul = 10{l} I\iul = (I\{i})u{l}

fori € I and [ ¢ I. The Kronecker delta symbol will be applied to index sets as
well as to individual indices — thus, 6(1, J) = 1 when I = J while §(/, J) = 0 when
I # J. In the case of an index versus an index set, the Kronecker symbol will be
used to indicate membership, that is, d(¢, /) = 1 means i € [ while §(i,I) = 0
means i ¢ I.

Finally, we shall need the following partial order on index sets of the same
cardinality. If I and J are t-element subsets of {1,...,n}, write their elements in
ascending order, say

I={i1<iy<- - <iy} J={j1 <Jj2 <--- <ji},
and then define

(1.21) I1<J — i< forl=1,...t.

2. INITIAL COMPUTATIONS

Throughout this section, let ¢ and j denote indices in {1,...,n}, and let I, J,
M, N denote index sets contained in {1,...,n}, with |I| = |J| and |M| = |N|.
2.1. Lemma. r(X;;, [I]J]) = ([I|J], Xs) = ¢°¢Ds(1, ).

Proof. Write I = {i; < --- <i4;} and J = {j; < --- < ji}, and note using (1.10)
and (1.7)(ii) that

r([[\J],XZ-Z-) =

n

2.1 i
( ) Z (_q)f( ) Z r(Xiljg(U ’ Xill)r(Xizja@) ) Xlllz) T r(Xitjg(t) ; Xlt71i)'

o€ESt l1yele—1
In view of (1.9), a nonzero term can occur in the second summation of (2.1) only
when i <y <ly <--- <[,y <4, that is, when l; = -+ = [;_; = i. Hence, (2.1)
reduces to
(2.2) r([I|J], Xu) = Z(_q)e(o)r<Xi1ja(1)aXii>r(Xi2jg(2)aXii) (X 0 Xii)-

TES}
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In (2.2), a nonzero term can occur in the sum only when i, = jy(5) for s =1,... ¢
Since the 7; and j, are arranged in ascending order, this situation only happens
when I = J and ¢ = id. Thus, r([I|J], X;;) = 0 when I # J, and

r([Ill]a Xii) = r<Xi1i17 ii)r(Xigizu zz) e 'I'(Xz‘tiﬂ Xz'z') = qé(“)-
The formula for r(Xy, [/|J]) follows via Lemma 1.7. O
2.2. Lemma. r(X;;,—) =0 when i < j, and r(—, X;;) =0 when i > j.

Proof. Consider any monomial a = X;q) ;1) Xi2),je) - Xiw,je) € A. Then by
(1.7)(i1),

r(a, Xy;) = Z r(Xi).501), Xi )T (Xi).52), Xtat) - 0 (Xio),j 0y, Xie_rj)-
I,oli1
If some term r(X;yj1), Xiy )t (Xi2),52) Xunie) - - v (Xiw),j)» Xi,_,5) does not van-
ish, we must have i < l; < .- <[,y < j. This shows that r(—, X;;) can fail

to vanish only when ¢ < j. The first statement of the lemma follows via Lemma
1.7. O

2.3. Corollary. r([I|J],—) =0 when I # J, and r(—,[I|J]) =0 when I £ J.

Proof. Write I = {i; < --- < 4} and J = {ji < --- < j;}, and suppose that
r([1].J],¢) # 0 for some ¢ € A. Then by (1.10) and (1.7)(ii),

Z I'(Xiljou) ) Cl>r(Xi2jg(2>7 02) e r(Xitja(t) ) Ct) 7é 0
(c)
for some o € S;. Lemma 2.2 then implies that iy > j, () for s =1,... 1.

First, i1 > joay > j1- Now let 1 < s < t. If 0(s) > s, then iy > jo) > Js.
If o(s) < s, then o(u) > s for some u < s, whence isy > iy > Jjo) > Js- Thus,
is > js for all s, and therefore I > J. Similarly, if r(—, [/|J]) does not vanish,
then I < J. O

2.4. Proposition. Ifi < j, then
(2.3)(1) r([11J], Xy;) = G (=¢)O RIS, 1)a(5, D1\, T\i)
=q

(2.3) (i) (—q) IG5, 1)S (5, TSI\, J\i).

Proof. Note first that (2.3)(ii) follows from (2.3)(i). For if the right hand side
of (2.3)(i) is nonzero, then I = (INJ)Uj and J = (INJ)Ui, whence [1,7)NJ =
[1,9)NINJ = [1,¢JNINJ and [1,7)NI = [1, 7)NINJ.

We induct on |I], the case |I| = 1 being clear from (1.9). Now assume that
|I| > 1, and suppose that r([I|J],Xij) £ 0.

Choose s € I, and write I = [Ul, with I} = {s} and I, = I'\{s}. The ¢-Laplace
relation (1.17) yields

(2.4) (=)L) =Y (=) O [T\ I\ ).

teJ
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For each t € J, we have

(2.5) r (X [I\s|J\t], X;;) = Zr(Xst,Xil)r([I\sU\t], Xij).

=1
Since r([I]J], X;;) # 0, we must have r(Xy, X;)r([I\s|J\t],X;;) # 0 for some
le{l,...,n}and t € J.

Suppose that i ¢ J. Then ¢ # i, and so because r(Xg, X;;) # 0, we must have
t = sand | = i. Then r([I\s|J\s],X;;) # 0, which contradicts the induction
hypothesis because i ¢ J\s. Therefore i € J.

Next, suppose that j ¢ I\s. If [ < j, we would have r([[\s]J\t],le) =0 by
the induction hypothesis. Since r(—,X;;) would vanish if [ > j, we must have
[ =j. Now r(X, X;;) # 0, and so s = j and t = i. Thus, either j € I\s or j = s,
so in any case we conclude that j € I.

We may now assume that s = j. Since j ¢ I\j, we have r([I\j]J\t], X;;) = 0
for all ¢ € J by the induction hypothesis. On the other hand, r(Xj;;, X;) = 0 for
l #i,j, and r(X;;, X;;) = 0 for ¢ # i. Hence, the right hand side of (2.5) vanishes
when ¢ # 4, and it equals gr([/\j|J\i], X;;) when ¢ = i. Combining (2.4) and
(2.5) thus yields

(2.6) (=) ([110], X35) = (=)™ Ige ([1\j|J\i], X5).

Since the left hand side of (2.6) is nonzero by assumption, Lemma 2.1 implies
that I\j = J\i and r([I\j]J\i], X;;) = 1. The formula (2.3)(i) follows, and the
induction step is established. O

2.5. Corollary. Ifv > j, then

(2.7)(0) r(Xig, [11J]) = @ (=)t 0I5(6, 1) (7, D)o (1\g, T\i)
(2.7) (i) = G (=q) 105, D)8 (5, DI\, J\i).
Proof. Apply Lemma 1.7 to Proposition 2.4. U

2.6. Proposition. r([I|I],[M|N]) =r([M|N], [I|I]) = ¢""MI§(M,N).
Proof. This is parallel to the proof of Lemma 2.1. Write M = {m; < --- < m;}
and N = {n; < --- <m}, and note that
(28) I’([M|N]7 [I|I]) = Z (_Q)E(U)r(Xm1na(1)Xm2no<2> U Xmmg@: [I|I]),
oESt

while for each o € S; we have
r(Xm1ng<1)Xm2ng(2) e thno'(t)7 [[u]) =
(29) S v (Konimay LIEA)T (Xm0 (L1 L)) - (X s (L [1])

Ly,....Lt—1

Consider the right hand side of (2.9). By Corollary 2.3, a nonzero term can occur
in that sum only when I < L; < --- < L, 1 < I, and so only when all the L, = I.
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Thus,
r([M|N],[111]) =
(2.10) > (0 O (Xmany s LN (Xingr oy L) - 2 (X, 1))
o€St

In view of Lemma 2.2 and Corollary 2.5, r(X;;, [I|I]) = 0 for all ¢ # j. Hence, a
nonzero term can occur in the right hand side of (2.10) only when my = n, ) for
all s, that is, only when M = N and ¢ = id. Therefore r([M|N], [I|I]) = 0 when
M # N, while

r([M|M], [1|1]) = v(Xmymys )T (Xngmas 1)) - 1 (Xongmes L] T]) = g1,
in view of Lemma 2.1. The formula for r([[|[], [M]N]) follows via Lemma 1.7. [

3. INITIAL COMMUTATION RELATIONS

We now use the computations of r(—, —) obtained so far to derive some com-
mutation relations, both to illustrate the method and to doublecheck the results
against known relations in the literature. As in the previous section, let 7 and j
denote indices in {1,...,n}, and let I, J, M, N denote index sets contained in
{1,...,n}, with |I| = |J| and |M| = |N].

3.1. Direct application of (1.7)(i). If we set a = X;; and b = [I|J] in (1.7)(i),
we obtain

(3.1) > r(Xa, IIL]) X[L1T] = r (X, [L] ) [TIL) X

I,L 1L

We claim that (3.1) reduces to
@D XTI+ (1= 0606, 1))7 Y (=)™ x, 1\ Iwi| J) =

lel

I<i
(3.2) A R A .
PN + (1= 00, D)) Y (=) OO X
leJ
I>j

According to Lemma 2.2 and Corollary 2.3, r(Xy, [I|L]) = 0 unless ¢ > [ and
I < L. By Lemma 2.1, v(Xy;, [I|L]) = 0 unless L = I, and r(X;, [I|I]) = ¢°¢:D.
When ¢ > [, Corollary 2.5 shows that r(Xj, [[|L]) is nonzero only when i € L,
[ €I,and I\l = L\i. In such cases, i ¢ [ and L = I'\[Ui, and the exponent of —g
that appears in (2.7)(ii) is —|(l,7)NINL| = —|(l,4)NI|. Thus, the left hand sides
of (3.1) and (3.2) agree.

Similarly, r(Xj;,[L|J]) = 0 unless I > j and L < J, while r(Xj;, [L]J]) = 0
unless L = J, and r(ij, [J\J]) = ¢°9). When [ > j, Corollary 2.5 shows that
r(X,;,[L|J]) is nonzero only when I € J, j € L\J, and L = J\IUj. In such
cases, the exponent of —g that appears in (2.7)(ii) is —|(7, )NLNJ| = —|(5,)NJ].
Therefore, the right hand sides of (3.1) and (3.2) agree. This establishes (3.2).
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3.2. Application of the transpose automorphism. There are several ways
to obtain a second commutation relation of a similar kind to (3.2). First, we could
set a = [I|J] and b = X;; in (1.7)(i) and proceed as above. Alternatively, we
could apply the automorphism 7, the anti-automorphism 75, or the isomorphism
B of §1.6 to (3.2) itself. As we shall see in §3.4 below, the first three ways are
equivalent, up to some relabelling. The use of (3 is discussed in §3.5.

Among the first three alternatives above, the most convenient choice is to apply
the transpose automorphism 7 to (3.2). If we do this, and then relabel the terms
by interchanging ¢ < j and [ < J, we obtain

¢UNXGU|T) + (1= 0(5.0)F Y _(—q) D™ Xy [1]J\Ij] =

1eJ
1<j

¢COUNIX + (1= 686, 1))g Y (=) ML) Xy

lel
>4

(3.3)

3.3. Some known cases. We now compare some cases of (3.2) and (3.3) with
the literature.

When i € [ and j € J, (3.2) and (3.3) both yield ¢X;;[{|J] = ¢q[{]J]X;;, the well
known fact that X;; and [/|J] commute in that case. (This is just the centrality
of the quantum determinant in the subalgebra k(X | s€ I, t € J).) If i € [ and
j & J, then (3.2) yields

(34) aXlI1J] = )X +7 Y (o)™ 0TI\ X

=

1>]
Multiply (3.4) by ¢~', and note that ¢~ (—¢q)~ 10" = —(—¢)~ AN With this
modification, (3.4) recovers [5, Lemma A.1(b)] (which is the second equation of

[25, Lemma 4.5.1(2)], rewritten in present notation). Similarly, consider the case
that i ¢ I and j € J. Then (3.3) yields

(3.5) aXsslI1] = 11X + 7 3 (=) O\

lel

I>i
We again multiply by ¢~!, and note that ¢='(—q) 1OV = —(—¢)~ BN Thus,
(3.5) recovers [6, Lemma A.2(c), Equation (A.3)] (which is the second equation of
[25, Lemma 4.5.1(4)] in present notation).

Finally, let us consider the case when i ¢ I and j ¢ J. We may assume that

Iui = Juj = {1,....n}. If we write s = {1,...,n}\{s} for s = 1,...,n, then
(3.2) yields

(3.6) Xy[il71+@ Y (- Xy[115] = [117)X; +7 Y _ (=) ™ [i 1) X
lel leJ
I<i >j

Multiplying (3.6) by ¢! and then interchanging ¢ < ¢~' recovers the fourth
equation of [25, Lemma 5.1.2].
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3.4. Remark. As mentioned above, (3.3) could also have been obtained by set-
ting @ = [[|J] and b = X;; in (1.7)(i) and proceeding as with (3.2). In fact,
interchanging any choice of a and b in (1.7)(i) has the same effect as applying 7,
as follows.

First, apply 7 to (1.7)(i), and use (1.12) for both a and b. This yields

(3.7) > r(ar, b)r(@h7(b)r = Y r(ag, ba)7(b)27(a)s.

(a),(b) (a),(b)
Invoking Lemma 1.7, and setting @’ = 7(a) and b = 7(b), (3.7) becomes

(3.8) D by, a)dibh = > (b, ah)bhab.
(a”),(®") (a"),(d")

Equation (3.8) is nothing but (1.7)(i) with a and b replaced by b’ and d/, respec-
tively.

Similarly, applying the anti-automorphism 75 to (1.7)(i) and relabelling again
recovers (1.7)(i) with a and b interchanged.

3.5. Two further commutation relations. FEach case of commutation rela-
tions for X;; and [I|J] derived in [25] has four subcases — two pairs in which one
equation of each pair is obtained from the other by inserting a g-Laplace relation.
Two commutation relations from each group of four correspond to our equations
(3.2) and (3.3). It is more efficient to derive the remaining two by applying the
isomorphism 3 of §1.6, as follows. For that purpose, set A’ = O,-1(M,(k)), and
recall the notation X; and [I|J]" for generators and quantum minors in A’".

First, consider the relation (3.2) in A’, but replace i, j, I, J by i, j, I, J,
respectively. The result is

DXL + (1= 66, D) (=a) D (=a) PIXE NG| =

o Z
3 “0GDTIXE + (1= 65, 1) (—7 NG LT X
q (1Y X5+ (1-6(7,) (=) ) _(—a) HPAVRVIDE
leJ
I>j
Now set
i = (i) j = wolj) [ = woll)
T = w(I) J = wo(J)

and apply 37! to (3.9). This yields
q " OXG 1)+ (86 1) = 1) (=) X1\ iLT) =

lel
>

¢ IIX + (06, ) = 1) (=o)L X

l1eJ
1<j

(3.10)
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Similarly, the relation (3.3) in A’ can be written

¢ PN TT) + (1= 8, 1) (<3) 32 (~) XTI =
leJ
I<j

a COITYXG + (1= 66, D) (=3) Y_ ()TN X

le
I

(3.11)

Applying 37! to (3.11) as above, we conclude that
g DX+ (807, T) = 1)7 Y (=) PIXG 1]\ ] =

leJ

(3.12) | > |
g DI Xy + (066, 1) = 1)7 Y (=)' I[N X
lel
1<i

3.6. Quasicommutation. Elements a,b € A are said to quasicommute or q-
commute provided they commute up to a power of ¢, that is, ab = ¢"ba for some
integer m. The relations (1.6) say that two of the standard generators for A which
have the same row (or column) indices must quasicommute, and it is natural
to expect other instances of this in A. From the results above, we can recover
the quasicommutation relations for quantum minors given by Krob and Leclerc
[16]. These apply to certain quantum minors whose row (or column) index sets
are disjoint. Cases allowing non-disjoint index sets were obtained by Leclerc and
Zelevinsky by investing quantum Pliicker relations [22, Lemmas 2.1-2.3]. Building
on the results of [22], Scott determined exactly which pairs of quantum minors
quasicommute, and calculated the corresponding relations [27, Theorems 1,2]. We
recover some other cases of his results in Corollary 5.5 below.

First, consider X;; and [M|N], with ¢ € M. If j < min(N), then either (3.3)
or (3.10) implies that X;;[M|N| = ¢[M|N]X;;, while if j > max(N), then by
either (3.2) or (3.12), X;;[M|N] = ¢ '[M|N]X,;. Of course, if j € N, then
Xij[M|N] = [M|N]X;;.

Now suppose that I C M and that J and N are separated in the following sense:
there is a partition J = J'LUJ” such that

max(J') < min(N) < max(N) < min(J").

Each of the generators X;_ ; occurring in (1.10) quasicommutes with [M|N] as
in the previous paragraph, whence

X e X — =17 X e X
XZG'(I)JIXZU(Q)JQ XZU(t)y]t [M|N] - q [M|N]XZJ(1)7]1XZJ(2)7JQ XZU(t)v]t

for all o € S;. Consequently,
(3.13) [1|J][M|N] = ¢ I [M|NY[T]]

under the present hypotheses. This recovers [16, Lemma 3.7] (after interchanging
q and ¢~ '). In fact, (3.13) holds when I C M and J and N are weakly separated
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in the sense of [22], meaning that there is a partition J\N = J'LIJ" such that
max(J') < min(N\J) < max(N\J) < min(J") [22, Lemma 2.1].
Applying 7 to (3.13) and relabelling, we find that

(3.14) | J][MIN] = ¢"1= M| N1 ]
when J C N and [ = I'U]"” with max(I") < min(M) < max(M) < min(I").

4. COMPUTATION OF r([I|J], [M|N])

Throughout this section, let I, J, M, N denote index sets contained in the
interval {1,...,n}, with |I| = |J| and |M| = |N|. Our goal is to develop a
formula for r([I|J], [M|N]).

4.1. Lemma. If r([I|J],[M|N]) #0, then INM = JON and IUM = JUN.

Proof. We induct on |I|, starting with the case [I|J] = X;;. If i = j, Lemma
2.1 implies that M = N, and the conclusion is clear. If ¢ # 7, then ¢ > j by
Lemma 2.2, whence Corollary 2.5 implies that i € N, j € M, and M\j = N\i.
Consequently, INM = JNN = @ and ITUM = JUN.

Now suppose that |I| > 2. If I = J, then Proposition 2.6 implies that M = N,
and we are done. Hence, we may assume that I # J. Since |I| = |J|, there must
exist an element j € J\I Set J = J1UJy with J; = {j} and J, = J\7j, and write
(1.19) in the form

(4.1)  Fq'r([1J],[M|N]) Zziq Xijo [MIL))x ([1\il\j], [LIND).

Since r([I].J], [M|N]) # 0, (4.1) implies that
(12) e (Xop, ML) (11N [ZIN]) # 0

for some ¢ € I and some L.

Note that i # j, because j ¢ I. Equation (4.2) and Lemma 2.2 now show
that ¢ > j, and then Corollary 2.5 implies that ¢ € L, j € M, and L\i = M\j.
Consequently, i« ¢ M and j ¢ L, while L = (LNM)Li and M = (LNM)Lj.
Since the second factor of (4.2) is nonzero, our induction implies that (I\i)NL =

(J\J)NN and (I\i)UL = (J\j)UN. Now
IU(LNM) = (I\i)UiU(LNM) = (I\i)UL = (J\j)UN

and so ITUM = [U(LNM)Uj = JUN. Since j ¢ IUL, we see from the equation
(I\i)UL = (J\j)UN that j ¢ N. Consequently,

INM = IN(M\j) = IN(L\i) = (I\i)NL = (J\j)NN = JNN.
This establishes the induction step. O

4.2. Lemma. Assume that INM = JON and UM = JUN.
(a) I\J = N\M and J\I = M\N.
(b) £ ([Z]J], [M|N]) = ¢""MI(—q)"BION =Ly ([T\ M |J\N], [M|N1).
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Proof. (a) This follows easily from the hypotheses.

(b) Write J = JiUJy with J; = J\N and J, = JAN = INM, and recall
equation (1.19). We focus first on the term on the right hand side of (1.19) with
I = Jy and L = N, in which case I; = I\ M. For this term, we have

(—q) e ([L]4], [M|L])r ([L]J2], [LIN]) =
(—q)" NI GOy ([7\ M| J\N], [M|N]),

in view of Proposition 2.6. We claim that all other terms on the right hand side
of (1.19) vanish.

Suppose that r([I;]J1], [M|L])r([L2] 2], [L|N]) # 0 for some I, I5, L. Lemma
4.1 implies that I,NL = JoNN = Js, and then because |I5| = |.J5|, we must have
I, = Jy. Consequently, Proposition 2.6 implies that L = N, verifying the claim.
Equations (1.19) and (4.3) thus yield

(=)D ([1]7], [M|N]) =
(—gq)"NMEIOM GO e ([1\M|J\N], [M]|N]).

(4.3)

(4.4)

Finally, we have
(I; JNN) = L(I\M; JOAN) + £(INM; JNN)
0(J; INM) = 0(J\N; INM) + ¢(JON; INM),
and since INM = JNN, we obtain
(4.5) C(INM; JNN) — L(J\N; INM) = 4(I; JAN) — 4(J; INM).
Part (b) follows from (4.4) and (4.5). O

4.3. Lemma. Assume that INM = JON =& and IUM = JUN. Then
r([I]J], [M|N]) = (—q) "N ([I\J|J\T], [M\N|N\M]).

Proof. Write J = JyUJ, with J; = INJ and Jy = J\I, and recall (1.19). Consider
the term with [; = J; and L = M, in which case Iy = I\J. Since [NM = &,
Proposition 2.6 implies that r([I;].1],[M|L]) = 1. Thus, for this term of (1.19),
we have

(=) e (L] 4], [M|L))r ([L2| J2], [LIN]) =
(=) ([I\J|I\T], [MN]).

We next claim that all other terms on the right hand side of (1.19) vanish.
Hence, suppose that r([l1]Ji], [M|L])r([l2] o], [LIN]) # 0 for some I, I, L.
Lemma 4.1 implies that [bNL = JoNN = @ and LUL = JLUN = (J\I)UN,
from which it follows that I, = N\L. Now IbNJ C NNJ = @, and so Iy C I\J.
Since also

(4.6)

(o = [ o] = [J\I| = [1\J],
we must have Iy = I'\J. Consequently, I; = Jj, and then Proposition 2.6 implies
that L = M. This verifies the claim. As a result, (1.19) and (4.6) combine to yield

(4.7 r([|J],[MIN]) = (=)D URSAD ([I\J|J\I], [M|N]).
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Note that (I\J)NM = (J\I)NN = @ and (I\J)UM = MUN = (J\I)UN.
Hence, (4.7) also holds with I, J, M, N replaced by N, M, J\I, I\J, respectively.
That is,

(VML) =
(—g) NPT\ NN (N MM\ N], [T\TIT\J]).
In view of Lemma 1.7, (4.8) can be rewritten as
gy FIVIATLIN) =
(—q)(NOMENMAMDZENOEA Ny ([1\ J|J\T], [M\N|N\M]).
Combining (4.7) and (4.9), we obtain
@10)  e({Z1) [MINT) = (=) r(INIAT DN INAM)),
where (recalling Lemma 4.2(a))
A = ((INT; INJ) — €(INT; J\I) + ((NOM; N\M) — ((NOM; M\N)
=0(INJ)U (MNN); I\J) —((INJ) U (MNN); J\I).
Next, observe that
[UN = (I\J)U(INJ)U(MAN) JUM = (J\U(INJ)U(MNN).
Because |I\J| = |J\I|, we have ¢(I\J; I\J) = ¢(J\I; J\I), and therefore
(4.12) A = ((IUN; I\J) — €(JUM; J\I).
Equations (4.10) and (4.12) establish the lemma. O

(4.8)

(4.11)

In view of Lemmas 4.1-4.3, it only remains to calculate r([Z|.J], [M|N]) in case
(IUN)N(JUM) = @ IUM = JUN,

whence I = N and J = M. Further, because of Corollary 2.3, we may assume that
I > J. In these cases, certain sums of powers of —¢ appear in r([I|J], [M|N]),
and we introduce the following notation to deal with them.

4.4. Definition of ¢,(I; J). Recall that for d € N, the (—q)-integer [d]_, is given
by

d —d
—q) —(—¢q — - (d—
]y = O — (g ek ()
= (=)' 0+ +¢" + -+ ).
Hence, 1+ ¢* + ¢* + - + @2 = (—¢)*[d] .
We next define a scalar £,(/;.J), for index sets I > J, as follows. First set
m = |I| and write I = {r; < --- < r,,}. Then set d; = |[1,m]NJ| =1+ 1 for
l=1,...,m, noting that d; > 1 because J < I. Finally, define

§(I; J) = [dl]—q[d2]—q T [dm]—qa

with the convention that &,(@;@) = 1. When INJ = &, as in the next lemma,
each d; = {(r;;J) — 1+ 1. Note that [d]_,-» = [d]_4 for all d € N, whence

Eg1 (1 ) = &I ).
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4.5. Lemma. If [ > J and INJ = &, then
(4.13) r([11J), [J1]) = "1 (=q)" D= EDe (1),

Proof. Set m = |I| = |J|, write [ = {ry <--- <y}, and set d; = {(r;; JJ) — [+ 1
foril=1,...,m as in §4.4.

We proceed by induction on m. If m = 1, then J = {j} for some j < ry,
whence ((J;1) = ¢(I;1) = 0. Moreover, d; = 1 and so §,(I;J) = 1. By (1.9),
r([1]J], [J|I]) = r(X,,;, Xjr,) = @, which verifies (4.13) in this case.

Now suppose that m > 1. Write I = Il with I = {r;} and I, = {rq,..., 7 }.
Since ¢(1y; 1) = 0, equation (1.17) implies that

[11J] = Z(—Q)e(j;J\j)XrljUﬂJ\j]-
Applying (1.7)(ii), we obtain
(4.14)  x([1]J],[711]) ZZ ) (X, 1L ([ J\], [L]1]).

According to Lemma 2.2 and Corollary 2.5, a nonzero term can occur on the right
hand side of (4.14) only if r; > j and r; € L, as well as J\j = L\ry, in which case

r(X,;, [J|L]) = G (—gq)/BI0/I-lrnLl
Now [[1,71)NL| = |[1,7)N(L\r1)| = |[1,71)N(J\j)| = d1 — 1, and so
(4.15) I‘(an’[J|L]) = G(— q)”” NI |=di.

Next, note that L = J\jUr;, whence LNI = {r;}. Consequently, [bNL =
(J\j)NI = @ and [LUL = IUL = (J\j)UI. Lemma 4.3 now implies that

(4.16) r([L|7\j], [L1]) = (=¢)*r([L|T\5], [7\j]L2])
where
A =I5 1y) = €(L; J\j)
= (Iy; o) = L(J\j; J\J) + €(re; I2) — L(ry; J\j) = —dy + 1.
Combining equations (4.14)—(4.17), we obtain
(4.18) e([11J], 1)) = Y (=g P2 (1], [\j| o))

JjeJ
Jj<ri

(4.17)

It remains to compute r([Ig|J\j], [J\j|12]) for j € J with j < ry. Observe that
I, > J\j for any such j, so that our induction hypothesis will apply. Now
U(J\j; I2) = 0(J; L) = €(J; 1) = €(Jym) = £(J; 1) —m +dy
whence ((J\j;Iz) — 0(Io; 1) = €(J;1) —6(I;1) +dy — 1. For I =1,...,m — 1,
observe that

g(Tl_;,_l; J\]) - l —+ 1= f(?“l_,_l; J) — l = dl—l—h
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and consequently &,(I2; J\j) = [d2]—_4[ds]—q - [dm]—q- Thus, our induction hy-
pothesis implies that
(4.19)  r([LfI\j], [J\j|L]) = g7 (=)D DT dy] o [ds)g - [d] .
Inserting (4.19) in (4.18), we obtain

r([1]J],[J11]) =
(420) a\m(_q)ﬂ(J;I)fﬁ(I;I)Jrlfch [d2]—q[d3]fq . [dm]fq Z q2|[1,j)ﬂJ|.

jed
Jj<ri

The summation appearing in (4 20) is just S0, 21 = (—q)[dy]_,, whence
(421) [dQ] [ Z q2‘[13 nJ| _ )dlflgq(I; J)

JjeJ
Jj<ri

Equations (4.20) and (4.21) establish (4.13), completing the induction step. O

4.6. Theorem. Let I,J, M, N C{1,...,n} with |I| = |J| and |M| = |N]|.

(a) 1/ ([11J), [MINT) 0, then
(4.22) 1> J: INM = JON: IUM = JUN.

(b) If conditions (4.22) hold, then
r([11J], [MIN]) = ¢""Mg "I (=6 (INT; IND), - where

A= L((NNUMND); INT) = £((J\N)U(M\T); J\T).

Proof. (a) Corollary 2.3 and Lemma 4.1.

(b) Recall from Lemma 4.2 that I\J = N\M and J\I = M\N. If I = J, then
we must have M = N. In this case, r([I|J],[M|N]) = ¢! by Proposition 2.6,

and we are done. Now assume that / # J, and note that I\J > J\I. We shall
need the observations that

(4.23)

(I\M)UN = IUN (J\N)UM = JuM
(INM\(J\N) = I1\J (NANNU\M) = J\L.
Applying, successively, Lemmas 4.2, 4.3, and 4.5, we obtain
(4.24) r([7]J], [M|N]) = "M (—g) e, (1\T; I\I),

where

A=LU(I;JOAN) —(J; INM) + ((IUN; I\ J)
— L(JUM; IN\I) + L(JNL; INT) — L(IN\J; I\ J).
Observe that (IUN)U(J\I) = JUN = IUM = (JUM)U(I\J), whence
C(IUN;INT) — L(JUM; J\I) 4+ L(J\IINJT) — L(IN\J; I\J) =
(4:25) (JUM; I\J) — £(JUM: J\I).
Next, observe that I\N = J\M and N\I = M\.J. Moreover,
[UM = IUMUN = IU(N\I)U(M\N)
JUN = JUMUN = JU(M\J)U(N\M),
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and consequently
((I; JON) + ((N\I; JAN) + ((M\N; JNN) = £(IUM; JNN)
O(J; INM) + L(M\J; INM) + ((N\M; INM) = ((JUN; INM).
It follows that
OI; JNN) — 6(J; INM) = {(N\M; INM) — {(M\N; JNN)
= |[N\M| - [INM| — ¢(INM; N\M)
— |M\N| - |JNN| + ¢(JON; M\N)
= L(INM; J\I) — L(INM; 1\J).

(4.26)

Finally, since
(JUMN\(INM) = (J\(JNN))U(M\(INM)) = (J\N)U(M\I),
we conclude from (4.25) and (4.26) that
(427) A= (AN 1VT) — E((\N)IMD; D).
In view of (4.24) and (4.27), the theorem is proved. O

4.7. Example. Let [I|J] = [45678|12345] and [M|N] = [123459|456789], where
we have omitted commas between elements of the index sets. It is clear that
I > J; moreover, INM = {4,5} = JNN and IUM = {1,...,9} = JUN.
Hence, conditions (4.22) hold. Now I\J = {6,7,8} and J\I/ = {1,2,3}, while
(J\NN)UM\I) ={1,2,3,9}, whence

C((I\NN)U(MN\D); INT) — C((J\N)U(M\I); J\I) =3 — 6= —3.
Since all the elements of I\J are greater than all the elements of J\I, we have

& (INT; INI) = [3]g[2]4[1] g = (@ +1+q ) (—g—q)

Thus, we conclude from (4.23) that

r([I|J],[M|N]) = @0 (=) (@ + 1+ ¢ ) (=g —q7 ).
5. GENERAL COMMUTATION RELATIONS

Now that we have formulas for the value of the braiding form r on pairs of
quantum minors, commutation relations follow readily from property (1.7)(i). The
following notation for certain index sets and exponents will be helpful in displaying
the results. Recall the quantities ¢(—; —) and {,(—; —) from §1.8 and §4.4.

5.1. Definitions of index sets {<X||Y'} and {>X||Y'} and numerical quan-
tities £(S, X,Y) and L5(T, X,Y). For any subsets X and Y of {1,...,n}, define

(<X|[Y}={SCXUY | XnY CS; |S|=|X|; S <X}
(>X||Y} ={T C XUY | XY CT; |T| = |X|; T > X}.

In Section 6, we shall need index sets {<X||Y} and {>X]||Y'}, defined in the same
manner. For any set S C XUY such that XNY C S, set

(5.2) St = Sky = (XNY)U((XUY)\S).

(5.1)
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Note that if S € {<X]|[Y} or S € {>X]||Y}, then |S% = |Y|. Finally, for S €
{<X||Y} and T € {>X]||Y'}, define
53) L(S, X,Y) = £((S\SHUY\X); X\S) — £((S\SHU(Y\X); S\ X)
‘ LT, X,Y) = (((TN\T)U(X\Y); T\X) — ¢((T'\T)U(X\Y); X\T).

For example, suppose that X = {2,3,4,6} and Y = {1,3,5}. Then {<X|Y'}
consists of those 4-element subsets S of {1,...,6} such that 3 € S and S < X.
There are six such sets:

{1,2,3,4}, {1,2,3,5}, {1,2,3,6}, {1,3,4,5}, {1,3,4,6}, {2,3,4,5}.

Similarly, {>X||Y'} consists of those 4-element subsets 1" of {1,...,6} such that
3 €T and T > X. There are two: {3,4,5,6} and {2,3,5,6}. Finally, consider
the set S = {1,2,3,4} € {<X]||Y}. Then S% = {3,5,6}, and so

L(S,X,Y)=¢({1,2,4,5};{6}) — £(({1,2,4,5};{1}) =0 3.
5.2. Theorem. Let I, J,M,N C{1,....,n} with |I| =|J| and |M| = |N|. Then
g"MII|T[MIN] + ¢y Ag[S|)[SE N =

(5 4) Se{<I||M}
¢ MMINIT] + g™ ST e [MTH [T,
Te{>J|N}
where
5.5 As = g1 (—q) S (1\S; S\T)

pr = G (—q) =TI N e (TN J; J\T)

for S e {<I||M} and T € {>J||N}.

Proof. Taking a = [I|.J] and b = [M|N] in (1.7)(i), we obtain

(5.6) Y r(HISL[MIST)SIS'INT = > ([T, [T'IN]) IM|T'] T,

1SI=I1| |T|=]J]
|S"|=|M| IT"|=|N]
In view of Corollary 2.3 and Lemma 4.1, the left hand summation in (5.6) can be
restricted to index sets S and S’ such that
S| = |1] I>S
INM = SNS’ TUM = SuUS'.

Proposition 2.6 shows that the coefficient of the term with S =1 and S’ = M is
¢"™M|and that the terms with S = I and S’ # M vanish.

The index sets S and S” such that S # I and (5.7) hold are precisely those for
which S € {<I||M} and S’ = S%. For these index sets, Theorem 4.6 shows that

r([7]S],[M]S7]) = ¢"™xs.

Thus, the left hand side of (5.6) reduces to the left hand side of (5.4).
Similarly, the right hand side of (5.6) reduces to the right hand side of (5.4),
and the theorem is proved. O

(5.7)
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5.3. Corollary. Let I,J,M,N C {1,...,n} with |I| =|J| and |M| = |N|. Then
g”""MIMINT + "N YT A[1]S)[MS7] =

(5.8) Se{<J|N}
g "MIMINIT] + "M N g [TH N[,
Te{>I|M}
where
5.9 As = 17V (—g)" PN (J\S; S\ J)

pr = § TV (—g) ST (TN I\T)
for S € {<J||IN} and T € {>I||M}.

Proof. Interchange the index sets in the statement of Theorem 5.2 as follows:
I — J and M < N. Then apply the automorphism 7 to the resulting version of
(5.4) to obtain (5.8) (recall (1.13)).

This corollary can also be obtained from Theorem 5.2 by interchanging I < M
and J < N, in which case one should also interchange S <+ T% and T« S%. [

5.4. Further quasicommutation. In particular, Theorem 5.2 yields quasicom-
mutation relations of the form ¢l!"MI[I|J][M|N] = ¢”/"M[M|N][I|J] in cases where
the index sets {<[I||M} and {>J|| N} are empty. This occurs, for instance, if either
[I|J]=11,...,r|n+1=r,...,n]or [M|N] = [n+1—r,...,n|l,... 7], recovering the
well known fact that the northeasternmost and southwesternmost quantum minors
are normal elements of A. Moreover,

(5.10) [1,...,7|J) ML, ..., s] = ¢/ EsI=ILAMIN s ] ],

which is part of [10, Proposition 1.1] (with ¢* replaced by ¢). Also, (5.10) imme-
diately implies the type A case of [1, Equation (10.3)].

We record the general quasicommutation relations of the above type in the
corollary below. Part (a) recovers one case of [27, Theorem 2|. It does not seem,
however, that the relations (3.13) and (3.14) follow directly from equations such
as (5.4) or (5.8).

5.5. Corollary. Let I,J,M,N C {1,...,n} with |I| =|J| and |M| = |N].
(a) If max(M\I) < min(I\M) and max(J\N) < min(N\J), then

(5.11) [I1J)[MIN] = "=V M NT[T]J].
(b) If max(I\M) < min(M\I) and max(N\J) < min(J\N), then
(5.12) [11J)[M|N] = ¢ MM N [1]J].

Proof. (a) If S € {<J||N}, then S\(JNN) < J\N, whence

max(S\(JNN)) < max(J\N) < min(N\J).
But then S is disjoint from N\J. Since JAN C S C JUN and |S| = |J|, this
forces S = J, which is ruled out by the assumption S < J. Thus, {<J||N} = @.

Similarly, {>I||M} = @, and thus (5.11) follows from (5.8).
(b) Interchange I «— M and J «— N, and apply part (a). O
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5.6. Example. [n = 6] Let J = N = {1,2,3}, and take I = {1,4,5} and
M ={2,3,6}. We first apply Theorem 5.2. Note that {>J||N} is empty because
J = N. For S € {<I||M}, we make the following calculations, where commas
have been deleted for the sake of abbreviation (for instance, {123} stands for the
index set {1,2,3}).

S {123} {124} {125} {134} {135}
St {456} {356} {346} {256} {246}
I\S {45} {5} {4} {5} {4}
S\I {23} {2} {2} {3} {3}
(S\SHU(M\I) {1236} {12346} {12356} {12346} {12356}
((S\SHU(M\I); I\S 2 1 2 1 2
((S\SHU(M\I); S\I 3 3 3 2 2
L(S,1,M) —1 —2 —1 -1 0
&(I\S; S\I) —q—q " 1 1 1 1

Consequently, Theorem 5.2 implies that
¢°[236]J][145|J] = [145]J][236]] + G*(—q) " (—g—q~")[123]J][456]]]
(5.13) + 7 (—q)2[124]J][356|.J] + 7 (—q)*[125].]][346|J]
+ 7 (—q)[134]J][256|.J] + 7[135].J][246|.]].

The relation (5.13) matches the one calculated by Fioresi in [3, Example 2.22]
(cf. the first display on page 435, where one must replace ¢ by ¢~! to account for
the difference between (1.6) and the relations used in [3]).

For contrast, we record the relation obtained from Corollary 5.3 for the current

choices of I, J, M, N:

q°[145].J][236].J] =
236].J][145].J] + 7 [235|J][146|J] + q (—q) " '[234|J][156]J]

(5.14) + 7[136|J][245].J] + g 2[135|J][246|J] + §*(—q) ' [134|J][256] J]
+q(—q)~"[126].7][345] 7] + 7*(—q) ™" [125] 7] [346] J]
+q°(—q)"*[124]J)[356J] + q (—q)~*[123|7][456] J].

We derive two further relations from Theorem 5.2 and Corollary 5.3 with the
help of the isomorphism /3 of §1.6, as in §3.5. For use in the upcoming proof, note
that since wy reverses inequalities of integers, it also reverses the ordering on index

sets: if U and V' are subsets of {1,...,n} with |U| = |V, then U < V' if and only
if wOU > WOV.

5.7. Theorem. Let I,J,M,N C {1,...,n} with |I| = |J| and |M| = |N|. Then
¢”""MI|TIIMIN] + "Ny " [ S|J][SHIN] =
Se{>I|M}

g MIMINI|T] + g™ > N [MTH (1T,
Te{<J||N}

(5.15)
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where

fis = (=)%Y (=) F Mg (S\I1\S)
Ar = (=) (=) A E (NS T\ )
for S € {>I||M} and T € {<J||N}.

(5.16)

Proof. Just for this proof, write U= woU for index sets U, and observe that
wo({>11|M}) = {<I|M} wo({<J|N}) = {>J|N}.

Note also that S% = 5% for S € {>I||M}, and similarly T% = T% for T € {<J||N}.

Set A" = Og-1(M,(k)), with generators X}, and braiding form r’, and label
quantum minors in A’ in the form [I|.J]'. Recall the isomorphism §: A — A’ from
§1.6, and equation (1.14). Note that when specializing general results to A, the
scalars ¢ and ¢ change to ¢! and —@, respectively. - L

Now apply Theorem 5.2 to the quantum minors [I|J]" and [M|N]" in A’. We
obtain
g MITLYMINY 4 g S T XSV SN =

Se{>I||M}
¢ PPNIMINY Y + g VON S G MITH T
Te{<J||N}

(5.17)

where S~ e~ o~

s = (=0) " (=) 5 g, (1\S; S\I)

pp = (=) TV (=) I (TS NT)
for S € {>I||M} and T € {<J||N}. (Here we have simplified the exponents of
the —g terms and invested the observation that {,-1(U; V) = £,(U; V) for any U,
V.) Applying the isomorphism 87! to (5.17) yields
g "MII|IIMINT 4 g MY T NG[S|][SPIN] =

Se{>1I||M}
¢ PINIMINTT] 4+ g PN Tl M T (1| T]
Te{<J|N}

(5.18)

in A. Equation (5.15) will follow from (5.18) once we see that \; = ps and

uﬁf = XT for all S and 7.
Let S € {>I||M}, and observe that

SNS* = INM SUS* = IUM
S™\M =TI\S M\S* = S\I.
It follows from Theorem 4.6 and Lemma 1.7 that
g OMING = g OING = 2/ ([T)SY, (M) = x([MS7), [11S]').
With the help of (5.19), a second application of Theorem 4.6 shows that
(IS, 11SY) = ¢ i,

(5.19)
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and therefore N5 = pg. Similarly, p; = Mr for all T € {<J||N}, and the theorem
is proved. U

The following corollary is obtained from Theorem 5.7 in the same way as Corol-
lary 5.3 from Theorem 5.2.

5.8. Corollary. Let I,J,.M,N C {1,...,n} with |I| =|J| and |M| = |N|. Then

g M) [MIN] + g™ > Jis[1]S)[M]SF] =

(5‘20) Se{>J||N}
g NMMINIIT] + q7N ST A [THN) [T ),
Te{<I|M}
where
(5.21) is = (=4)15V1(—q) 5 Ng (S\J; J\S)
. XT _ (_a)\[\ﬂ(_q)—E(T,I,M)é*q(I\T; T\[)
for S € {>J||IN} and T € {<I||M}. O

6. SOME VARIANTS

Consider the general form of a commutation relation for quantum minors [I|.J]
and [M|N], namely an equation that allows a product [I|J][M|N] to be replaced by
a scalar multiple of the reverse product [M|N][I|J], at the cost of some additional
terms. In an equation such as (5.4), the additional terms are of two types — scalar
multiples of [S|J][S?|N] and of [M|T*][I|T]. In some applications, one type may
be more useful than the other. For instance, the prefered bases constructed in
[5] consist of certain products of quantum minors in which quantum minors with
larger index sets must occur to the left of those with smaller index sets. Thus,
if |I| < |M|, then [M|N][I|J] and the terms [M|T¥|[I|T] are in preferred order,
but [I|J][M|N] and the terms [S|J][S®|N] are not. A commutation relation in
which all the extra terms are in preferred order can be achieved by iteration —
after a first application of (5.4), apply (5.4) to any products [S|J][S¥N] which
appear, and continue until all terms have the desired form. This produces a
relation in which ¢!™"I[I|J][M|N] is expressed as ¢//"™[M|N][I|J] plus a linear
combination of products [S*|T*|[S|T] where S € {<I||M} and T € {>J||N}. We
begin by illustrating the iteration process in Example 6.1 below.

The aim of this section is to derive closed formulas (i.e., without iterations) for
commutation relations of the type just discussed.

6.1. Example. [n = 4] Consider [I|.J] = [23|12] and [M|N] = [14|23]. First, (5.4)
leads to the relation
[23]12][14/23] — ¢[14]23][23]12] =

(6.1) (711412](23123) — 7(—q) ' [12012][3423) — §[13]12)[24[23).
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The last two terms on the right hand side of (6.1) must now be treated. Applying
(5.4) in each case, we obtain

(6.2)(1)  [12]12][34]23] = ¢[34]23][12|12] + qq[34]12][12]23]

(6.2)(i)  [13]12)[24]23) = q[24]23][13]12] + ¢ [24]12][1323] — 7 [12]12][34]23)].
Note that (6.2)(ii) contains a term involving [12|12][34|23]. Hence, we first sub-

stitute that equation into (6.1), and then combine the two [12|12][34|23] terms,
before substituting (6.2)(i) into the result. The final relation is as follows:

[23]12][14]23] — q[14|23][23]12] = 7 [14]12][23|23] — 7 q[24/|23][13]12]
(6.3) — q2q[2412][13|23] + 7 ¢*[34]23][12]12]
+ 7 2¢%[34]12][1223].

In each of the terms on the right hand side of (6.3), the second factor is of the
form [S|T] where S € {23,13,12} = {<I||M} and T € {23,12} = {>J||N}.

6.2. Lemma. Lets € {1,...,n—1}, and let B and C be the following subalgebras
of A= Og(My(k)):

C=kX;|1<i<n,s+1<j<n).

Then the multiplication map pu: B ®, C — A is a vector space isomorphism.

Proof. Let X, Y, and Z be the standard PBW bases of the respective algebras B,
C, and A. Thus,

X o= {01 X (X Xa2) - (X - Xow) | by € Z7)

Y= {(X5 - X (G  Xa) - (X X)) ey € 27}

Z = {(X{1 - X (Xapt - Xapm) - (XGq - Xonn) | ag; € 27},

where the variables occur in each monomial in lexicographic order. Observe that

. b b, c .
the monomials X' --- X7+ and X, 7" -- - X" commute whenever i > [. Hence,

any product of a monomial from X with a monomial from Y can be rewritten as
follows:

[T X ) (X3 - Xg2e) - (Xt - X ) (X - - X
(X X2 ) - (X0 - X))
= (X XTE) (X X0 (X - X2 ) (Xohiht - - X52m) -
(Xpit -+ Xpu) (X - X,

Consequently, 1 maps the set {z®y | x € X, y € Y} bijectively onto Z, and the
lemma follows. U
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6.3. Theorem. Let I, J,M,N C{1,...,n} with |I| = |J| and |M| = |N|. Then

(6:4) ¢TI [MIN] = ¢" M [MINI|T] + "™ ST Aspur[SHTY[SIT],

Se{<I|M}
Te{>J||IN}
(S,T)#(I,J)
where
(6.5) Xs = ()18l (—q)~EEIAE (1\S; 5\1)

A SR A CAVPAVY
for S e {<I||M} and T € {>J||N}.

Remark. We have isolated the term ¢//"VI[M|N][I|.J] on the right hand side of
(6.4) to emphasize that this equation is a commutation relation. It may, of course,
be incorporated in the given summation as a term where (S,7) = (I, J), since

Arpry = 1.

Proof. Note that the coefficients Ag and pur defined in (5.5) also depend on I, J,
M, N. For purposes of the present proof, we record that dependence by writing
g =g (—g) g (X5 S\ X)

~ b
pr =g (=q)F TN (T\T; I\T)

for S € {<X||Y} and T € {>J||[N}. Note that A\y’" = 1 and )" = 1. For
S e {<I||M}, set

b

M iNI,M 51,57 Si—1,57_,

Qg = E (—1) )‘sl )‘sg o Ag )
51€{<I||M}
Spe{<S5|5%}

Se{<S;1]IS?_,}

where we interpret Sy = I and Sg = M in terms where ¢ = 1. Finally, set af’M =1

We claim that

(6.6) @"MIIIMINT =gy T e g ST S|T).

Se{<I||M}
Te{>J|IN}

Let ¢ = |I|, and let NV; denote the collection of t-element subsets of {1,...,n},
partially ordered as in §1.10. In proving (6.6), we proceed by induction on [
relative to the ordering in N;. To start, suppose that I is minimal in N; (that is,
I ={1,...,t}). In this case, {<I||[M} is empty, and so Theorem 5.2 implies that

g "M MINT = ¢""NIMINTIT] + g™ YT N MTH [T,
Te{>J||N}

which verifies (6.6).
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Now suppose that I is not minimal in A, but that (6.6) holds whenever I is
replaced by an index set I’ < I. Theorem 5.2 implies that

q|mM|[[]J][M|N} _ qlJmN\ Z M#N[M\TUHHT]
Te{>J||N}
— g N B[S ][5V,
Sye{<I||M}

Recall that S;NS? = INM for S; € {<I||M}, by definition of S?. Hence, our
induction hypothesis yields

b
(6.8) ¢"MIS |T)SEN] = g ST g NS T[S T

Se{<S1|5%}
Te{>J||N}

for all S; € {<I||M}. Substitute (6.8) in (6.7), which yields
g""MIIJMINT = g™ N N [M|TH (1|7
Te{>J||N}
‘
(6.9) =" A ag T NS TS| T,
S1€{<IHM}

Se{<51(|s%}
Te{>J|N}

(6.7)

Since oé’M = 1, the coeflicients in the first summation of (6.9) match the corre-
sponding coefficients in (6.6). The second summation of (6.9) may be rewritten
in the form

¢ DT Bepg [SITHISITY,

Se{<I|M}
Te{>J||N}

LM S5 I,M

Bs = — Z Ay, ag Tt =ag.
S1e{<1]M}
se{<s1|st}

where each

Consequently, (6.9) yields (6.6), establishing the induction step. This proves (6.6).

It remains to show that ag" = \g for S € {<I||M}.

Observe that all quantities appearing in (6.6) involve index sets contained in
the union JUJUMUN, and so they remain the same if we work in O,(M, (k)) for
some v > n. Hence, there is no loss of generality in assuming that n > |I| + |M]|.
Thus, if we set

J={n—-|I|+1,...,n} N*={1,...,|M|},
we have max(N*) < min(J*). Note also that J* is maximal among |/|-element
subsets of {1,...,n}. The quantum minors [U|N*], for U C {1,...,n} with
\U| = |M|, are homogeneous elements of distinct degrees with respect to the

grading on A discussed in §1.2. Hence, the [U|N*] are linearly independent over k.
Similarly, the [V|J*], for V' C {1,...,n} with |V| = |I|, are linearly independent,
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and thus it follows from Lemma 6.2 that the products [U|N*|[V/|J*] are linearly
independent over k.

Now apply (6.6) to the quantum minors [I|J*] and [M|N*]. Since {>J*||N*} is
empty, we obtain

(6.10) ¢"MITIMINT = Y agM S NS,
Se{<I|M}

However, we also have a relation of this type from Corollary 5.8, which may be
written in the form

(6.11) ¢ MITIMINT = Y A [THNT[TLT).
Te{<I||M}
Since the products [Sh|]}vf *][S]J*] are linearly independent, it follows from (6.10)

and (6.11) that ag™ = \g for all S € {<I||M}. Therefore (6.6) implies (6.4), as
desired. 4

As is easily checked, Theorem 6.3 directly yields equation (6.3).

We next consider the derivation of new relations from Theorem 6.3. Unlike the
situation in Section 4, however, the methods used there to prove Corollary 5.3 and
Theorem 5.7 yield the same result when applied to Theorem 6.3. Hence, we use
the method of Corollary 5.3.

6.4. Corollary. Let I,J, M,N C {1,...,n} with |I| =|J| and |M| = |N|. Then
(6.12) ¢”"™M[I|J)[MIN] = ¢"™MMINJI|J]+¢"™M N7 psAelS*TF[S|T,

Se{>I||M}
Te{<J||N}
(8,T)#(1,J)
where
_ =S\ L5(S,I,M) )
=q —q S\I; I\S
. ps = 715V (=)0, S\ 1\ 5)

Ar = (=) (=) A0 (N T\ )
for S € {>I||M} and T € {<J||N}.

Proof. Interchange I <+ J and M <« N in the statement of Theorem 6.3, and also
interchange the roles of S and 7" in the summation. This yields

g" M N|M) =
(6.14) ¢ "MINIMII] + g™y T A g™ TS TS,
Te{<T|N)
sei>1]m)
(1.5) A1)

where we have placed the superscripts on }V\%N and ,ué’M as reminders of the changes
required when carrying over (6.5) to the present situation. Thus, observe that 72"

and ,ué’M are equal to the scalars denoted XT and pg in (6.13). Consequently, an
application of the automorphism 7 to (6.14) yields (6.12) (recall (1.13)). O
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6.5. Remark. In addition to (6.4) and (6.12), one can derive two commutation
relations for quantum minors [/|J] and [M|N] in which the additional terms in-
volve products in the same order as [I|J][M|N], rather than in reverse order. To
obtain such results, simply interchange the roles of [/|J] and [M|N] in Theorem 6.3
and Corollary 6.4. One may wish to simplify the coefficients — for instance, with
the help of observations such as (5.19), one sees that £(S% M,I) = LS, I, M).
We leave this to the interested reader.

6.6. Example. [n = 4] We close the section by applying Corollary 6.4 to the
quantum minors [I|J] = [23|13] and [M|N] = [14]|24]. In this case, equation
(6.12) becomes

[23]13)[14|24] = [14]24][23]13] + §[13]24][24|13] + G (—q) " [12]24][34]13]
(6.15) + (—=q)[14[34][23]12] + g (—q)[13[34][24]12]

+q(—q) 7 (—q)[12[34][34/12].

Equation (6.15) matches the relation calculated by Fioresi in [4, Example 6.2]
(after replacing ¢ by ¢ 1).

7. POISSON BRACKETS

In this final section, we use the commutation relations for quantum minors
obtained above to derive expressions for the standard Poisson bracket on pairs
of classical minors in O(M,(k)). In particular, we recover, for the case of the
standard bracket, a formula calculated by Kupershmidt in [17]. Although the
study of Poisson brackets is often restricted to characteristic zero, that restriction
is not needed for the results below.

7.1. Standard Poisson bracket on O(M,(k)). Recall that a Poisson bracket
on a commutative k-algebra B is a k-bilinear map {—, —} : B x B — B such that

B is a Lie algebra with respect to {—, —}, and
{b,—} is a derivation for each b € B.

Note that a Poisson bracket is uniquely determined by its values on pairs of ele-
ments from a k-algebra generating set for B.

Write O(M,,(k)) as a commutative polynomial ring over k in indeterminates x;;
for 1,7 = 1,...,n. The standard Poisson bracket on this algebra is the unique
Poisson bracket such that

{wij, w15} = iy
{l’z‘j, l‘zm} = TjjTim
{:Eij> ‘Tlm} =0
{Zij, Tim } = 225,34,
7.2. O,(M,) as a quantization of O(M,). It is well known that O (M, (K))
(for a rational function field K = k(q)) is a quantization of the Poisson algebra

(O(M,(k)),{—,—}) in the sense that the Poisson bracket on O(M,(k)) is the

i<l)
j<m)
d
(7.1) i<l, j>m)

(
(
(
(

i<l j<m).
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“semiclassical limit” (as ¢ — 1) of the scaled commutator bracket qul[—, —] on
O, (M, (K)); we indicate the details below.

For the remainder of this section, replace the scalar ¢ by an indeterminate,
and consider the quantum matrix algebra O, (M, (k(q))) defined over the rational
function field k(g). The k[¢™']-subalgebra Ay of O, (M, (k(g))) generated by the
X;; can be presented (as a k[g*']-algebra) by the generators X;; and relations
(1.6), from which it follows that there is an isomorphism

(7.2) Ao/(q — 1) Ay — O(M,(k))

sending the cosets X;; +(¢—1)Ag — x5 for all 4, j. We identify Ag/(q—1)Ao with
O(M,(k)) via (7.2). Since O(M,(k)) is commutative, the additive commutator
[—,—] on Ap takes all its values in (¢ — 1)Ag, and so q_%[—, —| is well-defined on

Ap. It follows that the latter bracket induces a well-defined Poisson bracket on
O(M,(k)), such that

(7.3) {a.b} = (ab—ba)/(q — 1)

for a,b € Ay, where overbars denote cosets modulo (¢—1)Ag. This induced bracket
is nothing but the standard Poisson bracket on O(M,(k)), as one easily sees by
computing its values on pairs of generators x;;, Zin,.

We shall apply (7.3) when @ and b are minors. In order to reserve the notation
[1]J] for classical minors, let us denote quantum minors in Oy (M, (k(q))) in the
form [I|J],. Note that [I]J], is an element of Ay, and that the isomorphism (7.2)
maps the coset of [I|.J], to [I|J]. Hence, for pairs of minors, (7.3) can be written
as

(7.4) {171, [M|NT} = (| J][M|N]; — [MIN],[I|]]g) /(g = 1).

Combining (7.4) with formulas for additive commutators of quantum minors thus
yields formulas for Poisson brackets of classical minors. For instance, from (5.10)
we obtain

(L. LML, 8] =

(7.5) (I[L,r]nJ] = [MN[L, s (1, ..., 7| J)[M]1,..., 3],

which recovers some cases of [15, Theorem 2.6].
7.3. Theorem. Let I,J, M, N C {1,...,n} with |I| =|J| and |M| = |N|. Then
{[Z17], [MINT} = (|JON] = [INM[) [I|.J][M|N]
+2 > (=D)ANNEMI T TUn\ ] [M N U \n]

jEJ\N
(7.6) neNy

<n

—2 Y (=)l AN 1AL [MUi\m| N].

€e\M
meM\I
i>m
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Proof. Write (5.4) in the form

[11.7),[M|N)y = [M|NI,[] ]l = (g0 = 1) [MINT, [1]]],

+ ¢/ I=OM] pr[M|T*],[1T),
(7.7) Te{;ufv}
- Z /\S[Su}q[sulN]q-

Se{<I|M}

Since ¢2%/(q — 1) vanishes modulo ¢ — 1, we only need to consider the terms in the
sums for T' € {>J||N} with |T\J| =1 and S € {<I||M} with |[I\S| = 1. Any
such T has the form 7" = Jun\j with j € J\N and n € N\J such that j < n,
whence T% = NUj\n and (T\T)U(J\N) = (JAN)\n and so

LT, J,N) = (((JAN)\n;n) — (((JAN)\n; j)
=((JAN;n) —U(JAN;j)+ 1= —[(JAN)N(j,n)|.

Similarly, the indices S that appear have the form S = IUm\i with i € I\M
and m € M\I such that i > m, whence S* = MUi\m and L£(S,I,M) =
—|[(IAM)N(m,i)|. Consequently, dividing (7.7) by ¢ — 1 and then reducing the
resulting equation modulo g — 1 yields (7.6). O

Similarly, Corollary 5.3 yields the following result.

7.4. Theorem. Let I,J, M, N C {1,...,n} with |I| = |J| and |M| = |N|. Then

{1|J], [IM|N]} = (|InM| — |JNN|)[I]J][M|N]
+2 Y (=D)IIAMNEMI T\ T [MUi\m| N]

i€eI\M
(78) mEM\I

<m
—2 > (=D)IANNEDITJun\j[M|NUj\n]. O

JEJ\N
neN\J
i>n

Finally, provided k does not have characteristic 2, we can average equations
(7.6) and (7.8) to obtain the equation below.
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7.5. Corollary. Let I,J,M,N C {1,...,n} with |I| = |J| and |M| = |N|. If
char(k) # 2, then

{1 IMINT} = > (=) EAMNEmI 7\ i] J)[MLi\m|N]
ieI\M
meM\I
<m
— > (=))lIAMEDI T il J][M Ui \m| N]
ie\M
meM\I
(79> i>m 4
+ ) (=D)ANNGIT] U\ ] [M|NUj\n]
JEI\N
neN\J
i<n
— > (=D)AL Jup\f)[M|NUj\n]. O
JEI\N
neN\J
i>n
Equation (7.9) is the standard case of Kupershmidt’s formula [17, Equation (9)].
To obtain the standard Poisson bracket in his setting, make the following choices
for the structure constants:

1 (i>34,1=j m=i)

=% -1 (i<jl=j m=i)
0 (otherwise).
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