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On the Moduli of Todorov Surfaces

David R. MORRISON*

Let Z be a canonijcal surface, that is, a compact complex surface with only
rational double points as singularities whose canonical divisor Kz is ample. A
theorem of Bombieri [5] says that if ¢}(Z) > 10 and p,{Z) = 6 then the bicanon-
ical map ¢y, is either birational, or maps Z two to one onto a (birationally)
ruled surface. On the other hand, a recent theorem of Francia [13] says that
if x(Oz) > 2 then the linear system [2K z| is free; in particular, the birational
image has dimension 2. It is then natural to study the canonical surfaces Z
with x(©Qz) > 2 whose bicanonical map is not birational, but whose bicanonical
image is a non-ruled surface.

The first observation about such surfaces resis on the classical consequence
of Clifford’s theorem that a non-ruled surface X of degree d in P*~! must satisfy
d > 2n — 4, with equality if and only if X is a K3 surface with rational double
points (cf. 2], for example). If X is the bicanonical image of a canonical surface
Z snd the bicanonical map has degree m, then the degree of X is 4¢i{Z)/m
while n = R°(2Kz) = x(0z) +c}(Z). K we assume that m > 2, X is non-ruled,
and x(Oz) > 2 we get a chain of inequalities

2¢}(2) 2 4¢}(2)/m > 2x(Oz) + 2¢}(Z) — 4 = 26}(Z)

which imply that m = x(©Qz) = 2 and X is a K3 surface with rational double
points. More generally, we may consider canonical surfaces Z with x{0z) = 2
for which the bicanonical map factors through a finite map of degree 2 7 — X
with X a K3 surface with rational deuble points; it is these which we call
Todorov surfaces.

The first example of canonical surfaces whose bicanonical map has degree
2 and whose bicanonical image is a K3 surface were given by Todorov [41], as
counterexamples for the Torelli problem. Earlier examples of Todorov surfaces in
the more general sense were given by Kunev [20] for the same purpose: Kunev's
surfaces have p, = ¢ = 1 and ¢ = 0 so that the bicanonical map has degree 4
onto P?; when that map is Galois, there is an intermediate K3 surface.

Our goal here is to give an explicit description of the moduli spaces of
Todorov surfaces. We show that Todorov surfaces from 11 irreducible fami-
lies, which are characterized by the order of the 2-torsion subgroup of Pic(Z)
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and by (Z). {Examples of surfaces belonging to each of the 11 families were
essentially constructed by Todorov [41].) For each family, we give a description
of the {coarse) moduli space in the form V/T, where V' is an open subset of a
projective bundle over a Hermitian symmetric space D, and T is an arithmetic
group acting on D and on V. The main tools (which were also employed by
Todorov) are the global Torelli theorem [36] and the surjectivity of the period
map [19] for algebraic K3 surfaces. Our description of the moduli spaces is
more precise than the one given by Todorov: the inaccuracies in appendix 1 of
[41] arise in part from Todorov’s failure to allow the surfaces to acquire ratio-
nal double points. One of the themes of this paper is therefore the systematic
extension of certain known results about smooth surfaces to include the case of
surfaces with rational double points.

It is possible for a Todorov surface to have deformations which are not
Todorov surfaces. We have not considered those deformations here, but the
larger families which include the Todorov surfaces have been studied in the case
¢(Z) = 1 or 2 by several people, including Catanese [9], [10], [11], Catanese-
Debarre {12], Oliverio [34], Todorov [40] and Usui {42], [43], [44].

We begin with some combinatorial preliminaries in section 1; we have bor-
rowed an idea from Beauville [3] and phrased this section in the language of
binary linear codes. The coding theory is applied to the study of ordinary
double points on K3 surfaces in section 2; we obtain a characterization of these
surfaces (theorem (2.5)) which generalizes a result of Nikulin [29] about Kummer
surfaces. In sections 3 and 4 we study double covers of surfaces in the presence
of rational double points; at the end of section 3 we give a modification of the
classical “canonical resolution” process for desinguniarizing the double cover of
a smooth surface branched along a singular curve, which has the advantage of
producing the minimal desingularization of the double cover. Todorov surfaces
are introduced in section 5, and their moduli spaces are studied in section 7.
(Further information about the moduli spaces can be found in our related joint
paper with M.-H. Saito [27].} Section 6 and the appendix constitute a technical
digression concerning embeddings of certain even integral symmetric bilinear
forms (called laitices in the text); we assume throughout the paper a general
familiarity on the part of the reader with the theory of such embeddings (as pre-
sented in [31] or {24], for example). The paper closes with a few miscellaneous
remarks about Todorov surfaces.

A few words about notation. When 5 is a smooth surface, we regard the first
Chern class as defining maps ¢y : Pic(§) — H(S,Z) and ¢; : Div(5) @ Q@ —
H?(5,Z); we also regard the Néron-Severi group NS(S) as the image in H%(5, Z)
of Pic(S) under ¢;. If I' € Div(S) @ Q has the property that ¢;(I") ¢ H*(S,Z)
and the denominators of the coeflicients of T' are relatively prime to the orders
of all torsion elements in Pic(5), we write Og(T) for the unique line bundle such
that ¢1(T) = c1{Os(L)). In particular, when § is simply connected, QOs(T) is
defined for any I' € (Div(S) ® Q) N ¢} (H?(S, Z)).

We also use a certain amount of “modern” terminology: a linear system is
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free if it has neither fixed components nor base points; a line bundle £ on a
normal surface X is nefif £-C > 0 for all curves C on X, and is bigif £L- £ > 0
and a birational morphism 7 : X — Y is non-discrepant ! if 7*(Ky) = Kx. A
non-discrepant birational morphism « : X — Y between surfaces with rational
double points is called a partial desingularization.

I would like to thank the members of Kyoto-Osaka algebraic geometry sem-
inar for many stimulating discussions during the course of this work,

§1. Equidistant binary linear codes.

A binary linear code C = (V C F1) is a finite set I together with a vector
subspace V of the Fy-vector space Fi of maps from I to Fa. (We allow I = ¢ and
use the convention that F{f is a zero-dimensional vector space.} An isomorphism
between two binary linear codes ¢ = (V C F3) and P = (W C FJ) is an
isomorphism of sets ¢ : I — J such that the induced map o* : F{ — Fi
restricts to an isomorphism of Fz-vector spaces o*|w : W — V. The group of
antomorphisms of C is denoted by Aut(C).

If ¢ € F4, the weight of ¢ is the natural number #{i € I|¢(i) = 1}. A binary
linear code € = (V C F}) is equidistant if all nonzero elements of V have the
same weight; this common weight is called the distance of the code. 2

The easiest examples of binary linear codes are the trivial codes T;, = {{0} C
F,‘El""'k} ) for £k > 0. More interesting examples are given by the following
construction (cf. {3]): let W be an Fj-vector space of dimension a < oo, and let
W* = Homy,{W,F2) be the dual space. Regarding elements of W* as maps of
sets produces a binary linear code U, = (W* < F¥ ). Moreover, since ¢{0) = 0

for all ¢ € W*, we may regard W* as a vector subspace of F:V \{ﬂ}, producing

a second code C, = (W* C sz\{o}). It is easily seen that C, and U, are
equidistant with distance 2%,

Closely related to these is another binary linear code D,y = (V C FY)
defined as follows (cf. [3]): V is spanned by the image of W* in FJ¥ and by the
element ¢y € F}, where ¢p(w) = 1 for all w € W. D1 is not equidistant, for
¢y has weight 2* while all other nonzero elements of V have weight 271,

There are several constructions which can be used to produce new codes
from given ones.

(i) If {V C ¥) is a binary linear code and J is a subset of I,1let V; = {¢ ¢
V | ¢ir,s = 0} and call the resulting binary linear code (Vy C Ff) the linear
subcode associated to J. For example, the linear subcode of P, associated to
W\ {0} is the binary linear code C,.

1Those who have read Reid’s footnote [38; p. 133] will recognize the present author as a
linguistic conservative.

2This terminology derives from the Hamming distance (cf. [4; p.16]) between two elements
$,% € Fi, which is defined to be #{i € I|¢(i} # (i)}; C is equidistant with distance w if
and only if the Hamming distance between every pair of distinet elements is w.
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() € =(V C Fi)and D = (W ¢ F{) are binary linear codes, let ¢ & D
denote the direct sum code (V @ W < FiYY). For example, i, is isomorphic to
the direct sum C, & Ty, with the isomorphism given by W = (W \ {0}) U {0}.

(iti} If € == (V C F3) is a binary linear code and ¢ : J — I is an arbitrary
map, we call ¢*(C) = {¢*(V) C F3) the pullback code.

(iv) As a special case of (iii}, if » i3 a natural number and ¢ : J — T satisfies
#{i € J|o(j) == i} = n for each i € I, we call ¢*(C) the n-foid repetition of C
and denote it by C™. )

The pullback construction (iii} enables us to regard i, as a “universal binary
linear code of dimension a”, in the following way. (Given a binary linear code
C=(V CFi), welet W = Hom(V,F;) and define a tautological map r: J —
W by 7(i)(¢) = (i} for all ¢ € V. Then 7* establishes an isomorphism between
W* and V, so that the original binary linear code € is the pullback by 7 of the
code (W™ C F}); this latter code is isomorphic to I7,.

Theorem (1.1). Let C = (V C Fi) be an equidistant binary linear code
with distance w, let W = Hom(V,Fy) with 7 : I — W the toutological map,
and let « = dimV and k = #(I). Ther 2°)2w, k > (w/2°71)(2* — 1), and
for all nonzero w € W, #{i € I|r{i) = w} = w/2°" 1. In particular, if we let
I=%—(w/2571)(2= — 1), then

C=(CH BT
Proof. For each w c W, let
0w = #4i € Ir(i) = w}.

It suffices to show that ey = I and that for w # 0, a,, = w/2%7}, for in that
case, writing Uy, = C, @ 7, we will have 7*(Ca) = (Co)*/*"" and 7*(7}) = Ti.
For each ¢ € V' we have

{iellp(i)y=1}= |J {iellr(i)=w}
weW
wid)=t
Thus if ¢ #£ 0 we get >, =1 0w = @ and Ew(qﬁ):ﬂ @y = k — w by the assump-
tion of equidistance, whiie if ¢ = 0 these sums are 0 and k respectively. We
combine these as

(¥ S (1o, = { kR H670

Let Ay 4 = (—1)*(#). The matrix A = (A, ¢)wew.sev is a Hadamard matriz
(cf. [4; p. 144]): this means that AAT = diag(2*,...,2%), as is easily verified.
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If we compose the matrix of equations (+) with A7, we find for a fixed wo € W,
o _ . “’0 w((b) - k- (k - 214)) if wo # a
2%au, g( (#)2.(-1 { k(2% D)k - 20) ifwo =0

which immediately implies ap —= & — (w/2973)(2% - 1) and a,., = w/2%7! for
wy 7 0, as required. Q.E.D.

Corollary (1.2). Let 3 be a natural number, let C = (V C Fi) be a binary
code, let o = dimV, and let k = #(I). Then C is isomorphic to ¢ linear subcode
of Day1 if and only if

{i) either C is equidistant with dzstance 261 or C 22 Dg.y, and

(i) 2P *(2* - 1)<k <2’ —B+a-1
Moreover, given a and k saetisfying (i) with a < 8+ 1, there 4s a linear subcode
C=(V CFL) of Pgy1 with a = dim V and k = #(1).

Proof. First suppose that C is isomorphic to the linear subcode of Dy
associated to J C W. If J = W then (i) and (ii) are immediate. If J € W\ {w¢},
consider the affine translation T" of W defined by T{w) = w + wy; it is easy to
check that 7' € Aut Pgy;. Since T(wg) = 0, by replacing J by T(J) we may
assume that J < W\ {0}. But in that case, C = (Vy € F{) is a linear subcode
of Cs and hence equidistant with distance 2°~1, proving (i).

By theorem (1.1), & > 2%-%(2* — 1); on the other hand, since V7 = {¢ ¢
W*| ¢lw\s = 0} we see that the linear span of the subset W \ J in W has
dimension J—a == codim V. In particular, W\ J must contain at least 3 —a+1
points, so that 2° — k > @ — a + 1, finishing the proof of (ii).

Conversely, suppose that C satisfies (i} and (ii). If ¢ & Ds,; the statement
is immediate, so we may assume without loss of generality that C is equidistant
with distance 2°~1, By theorem (L.1), C = (Co)*" " ® 7, where | = k —
28-2(2= —1); in particular, o < 8. We will exhibit a linear subcode of Cz which
is isomorphic to this latter code.

Let 0,w1,...,wp_a be 3 — a4 1 points of W in general position, and let
K = W\ {0,u,...,w5_ o} By theorem (1.1}, there is an isomorphism ¢ :
(Vi C FEY =5 (€ " @ T;, where m = 26~ — 8+ o — 1. Let L be the
subset of K mapping to (C’a)zﬁ_“ under o, Since #(L) = 2°7%(2° - 1) < k <

— B4 a—1=#(K), there is aset J with #(J) =%k such that L J C K.
But now ¢ induces an isomorphism (V; C F§) = (Co)* " & T, which proves
the converse.

Note that we have proved the last statement as well, in our explicit con-
struction of (V; C Fj ), once we observe that when a = 8 + 1 the only solution
of (ii) is & = 27, Q.E.D.

We can use theorem (1.1} to compute the automorphism group of an equidis-
fant code.
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20:—1

Lemma (1.3). Let ¢ = (V C Fi) = Cot’ & T; be an equidistant
binary linear code with distence w, where a = dimV, k = #(I) end I =
k= (w/2271)2% - 1). Then there is an exact sequence:

1— (65210 71 x & — Aut¢ — GL{a,F3) —— 1
where &, denotes the symmetric group on n letters,

Proof. Let v : I — W = Hom{V,F2)} be the tautological map. If o €
AutC then ¢ induces a lincar automorphism o¢* € GL(V), and this in turn
induces v** € GL(W); we thus get a homomorphism Aut ¢ — GL(W). The
kernel of this homomorphism is easily identified: o™* = 1y if and only if ¢* =
ly, and in that case, for every ¢ € I and ¢ € V we have

(e (D))(¢) = $(o (i) = " ($)(F) = 9(i) = 7(i)¢)

so that T(e(#)) = 7(¢). (In other words, o acts as a permutation of each of the
fibers of 7.) The same computation shows that any permutation ¢ of I which
acts as a permutation of each fibers of r acts as the identity on V" and so lies
in the kernel of AutC — GL(W). Since 7 has 2* — 1 fibers of cardinality
w/2*71 and 1 fiber of cardinality I, we see that the kernel of Aut¢ — GL(W)
is exactly (6,301 )" 7 x &y

It remains to show that the homomorphism AutC — GL(W) is surjective.
Fix a nonzero wy € W and for each nonzero w € W choose an isomorphism

fu{i € () = w} = {i € Ijr(i) = wo}.

(This is possible because each of these sets has cardinality w/2%°1.) Given
¥ € GL(W), define ¢ by

o[ ifr{i)=0
o) = { Frtwy "t 0 Fuld) i 7(i) = w # 0.
Then o € AutC and ¢** = 7. Q.ED.

‘We will also need the automorphism groups of the cedes D,yq.

Lemma (1.4). IfD. 1 =(V C FY) thern Aut{D, ) is the affine general
linear group AGL(W).

Proof. As we noted in the proof of corcllary (1.2), if wy € W then the affine
translation T : w — w + wy lies in Aut{D,41). Moreover it is easy to see that
Aut(id,) C Aut(PD,y1). Since Aut{id,) = GL(W) by the previous lemma, we
have AGL{W) C Aut{Da1).

On the other hand, for any v € Aut(D, 1) after composing with an affine
trauslation we may assume y(0) = G, But then v € Aut(lf,) = GL{W). Thus,
Allt(Da+1) C AGL(W) Q.ED.
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§2. K3 surfaces with ordinary double points.

A K3 surface with rational double points is a compact complex surface X,
all of whose singular points are rational double points, such that g(X} = 0 and
the canonical divisor Kx is trivial. (This is a slight generalization of the usual
definition.) We say that X has ordinary double points if all singular points of
X have type A;.

Let ¥ be a K3 surface with ordinary double points, let # : § — X be
the minimal desingularization, and let Eg be the subgroup of Div({5) generated
by {#~!(P}) | P € SingX}. The double point lattice of T is the saturation
Ly = (Ex®Q)Nec (H?(S,Z)) of Ex in the free abelian group (Div($5)® Q)N
¢; "{H?(S,Z)). The intersection form gives Ly the structure of an even lattice,
and determines an adjoint map ad : Ly — £} = Hom(Lgz,Z). ( We shall
usually suppress the adjoint map, and regard Ly as a subgroup of L3.) There
is then a chain of embeddings (cf. {31]) Ex C Ly C L} C Ef € (Bx ®Q); since
E}%/Ey is a 2-elementary group, we see that Ly ¢ Fy ® (1/2)Z and hence that
{Lg : Eg] is a power of 2. We call the integer a = log,[Ly : Eg] the 2-indez of
.

The basis {x~'(P)| P € Sing &} of Ey furnishes a natural identification of
Hom(Eyx, Z/2Z) with F,508 % Welet f: Ly — F,5¢% denote the composite
homomeorphism

Ly — Hom(Esg, %) — Hom(Exy, Z/22) =5 F,%8 %

The kerne! of f is exactly Ex, and f induces a binary linear code €y = (Im f C
F3"6% called the double point code of £. Since Im f = Ly/Es, the 2-index
of T is dim(Im f}. Note that the double point lattice Ly can be recovered
from the double point code Cx via the natural identification of Fo58 T with
Hom(Exz, Z/2Z): if for ¢ € ¥ 8% we let

Ty=5 Y 7' P)eEx®Q,
PESing D
S(P)=1
then Ly is generated by Fy and {I'y | ¢ € Im f}.

Important examples of K3 surfaces with ordinary double points are furnished
by the Kummer surfaces: by definition, a Kummer surface is a surface of the
form T = T'/(+£1), where T is a complex torus of complex dimension 2, so that
a Kummer surface always has 16 ordinary double points®: the images of the
2-torsion subgroup of 7. D. B. Fuks (cf. [36; appendix to section 5]), V. V.
Nikulin [29], and A. Beauville [3] have shown that the double point code of
a Kummer surface T is isomorphic to the binary linear code Dy described in
section 1; identifying Sing ¥ with the 2-torsion subgroup of T gives Sing T the

3Some authors use the term “Kummer surface * to denote the minimal desingularization
of T/{=1).
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structure of an Fy-vertor space of dimension 4, and applying the construction
of Dy to that vector space prodnces the double point code of .

We can generalize these examples in the following way: let £, be a Kummer
surface and let £ —- %5 be a partial desingularization. There is a natural
inclusion Siug 3 < Sing ¥, which induces an inclusion Fy © FBy,. Hence Ly =
Ly, N (Ex ® Q), and Cy is the linear subcode of Cy, associated to the subset
Sing % C Sing%g. If & = #(Sing L) and a is the 2-index of 3, corollary (1.2}
then implies that 0 < o < 5 and 2472(2% —~ 1) < &k < & + 11.

For each o and & such that 0 < a < 5 and 2*~%(2% — 1) < k < « + 11,
let us fix once and for all a partial desingularization £, ; of a Kummer surface
g such that k = #(Sing X, 1) and the 2-index of £, 1 is @, and let us define
Eap =Fs, ,, Lop =Lz, ,,and Co o = Cx, .- Such a X,  is easy to construct,
since corollary (1.2} guarantees the existence of a subset J, x C Sing &, whose
linear subcode has the correct properties; we simply blow up the points in
Sing ¥o\Jo x. For later convenience, we choose T to be the Kummer surface
of a principally polarized abelian surface whose endomorphism ring is Z.

Theorem (2.1). Let £ be a K3 surface with ordinary double points, let
k = #(Sing ) and let o be the 2-indez of 3. Then

(i) 0<a<Band2' *(2* -1)<k<a+1l, and

(i) there exists an isomorphism of binary linear codes Cx —> Ca k. which
induces an isometry Iy — Lg 5.

Proof. By a theorem of V. V. Nikulin {29; theorem 1 and corollary 1] if
k > 16 then ¥ is a Kummer surface. In particular, by the result of Fuks
Nikulin-Beauville noted before, Cx = P;, while Cs1e =2 Dy as well. A map
Sing %) — Bing ¥y 14 inducing the composite isomorphism of binary linear codes
must clearly give an isometry Ly —» Ls 14.

We may thus assume that k < 15 so that ¥ is not a Kummer surface. Write
Cg = (V CF25"8 2 if ¢ € V then

i
e1(Ty) = 3 D, alr}P) e HY(S,Z),
PclSing B
$(P)=1
where 7 : § — ¥ is the minimal desingularization. We now recall the following
fundamental fact, proved for example in [29; lemma 3] or {24; lemma 3.3).

Lemma (2.2). IfCy,...C, are smooth disjoint rational curves in a smooth
K3 surface S such that ¢ ((1/2) 3 Ci) € H3(S,Z), then n = 0,8 or 16.

Applying this lemma to our situation, we have n < § < 16 so that n —
0 or 8; this implies that the weight of each nonzero ¢ € V is 8 so that Cy is
equidistant with distance 8. Now by theorem (1.1), 2% | 16 (so0 that a < 4) and
k> 2tz 1),



On the Moduli of Todorov Surfaces 321

Let Ny be the orthogonal complement of ¢;(Lx} in H?(S,Z). Then by a
standard argument {31}, Ng" /Ny = Ly"/Ly, while Ly" /Ly is a subquotient of
Eg*/Ex =2 (Z/2Z)* with #(Ex*/Ex) = 2** - #(Lg*/Lx). We conclude that
Ng* /Ny = (Z/2Z)* %= but since rank{ Ny) = 22—k we see that k—2a < 22—k,
or in other words, k < a + 11.

We may now apply corollary (1.2} to conclude that Cy is isomorphic to a
linear subcode of D5, and thus (by theorem (1.1)), Cg = C, 5. But as in the
previous case, such an isomorphism induces an isometry Ly —» Lok QED.

We will several additional results about K3 surfaces with rational double
points, and their minimal desingularizations.

Proposition (2.3). Let S be a smooth K3 surface, let C1,-- - Ci be smooth
rational curves on § with C; - C; = —28;;, let o be a permutation of {1,...,k},
and let ¢ be an automorphism of §. Suppose that ¢(C;) = C,(, and that for
allz ¢ HY{(S,Z) with x - C; = 0 for all § we have ¢*(z) = z. If k < 15, then ¢
and o are trivial.

Proof. ¢ acts trivially on H%%($), so that ¢"(w) = w for any holomorphic
2-form w on §, that is, ¢ is a symplectic automorphism of S; these have been
classified by Nikulin [30].

It suffices to prove the propaesition for ¢ of prime order p > 2. In that
case, Nikulin’s analysis shows that ¢ has 24(p + 1)~! isolated fixed points on §
which become A,_; singularities on the quotient 5/¢; moreover, the fixed part
of H*(S,Z) under the action of ¢ has rank 22 — 24(p + 1)~ (p — 1).

Let the cycle decomposition of ¢ consist of [ fixed elements and m p-cycles,
so that k = I +mp and m < k/p. The fixed part of H?(S,Z) under the action of
¢ then has rank (22— k) +1+m = 22+m(1—p); hence 22— 24(p+1)"1(p-—1) =
22 +m(l — p) so that m = 24(p + 1)1, But now since k < 15,

24
<

Mok
r+l p

|

which is not possible for p > 2. Q.E.D.

Notice that in contrast to proposition (2.3), the translation by a point of
order 2 on a complex torus T induces an automorphism of order 2 on the min-
imal desingularization S of the Kummer surface T'/{+1) which permutes the
16 exceptional curves non-trivially, and acts as the identity on their orthogonal
complement in H2(S,Z).

We turn now to the problem of characterizing the set of smooth K3 surfaces
which are minimal desingularizatons of K3 surfaces with ordinary double points.
The result (theorem (2.5) below), generalizes a theorem of Nikulin [29; theorem
3] in the case of Kummer surfaces.
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Let § be a smooth K3 surface, and let Cy,...,C, be a collection of smooth
rational curves on S whose intersection form is negative-definite. We define the
root system spanned by C1,...,Ch to be the set

R=R(Cy,...,Cn) = {D>_ a:Ci}ai €%, (D a:iC:i)’ = -2} C Div(5).

R satisfies the usual axioms of a root system, with a change in sign on the
quadratic form (cf. [6]}. In particular, for BEy,Ey € R we have |B; - B3| < 2,
with equality if and only if By = +E;.

The Weyl group of the rool system R is the subgroup W(R) C Aut(Div(85))
generated by the reflections sg for all E € R, where

35(D) =D+ (E-D)E
for D € Div(5).

Proposition (2.4). Let R be a root system on 8, let Ey,...,E; be @ col-
lection of effective divisors on § such that E; € R for each i, and E;-E; = --2§;;.
Suppose that for each I C {1,...,k} with |I| = 4, (1/2)e1 (s E:) # H(S, Z).
Then there exists some w € W(R) such that w(E;) is an effective irreducible
divisor {and hence a smooth rational curve) for cach i.

Proof. Let C4,...,C, span the root system R. For any effective E € R
we write B = Y a;C; and define the length of E to be the positive integer
{E) =3 a;. Thus I(E) =1 if and only if E is irreducible.

Suppose that Ey,..., E,_; are irreducible, and let { = I(E,). By a double
induction on » and I, it suffices to show; if I > 1, there is some w € W{R) such
that w(E\),...,w(E,_1) are effective and irreducible, w(E,) is effective, and
Hw(E,)) < L

We thus assume ! > 2, so that F, is reducible. There must be some com-
ponent C of E, with C - E, < 0; since E, # £C, we have E,.-C = —1. Since
E;-E, =0 for i < r, we see that C does not coincide with any such F;. Thus,
since C and E; are both effective, E; - C =0 or 1for each i < r.

Re-order the set {Fy,...,E,_1}sothat E;-C=1for1 <i<m, E; C=10
form+1<i<r—1. Let wy = s¢; one easily computes

E;+C if 1<i<m
wy(EB;) = B, if m+1l<i<r-1
E.—-¢C if i=r

E. — C is effective since C is a component of E,; hence, if m = 0 then w = wyp
is the desired element of W(R).
If m > 1, since By - (E, — C) = —1, E| must be a component of E, — C 5o
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that B, — C — E, is effective. Let wy = sg, wp and compute again:

c if i=1
E; fm+l<i<r-1
E,-C-E ifi=r

wl(E‘-) =

If m =1, w = w; is the desired element.

Iftm > 2 then B, - (B, — C - E,) = —1so that E, — C - Ey; — F; is effective.
Moreover, C - (E, - C — By — E,) = —1 so that B, — 2C — E; — E; is also
effective. Let wy = sgap, w1 and make one final computation:

E, if i=1
E, if i=2
wy(E;) = E+2C0+E1+ B, if 3€i<m
E; fm+l1<i<r—1

E,.—ZC-—'Elez if i=r

If m = 2, w = w; is the desired element. The case m > 3, however, will
lead to a contradiction: in the case, E3 - (E, — 2C — Ey — E3) = -2 and
both curves are effective, which implies E, — 2C — Ey — E; = F3. But then
(1/2)01(E1 +Es+ Es + E,) = Cl(c + E+ E; + Ea) E Hz(S, Z), contrary 1o
our assumptions. Q.E.D.

Theorem (2.5). Let § be a smooth K3 surface. The following are equiv-
alent:

(i) There exists a K3 surface T with k ordinary double points whose 2-index
ts & and a mep 7 : 5§ — % which is the minimal desingularization of Z.

(i) There exists a primitive embedding of the lattice Lo into NS(S).

Proof. Since N §(S) is the image of the first Chern class map, (i) = (ii) fol-
lows immediately from the definition of the double point lattice Ly, and theorem
(2.1). To show that (ii) => (i), let ¢ : Lo <> N'S(S) be a primitive embedding,
and let {x7'(P) | P € Sing S, 1} be the natural basis of E, ;.

Let NA(S) = {zec HY(S)N H*(S,R) | z-z >0 and z- C > 0 for every
effective curve C on § }, let V be the component of {z € H(S)n H*(S,R) |
z -z > 0} which contains N A(S) and let W be the subgroup of Aut H*(S, Z)
generated by the reflections s; associated to all § € NS(S5) with §-4§ = —2,
Choose some & € ({Im ¢)* @ R)NV; the standard facts about W (cf. [45] or (33;
proposition 1.10]) imply that there is some wy € W such that w,(x) ¢ NA(S).

For each P € SingTok, wié(m~'(P)) is an element of NS(S) with self-
intersection —2, so by Riemann-Roch, w,¢{x~1(P)) is the class of an effective
divisor Ep. We let wy be the product of all reflections ¢, yr-1(p)) such that
—wyp(n ! (P)) is effective; then wyw, ¢(n~ (P)) = ¢, (Ep) is effective for cach
P. Since wywi(s) = wi(k} € NA(S), we see that wywi(x)- C > 0 for every
effective curve C on S.
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Write Ep = 3. a;,pCi,p with C; p irreducible and a; p > 0. Since wyuw (k) -
Ep = k- ¢(x~'(P)) = 0 while waw; (x)-C; p > 0 we see that wyw;(x)-C; p = 0
for each ¢ and P. Hence, for each irreducible component C; p of Ep, c1{Cipr}
lies in (wyw; (k)1) N N S(S).

Since (wzw1{x)*)N NS(S) has a negative-definite intersection form, the ele-
ments of self-intersection —2 in that set form a root system 1. We apply proposi-
tion (2.4) to this root system and the set of effective curves {Ep | P ¢ Sing B, ¢}
and obtain some wy € W{R) such that w;(Ep) is an effective irreducible divisor
for each P. Contracting these smooth rational curves wy{ Ep) gives the desired
surface Z. o Q.ED.

We will need one additional lemma about root systems on K3 surfaces.

Lemma (2.6). Let B be a root system on the smooth K3 surface S, and let
Ct,...Cx be distinct irreducible curves in R such that forallD ¢ R, (37 C)) D €
27, If w is an element of the Weyl group W{R) such thet w(C;) is effective
and irreducible for each 1, then there is a permutetion o of {1,...,k} such that
w(C’,—) = C,(,‘).

Proof. We first claim that for any wy € W(R), (1/2)(un (3. Ci) =3, Ci)is
contained in the Z-linear span L of R. We write w; as a product of reflections
in elements of R, and prove our ¢laim by induction on the number of reflections.

If wy is the identity, there is nothing to prove. Otherwise, write w; = sgw,
for some E € R; by induction hypothesis, (1/2}{wz(>.C;) -3 C;)Y € L. Now

w3 6)-E= (3 6)-ui'(B) € 22

so that

%(331112(2 Ci) - W2(Z i) = %(HQ(Z Ci)-E)E € L.

Hence

(Y0 -0 = Hepun(3 ) (3 )
+%(wz(z ci)-3 C)el,

proving the claim.
We apply this when wy = w, and find that

1
E(Ew(C;) -3 c)elL

But {Cy,...,C:} is part of a basis of L (a complete basis is formed by all
irreducible effective curves in R), and each w(C;) either coincides with some Cj,
or is also part of the basis. Since there is a linear relation among {C;}U{w(C;)},
each w(C;) must coincide with some C; and the lemma, follows. Q.E.D.
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£3. Double covers of surfaces with ordinary double points.

Let W be a normal compact complex surface, S be a smooth compact com-
plex surface, and p : W — § be a proper finite holomorphic map of degree 2.
There is a natural involution * j : W — W comuting with p whose eigenspace
decomposition induces a splitting p,Ow = Qs & M~ for some line bundle
M on 5. If A is the branch locus of p {a reduced Cartier divisor on S) then
Os(A) = M®?; note that A is the image of the fixed point set of j.

Conversely, given a reduced Cartier divisor A on 5 and a line bundle M
such that Pg(A) = A®?, there is a standard construction for a double cover
W : in each sufficiently small open set U C S, one chooses a local section
y € T(U, M®?) which vanishes on A NI and defines p~H{U) = {z € T(U, M} |
z? = y}. The double cover p: W — § is then uniquely specified by the data
(5, M, A), and is called the double cover of 5§ branched on A with associoted
line bundle M.

If Q is a smooth point of a surface S, £ is a projectivized tangent vector to
S at Q, and A is a curve on S containing Q, A is said to have an infinitely near
m-ple point at @ in direction £ if A has multiplicity m at ¢, and on the blowup
§ of § at Q, the proper transform of A has multiplicity m at the point of the
exceptional divisor corresponding to £. If p: W — S is a double cover hranched
on the reduced Cartier divisor A, then W has only rationaly double points if
and only if A has neither infinitely near triple points nor points of multiplicity
greater than three.

The construction outlined above is quite well known (more details can be
found in [16; section 2] or [35; section II]); we wish to generalize it to the case
in which the quotient may have ordinary double points.

Let Y be a normal compact complex surface, let 7 1 Y — ¥ be an involution,
and let ¢ : ¥ — ¥ be the quotient by 7. We call j an ODP-involution if all
singularities of & are ordinary double points, and for each P € Sing £, 071 (P),ea
is a smooth point of ¥ which is an isolated fixed point of j. (Note that when Y
is smooth, any involution of ¥ is an ODP-involution.} Given such an involution,
we let 7 : S — E be the minimal desingularization, let W = § x5 ¥ be the
fiber product, and let p: W — § and v : W — Y be the natural projections.
The map -y is simply the blowup of the set Upcging ¢ (P)rea, and each curve
Tr“'l(P) is a component of the branch locus of p. Moreover, since each point
07 (P)rea is an isolated fixed point of j, each such compenent is disjoint from
the rest of the branch locus. We may thus write the branch locus of g in the
form A = 7*(B) + ¥ pegingn ™ (P) for some reduced Cartier divisor B on
with BN Sing & = ¢.

Conversely, suppose that ¥ is a surface with ordinary double points, 7 : § —
% is the minimal desingularization and (M, B) is a pair satisfying:

Condition (3.1). M is a bne bundle on § and B is a reduced Cartier

¢An involution is an automorphism of degree 2.
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divisor on X such that BN Sing® = ¢ and Og(x*(B) + EPESingZ ~HP)) =
MBZ,

Then we define the double cover of & branched on BUSing & with associated
hine bundle M as follows: first form the double cover p : W — § branched
on A = x*(B) + 3 P € Sing Ex~!(P) with associated linc bundle M. For
each P € Sing 3, (1/2)p~{x—'(P)} is an exceptional curve of the first kind on
W, and these curves are mutually disjoint; let ¥ be the surface obtained by
contracting these curves. The induced meromorphic map Y ~ ~ = T extends o
a holomorphic map ¢ : ¥ — I, which is the desired double cover. It is easy to
check that o : Y — X is uniquely specified by the data {E, M, B) and that this
gives a one to one correspondence between ODP-involutions and such triples.
As in the previous case, ¥ has only rational double points if and only if B has
neither infinitely near triple points nor points of mulitiplicity greater than three.

Lemma (3.2). Leto:Y — % be the quotient by an ODP-involution, and
let B be the divisorial part of the branch locus of . Then 2Ky = o*(2Kx + B).

Proof. Letw: 5 — % bethe minimal desingularization, and let W = Sx5Y
be the fiber product with projections p: W — Sand v: W — Y. pis branched
on A = 7*(B)}43 peging 5 T (P) 50 that by the usual canonical divisor formula
for a double cover, we have

1.
Kw =p"Kg+ 3? A
and hence
2Kw = p*(2Ks) + p"7*(B) -+ > P € Sing Bp*x~(P).

On the other hand, by the canonical divisor formula for a blowup applied to -,
we have

Kw=pgKy+ Y 1 "e7'(P)
PcSing B
Since 2y~1o~1(P) = p*x~!(P) and p*x*(B) = ¥*o*(B), comparing these shows
that
7" (2Ky) = p*(2K5) +v"0(B).

But now since 7 is non-discrepant,
p*(2Kg) = p*n"(2K%) = v* 0" (2ky)
which implies 2Ky = ¢*(2Ks) + 0*(B) as claimed. Q.E.D.
We now recall the following definition from [25]: let £’ be a complex surface,

let @ € &' be a smooth point and let ¢ be a projectivized tangent vector at Q.
Choose local coordinates y and z at @ such that £(z) = 0. The directed blowup
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of Q in direction £ of weight 1 is the blowup £ — ' of the ideal generated by
y and z!. The inverse image of § under such a blowup is a smooth rational
curve on X; T has an ordinary double point at one point of this curve, but is
otherwise smooth in a neighborhood of the exceptional curve.

Lemma (3.3). Let &' be a compact complezx surface with ordinary double
points, let @ € T’ be a smooth point, and let £ be a projectivized tangent vector
at Q. Let §: 2 — ¥/ be the ordinary blowup of Q or the directed blowup of Q in
direction £ of weight 1, let C' be the exceptional divisor of § and letY — X be the
double cover branched elong B U Sing 2 with associated line bundle M, where
(M, B) satisfies condition (3.1}. Then B* = §(B) is o reduced Cartier divisor
on T and there exists a unique line bundle M'on the minimal desingularization
S of &' such that

(i} (M', B") satisfies condition (3.1),

(ii) f Y’ — I’ is the double cover of &' branched on B' U Sing %' with
associated line bundle M, and ¥ = ¥ x5 Y' is the fiber product, then the
normalization of Y s Y, and

(iil) if § is an ordinary blowup then for some m > 0, B' has ¢ point of
mulitiplicity m at Q and

5*(B') = B + 2Im/2|C

while if § is a directed blowup then for some n > 0, B’ has an infinitely near
{2n + 1)-ple point at Q in direction £ and

§*(B') = B + (4n + 2)C.

Proof. We prove this in case § is a directed blowup, leaving the easier (and

well-known) case of an ordinary blowup to the reader. Let C be the exceptional
divisor of §, let R be the singular point of & contained in C, and let E = z~(R)
where x: § — T is the minimal desingularization. 2C is then a Cartier divisor
on 3, and 7*(2C) = 2€ + E for some C which is an exceptional curve of the
first kind on S; the induced map 4 : § — § blows down € and E. Since T’ is
smooth at @, the Weil divisor B’ (which is Cartier on ¥'\ @ = T\ C) must be
Cartier on all of ', and B’ N Sing® = ¢.
_ Let M =§,(M); there are then nonnegative integers m, n and r such that
(M) = M ® Og(mC + nE} and 6*(B’) = B + rC. Intersecting the first
equation with E and with ¢ shows that M- E= —-m+2nand M-C =m —n.
From the second equation we deduce 7*6*(B') = #*(B) + rC + (r/2)E; again
intersecting with F and with C we see that #*(B)-F = 0 and n*(B)-C = r/2. By
(3.1), M®2 = Og(x* (B)FE+Y pesingz ™ (P)), 50 that 2(M-E) = n*(B)-e—2
and 2(M - €) = 7*(B) - ¢ + 1. Combining these computations, we see that
r=4n+2and m =2n 4 1.
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Now

(M N®? = Os(n*(B)+E+ Z P)+2(2n+1)C +2nE)
PEE:;;%;E
Os(x"6"(B')+ S n7i(P)),

PeSing 1
PER

i

which implies that {A', B") satisfies (3.1). Moreover, the pullback Y of the
douhle cover ¥’ is a double cover of ¥ branched on

B+ Y, M Py=B+(n+2)C+ > NP
PES?iéng 3] PE.PS:&L}QS r

pulling this branch locus back to § gives

T (BY=m(B)+E+ Y aYP)+2((2n 4 1)C + nE)
PeSing &
PR

so that the normalization is the double cover branched on

(B +E+ Y
PESing B
P+£R

and coincides with the original double cover.

Finally, note that if « : § — § is the contraction of ¢ and 8 : § —
5" the contraction of a(E), then 8*(B') = a(a*(B)) + (2n + 1}a(E) while
a*(a{x*(B))} = m*{B} + (2n + 1)C, so that B' has an infinitely near (2n + 1)-
ple point in direction ¢ (corresponding to € N E), as required. Q.E.D.

As an application of lemma (3.3}, we exhibit a method for finding the min-
imal desingularization of a singularity arising from a double cover of a smooth
surface branched along a singular curve. One standard method of desingular-
izing in this case is the “canonical resolution” process (cf. [16;section 2] or [1;
section I11.7|): given a double cover ¥; — S) with branch locus By such that §;
is smooth, one blows up a singular point of H; via 53 — §; and defines Y3 — 5
to be the normalization of the fiber product Sy xg, ¥i; repeating this process
eventually desingularizes ¥7,

Our variant of this, which produces the minimal desingularization, is as
follows. If we are inductively given a surface %), with ordinary double point and
a (normal) double cover ¥; — %y branched on B N Sing T, we choose some
@ € Iy which is & sinular point of By. (If no such @ exists, then Y} is smooth
and we stop.) If Q is an infinitely near (2n 4 1)-ple point of By, in direction £,
let Bpy1 — By be the directed blowup (of weight 1) of £ at Q in direction £;
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otherwise, let X — Xg be the ordinary blowup of £y, at Q. In either case, we
get a new (noemal} double cover ¥j.,; — Xy, branched along By, USing 5,
if we choose By.1 according to (3.3)(ili} (setting B = Biy1 and B' = By), so0
that we may continue the process.

To see that this process terminates and produces the minimal desingular-
ization of the original surface ¥7, let ¥ — ¥) be the minimal desingularization,
let 7 be the induced ODP-involution on ¥ and let T = ¥/j. The natural map
% — %, is a birational morphism between surfaces with ordinary double points
and ¥; = %; is smooth; theorem 1.4 of [25] {cf. also [39]) then implies that
2 — X3 can be factored as a composite ¥ = X, =+ B,_1 = --- — ; of ordi-
nary blowups and directed blowups of weight 1. If we use descending induction
and lemma (3.3), we see that there are double covers ¥y — I branched on
By, 1) 8ing Xy, with Yy, the normalization of the fiber product £4yy xg, V3. If
some Egiq — Zj were an ordinary blowup at either an infinitely near (2n +1)-
ple point of By or a point not in Sing By, then ¥ would have an exceptional
curve of the first kind mapping to $Sing¥7; hence, such blowups are not al-
lowed, and the process described above is the one which produces the minimal
desingularization.

§4. Involutions on canonical surfaces.

A cenonical surface is a complex surface Z with rational double points whose
canonical divisor Kz is ample. We call the involution j : 2 — Z an RDP
-involution if Z is a canonical surface, j is an involution, and the quotient Z/j
has rational double points. To each RDP-involution j : Z — Z we associate
a triple {X, M, B} as follows: X = A/j, B (which is a Weil divisor on X)
is the divisorial part of the branch locus of the quotient map Z — X, and if
g1 8 — X is the minimal desingularization, W = § x x Z is the fiber product
and 7: W — & is the projection, then A1 is the line bundle on S such that
10w = Os & ML,

Theorem (4.1). The association described above gives a one to one cor-
respondence between isornorphism classes of RDP-involutions and isomorphism
closses of triples (X, M, B) with the following properties:

(i) X is a surface with rational double points, M is a line bundle on the
minimal desingularizafion p : § — X, and B is a Cartier divisor on X such
that 2K x + B is ample

(it) there exist smooth disjoint rational curves C, ..., Cy on S such that

MB = 05(u7(B) + 3 C)

(iit) p*(B) is disjoint from the curves C;, and is a reduced divisor with
neither infinitely near triple points nor points of multiplicity greater than three.
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Note that property (i) determines a natural partial desingularization » :
2 — X, where 7 : § — X is the contraction of the curves €, ..., Cy; we call
this the distinguished partial desingularization of X.

Proof. Let j: Z — Z be an RDP-involution, and let £ : £ — Z be the
minimal desingularization. The involution j lifts to an involution on Z (which
we shall again denote by 7); we let X= Z/j and let ¢ : X — X be the induced
map.

¢ is a birational morphism between surfaces with rational double points, so
we may apply theorem (1.4) of [25) (cf. also [39]). Specialized to the present
situation in which X has only ordinary double points, that theorem guarantees
that ¢ can be factored as

=3 %y ..ty o3 X

where each ¥; has ordinary double points, each v; is either an ordinary blowup
or a directed blowup of weight 1, and v is a partial desingularization. (The
referee points out that each y; is actually an ordinary blowup, as follows from
the analysis at the end of section 3.)

Let Y7 = Z; since Y; is smooth, the map ¥; — %, is the quotient by an
ODP-involution, and is therefore the double cover of ¥, brached on B, USing &
with associated line bundle M; for some {M,, By ) satisfying (3.1). Let By, =
¥;(B;) for each 1. By induction using lemma (3.3), we see that there is a
sequence of double covers Y; of £; brached on B, U Sing E; with associated line
bundles M; fitting into a diagram

, - % — - — ¥, =Y £ 2z
l ! l e| *!
£ — B — . — ¥ =3 2 X

in which each square 15 the normalization of the Cartesian product; the induction
also shows that B; is a Cartler divisor disjoint from Sing %;.

Let C be a component of the exceptional locus of ». Then o*(C) is contracted
by A; since Z is canonical, this implies that ¢*(C) - Ky = 0 and hence, by
lemma (3.2), C' - (2Kx + B,) = 0. On the other hand, since v is non-discrepant
C-Kgy =0, so that C'- B, = 6. Thus, »(B,) is Cartier divisor on X with
v*(¥(Byn)) = B,. Since mB, — v*(mB) is supported on the exceptional locns
of « for any integer m for which mB is Cartier, we conclude that B = »(B,,) is
Cartier and v*(B) = B,.

Properties (it} and (iii} now follow from the description of QDP-involutions
given in section 3 (applied to ¢ : ¥ — %), once we set M = A,. It remains to
show that 2K x + B is ample. But v*(2Kx + B) = 2Ky + B, while 0*(2Kz +
B,) = 2Ky by lemma (3.2). Hence, since 8 is non-discrepant, 2Ky + B, is
nef; moreover, C - (2Ky + B,) = 0 if and only if ¢*(C) - Ky = 0. Since Z is
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canonical, this holds if and only if o*{C) is contracted by 4, that is, if and only
if €' is contracted by v. It follows that 2Ky + B = v{2Kg + B,) is ample.
Conversely, if we are given {X, M, B), we let 7 : 5§ — % be the contraction
of the curves Cy, ..., Cr and let ¥ : £ — X be the induced non-diserepant map.
Properties (ii) and {iii} guarantee the existence of a double cover ¢ : ¥ — &
branched on v*(B) 1 Sing ¥ with associated line bundle M; we let Z be the
canonical model of ¥, which exists since Ky = ¢*(2Kg++*(B)) = c*v*(2K x +
B) is nef and big. The argument in the preceding paragraph now shows that
(since 2K x + B is ample), the rational map Z - — — X is a finite morphism (since
curves are contracted by 3 : ¥ — Z if and only if their irnages are contracted
by v:% — X.) : Q.E.D.

§5. Todorov surfaces.

Let Z be a canonical surface, let j : Z — Z be an RDP-involution and
suppose that X — Z/j is a K3 surface with rational double points. As in section
4, we associate a triple (X, M, B) to j, which determines a distinguished partial
desingularization  : ¥ — X in which T has only ordinary double points. Note
that since Kx is trivial, B is an ample Cartier divisor on X. Moreover, since
the minimal desingularization S of E is simply connected,

3 ai(P)).

PeSing

1
M = OS(EI“(B) +

A

Lemma (5.1). Let X be a K3 surface with rational double points, B be an
ample Cartier divisor on X, p: § — X be the minimal desingularization and
vi: L — X be o partiel disingularization with induced map w: 5 — T such that
Y has only ordinary double points end

sl B+ Y 7 iP)) € HY(S,2).
PESing 3

Then
{iy If B =2, #(SingB) = 1 or 9, and there is a point Q € Sing T suck
that
1 -1 2
501( > wTH(P)) € HY(S,Z),
P‘_EpS;’gs

then the linear system |¢*{B)| has a single base point, af Q.
(i) In ali other cases, the linear system |B| is free.

Proof. u*(R) is a nef and big divisor on the smooth K3 surface 3, so that
by a theorem of Mayer {22], either the linear system |u*(B)| is free (and hence
|B| is free), or p*(B) = nE + C for some elliptic pencil |E| on §, and some
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section €' of |E|, where n = (1/2)(1 + p*(B)?) > 2. In the latter case; C is the
unique fixed component of |u*(B)| and we compute:

E-(w(B)+ Y =« 'P)=1+ > E-rlp).
PeSing B PeESing B
Now (1/2}c1(u"(B) -+ 3 pesingz ™ (P)) € H*(S,Z) so that this intersection
number must be even; hence, there is some @ € Sing % with E -~ 4{Q) > 1.
For each @, we have

0=77Q) 4*(B) = #(@)- (nE + €) 2 n+ 7 H(Q) - C
so that #71(Q) = € and n = 2.. Thus, |v*(B)| has a unique base point at

Q@ = n{C), and B® = u*(BY* = 2.
To finish the proof of (ii), note that when |u*(B)| is not free,

sl Y w P =taw B+ Y P - alB+C)

Pcsi b i
i;ﬂﬁl‘; PcSing

lies in H?(S, Z). Moreover, by lemma (2.2),

#(Sing \{Q}) = 0, 8,0r 16;

since #(Sing &) < 16, we see that #(Sing Z) =1 or 9.

It remains to show that when the hypotheses of (i) are satisfied, |u*(B))
cannot be free. Since pu*(B) is nef and big, Mayer’s vanishing theorem [22]
implies H'(p*(B)) = 0, so that A°(p*(B)) = 3 by Riemann-Roch. Let Q &
Sing ¥ be the point such that

gl 3 2Tl (p) e 1(5,2),

P¢Sing T
Pig
and define
1, . _ 1 _ -
E=0s(;(B)+ 3o 7N P) -5 Y «THP) -7THQ))
PESinBE P&cSing B

F#Q
Then £%% = Og(p*(B) -7 Q) and £- £ = 0. H &' ® Q% = £ were
effective, we would have
1=h(0s(r1(Q))) = K°((£71)® © Os(u"(B))) > h°(Os(u*(B))) = 3,

a contradiction. Hence, H?{£) = HY(£7! @ 4)* = 0, s0 that by Riemann-
Roch, h%(£) > 2. In particular, £ = Os(E) for some effective divisor £ with
2E = p*(B) — n Q). Now h°(E) > 2 implies that h°(2E) > 3 ; since
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RO(2E + «~1(Q)) = 3 , we see that w'(Q) is a fixed component of |2E +
7 1(Q)| = |#*(B)], which is thercfore not free. Q.E.D.

The following computation of the invariants of a double cover of a K3 surface
is essentially due to Todorov [41].

Theorem (5.2). Let Z be a canonical surface and let §j : Z — Z be an
RDP-involution such thal Z/j is o K3 surface with rationol double points. Let
{X, M, B) be the associated triple, let v = 5 — X be the distinguished partial
desingularization, let k = #(SingZ), let a be the 2-indezx of T, and let d =
A(Z) = (1/2)B%. Then

(i) the linear system |B| is free, and h°(B) =d + 2,

(i) p(Z)={(d—k)}/4+3 and g(2) =0,

{iil) A°(2Kz) =d+(d—k)/4+4, and

(iv) if Z is the minimal desingularization of Z, then the 2-torsion subgroup
of Pic{Z) has order 2®.

Proof. Since »*(B)NSing ¥ = @, |v*(H)| cannot have a base point at a point
of Sing £, so |B| is free by temma (5.1). Let u: 5 — X and e: Z — Z be the
minimal desingularizations. Since B and Kz are ample on X and Z respectively,
p*(B) and ¢*(Kz) = K5 are nef and big on § and Z respectively. By the
Kodaira-Ramanujam vanishing theorem® [37], keeping in mind that Kg == 0, we
have

W (5 (B)) = B (' (B)) = b (2K ) = h*(2K5) = 0

so that by Riemann-Roch,
1
W(B) = R°(1"(B)) = x(0s) + 5(w(B))* =2+d

and
K(2Kz) = B (2K ;) = x(03) + (Z) = x(03) + d.

This proves (i), and shows that (iii} is a consequence of {ii).

To prove (i} and (iv), note that by Bertini’s theorem there is some B; ¢ |B|
such that »*(B;) is smmooth and disjoint from Sing X, If we deform B (o By the
double cover Z deforms to some surface Z; ; since Z and Z; both have rational
double points, pg(Z) = py(Z1) and ¢g(Z} = ¢{Z1). Moreover, by the theory
of “simultaneous resolution” of rational double points [7], Z is diffeomorphic
to Z;. Since the 2-torsion subgroup of Pic(é ) is a topolagical invariant, these
subgroups of Pic{Z) and Pic(Z, ) coinside. It thus suffices to prove (ii) and (iv)
in the case that +*(B) is smooth, which we now assume.

Let o : ¥ — X be the double cover branched on »*(B)USing £ , and let W =
S %1 Y be the fiber product with projection maps p: W — Sandv: W — ¥.

5In the cases in which we use it, this theorem was proved earlier by Mayer {22] and Kodaira
[18].
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Since »*(B}) is smooth, ¥ coincides with the minimal desingularization Z of Z.
The map 7y is the blowup of k points on Y, so that ¢}(W) = c3(Y) — & ; since
RY(2Kw) = h°(2Ky) , Riemann-Roch immediately yields h1(2Kw ) = k.

On the other hand, since M®* = Os(4*(B) + X peginen 7 (P)) , we have
ME? . x71(P) < 0 for each P € Sing T ; hence, 2 Pesingz T (P} is contained
in the fixed locus of |[M®?| so that R°(M®?) = A%(y*(B)) = d + 2 . Since
M®: . M®2 = 24 — 2k and h*(M®?) = 0 , Riemann-Roch now shows that
R {M®2) =k .

Now 0.0w = Og d M™! and 0.0w (2Kw) = 0.0*M® = M® 5 M s0
that

B{(Ow) = RY{(O5) + A1 (M)

and

RU(2Kw) = RH{M®?) + K1 (M),

Since h'(Og) = 0 and Kg = 0, Serre duality implies that ! {Ow) = B (M @
Kg) = h'(M) . But now

#(Z) = B {Ow) = B (M®?) —R'(2Kw) =k -k =0,

To compute the geometric genus, we compute the topological Euler charac-
teristic of W . The branch curve of p : W — § has topological Euler character-
istec 2 —2g(u"(B)) + 2k = 2k — 2d , while § has topological Euler characteristic
24, so that

ca(W) = 224 — (2k — 2d) = 48 + 2d — 2k.

Thus,
12x(Ow) = E(W) + 2 (W) = 48 + 3d — 3k

which immediately implies that p,(Z) = p,(W) = (d ~ k}/4 + 3, proving (ii).

To prove (iv), note that p : W — § is a double cover of smooth surfaces
branched along « 4 1 smooth disjeint irreducible curves (the inverse images of
B and Sing B). Since Pic(S) has no 2-torsion, by [3; lemme 2] the 2-torsion
subgroup of Pic(W') (which coincides with the 2-torsion subgroup of Pic(Z))
has order 2*. Q.E.D

A Todorov surface is a canonical surface Z with x(z) = 2 which has an
invelution j : Z — Z shch that X = Z/j is a K3 surface with rational double
points. If Z is a Todorov surface and v : £ — X is the distinguished partial
desingularization, theorem (5.2} shows that p,(Z) =1 and ¢(Z) = 0 . We call
o = log,|2-torsion in Pic(Z)| and k = ¢2(Z) + 8 the fundemental invariants
of Z : by theorem (5.2) , « is the 2-index of ¥ and k = #(SingZ) . Since
}(2) > 0, we have k > 9 , while lemma (5.1) and theorem (5.2) (i) show
that (a,k) # (1,9) . In addition, theorem (2.1) implies that 0 < a < 5 and
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2i-«(2¢ -1} < k < a+1 . Combining all of these conditions, we find that there
are 11 possible vatues for (a, k):

{a, k) € {{0,9),(0,10), (0, 11), (1,10}, (1, 11),(1,12),(2,12),
(2,13),(3,14),{4,15),(5,18)}.

Examples of Todorov surfaces with each of these possible values for (a, k)
can in principle be given by a method due to Tokorov [41], as follows: embed
the Kummer surface Ty (which was chosen in section 2) as a quartic surface in
P?, and let J. . C Sing Ty be the subset such that T, -» Eg is the blowup
of Sing B\ Ja s . If there is a quadric surface @ C P* containing Sing Zp\Ja,k
such that the proper transform B of @ M Lo on Yae is smooth and disjoint
from Sing ¥, , then double cover of X, & branched of B U Sing X, » will be a
Todorov surface with fundamental invariants {e, k) . To guarantee that such a
Q exists, one must take some care in selecting the sets J,, x, to ensure that the
points in Sing Xp\J, x satisfy appropriate “general position” conditions with
respect to linear systems of quadric surfaces in P3|

We will not pursue this method here®, but instead will appeal to the sur-
jectivity of the period map for K3 surfaces to show in section 7 that there is
a nonempty irreducible family of Todorov surfaces with fundamental invariants
{a, k) for each of the 11 possible values of {a, k) .

We need a few additional properties of Todorov surfaces.

Lemma (5.3). Let Z be a Todorov surface, and let § : £ — Z be an
involution such that X = Z/j 18 a K3 surface with rational double points. Then

(i)  the bicanonical map ¢2 x| i 6 morphism,
(i} @pax,| factors through the quotientT: Z — X , and

(iil) the involution j is uniquely determined by Z .

Proof. (i} By theorem (5.2)(i), |B| is free; hence, [2Kg| = |7*(B)] is free
s0 that @2k, is a morphism. (Alternatively, we could use a theorem of Francia
[13] which guarantees that any canonical surface with py, = 1 and ¢ = 0 has a
free bicanonical system}.

(ii) By parts (i) and (jii) of theorem (5.2), A°(B)} = d + 2 = A%(2Kz) so
that ¢2x,| factors through 7: Z — X . (Compare Persson [35; prop. 3.1].)

(i) By Mayer’s analysis of free linear systems on K3 surfaces (22, ¢|n;
either embeds X , or maps X two to one onte a rational surface U7 . In the first
case, deg @z, = 2 , so that there can be only one involution of Z through
which ¢3x,| factors. In the second case, deg Pz = 4 ; by Galois theory
for a biquadratic extension, if there were a second involution ¢ through which

%The reader who wishes to try the exercise of selecting the sets J,k appropriately will
need to know that the subsets of Sing g of cardinality 6 which lie in a hyperplane in P3
occurring in gection 1 of [41] and chapter 6 of [15] coincide with the subsets J occurring in
proposition (6.1)(if) below.



336 D. R. MORRISON

&2k, Tactored, the map ¢|2Kz] 1 Z — U would be a Galois cover with Galois
group Z/2Z »x Z/2Z and all involutions through which P12k ) factored would be
contained in G . The natural representation G — Aut{H"(Kz)} = C* would
then be non-trivial (since py{(I/) = 0) , but any involution whose quotient is a
K3 surface would lie in the kernel of that representation. Since G is generated
by such involutions, we get a contradiction; hence, the involution 7 is unique.
Q.ED

The free lincar system |B| on X is called hyperelliptic when ¢z maps X two
to one onto a rational surface I ; this happens exactly when the bicanonical
map of the corresponding Todorov surface has degree 4 . The following lemma
gives a sufficient condition for this to happen; a partial converse will be proved
in section 7.

Lemma (5.4). Let Z be ¢ Todorov surfoce with fundamental invariants
(k) . If (o, k) = (0,9) or (1,10) then the bicanonical map biaxc,) has degree
4 and the linear system |B| on X = Z/§ is hyperelliptic.

Proof. If k=9 ,then B? = 2 and h%(2Kz) = h®(B) = 3 ; it follows that
$p2xc;| and ¢ are maps of degree 4 and 2 respectively anto P2,

If (@, k) = (1,10) , let » : & — X be the distinguished partial desingular-
ization, and x : 5 — ¥ be the minimal desingularization. There are points
Py, Py € Sing % such that

1
Ecl( E: =~ HP)) € HY(S,2).
PeESing T
P#EPy Py

This implies that (1/2)c;(B — 7~ (P1) — m '(P2)) € H*(S,Z) as well. Let
& =0s{((1/2)(B — x71(P1) — #~Y{P,)). Then £- & = 0 so by Riemann-Roch
£ or £71 is effective. Since B-£ = 2 and B is nef, £ cannot be effective;
thus, £ = Og(F) for some effective divisor % , and the linear system |E| has
{projective) dimension at least 1 .

Let |Eo! be the moving part of | E| . Since B is nef, B- (¥ — Fy) > 0 so that
0<B-Ey<2.If B-E; =0 then the Hodge index theorem implies E& <0
, but a eurve of negative self-intersection on a K3 surface cannot move. Thus,
B Ey =1or 2. But then every smooth curve B’ € |B| has a linear system
|Eo 0 B'| g+ of dimension at least | and degree 1 or 2. Since B’ is not rational,
the degree must be 2 and B’ must be hyperelliptic. Hence, ¢,p) (which induces
the canonical map on B') must have degree 2 . Q.E.D

6. Embeddings of Todorov lattices.

Let (I, £) be a pair consisting of K3 surface T with ordinary double points
and a line bundle £ on ¥ with £.£ = 2(# Sing £)—16 > Dsuch thatif v : § — 3
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is the minimal desigularization, then

sa(r(0)©0s( Y. w(P)) e BH(S,2).
PeSing B

(Such a pair can be obtained from the quotient X = Z/j of a Todorov surface
by taking » : ¥ — X to be the distinguished partial desingularization, and
£ = Og(#*(B)).) For such a pair (I, L), we let Mg o be the saturation in
I%(8,Z) of the lattice generated by c1(Lx) and ¢1(L).

Let T, & be the fixed partial desingularization of a Kummer surface £y with
2-index a and k ordinary double points which was chosen in section 2. Recall
that we chose Iy to be the Kummer surface of a principally pelarized abelian
surface Ay, 50 that there is a map f : Ay — £y and a line bundle A on 5y such
that f*Np = ©%7, where @ is the principal polarization on 4.

Let my : 5o — Zp be the minimal desingularization, and let m, x : Sp — 2o
and v, ¢ Tax — Zp be the natural maps. If we let

Lok =VapNE) @05, (Y voilP))
PcSing Bp
PESing Ba

then £, 4 - £46 = 2k — 16. Moreover, since £ is a Kummer surface,

1 -
ECI(W;,k(f—a,k) ®0,( ». (P =
PeSing Za

1 _
er(mgNo} + e > wiP)) € HY(So,Z).
PESing By

Thus, when & > 9 the pair (X, 4, L£ax) satisfies the hypotheses above. We
define My = Ms_, .., and call this a Todorov laftice when k > 9 and
(o, k) #(1,9).

If (2, £) is a pair satisfing the hypotheses above, we let A = ¢y (n* L), let
ep = ¢y (n1(P)) for each P € Sing ¥, and let 4 = (1/2)(A + X pegingner) €
H(S,7).

Proposition (8.1). Let (2, L) be a pair satisfying the hypotheses above,
let a be the 2-indez of T, and let k = #(Sing ¥0).

(i) If (e, k) 5 (5,16) then Mg ¢ is generated by c1{Lx) and p.

(i) If (o, k) = (5,8), then Mg ¢ is generated by ¢1(Lx), p, and an element
of the form (1/4) +(1/2) 3 peyep, where J C Sing I is o collection of 6 points
such that for any cheice of Fy-vector space structure on Sing L compatible with
the code Cx, every hyperplane in Sing B contain either 2 or 4 poinis of J.

(iii} There is an isomorphism of binary linear codes Cyg = Cq such that
the induced isometry ¢1(Lg) = e1{Lan) extends to an isometry My ¢ = Mo
whick sends e1(n*L) to cr(7*Lap).
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Proof. Let My . be the lattice generated by ¢;(Lx) and e We first claim
that if (o, k) = (5,16), then Mg ¢ is strictly Ia.rger than My . For in the
case, ¢1(Lz) contains 1/2 3 pegin . o €p S0 that My ¢ is generated by ¢, (L) and
v=yu—1/2 EPESng ep. Nowr-v =4 and v-ep = 0 for each P, so Mg,; splits
as an orthogonal direct sum < v > @e¢y(Ly), where < v > denotes the span of ».
This implies that Mr. 1:/J“Jz ¢ is isomorphic to Z/4Z® L} /Ly. Now B4 /Ex =
(2,/22)% while log,[Ly : Ex] = a =5 so that L};/Ly = (Z/22)%; in particular,
the finite abelian group Mgﬁng ¢ has 7 generators. But since Mzg has
rank 17, this impiles that M);,,c admits no primitive embedding into K3 lattice
A (which has rank 22). But Mg . is primitively embedded in H?(S,Z) = A;
hence, Mz ¢ # Mg ¢.

Returning to the general case, let « be an element of Mg ¢ and write

a 1
=t AT
? 2k-16'\+22PeP
with a,bp € Q. Now

r+-ep = —b_p

r-p = la—EZbP
1
2t T = 4(k 8) Z(b"

and all of these quantities must be integers. In paticular, a and each bp are
integers as is a? /(k — 8). Since 1 < k — 8 < 8, there are three cases:

(l)e=0mod k8
(2) k=12 and ¢ =2 mod 4
(3) k=16 and a =4 mod 8.

In the first case, write a = (k — 8)c with ¢ € Z. Then

1
2 —op = EZ(E’P—C)EP

is in the saturation of ¢;(Eg), and hence lies in ¢;{Lg), so that z € Mz ¢. In
the second case, write a = 4c+ 2 with ¢ € Z. Then a € 2Z so that ¥ bp € 2Z;
on the other hand,
a? 1 1,
ak—8) 1°2

so that (1/4) 3_(bp)* & (1/2)Z a contradition. Thus, whenever k < 15 we have
Mg, = Mg ¢, which proves (i). (Recall that & = 16 implies « = 5).

. We now assume (&, k) = (5,16); if z falls in the case (1) above then z €
Mz . If = falls in case (3), write a = 8¢ +4 withc € Z, and let J = {P |
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bp is odd}. Then

bp—c 1 1
a:_cp——-Z[ 3 ler = EA+§}:Z,E_;8P

so that element of My, ,;\Mg, ¢ is congruent mod Mg' ¢ to an element of the form

v = (1/)A+(1/2) Zpe;ep. Moreover, if yyr = (L/4)A + (1/2) 3 5 o ep is
another such element, then their difference is

%Zep—% > epcai(ln)

PeJg PeJr

Th‘l.lS, [Mz'g M ME,L] =2.

Fix a subset J C Sing ¥ such that y; generates Mg ¢ \ My ; by adding
(1/2} 3 pesing » €p if necessary, we may assume #(J) > 8. Now (1/2)y; -y; =
{1/2} — (1/4)3#(J} so that #(J) = mod4. If J = {Q, R} contains of 2 points,
let H ¢ Sing¥ be a hyperplane (with respect to some fixed F;-vector space
structre) which contains ¢ but does not contain R. Then (1/2)} ep € ,(Lg)
sothat ¢ = Y5 +(1/2) ¥ pypr ep—er € My ¢, where J' = {Q}U(H\{R}). But
then #({J'} = 8 # mod4, which is a contradiction. Thus, #(J} = 6; moreover,
for any J' with g5 € Mg  we have #(J') =6 or 10.

To finish the proof of (ii), let H be any hyperplane in Sing 5 (so that
(1/2) X pgunep € crx(Lg)) and let J' = (H N J) U (Sing £\ (H U J}). Then

1
ym=w:§§ ep— . ep€ Mz,
PeH PgI\H

while #(J') = 2+ 2#(H N J). Thus, #(H N J) = 2 or 4, proving (ii).

Finally, by theorem (2.1) there is an isomorphism of binary linear codes
Cx 5 Ca which induces an isometry Ly — L,; this clearly extends to an
isometry My . = My, , ., When k < 15, (iii) now follows from (i). In
the remaining case {a, k) = (5,16) we must show: for any two subsets J, J'
of Sing Ly 14 satisfying the condition in (ii), there is an automorphism o of the
binary linear code C;5 15 = D5 such that ¢(J} = J'. Recall that by lemma (1.4),
A.‘th;(Ds) = AGL{Smg 25‘]3).

Fix a vector space structure on Sing X516 with zero-vector By, fix a basis
Py, ..., Py of the vector space, and let F; = P, + P, + P5 + P4 {vector space ad-
dition). We will show that any J satisfying (i) can be mapped to {Py,..., Ps}
by an affine linear transformation. (It is easy to see that {Fp,..., P;} satisfies
(ii).) First, choose an affine transformation T so that the zero-vector Py lies in
T(J). Let Ry,...,Rq be 4 elements of T(J) distinct from Pp; since no hyper-
plane contains 5 or 6 elements of T'(J), the set {Fy, Ey,..., R4} is not contained
in a hyperplane; hence, Ry, ..., Ry is a basis of Sing B5 ;5. Let v be the linear
transformation such that 4(R;) = P; for i = 1,...,4 for some point Q, Q@ # P,
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For each ¢ = 1,...,4 consider the hyperplane H; spanned by the set of 4
point {P; | j # i}. Since #{H; N J) = 2 or 4 we see thst ¢ ¢ H.. But the
only point of Sing ¥5 3¢ not lying in Hy iU+« U Hy is Ps; hence @ == P; and
yoI{Jy={Fo,.... P} Q.E.D.

Recall that a finile quadratic form is a finite abelian group G together with
a map g : G — Q/2% such that (1) g(nz) = nPg(z} for z € G, n € Z and
{2} b(z,y) = (1/2)(g{z + y) — g{z) — ¢(y)) defines a bilinear map of Z-modules
b: GxG — QfZ. We call a finite quadratic form speeialif 22 = 0 impiles g(x) €
Z mod 2Z for all z € . Note that if G is a 2-elementary group and z;,...,2,
is a generating set for G, then ¢ is special if and only if g(z;) £ Z mod 2Z for
ali—=1,...,n.

If ¢ and I are natural numbers with 2[al and (a,1} = 1, we let 2} denote the
finite quadratic form (Z/!Z,q) where ¢(x) = a/l mod 2Z for some generator z
of Z/IZ.

The intersection form on the Todorov lattice M, x induces an adjoint map
ad : Moy — M, = Hom(M, ,Z}; we define (1 to be the cokernel of this
map. G i8 a finite abelian group which inherits the structure of a finite
quadratic form (Ga k, 4a,k) (called the diserimingt-form) from M, ; by the fol-
lowing procedure: for each z € M , there is some n € Z and some y € Mo x
such that ad{y) = nz; one defines ¢gq x(z) = (1/r?)y - y mod 2Z.

Proposition {6.2). Let M, be o Todorov ladtice.
(i) There is a special 2-elementary quadratic form (G, 5, q,, 1) of rank 2s and

an orthogonal direct sum decomposition (G, da,k) = 2§ © (G, 4, @0, 4), where

(k—2a—1,k—8,2) ifkis odd
(28,0,8) = ¢ (k—-2a,2k- 16,k —7) ifk is even, k < 16
(4,4,1) if (@, k) = (5,16)

Note that since k > 9 and (o, k) satisfies {2.1)(i), 23 > 4 in all cases.

(i) If (k) # (5,16) and 0 € Aut(Car), consider the automorphism of
Moy defined by A — A, e v egqpy. If the induced automorphism of G
coincides with the action of —1, then (o, k) = (0,9) or {1,10).

Proof. (i) We first treat the case («, k) = (5,16). Let A be the principally
polarized abelian surface used to construct ¥y = s 18, let f : Ao — Zg be
the quotient map and let my : Sy — Zg be the minimal desigularization. Since
End{A4) = Z, the principal polarization ®p generates N5{Ag), and By - @ = 2.
Let T(Aq) be the transcendental lattice, that is, the orthogonal complement
of NS(Ae) in H*{Ap,Z). The Kneser-Nikulin uniquness theorem [31;corol-
lary 1.13.3] immediately implies that T(Ap) = U®? @ T (cf. [24;corollary 2.6])
where U is the hyperbolic plane and 7" is infinite cyclic with generator y such
that -y = —2.

f induces a map f, : T(4¢)(2) — H?*(5),Z) preserving quadratic forms
{where L(2) denote multiplication of the quadratic form L by 2) whose image
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has finite index in T(S). ¥ n = [T(50) : T(Ap)(2)] then the discriminant of
T{Sp) is n? - disc(U(2)®? @T"(2)) = —2%n%. On the other hand, the discriminant
of NS(SQ) = M5’16 is (1/4)0{1-36(.“‘4—5’15) = (1/4) . 4diSC(L5’15) = 26. Since these
discriminants have the same absolute value, we must have n = 1.

This implies that {Gs 1,¢5,16) is isomorphic to the discriminant-form of
T(Ap)(2) by an isomorphism reversing the sign on the quadratic form. Let
{G%.160 5 10) be the inverse image of the discriminant-form U (2)%? under this
isomorphism, and let = be the inverse image of ad((1/4)y’) where ¢ is the
image of y in T(Ap)(2). Then (G5 14,95,14) is a special 2-elementary form of
rank 4, and g 16(x) = {~1/16)y’ -y = 1/4 so that the subgroup < z > of Gy 15
generated by z is isomorphic to zj. The orthogonal direct sum decomposition
T(Ap)2) = U(2)®¥? ¢ T'(2) induces an orthogonal direct sum decomposition
(G516, @5.18) = (G 15, 85,16)® < x >, proving (i) in this case.

We assume for the rest of the proof that & < 15 so that M, — Mﬂ,k
by proposition (6.1). We abbreviate g,z by g, and let b be the associated
bilinear form. Let Ma,k be the span of g and {ep | P € Sing B, &}, and let p*
and {ep} be the dual basis of M;,k = Hom(Max, Z). We will first compute
Gok = M2 [ ad(Mak).

Fix a point Q@ € Sing %« and define {p = e, — €} € MD,,;‘. g* and {eh}
generate @a,k, with relations:

ad(p) = —4u" — Y ep = —du" —keg + > &p
F P
ad(ep) = —p" — 2ep = —pu" — 2y + 26p.

We fix a second point R # Q in Sing B, x, and consider the basis of Ma,k
consisting of eg, st — 4eq, -2+ 3 pep -+ (8 — k)eq, {ep —eq | P # Q,R}.
Then one easily computes (using the fact that £o = 0):

ad(eq) = —1* — 2e5

ad(p —4eq) = (8 — k)eg + Z Ep
PEQ
ad(—2u + Zep + (B — k)eq) = (2k — 16)eg
P
ad{ep —eg) = 2¢p
This implies that éa,k is generated by ef, and {{p | P # Q}, subject ta the
relations (2k — 16)ej = 2p = G and 3 ,,&p = (k — 8)ey;. This presenta-

tion also makes it easy to compute the quadratic form on G‘a,k. For example,
b(‘EPJ.’EPz) = (1/4)(61’1 B BQ) ) (sz - EQ) = (_1/2) mod Z if Pl # Py, F; ?é Q.
The complete results of the computation are the following:

Her tr) = 5 modZ if Py # Poy Pit Q
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b(g’p,ea)zémodz ifP#£¢Q
dép)=1mod2Z if P£Q

9 - k
a(ep) = Sk 16 monZ.

Let V denote the subgroup ad(M, k)/a,d( k) of Ga %, S0 that Ggp =
VLV, Since Map/Mag = Log/Eax, every element of V has the form
ad(c1{Ty)), where ¢ € ngmgz" * belongs to the double point code of E, x and
c1(Te) = {1/2) X pesing 3, , €P-  welet I = Iy = {P € Sing T, | ¢(P) =1}
then #{I) =0 or 8 and

ad{e1(Dy)) = ad(eq) — ad( Y (eq—ep)) = ) £ mod ad( M)
PEI rer

For such sets I, let ny = 3 p.  Ep-

Suppose that k is odd. Then the 2-Sylow subgroup G’ xof Ga x is generated
by (k — 8)ey and {£p}, while the sum of the remaining Sylow subgroups is
generated by ¢ = 2ef,. The Sylow decomposition then induces an orthogonal

direct sum decomposition (Go, ks Gak) = (Ga J,e,qa B < z >, where < 7 >
denotes the subgroup generated by . Moreover, since

q(z) = 4q(e{2) =2/(k — 8) mod 22,

we have < z > 2} .
Since each n; belongs to é;,k we have V C G‘; w if we define VL to be

the orthogonal complement of V in é and G, , = VJ- /V, then there is an
orthogonal direct sum decomposition (G’a k,qa,k) Gk €o i }® < 2 >. From

the values of ¢ and b on the generators of G;,,, it follows that (@; wi@hg) isa

special 2-elementary formy; since G, , is a subquotient of G, 4 (Gl G, i) Das
the same property. Finally, by computing the discriminant, we see that Gk
has rank k — 2a — 1, proving (i) when & is odd.

Suppose now that k is even, k < 16. We choose a subset J of Sing Lok, DOt
containing ¢, in the following manner: if a = 0, let J be any 3 points of T,
distinct from @. If @ = 1 and 57 € V is the nontrivial element, let J consist
of 2 points in I and 1 point not in T with @ ¢ J; this is possible since k > 10
so that #(SingT, e \I) > 2. If @ = 2 or 3, let W be an Fs-vector space of
dimension « let 7 : Sing o — W be a surjective map such that r*(l4,) is the
double point code of 4 x; such maps exist by theorem (1.1). Choose J so that
Q¢ J, Jnr71{0) = @, and for each nonzero w € W, J N 7= {w) consists of a
single point.

The subset J has the following properties: #(J) = 3 mod 4, and for each
I C Sing %, x such that 5y € V; the set TN J contains an even number of points.
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We let fy = efy + 3. pes €p- The properties of JJ enable us to compute:

1
dZ #PelJ
b(frbr)=q 27° €
OmodZ frPegt, P#Q
1
b(fr.(k—8)ep) = 7 m mod Z
9—k k-1
E = 27Z.
of9) = 3575 ~ 3= g =15 ¢
The subgroup < fr > of (Gg k1 da,x) generated by f; is thus isomorphic to
zzi. 716 . A
Let {p = (k — 8)ej + £p, and let G, . De the subgroup of G, i generated

by {{pjPe J} and {§p | P ¢ J}. We claim there is an orthogona.l direct sum
decomposition {Ga ke o) = (Ga o T, k)e < f7 >. It is clear that G’u e L fn

we must show that @’ &t < fr >= G,,k Since k is even, k -~ 7 is a unit
mod (2% — 16) so that ey, € Ga k+ < fr >. But then £p € G’a xt+ < fr> for
each P, so that G’ k+—<f;> G

It remains to show that G;‘k is a specia.l 2-elementary form and that V C
C?'ﬂ,k; the rest of the proof is then the same as in the case of odd k. For the first
statement, we simply compute

k—-8)(9—k 1
g({p) = ()2# + 2(k - 8)(5) + 1 mod 2Z

so that g{¢») € Z mod 2Z. For the second statement, if gy € V let #(INJ) =
2m; then

m= Y fet Yo Aam(k-Beg= 3 fe+ Y (p&GLu

PEINT PEJNI PN PENNT

hence V C é;‘k, proving (i).

{(i1) Let ¢ € Aut{C, ) be an element whose induced action on G, ;. coincides
with the action of -1. The natural action of ¢ sends e7) to €7, — {,(g) and sends
£r o {o(p) — §0(Q)-

Fisrt, suppose that k is odd. Since & acts as -1 on G, ¢, ea +eh— gy =0
in Gg,x; this implies that 2eg; — £,(g) € V. In particular, since every element
of V has order 2, we have 4eQ =01in G‘z k. Now the order of eQ in Ga e is
2k — 16; hence, 2k — 16 divides 4. Since k > 9 is odd, this implies that k = 9;
o must then be 0 since M, ; is a Todorov lattice.

Suppose instead that k is even; by hypothesis, k¥ < 16, Let J C Sing X,
be the subset chosen in the proof of (i). Since #(J) is odd, any ¢ € Aut{C, &)
sends fr 10 fos). If o acts as -1 on Ggz, We see as above that f7 + f,(5) =
2f5 = Xopesbr + Xpeo(s) ép € V. Since each {p and every element of V has
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order 2, this implies that 4f; = 6 in G‘a,k. Now f; has order 2k — 16, so that
2k — 16 divides 4 as before; since k is even, we find that k = 19.

‘The construction of J now implies that #{J) = 3. Thus, #{J Ua(J)U
{Q}) < 7sothat 3 p-;&p - Yopeorn P £ 2 p&p = 2ey. Hence, 14 foin =
2ey) — Xperép + > peo(s) €p is a nontrivial element of V; this implies that
e > 1. Since M, & is a Todorov lattice, {e, k) = (1, 10). Q.E.D.

Let L be a nondegenerate lattice of signature (ry,r_), and let O{L) be its
orthogonal group. There are natural homomorphisms det : O(L) — {£1} and
spin : Q(L) — {£1}, where det-y is the determinant of v and spin+ is its real
spinor norm. We define

O _(Ly={y e O(L}| dety = spin~y}.

This group can be given the following geometric interpretation (cf. [21]). A
(positive) sign structure on L is a choice of one of the connected components of
the set of oriented r,-planes in L ® R on which the form is positive definite;
the sign structure containing the oriented plane ¥ is denoted by [v]. If (¥] is a
sign structure on L, then

0-(L) = {r € O(L) | +{[v]) = ]}

Theorem (6.3). Let M, be a Todorov lattice and let A be the K3 lattice.

(i) There is a primitive embedding ¢ : M, — A.

(4) If ¢1, @2 : Max = A are primitive emdeddings, then there is some
v € O_(A) such that v o ¢y = ¢a.

Proof. Statement (i} follows from the definition of Mgy, for Mo, C
H*(Zq, Z) =2 A is a primitive sublattice.

To check statement (i}, we use a variant of a theorem of Nikulin [33;theo-
rem 1.6] which is proved as theorem (A.1) in an appendix to this paper. Let
M = ¢1{M, ) and K = ML, K has signature (2,19—%) and &k < 16 so that K
is indefinite and rank(K) > 3. To check hypothesis (iii) of theorem {A.1}, note
that Gar = G 50 that Gas can be generated by a set containg at most rank(K)
elements. Moreover, by proposition (6.2), for each p # 2 the p-Sylow subgroup
of G can be generated by a single element, and the 2-Sylow subgroup of G s
has an orthogonal direct sum decomposition of the form &y @ Gy where Ga is a
special 2-elementary form of rank at least 4.

If we now let M; = ¢2(M, ), by theorem (A.1} there is some v € O_{T")
such that v|pr = @z 0 ¢77, in other words, 4 o ¢y = ¢a.

§7. The moduli of Todorov surfaces.

Let Z be a Todorov surface with fundamental invariants (o, k). By lemma
(5.3)(iil), the RDP involution j : Z — Z whose quotient is a K3 surface is
uniquely determined by Z; this implies that there is a one to one correspondence
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between isomorphism classes of Todorov surfaces with these invariants, and
isomorphism classes of triples (X, M, B) satisfying the conditions in theorem
{4.1) in which X is a K3 surface with rational double points, B* = 2k — 16,
and the distinguished partial desingularization ¥ of X has & singular points and
2-index c.

Suppose that {a, k) is one of the 11 possible values of the fundamental in-
variants of a Todorov surface. A K3 surface of Tedorov type (o, k) is a triple
(X, L£,Z) consisting of a K3 surface X with rational double points, an am-
ple line bundle £ on X with £+ £ = 2k — 16, and a partial desingularization
v: L — X with k ordinary double points which has 2-index e, such that if
m:8% = Land p=wvom:§ — X arethe minimal desingularizations then
(1/2)e1(B™(L) @ O5(3 pesing = @ (P))) € HX(S,Z). There is a natural trans-
formation from triples (X, M, B) as in the preceding paragraph to K3 surfaces
of Todorov type (a, k) given by setting £ = Ox(B) and letting & be the distin-
guished partial desingularization; we will first study the moduli of these latter
surfaces. Note that when (X, £, ) is a K3 surface of Todorov type (a,k),
(Z,v*L) is a pair of the type considered in section 6.

Let us fix once and for all a primitive embedding of the Todorov lattice Mo x
into the K3 lattice A (these exist by theorem (6.3)(i)), and identify M, ; with
its image in A. We let N, i be the orthogonal complement of M, 4 in A, and fix
a positive sign structure [v, 1] on N, . The period space D 1. is then defined
by

Dop = {w €P(Ngp ® C) |w w =0, w-& >0, Re(w) A Im(w) € [vax]}

(The last condition ensures that D, 4 is connected.) The infegral automorphism
group of D,y is the group Autz(Dg ) = O_(Nyx)/(£1).

Let (X, £, Z) be a K3 surface of Todorov type (e, k), and let p: 8§ — X and
7 1§ ~ ¥ be the minimal desingularizations. A special marking of (X, £, %)
is an isometry ¢ : H2{5,Z) — A together with an isomorphism of codes % :
Cr — Coy such that & (u*(£)) = ¢71(A), ea{w™(P)) = ¢~ (ey(p)) for each
P € Sing Z, and Re(¢(w)) A Im{¢(w)) € [wax] for any nonzero holomorphic
2-form w on §, where we have regarded ¢(w) as an element of N, ; ® C.

Lemma (7.1). Ewvery K3 surface of Todorow fype (o, k) has a special mark-
mng.

Proof. Let Mg ¢ be the saturation of the lattice generated by c1{Lx) and
e1(p*{L)) as in section 6; by proposition (6.1}, there is an isomorphism of codes
¥ : Cs — C,,x and an isometry 1 : Mg o — M, ; such that n71(2) = e (p*(L))
and 3 {eyp)) = e1 (77 P)). If we choose an isometry ¢' : H(S,Z) — A such
that ¢/[ca (s (£)) ARe(w) Alm(w)] = [AAv, 4] for a nonzero holomorphic 2-form
w on §, then ¢' o g1 is a primitive embedding of M, ; into A. By theorem
(6.3){ii), there is some v € O_{A) with yo¢'on™ =1, ,. Let ¢ = yo¢'; then
$7HA) = ca(u™(L)) and ¢ (ey(p)) = c1(m~1(P)) for each P € Sing T. Since
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preserves the sign structure [A A, ¢| on A,
[A A Re((w)) A Tm{d(w))] = dles (4" (£) A Re(w)Im(w)] = [A A o s]
so that Re{¢(w)) A Im{é(w)) € [va,i] as sign structures on Ny x. Q.E.D.

Note that if v € O(A) satisfies y(A) = A and y(Ma) = M,k then 9|y, ,
preserves the sign structure (v 3] if and only if v € O_(A). Thus, if (¢,9) is a
special marking of {X, £, X}, it follows directly from the definitions that (¢', ')
is a special marking of the same (X, £, ¥} if and only if (¢',¢') = {yo ¢, d01)
for some (v,0) € f‘a,k, where

Cap = {(v,0) € O-(A) x Aut(Cap)¥(A) = A, ¥(ep) = expy}.

If (,0) € Do s then 7|, , preserves the sign structure [v, &) so that ¥|x, ,
acts on D, i; we define T, = Image(Tnx — Autz(Da)) The set of special
markings of (X, £, T) thus determines a point in Dy 4 /T &

‘We recall some definitions from [23]. Let X be a K3 surface with rational
double points and let g : § — X be the minimal desingularization. The root
system of X is the root system R(X) spanned by the curves on § which are
contracted by u; the Weyl group of this root system is denoted by W{X), and
called the Weyl group of X. W (X} acts on H*(5, Z), and the group of invariants
H*(8,Z)V(X) i3 denoted by 1*(X). I3(X) conincides with the orthogonal com-
plement of ¢; (R{X)), and inherits the structure of a lattice from the intersection
form on H*(S,Z). A marking of X is an embedding of lattices ¢g : I2(X) — A
for which there exist extensions ¢ : H*(S,Z) — A such that ¢ is an isometry
and ¢|r2(x) = do.

If (X, £, %) is a K3 surface of Todorov type (a, k), a special marking (¢, 9) of
(X, L,T) induces a marking @ = @|s3(x) : I*{X) — A of X with the property
that the image of ¢y is contained in the span of X and N, .

Proposition (7.2}, Let X be a K3 surface with rational double points, let
L be an ample line bundle on X, and let ¢y : I*(X) — A be a marking such
_that do{cr(L)) = A, the image of ¢y is contained in the span of A and N,
and Re{¢(w)} A Im(${(w)) € [vas] for any nonzero holomorphic 2-form w on
the minimal desingularization S of X and any extension @ : H*S,Z) — A
of ¢p. Then there is a partial desingularization £ of X such that (X,L£,3) is
a K3 surface of Todorov type (o, k), and a special marking (¢, ¢) of (X, £, %)
such that @|;2(xy = $o. Moreover, the partiol desingularization % is uniguely
determined by X, £ and ¢q.

Proof. Let ¢ : HY(S,Z) — A be any extension of ¢. By composing ¢
with reflection in some of the classes ¢p if necessary, we may assume that each
¢~ (ep) is the first Chern class of an effective divisor Ep. Since ep is orthogonal
to both A and N, 4, Ep belongs to the root system R{X).
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The structure of the Todorov lattice M, ; guarantees that for each I C
Sing Do, with |I| = 4 we have (1/2)es()] per Bp) & H*(S,Z). But now by
proposition {2.4), there is some w € W({X) such that Cp = w(Ep) is effective
and irreducible for each P € Sing X, ;. If we let o : § — I be the contraction
of the curves Cp for P @ Sing ok, let ¢ = ¢ o w=! and define ¢ : Cg —+ Cap
by 1(P) = #{Cp) € Sing B, then (X, £, ) is a X3 surface of Todorov type
(er, k) and (¢, %) is a special marking such that @[ (x) = ¢o.

To prove the last statement, suppose that (X, £, %;} is a K3 surface of
Todorov type {a,k) with a special marking (¢;,4;) such that ¢:|rx) = ¢o
for i = 1,2. The proof of the weakly polarized global Torelli theorem {23; p.
319] then implies that there is some w € W(X) with ¢; = ¢ o w.

For each @ € SingBs, let Co = 77 2(Q). Then Cg € R(X), and for any
D € R(X) we have

D- Y Co=D-{p3(£2)@0s{ > Cq))€2Z.
QESing I QcSing Ty

Moreover, if P = ¢ *42(Q) then
e (77 (P)) = 87 (epa(@) = w7 (ea(q)) = wer(Co)

which implies that w(Cg) = n7}(P) is effective and irreducible for each @ €
Sing T2, By lemma (2.6), there is some permuation o of Sing ¥; such that
w{Cy) = C,(p). But this implies that 3 = ¢ o ¢;; hence, X; and Z, are
obtained by contracting the same set of curves on $, that is, ¥, = Z5. Q.E.D.

In spite of preposition (7.2), the choice of a partial desingularization ¥ and
the notion of a special marking of (X, £, ¥) are by no means superfluous when
studying the moduli of K3 surfaces of Todorov type {a, k). The special markings
are needed to allow us to describe the group I',, 1 in an efficient way; the necessity
of the choice of X will be discussed in section 8.

We are now in a position {o prove:

Theorem (7.3). Do /Tai 5 & coerse moduli space for K3 surfaces of
Todorov type (a, k).

Proof. Suppose that (X;,£;,L;) for i = 1,2 and K3 surfaces of Tedorov
type (a, &) which are assigned to the same point & € Dy /T %, and let u; :
8; — X; and m; : §; — I; be the minimal desingularizations. If we choose some
w € D, which maps to zin Dy 4 /T, &, then there are special markings (¢, ¥4)
of {X, £;,%;) such that ¢ {w) € H*P(S) and ¢; *(A) = e (u}{L;)) fori =1,2.
In particular, ¢ = ¢;* o ¢y : H3(8:,Z) — H?(S2,Z) is an isometry preserving
the Hodge structure and ¢(c1(#1(£1))) = ea(u3{La)). Let do = @|r2(x,)- Since
L; is ample on X;, by the weakly polarized global Torelli theorem [23; p. 319]
(cf. also [36]) there is an isomorphism ¢ : Xp = X, such that ¢*|2(x,) = ¢o and
$*{£1) = L£;. By proposition (7.2}, ¢ also induces an isomorphism ¢ : £; =
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%;, and hence an isomorphism between the triples (X:, £;,%8) for i = 1,2,
We conclude that the natural map from the moduli space of such triples to
Dy /T is injective.

To prove that the map is surjective, take an arbitrary point w € D, . We
use the surjectivity of the period map for algebraic K3 surfaces in the form
given in [23; p. 325] (and due essentially to Kulikov [19]): there is a K3 surface
with rational double points X, an ample line bundle £ on X and a marking
¢o : I*(X) — A with ¢7'(A) = ¢(£) such that if g : § — X is the minimal
desingularization then ¢~{w) € H*"(S} for any extension ¢ : H2(S,Z) — A
of ¢p; note that the image of ¢ lies in the span of A and N, ;. By proposition
(7.2), there is a (unique) partial desingularization T of X and a special marking
(¢,9) of (X, L,T) such that ¢[;3(x) = ¢v. {X,£,E) is thus assigned to the
image of win D, /Ty s. QED.

Further details about the structure of the moduli space D, 4/T 4, and in
particular about the “period map” Dy i /Tas — Dai/Autz{D, ), can be
found in our joint paper with M.-H. Saito [27)].

Let (X,£,Z) be a K3 surface of Todorov type {«, k). The set of Todorov
surfaces whose associated K3 surface is (X, £, T} is parametrized by the set of
divisors B with £ = Ox{B) which satisfy:

Condition (7.4). p*(B) is disjeint from #~(Sing £) and is a reduced di-
visor with neither infinitely near triple points nor points of multiplicity greater
than three.

We may thus describe the moduli space of Todorov surfaces in the following
way. Using the procedure discussed in [8] and [23; pp. 320-321] of glueing
together local deformations, we construct a universal marked family f : Xy 0 —
Dy of K3 surfaces with rational double points and a relatively ample line
bundle L, on X, whose first Chern class in each fiber is mapped to A by
the marking, where the markings of the fibers are required to have images in
the span of A and N, ;, and to send the sign structure induced from the Hodge
structure on the fiber to v, 4] Let V45 be the open subset of the projective
bundle P(R°f.Lox) — Do consisting of all sections whose divisor satisfies
condition (7.4). The action of the group T’y 4 on D, ; then extends to an action
on Vg k.

Theorem (7.5). V. /I“a,;c is a coarse moduli space for Todorov surfaces
with fundamental invariants (a, k), and each fiber of the natural map Vo 1 /T ok
— Do r/Tayx is connected, and nonemply. In porticwlar, since Dyg/Fanr i5
connected, the set of Todorov surfaces with fized fundamental invariants forms
a nonemply irreducible family.

Proof. Most of this has been proved in the discussion above; we must still
consider the structure of the fibers of the map Voi/Tar — Dor/Tar. It
suffices t6 show that each fiber of V, z — D, is connected and nonempty.



On the Moduli of Todorov Surfaces 349

Let (X, £, %) be a K3 surface of Todorov type (e, k). By Riemann-Roch,
£ = Ox(B) for some effective divisor B which moves in a lincar system [B| of
dimension k — 8 > 1. Since (o, k) # (1,9), lemma {5.1) guarantees that |B|
is free; but then by Bertini’s theorem, there is some B’ € |B| which is smooth
and disjoint from Sing X. B’ satisfies condition (7.4}, so that the set of divisors
in {B| satisfying (7,4) (which coincides with the fiber of Vo, —+ Dg) is a
nonempty Zariski-open subset. Q.E.D.

When (o,k) # (5,16), we can give a bit more information about the map
Vak/Tak — Dakflar by analyzing the action of I', » more carefully:

Lemma (7.6). Suppose that (a, k) # (5,16).
(i) The natural mep Ty — O_(N, i) ts injective.
(ii) —1 #s in the image of this map if and only if (o, k) = (0,9) or (1,10).

Proof. Let (X, L£,%) be a K3 surface of Todorov type (a, k) whose minimal
desingularization 5 has Picard number k + 1. {This implies that NS($)} = My »
and ¥ = X.) Let (¢,%) be a special marking of (X, £, £), and for {vy,0) € f‘a‘k
let 4 = ¢~ o'yo¢uand5'=‘§b_100‘01,b.

(i) Suppose that (v,0) € Ker(T'ax — O_{Naz)). Then # is an automor-
phism of H*(S, Z) preserving the intersection form and the Hodge structure, 4
acts as the identity on T2(X), and F{n~1(P)) = a~1{#(P)). Since 4 preserves
c1{p*(£)) and maps each 77 (P) to an effective curve #~1(#(P)), by the weakly
polarized global Torelli theorem there is an automorphism ¢ : § — S such that
¢* == 4. Now ¢ and & satisfy the hypotheses of propesition (2.3); since k& < 15,
¢ and & must be trivial, so that -y and & are trivial as well.

(ii) Supposc that {v,0) € Tap maps to —1 in O_(N,z). Then 4|, ,
acts as —~1, while ¥{pr, , fixes A and permutes the ep’s according to . If
9: M7, /Majk — NZ i /Nap is the natural isomorphism, then g~' o (v}, , )" 0
g = (Ylar., )* mod M, x; this imples that the permutation ¢ acts as —1 on
Gok = M, /M. By proposition (6.2)(ii), (e, k) = (0,9) or (1, 10).

Conversely, if («, k) = {0,9) or (1,10), let | B| be the linear system on X with
L = Ox(B). By lemma (5.4), | B| is hyperelliptic so that there is an involution
¢: X — X with ¢*{£) = £ and X/¢ rational. The rationality of X/¢ implies
that ¢*(w) = —w for any holomorphic 2-form w on §; since NS($) = My, ¢, this
implies that ¢* acts as —1 on all of le,ﬁ. Now f welet v = po¢* o ¢! and
o =0 (lsing x) 09! then (v,0) € Do and v acts as —1 on ¢(Mg ) = Nog.

Q.E.D.

Notice that the last paragraph of the proof above applies when {(a, k) # (0,9)
or {1,10) to provide a partial converse to lemma (5.4).

Corollary (7.7). Let (X, £,Z) be a K3 surface of Todorov type («, k) with
(o, k) # (0,9), (1,10), or (5,16), and suppose that the minimal desingularization
of X has Picard number k + 1. Then the linear system |B| on X associated to
L is not hyperelliptic.
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As an application of lemma (7.6), we prove:

Corollary (7.8). If (a, k) # (5,16), then the natural action of f‘ﬁlk on
Va,x factors through the projection Ty — To . In particular, Vo i /Lo x is the
coarse moduli space for Todorov surfaces with fundamental invarionts (a, k).

Proof. If (a,k) # (0,9) or {1,10) then Ty = [, by lemma (7.6) and
there is nothing to prove. If (o, k) = (0,9} or (1,10} and (X, £,%) is generic,
then lemma (7.6) implies that the unique element of Ker(T'y,x — Autz(Dax))
induces the hyperelliptic invelution on X. Since ¢z factors through the quo-
tient by that hyperelliptic involution, the induced action on PH°(L) is trivial.
Hence, the action of the kernel on V, 4 is trivial. Q.E.D.

Corollary (7.8) implies that for (a, k) # (5,16}, the Stein factorization
of the “period map” Voi/Car — Das/ Autz(D,r) is nothing other than
Vai/Tap = Dapf/Tar — Doy Autz(Dg ). We compute the degree of the
finite part of the Stein factorization in {27].

$8. Concluding remarks.

1. The reader will have notice that much of the technical difficulty in study-
ing the moduli of Todorov surfaces derives from the necessity of choosing a
partial desingularization X when discussing K3 surfaces of Todorov type {a, k).
Of course, if we had been willing to consider only general Todorov surfaces (for
example, ones for which ¥ = X}, this difficulty would have been eliminated,
But in studying o/l Todorov surfaces, we cannot eliminate the choice of X, as
we now give an example to show.

Let Cy and C; be conics and let L; and L be lines in P?, meeting trans-
versely (pairwise). The sextic curve ' = C; +Ca + Ly + L can then be written
as a sum of two cubics in two different ways: ¢ = (C1 + L1) + (Cz + L) and
C = (Cy + L3} + (€2 + Ly). The base points of the two associated pencils of
cubics give two distinguished subsets 5, and 53 of Sing C with #(5;) = 9. Let
X be the double cover of P? branched along C, and let £ be the pullback of
Opa(1). X is a K3 surface with 13 ordinary double points; if we let T; be the
partial desingularization of X obtained by blowing up all points of Sing X not
in the inverse image of S; for i = 1,2, then (X, £, ;) is a K3 surface of Todorov
type (0, 9). In particular, the set of isomorphism classes of pairs (X, £} contains
Iess information than the set of isomophism classes of triples (X, £, T).

2. Let (X,L£,X) be a K3 surface of Todorov type (o, k) and let |B] be
the linear system with £ = Ox(B). Suppose that B, € |B| is a family of
divisors parametrized by the unit disk A such that B, satisfies condition (7.4)
for £ # 0, but By does not satisfy (7.4). (For example, if & = X we could
require that By pass through a singular peint of X.) The corresponding family
Z; of Todorov surfaces over the punctured disk A* exhibits a phenomenon first
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observed by Friedman [14]: it is a family of regular” surfaces of general type
with trivial monodromy which can be completed to a family over the disk A,
but cannot be completed to such a family with a smooth central fiber. For if the
central fiber were smoaoth, that fiber would also be a Todorov surface with the
same fundamental invariants and its branch locus would be By, a contradiction.
{In fact, the natural central fiber contains a component birational to either an
elliptic surface, or a Todorov surface with different invariants.)

3. In [26], we showed that any algebraic surface Z with geometric genus 1
has an “asseciated K3 surface”: one whose transcendental lattice is isomorphic
to that of Z by an isomorphism preserving the intersection forms and (integral)
Hodge structures. We then asked whether there is an algebraic cycle on the
product of Z with its associated K3 surface which realizes this isomorphism.
(The existence of such a cycle is predicted by the Hodge conjecture.) Somewhat
surprisingly, if Z is a Todorov surface, the K3 surface X = Z/j is not the
associated K3 surface of Z! This happens because the natural map Z — X
multiplies the intersection form by 2 (cf. the proof of proposition (6.2) in the
case {a, k) = (5,16)). To construct the desired algebraic cycle, we must find a
double cover of X (or some surface birational to X) which is also a K3 surface.

Such a double cover is easily found when & > 0: the double cover of &
branched along a set I C Sing T such that (1/2)ci(}pc; 77 {(P)) € NS(S) is
a K3 surface Y. If @ = 0 {so that k = 9,10, or 11} we must work somewhat
harder to find ¥, and we will only sketch the construction when Z is generic.
In that case, let Sing® = {Py,..., P}, let @; be the image of F; in P*7
under the map ¢p|, and let H C P*=T he the hyperplane spanned by the
k — T points Qg, Qg,...,Qx. When Z is generic the inverse image of # on X
is an irreducible rational curve whose proper transform C on S is smooth. If
C; = 7Y P;), then C, C\,..., Cr are smooth disjoint rational curves on 5 such
that 1/2¢;(C + €1 + --- + Cy) € NS(S). The double cover ¥ of S branched
along C + Cy + --- + C7 is then birational to a K3 surface V.

The graph of the pair of degree 2 rational maps Z — X and Y -- - X
now gives a cycle on the product Z x ¥ which induces an isomorphism T(Z) ®
Q — T(Y) ® Q preserving intersection forms and Hodge structures. Since this
isomorphism might not be defined over Z, ¥ might not itself be the associated
K3 surface W of Z. However, by a theorem of Mukai [28] (combined with a
result of Nikulin {32] in the case (a,k} = (0,9) in which the Picard number
of 5 may be 10), there is an algebraic cycle in the product ¥ x W inducing
an isomorphism T{Y) x Q — T(W) ® Q such that the composite isomorphism
T(Z) x Q — T(W) ®Q preserves intersection forms and Hodge structures, and
is defined over Z. We may then “compose” the algebraic cycles on Z x ¥ and
Y x W as in [26] to get a cycle on Z x W with the desired property.

"We may even assume that the surfaces are simply connected, if we take (a, &) = (0, 9) or
(0,10; cf. [9], [41).
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Appendix

In this appendix we modify a theorem of Nikulin [30] concerning embeddings
into an even unimodular lattice L to cover the case of equivalence of embedding
under the subgroup O_( L) of the orthogonal group O(L) of L (which was defined
in section 6).

We denote the discrininant-form of a lattice L by (Gr,qz). If G is a finite
abelian group, G, denotes the p-Sylow subgroup of G, and }{G) denctes the
minimum number of generators of G.

Theorem (A.1). Let L be an even integral unimodular symmetric bilinear
form, let M and My be nondegenerate primitive sublattices of L, let ¢ : M — M,
be an isometry and let K be the orthogonal complement of M. Suppose that

(i} the bilinear form is indefinite when restricted to K,

(ii) rank(K) > 3, and

(i) either

{(a) l{Gar) < rank{K) -2, or
(b) {(Grp) <rank{K) —2 for all p # 2, (Gpy,) = rank(K), and there
15 an orthogonal direct sum decomposition

(Gay,aar,) = (Gr, @) @ (Gayqa)

such that (Gz,q2) is a special 2-elementary form of rank at least 2.
Then there is some ¢ € O_(L) such that ¢|pr = ¢.

Proof. We modify slightly the proof of theorems 1.2 and 1.6 in [30], follow-
ing the notation there. Note first that our hypothesis (iii) implies that conditions
(1.5) and {1.6) of [30] hold (cf. {31]; theorem 1.14.2]; the point is that a special
2-glementary form of rank at least 2 must contain uff) (2) or vf)(Z) as a direct
summand, in the notation of [31]); hence, we may apply the argument of [30].

We begin as Nikulin does, by inveking the version of Witt’s theorem over
local rings due to Kneser [17] to guarantee the existence of p-adic isometries
¢p € O(L ® Zy) such that ¢,{mez, = ¢ @ Z,. Suppose that det g = 1, If
there is some o € O_(L) with det a = —1, we may proceed as at the bottom of
p- 77, 8 replacing M, ¢ and @ by a(M;), ao ¢ and @ o & to reduce to the case
det ¢y = 1. To sec that such an o exists, note that L, being even, indefinite, and
unimodular, contains elements z and ¥ on which the bilinear form has matrix

( {1) é ); a may be taken to be the reflection in z ~ y.

We may thus assume that det ¢, = 1. We now proceed as on pp. 77-78,
making the following modification of formula {1.7} on p. 78: define 03"' =

{¢ € 0& | 6(¢} > 0}. Then

(*) 0% = 04 - OF" - H{(K).

8Page numbers refer to the English translation of [30].
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This is proved the same way as formula (1.7): if Q% denotes the positive
rational numbers, then

(04 : 04 - 04" - H{(K)| = {Iq : QF - O(H}(K)]

s0 that (¥} follows from the fact (proved on pp. 78-79} that under our hypotheses,
O(HH(K,)) © Z5- Q.

Thus, when formula (1.7} is applied in the proof (near the top of p. 80) we
may assume that ©(¢¥) > 0 in the decomposition ¢, = @, 0o a, Hence, at
the end of the proof we have .

O{¢)=0(¢'oy) = 0(y) > 0
while det ¢ = 1 so that ¢ € O_(L). Q.E.D.
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