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The Structure Theorem for Finitely Presented Abelian Groups

In the previous handout, we explained the mechanics of the Smith Normal Form
algorithm. In this handout, we discuss in more detail how that algorithm is applied
to find the structure of finitely presented abelian groups.

If S is a set, the free abelian group on S, denoted by Z°, is the set of all linear
combinations ZSES ass with a, € 7Z, where we restrict to combinations for which
as = 0 for all but finitely many s € S. The group law is

(Z ass) + (Z bss) = Z(as + bs)s.
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A group G is finitely generated if there is an epimorphism 7 : Z° — G for some
finite set S. If the kernel of 7 is also finitely generated, we say that G is finitely
presented. It is not hard to see that any finite group is finitely presented.

For a finitely presented group, there is a homomorphism p : ZT — Z° for some
finite sets S and T, such that the image of pis the kernel of m. Thus, the original
group G is isomorphic to the cokernel of p:

G = 75/ imp.

There may be many different generating sets for G and for ker 7. We will restrict
our attention to changes of generating sets for Z° and Z” (where we take the sets S
and T to be finite). If Z% =2 Z% for two sets S = {s1,...,8m} and S’ = {s",... 5" }
of the same cardinality, then there must be expressions
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which can be summarized by two square matrices ¥ and Y’ with integer entries; by

definition, we have
Sj = 8i0ij = SkO0iTij

so X' = I, the m x m identity matrix. Similarly, ¥3' = I,,. In other words,
changing the generating set for 7Z° is accomplished via an invertible m X m matric
over the integers.

Similarly, changing the generating set for Z* is accomplished via an invertible n x n
matrix over the integers.

If we have chosen generating sets S = {s1,...,8,} and T' = {t1,...,¢,}, then the
homomorphism p can be described by means of its action on the generators: we can

write
pt;) = sir
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for some matrix of integers R = (r;;0 which characterized p with respect to those
generating sets. On the other hand, if ¥ and = describe changes of generating set,
then

=ZRY
is the matrix describing p with respect to the new generating sets. This is the type
of change which was analyzed in our discussion of the Smith normal form.

As a consequence, the Smith normal form algorithm guarantees us that given a
finitely presented group G, there exist generating sets for Z° and Z” such that the
matrix for p is in diagonal form, with diagonal entries a; such that a; divides a;,,. If
s, ..., s, are the appropriate generators, this then tells us that a,), ..., a,s,, are
the relations (with all relations being given as linear combinations of those. Thus, G
is isomorphic to

Liay) ® - ® Ly,
where Zg denotes Z itself.

The structure theorem for finite abelian groups has one additional ingredient: the
uniqueness of the cyclic factors. This can be verified by a careful count of how many
elements there are of each order in a direct sum of cyclic groups.



