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Abstract

For a complex flat vector bundle over a fibered manifold, we con-
sider the 1-parameter family of certain deformed sub-signature operators
introduced by Ma-Zhang in [MZ]. We compute the adiabatic limit of
the Bismut-Freed connection associated to this family and show that the
Bismut-Lott analytic torsion form shows up naturally under this proce-
dure.

1 Introduction

Adiabatic limit refers to the geometric degeneration when metric in certain
directions are blown up, while the remaining directions are kept fixed.

Typically, the underlying manifold has a so called fibration structure (or
fiber bundle structure). That is

Z— M- B,

where 7 is a submersion and Z ~ Z, = 7~ !(b), for b € B, denotes the typical
fiber. Given a submersion metric on M:

g=7m"g8+9z,

the adiabatic limit refers to the limit as € — 0 of
=2 %
ge=€ "mygp+9gz-

This is first introduced by Witten [W] in his famous work on global gravitational
anomalies.

Witten considered the adiabatic limit of the eta invariant of Atiyah-Patodi-
Singer[APS1]-[APS3]|. Full mathematical treatment and generalizations are
given by Bismut-Freed [BF], Cheeger [C], Bismut-Cheeger [BC1], Dai [D] among
others. The adiabatic limit of the eta invariant gives rise to the Bismut-Cheeger
eta form, a canonically defined differential form on the base B. The eta form is
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a higher dimensional generalization of the eta invariant as it gives the bound-
ary contribution of the family index theorem for manifolds with boundary, see
Bismut-Cheeger [BC2, BC3|, and Melrose-Piazza [MP1, MP2]. The degree zero
component of the eta form here is exactly the eta invariant of the fibers. The
nonzero degree components therefore contain new geometric information about
the fibration.

Another important geometric invariant is the analytic torsion. The adia-
batic limit of the analytic torsion has been considered by Dai-Melrose [DM]
(see also the topological treatment of Fried [Fri], Freed [Fr], and Liick-Schick-
Thielmann [LST]). In contrast to the case of the eta invariant, the adiabatic
limit here does not give rise to a higher invariant. This is because the associ-
ated characteristic class involved here is the Pfaffian, a top form which kills any
possible higher degree components arising from the adiabatic limit.

It should be noted that there is a complex analogue of the analytic torsion for
complex manifolds called the holomorphic torsion. Its adiabatic limit has been
considered by Berthomieu-Bismut [BerB]. And it does produce the holomorphic
torsion form of Bismut-Koéhler [BK]. The difference can be explained by the
fact that the characteristic class here is the Todd class—a stable class.

There is another way to view the higher invariants, namely via transgression.
The eta form transgresses between the Chern-Weil representative of the family
index and its Atiyah-Singer representative. Similarly, the holomorphic torsion
form is the double transgression of the family index in the complex setting.
Bismut-Lott [BL] uses this view point to define the real analytic torsion form,
a higher dimensional generalization of the analytic torsion. It is a canonical
transgression of certain odd cohomology classes.

There remains the question of whether the real analytic torsion form can
be obtained from the adiabatic limit process. The purpose of this paper is
to answer this question in the affirmative. We show that, if one considers
the Bismut-Freed connection of the 1-parameter family of certain deformed
sub-signature operators introduced by Ma-Zhang in [MZ], its adiabatic limit
essentially gives rise to the Bismut-Lott real analytic torsion form. In fact, it
is precisely the positive degree components of the real analytic torsion form
that is captured here. This should be compared with [DM] where the adiabatic
limit of the analytic torsion captures only the degree 0 part of the real analytic
torsion form.

More precisely, let 7 : M — B be a smooth fiber bundle with compact fiber
Z of dimension n. We assume that the base manifold is even dimensional. Let
F be a flat complex vector bundle on M. Fix a connection for the fiber bundle,
i.e., a splitting of T'M

TM =THMeTZ,

where T'Z denotes the vertical tangent bundle of the fiber bundle. If g is a
submersion metric on TM and hf an Hermitian metric on F, we construct,
following [MZ, (3.23)], a formally self-adjoint operator of Dirac type D! and
a skew-adjoint first order differential operator DF| see (3.19) for the precise
definition (where we introduce further a complex vector bundle y on the base
B). These operators arise as the quantizations of the symmetrization and skew-



symmetrization of exterior differentiation d™ in the sense of [BL], viewed as an
infinite dimensional superconnection on B (cf. Lemma 3.4).

We then define an analytic invariant via zeta function regularization. That
is, let

S(F,7)(s) = _2F1(S) /0+OO Ty, {ﬁFDF(T)e_t(DF(T))Q it

where r is any real number and
DF(r) = DF + v=1rDF.

The supertrace here is with respect to the Zo-grading induced by the de Rham
grading along the fibers and the Hodge grading on the base (see (3.15) which
defines the grading 7).

One shows that §(F,r)(s), well-defined for R s sufficiently large, has mero-
morphic continuation to the whole complex plane with s = 0 a regular point.
Therefore we define our invariant by

O(F)(r) = 6(F,r)(0).

This invariant can be interpreted as the imaginary part of the Bismut-Freed
connection on certain Quillen determinant line bundle.
Our main result is

Theorem 1.1. Let 0.(F)(r) denotes the corresponding invariant associated to
the adiabatic metric g.. Under the assumption that the flat vector bundle F
over M is fiberwise acyclic, the following identity holds,

lim 6 (F)(r) = / L(TB,V'®) T,
g— B

where the torsion form T, is defined by (3.41)

Unlike the Bismut-Lott torsion form, our torsion form 7, has only positive
degree components. However, up to a degree dependent rescaling, 7, is es-
sentially the positive degree components of the Bismut-Lott torsion form (cf.
(3.51)).

The paper is organized as follows. We first look at the finite dimensional case
in Section 2. Thus in §2.1, we introduce flat cochain complexes, flat supercon-
nections and their rescalings. The family of deformed sub-signature operators
is then introduced in §2.2. After some preparatory results, we define an in-
variant which should be interpreted as the imaginary part of the Bismut-Freed
connection form for the family of the deformed sub-signature operators. Finally
in §2.3, we study the adiabatic limit of our invariant. The fibration case is set
up as an infinite dimensional analog and studied in Section 3. The flat super-
connection in this case is the Bismut-Lott superconnection and is recalled in
§3.1. In §3.2, we discuss the analog of the deformed sub-signature operators in
the fibration case. Then we look into the Bismut-Freed connection and define
a corresponding invariant in §3.3. Finally, we study the adiabatic limit of our
invariant in §3.4. Our main result is stated in Theorem 3.8. In §3.5, we compare



the Bismut-Lott real analytic torsion form with the torsion form coming out of
the adiabatic limit.
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2 The finite dimensional case

In this section, we study the finite dimensional case where instead of a
flat vector bundle over a fibered manifold, we consider the situation of a flat
cochain complex over an even dimensional manifold. This fits well with the
structures considered in [BL] and [MZ]. The fibered manifold case is the infinite
dimensional analog which will be considered in the next section.

2.1 Superconnections and flat cochain complex

Let (E,v) be a Z-graded cochain complex of finite rank complex vector
bundles over a closed manifold B,

(2.1) (E,v): 0-E*SE' S ... S E" 0.

Let VE = @?:OVEi be a Z-graded connection on E. We call (E,v, VF) a flat
cochain complex if the following two conditions hold,

(2.2) (VE)> =0, [VZ o] =0

Let hF = @?:OhEi be a Z-graded hermitian metric on F and denote by
v* 1 E* — E*7! the adjoint of v with respect to h”. Let (VF)* denote the
adjoint connection of V¥ with respect to g. Then (cf. [BZ, (4.1), (4.2)] and

[BL, §1(g)])

(2.3) (VE) =VF +w (E,1Y),
where
(2.4) w(B, ") = (nF) 7 (VPRP).

Consider the superconnections on E in the sense of Quillen [Q] defined by
(2.5) A=VEqy A= (VF) o

Let N € End(E) denote the number operator of E which acts on E* by
multiplication by i. We extend N to an element of Q°(B,End(E)).
Following [BL, (2.26), (2.30)], for any u > 0, set

(2.6) C! = uN2AWN? =V 1,
Ol = u NPAN? = (VF) 4 v,
1 1
Cu=5(CotCl),  Du=g(Ci-Cl).



Then we have

(2.7) C? = -D2, [Cy, Dy] = 0.
Let
(2.8) vhe = vt 4 %w (B, h")

be the Hermitian connection on (E,h¥) (cf. [BL, (1.33)] and [BZ, (4.3)]). Then

(2.9) Oy = VEe 4 ‘f (v + ")
is a superconnection on F, while
1
(2.10) Dy = gw (E,1") + \ga (v* — )

is an odd element in C*°(B, A*(B)®End(E)).

2.2 Deformed signature operators and the Bismut-Freed con-
nection

We assume in the rest of this section that p = dim B is even and B is
oriented.

Let ¢” P be a Riemannian metric on TB. For X € TB, let ¢(X), ¢(X) be
the Clifford actions on A(T*B) defined by ¢(X) = X*A—ix, ¢(X) = X*A+ix,
where X* € T*B corresponds to X via g7? (cf. [BL, (3.18)] and [BZ, §4(d)]).
Then for any X, Y € T'B,

(2.11) c(X)e(Y) + e(Y)e(X) = —2(X,Y),

Let ey, --- , e, be a (local) oriented orthonormal basis of T'B. Set
p(p+1)
(2.12) r=(W-1) 2 cler)---clep)

Then 7 is a well-defined self-adjoint element such that
(2.13) 72 = Id|z (7 p)-

Let pu be a Hermitian vector bundle on B carrying a Hermitian connection
VH with the curvature denoted by RF = (V#)2. Let VB be the Levi-Civita
connection on (T B, g”'B) with its curvature RTZ. Let VAT"B) be the Hermitian
connection on A(T*B) canonically induced from V7B, Let VA" B)@ndEe o
the tensor product connection on A(T*B) ® u ® E given by

(2.14)
VAT BeneEe - gMI"B) @ 1d 05 + 1dp (- p) ® VH @ 1dg + Idy (e pyey ® V.
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Let the Clifford actions ¢, ¢ extend to actions on A(T*B) ® u® E by acting
as identity on pu ® E. Let € be the induced Zs-grading operator on FE, i.e.,
e = (=1 on E. We extend ¢ to an action on A(T*B) ® p ® E by acting as
identity on A(T*B) ® p.

Let 7®¢ define the Zy-grading on (A(T*B) ® pu)®E. Then

p

(2.15) DQ?E = Z o(e;) VA (T B8usEse
=1

defines the twisted signature operator with respect to this Zs-grading. Playing
an important role here is its deformation, given by

WOE _ pueE | VU ‘
(216) Dblg u = Dmg + 7 ('U + v ) y
with u > 0, which might be thought of as a quantization of C,,.
Let Yy, be the skew adjoint element in End®(A*(T*B) ® u® E) defined by
(cf. [MZ, (2.18)])

(2.17) == clei)w (B, h7) (e) ﬁf@* —v),

=1

l\')\»i

which might be thought of as a quantization of D,,.
Now following [MZ, Definition 2.3], for any r € R, define

(2.18) DFEE (Y = DEOE /Ty,

sig,u sig,u

From (2.15)-(2.18), one has (cf. [MZ, (2.22)])

sig, u

p
(2‘19) DN@E ZC (vA* (T*B)Qu®E,e + \% glrw (E,hE) (Q))
=1

(1= VT ok (1 V) o).
Proposition 2.1. We have the following asymptotic expansion

E
#®(

(2.20) Tr, [D"@E( VYo H(Phign (1) } = co(u,r) +cy(u,r)t+---

sig,u

as t — 0. The expansion is uniform for (u,r) in a compact set.

Proof. We introduce two auxiliary Grassmann variables 21, zo and write

sig,u

(2.21)  Tr, [D’@E( )Yye —t(Dhg i (r DT —

S [ HPERE ORI )|
where we use the convention that Trs , ., [a + bz1 + cz2 + dz122] = Trg[d] when
a, b, ¢, d do not contain z; and z3. Here the minus sign comes from the order

of the appearance of z1, 29 and D;?f('r), Y,.



Applying the standard elliptic theory to the right hand side of (2.21), we
derive an asymptotic expansion

HRE

2
Trs D’@E(T)Yue*t(Dsigv” () } = 0_3_2(u, s 4 c_g_l(u, S

sig,u
+ - Fcolu,r) +er(u,r)t+-- -

On the other hand, by the Lichnerowicz formula (Cf. (2.30)) and the same
argument as in [BF], we have

sig,u

lim ¢ Tr, [D“@)E(T)Yue_t(Dgi?E(’”))Q] =0.
t—0

It follows then that ¢;(u,r) = 0 for =5 —2 < ¢ < —1. Thus, the asymptotic
expansion starts with the constant term. O

Since

sig,u sig,u

Tr [D“®E(T)Yue_t(D§§f(T))2] = —Tr, [YUDM@@E(T)e—t(DQ?f(T))Q]

is easily seen to be exponentially decaying as ¢ — 400, the quantity on the
right hand side of the following definition is well-defined.

Definition 2.2. We define
[ee) 2
(2.22) Su(E,v)(r) = / Tr, [Dgff(r)yue—t(l?éﬁ?iﬁr)) } dt.
0 b

Remark 2.3. If H*(E,v) = {0}, i.e., (E,v) is acyclic, by [MZ, (2.27)], which we
recall as follows,

(2.23) (1—=vV=1r)v+ (1+v-1r) v*)2 = (1+77) (v+v%)?,

(2.19) and proceed as in [BC1], one sees that when u > 0 is large enough,
D**E (1) is invertible for fixed r € R. Since by (2.18) one has

sig,u

ODMEE (1)

sig,u

=V _]-Yua
or

@%(E, v)(r) is (the imaginary part of) the Bismut-Freed connection form
([BF], see also [DF, (3.8)]) of the Quillen determinant line bundle of the R-
family of operators { D12 (r)},cg.

sig,u

2.3 Adiabatic limit as u — +o00
We first rewrite §,(E,v)(r) as

(2.24) ou(E,v)(r) = /Ooo Trs [De(r)YEe—tD?(T) dt,



_1
where e = 4~ 2 and

(2.25) ye = gc(w) + %(v* — ),

D(r) = eDMSE L/ ZTry©,

sig,u

We fix a square root of v/—1 and let ¢ : A(T*B) — A(T*B) be the homo-
morphism defined by ¢ : w € AY(T*B) — (2rv/—1)""/?w. The formulas in what
follows will not depend on the choice of the square root of /—1.

Let L(T B, VT8) be the Hirzebruch characteristic form defined by

RTB
L(TB. VTBY) — 1/2
(TB.V7) = edet P b (7B /2) )

and ch(u, V#) be the Chern character form defined by
ch(p, V) = ¢ Tr [exp(—R")].

Proposition 2.4. We have

(226) T Tr, [D,(r)y P20 = - / L(TB, V") ch (1, V")
€E— B

- Try [t‘éDt <; (v+v%)+ \/?r (v* — v)) e_(cﬁﬁm‘f] :

Proof. As in [BF] and [BC1], we introduce an auxiliary Grassmann variable z
and rewrite

(2.27) Tr [De(r)yee—tD?(r)] = Tr,.. [Yet—%e—tDz(r)—l-Z\/{fDe(r)} ’

where for elements of the form A + zB with A, B containing no z, we have as
in [BF] and [BC1] that Trs ,[A + zB] = Trs[B].
By (2.16) and (2.25), one has

1 . € L,
(2.28) Dc(r) = eDgi?E +3 (v4v*) +V—=1r (2c(w) +3 (v* = U)>

1 1 1
=¢ (D;?E + \/—1r2c(w)> +3 (v+v")+ \/—17‘5 (v* —wv).

Denote by

(2.29) V= %(v—l—v*) +\/?1T% (v* —v).



By Lichnerowicz formula, we have (for simplicity we denote V = VA" (T B)ouek.e)
(2.30)

2 1
(D20~ 2VAD() = 0 (D557) " 4 | DU Tt e [PV

+1 (\/jrgc(w) + V)2 — 2Vt (6D“®E + \/jlrgc(w) + V)

sig

=—t|eVe + ch(e') i + ﬁkTB + ﬁc(e-)c(e-) ® R“®E’e(e- e;)
= € e; 2\/;& 7 4 2 1 ¥l (2]

te? V-1
+ %Rgﬁc(ei)c(ej)é(ek)é(el) + tec(e;) Ve,V + 5 7a15620(61')c(ej)Veiwj
P — 2 —
—tA/—1r Zw(ei)vei +t ( 21rec(w) + V) — 2tV — 2 21T Vitec(w),
i=1

where RT® is the Riemannian curvature and k77 is the scalar curvature of g7 7,
while R*®E:¢ is the curvature of the connection on ;1 ® E obtained through V*
and Ve,

Now we find ourself exactly in the situation of [BC1]. Near any point = € M,

take a normal coordinate system {z; } and the associated orthonormal basis {e;}.
z Zf:l z;c(e;)

We first conjugate tD?(r) — zv/tD.(r) by the exponential e~ 2V and then
apply the Getzler transformation G Vie: One finds that after these procedures,

the operator tD?(r) — zv/tD.(r) tends to, as € — 0,

Vw

1 21 V=1
(2.31) — <3Z + 4R£Bg;j> + ZRﬁBé(ek)é(el) + RM@E,e + t%vv + . r

2
v—=1
+< 2 Tw—l—téV) — 2tV

1 S|
= — (81 + 4R5Bl’j> + ZR%}Bé(ek)é(GZ) + RH

2
-1
+<VE’6+ 5 rw+tév> — 2tV

1 LD S
= — <8i + 4R;§Bajj) + ZRﬂBc(ek)c(el) + (G + \/—17“Dt)2

Vi <; (w+o)+ Yo —v)) .

On the other hand, by (2.25) it is clear that under the same procedures, Y
tends to, as € — 0,

1 N - 1
<2w+ 7(1} —U)> =t 2Dt.
From (2.27), (2.31) and (2.32), by proceeding with the by now standard local
index techniques, and keeping in mind that the supertrace in the left hand sides
of (2.26) and (2.27) are respect to the Zs-grading defined by 7&e, one derives

(2.26). O

N[

(2.32) t



We now examine the terms appearing in the right hand side of (2.26).
By (cf. [MZ, (2.34)])

(2.33) (Cr+vV=1rD;)* = (1412 C2 = — (1 ++%) D},
and

(2.34) vV =—203 [N, D], v'—v=-2t"2[N,Cy,
we have

(2.35) —Trg [téDt (; (v + v*) + \/? (v* — U)> e—(Ct+\/j1TDt)2:|
= —2\1/%Trs [Dt (v+0") e(1+r2)D?] CrTrs [Dt (v* — ) e(1+’"2)D?}
= %Trs [Dt [N, Dy] e(1+7%)D; } FTTrS {Dt [N, Cy] (1”2)/3?]
e

1
= —Tr, [ND?e(HT )DE _ DyN D) P L Y gy [ND e(147%)DF } ,

where in the last equality we have used (2.7) (compare also with [MZ, (2.75)]).
We are now ready to prove the following main result of this section.

Theorem 2.5. Under the assumption that the flat cochain complex (E,v) is
acyclic, H*(E,v) = 0, the following identity holds:

1
(236) 5 lm G.(E0)0) = [ LB Y d(n V)T,
U—T1T0C B
where
B o0 5 (14++2)D? dt
(2.37) T=— | T, [NDte t] =.
0

Proof. First of all, the assumption that H*(E,v) = 0 implies that the eigen-
values of D.(r) are uniformly bounded away from zero. Hence the integral in
(2.24) is uniformly convergent at t = oo

We now examine the same issue at ¢t = 0. From Proposition 2.1, one has

(2.38) Trs [DG(T‘)YEe_t(DG(T))2 =cole,r) +ci(e,r)t+---

We claim that this asymptotic expansion is in fact uniform in € as ¢ — 0 and
the coefficients converge to that of asymptotic expansion of the right hand side
of (2.26). This can be seen by an argument similar to that of [BC1], which
is carried out in detail later for the infinite dimensional case; see the proof of
Proposition 3.6.

Our theorem now follows from Proposition 2.4, the equation (2.35) and the
above discussion. O
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Remark 2.6. By Remark 2.3, one sees that under the assumption of Theorem
2.5, for each r € R, when u > 0 is large enough, @&J(E, v)(r) is the Bismut-
Freed connection form of the R-family of the operators {Dg?f(’f‘)}reﬂg at 7.
On the other hand, by comparing the right hand side of (2.37) with [BL] and
[MZ], one sees that 7, here gives, up to rescaling, the nonzero degree terms
of the Bismut-Lott torsion form ([BL]). Thus, we can say that one obtains
the Bismut-Lott torsion form through the adiabatic limit of the Bismut-Freed
connection. This is the main philosophy we would like to indicate in this paper.

3 Sub-signature operators, adiabatic limit and the
Bismut-Lott torsion form

In this section, we deal with the fibration case. We will show that, for
an acyclic flat complex vector bundle over a fibered manifold, if we consider
the Bismut-Freed connection form [BF] on the Quillen determinant line bundle
associated to the 1-parameter family constructed in [MZ, Section 3], then the
Bismut-Lott analytic torsion form [BL] will show up naturally through the
adiabatic limit of this connection form. This tautologically answers a question
asked implicitly in the original article of Bismut-Lott.

3.1 The Bismut-Lott Superconnection

We first set up the fibration case as an infinite dimensional analog of the case
considered in the previous section. Let m : M — B be a smooth fiber bundle
with compact fiber Z of dimension n. We denote by m = dim M, p = dim B.
Let T'Z be the vertical tangent bundle of the fiber bundle, and let T*Z be its
dual bundle.

Let TM = THM & TZ be a splitting of TM. Let PTZ, PT"M denote the
projection from TM to TZ, TH M. If U € TB, let U be the lift of U in TH M,
so that m,UH = U.

Let F be a flat complex vector bundle on M and let V¥ denote its flat
connection.

Let £ = @?:OEi be the smooth infinite-dimensional Z-graded vector bundle
over B whose fiber over b € B is C*°(Z,, (A(T*Z) ® F')|z,). That is

(3.1) C>®(B,E") = C®(M,\(T*Z) ® F).

Definition 3.1. For s € C*°(B,E) and U a vector field on B, let V¥ be a
Z-grading preserving connection on F defined by

(3.2) VEs = Lyus,
where the Lie derivative Lju acts on C®°(B, E) = C®°(M,\N{(T*Z) ® F).
If Uy, Uy are vector fields on B, put

(3.3) T(Uy,Us) = —PT2[Uf U e C*°(M,TZ).
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We denote by ir € Q?(B,Hom(E®, E*~1)) the 2-form on B which, to vector
fields Uy, U, on B, assigns the operation of interior multiplication by T'(Uy, Us)
on FE.

Let d? be the exterior differentiation along fibers. We consider d? to be
an element of C*°(B,Hom(E®, E**!)). The exterior differentiation operator
dM . acting on Q(M,F) = C®°(M,A(T*M) ® F), has degree 1 and satisfies
(d™)? = 0. By [BL, Proposition 3.4], we have

(3.4) dM = d? +VE +ip.
So dM is a flat superconnection of total degree 1 on E. We have
(3.5) (@*)?* =0, [vZd?]=o.

Let g7 be a metric on TZ. Let h' be a Hermitian metric on F. Let V™
be the adjoint of V" with respect to hf'. Let w(F, ') and V¢ be the 1-form
on M and the connection on F' defined as in (2.3), (2.8).

Let o(T'Z) be the orientation bundle of T'Z, a flat real line bundle on M. Let
dvz be the Riemannian volume form on fibers Z associated to the metric g7%
(Here dvy is viewed as a section of AY™Z(T*Z)®0(TZ)). Let ( , >A(T*Z)®F be
the metric on A(T*Z) ® F induced by g”%,ht. Then E acquires a Hermitian
metric 2¥ such that for a, o/ € C*°(B,E) and b € B,

(3.6) (a, a/>hE (b) :/Z <a7al>A(T*Z)®F dvz,-
b

Let VE* d%* (dM)*, (ir)* be the formal adjoints of VE, d?, d™, ir with
respect to the scalar product (, ),z. Set

(3.7) D? = d? + a7, Ve = —(VE 4 vE) |

N

w(BE,hP) =V - vF

Let Nz be the number operator of FE, i.e. Nz acts by multiplication by k&
on C®°(M,A*(T*Z)® F). For u > 0, set

(3.8) C’;:uNZ/szu_NZ/Q, C’Z:u_NZ/2 (dM)*uNZ/z,

Cu= 5 (CL+Cl), Du=y(Cl-Cl).

Then C” is the adjoint of C!, with respect to h”. Moreover, C, is a supercon-
nection on E and D, is an odd element of C*°(B,End(F)), and

(3.9) c:=_-p? |[C,,DJ=0.

Let ¢ be a Riemannian metric on TB. Then g’ = ¢"?@71* ¢ is a met-
ric on TM. Let VIM  VTE denote the corresponding Levi-Civita connections
on TM,TB. Put VT4 = PT2VTM 4 connection on TZ. As shown in [B, The-
orem 1.9], V72 is independent of the choice of g7 2. Then 'V = V12 @r*V7TB is
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also a connection on TM. Let S = VI'M _0y. By [B, Theorem 1.9], (S(-)-, ) gTM
is a tensor independent of g7 2. Moreover, for U;,Us € TB, X,Y € TZ,

(3.10) (S (U{") X, U3") o = = (S (U") U3, X) s

1
S (T (U, U31), X)) o

<S(X)Y, U1H>9TM = - <S(X)U1HaY>QTM = % (LU{IQTZ) (X, Y)7

= (SOU{ U5") jrar =

and all other terms are zero.

Let {fo}£_, be an orthonormal basis of T'B, let {f*}._, be the dual basis
of T*B. In the following, it’s convenient to identify f, with fZ. Let {e;}?, be
an orthonormal basis of (T'Z, g7%). We define a horizontal 1-form k on M by

(3'11) k(foz) = - Z <S(€i)€i7 fa) .
Set
(3.12) Zfa A fPe(T (fa, f5))

ZfaAfﬁ (far f5))-

Let VA(T"2) be the connection on A(T*Z) induced by VT%4. Let VT4®Fe
be the connection on A(T*Z) ® F induced by VAT %) vFe  Then by [BL,
(3.36), (3.37), (3.42)],

(3.13) D7 =Y c(e;)VIZEFe — %Za(ej)w (F,h"")(e5)

J J
dZ* — 4% = Z (ej)vTZ@)Fe_'_ Z 6] F hF)( )
J
vE,e — Za:fa (v’faZ@F,e + 5]{: (foz)) 7
(E,h") Zf“ > (S(enej, fa) clei)eley) +w(F W) (fa)
i,J

By [BL, Proposition 3.9], one has

1
(314) Cu == \éaDZ + VE’e - mC(T),
_ \/a 7% Z 1 E 1 -~
Dy =5~ (%" = d”) + Jw (B, h )—2\/Ec(T).
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3.2 Deformed sub-signature operators on a fibered manifold

We assume now that T'B is oriented.

Let (u, h*) be a Hermitian complex vector bundle over B carrying a Her-
mitian connection V¥.

Let Np, Njs be the number operators on A(T*B), A(T*M), i.e. they act as
multiplication by k& on A¥(T*B), AF(T* M) respectively. Then Ny = N+ Ny.

Let VA(T™M) he the connection on A(T*M) canonically induced from V7™M
Let VMT"M)@T u@E (pogp AT M)@m n®Fe) he the tensor product connection
on A(T*M) @ m*p ® F induced by VAT™M)  7xgr and VF (resp. V).

Let {eq}ir; be an orthonormal basis of T'M, and its dual basis {e®}I" ;.
(Note that {e;}}' ; denotes an orthonormal basis of T'Z—the difference lies in
the letter used for the subscript index; namely “/” vs. “a”.) Let {fo}~_; be an
oriented orthonormal basis of T'B. Set

(3.15) 7(TB) = (V=)™ c(f1) e (£,
7= (-1)N27(TB).

Then the operators 7(T'B), T act naturally on A(T*M), and

(3.16) 7(TB)? =12 = 1.

Let dV" : Q*(M,7*p ® F) — QFY(M, 7% ® F) be the unique extension of
V#, VE which satisfies the Leibniz rule. Let dV"* be the adjoint of d¥" with
respect to the scalar product (, ) reuer on QM, 7" 1 ® F) induced by
g™ h# hE asin (3.6). Asin [BZ, (4.26), (4.27)], we have

(3.17) dVM = Zea A VA(T*M)@#*#@F7
dv' = Zze (VA (TM)@mp@F 4, (F, hF) (ea)) )

Following [Z1], let VAT™M) be the Hermitian connection on A(T* M) defined
by (cf. [Z1, (1.21)))

p
(3.18) VAT = ZE PT78(X)fa) T (fa), X eTM.

_ Let V¢ be the tensor product connection on A(T*M) @ 7* 1 ® F induced by
VAITM) x7i and VEe. Following [MZ, (3.23)], for any r € R, set

m n

" — e 1 e .
(3.19) D™HEE =N " c(eq)VE, — 3 > eei)w (B, A7) (e),

a=1 i=1

fyr*u@F:_Z (ei)VE, + = Z c(eq)w (F,h") (eq)

i=1

_ = Z fa,fg (foa)g(fﬂ)7
a,p=1

D”*“‘X’F(r) = D™ HeF | /1y D HeF,

14



From (3.19), the operators D™ #&F D™ r&F () are formally self-adjoint first
order elliptic operators, and D™ HEF g g skew-adjoint first order differential
operator. Moreover, the operator D™ *@F is locally of Dirac type.

By [MZ, (3.20) and Proposition 3.4], one has

(3.20) DT HEE = (@ +d¥) + (—1)PHr (@Y +dY) 7]

ﬁﬂ'*p@F _

N =N =

[(@V"™* —av") + (=1)PH 7 (@aV"* = av") 7],

which partly explains the motivation of introducing these operators (compare
with (2.25)); see also Lemma 3.4.
By (3.15), (3.16) and (3.20), one verifies (cf. [MZ, (3.28)])

(3.21) FDTHOF _ (_1)p+1D7r*u®F7_’ Tﬁw*,u@F _ (_1)p+lﬁ7r*,u®F7_'

Remark 3.2. It is important to note that by (3.21), when p = dim B is even,
both D™ #®F and D™ *@F anti-commute with 7.

Remark 3.3. When 4 = F = C and p = dim B is even, D™ *®F has been
constructed in [Z1] and [Z2], where it is called the sub-signature operator.

3.3 Bismut-Freed connection of the deformed family

We assume that p = dim B is even. Moreover, we make the following tech-
nical assumption.

Technical assumption. The flat vector bundle F' over M is fiberwise acyclic,
that is, H*(Zy, F'|z,) = {0} on each fiber Z;, b € B.

For any € > 0, we change g7 % to %gTB and do everything again for g/ =
92 @ éﬂ'* gTB. We will use a subscript € to denote the resulting objects.

For any r € R, one verifies directly that the coefficients of % in %Df“ SE ()
is given by d? + d%* — v/—1r (dZ — dZ*) . Since

(3.22) (dZ + d%* —/=Ir (4% — d?*))* = (1 + 1) (dZ + d?*)*,

by proceeding as in [BC1], one sees that when & > 0 is small enough, D7 " ®F(?“)
is invertible. In fact, the eigenvalues of Df " ®F(r) are uniformly bounded away
from zero.

Consider now {DF "®¥(r)},cr as an R-family of operators which anti-
commute with the Zs-grading defined by 7.

Then one can construct the Quillen determinant line bundle over R and the
associated Bismut-Freed connection on it (cf. [BF]). Moreover, by the above

discussion and by [BF, 3.8], we know that when € > 0 is small enough, the
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imaginary part of the Bismut-Freed connection form is given by

1 oo
—_FP. T
2y/—1 /0 s

1 “+o00 . ~ _ T uQF 2
= 3 F_P_/ Tr, [D;r “®F(T)Dg neF t(De 12 (1")> }dt
0

DF () S5

7T*/LL®F . 2
ODE " (1) —4(pr" ¥ () ] "

1 +OO Nk * - ﬂ'* F 2
= — F.P./O Tr, [Dg HOF prtpeF (1) (D () ]dt,

where the supertrace is with respect to 7 and ‘F.P.” means taking the finite part
of the (divergent) integral. As usual we use the zeta function regularization.
Thus, we define

(3.23)

+o00 . . _ Tr*®FT2
< [ [ 0

Remark. Note that we have built the factor % into the definition (unlike the
finite dimensional case).

In the next subsection we will study the asymptotic expansions of the inte-
grand in (3.23) which implies that the integral, convergent for R s sufficiently
large, has meromorphic continuation to the whole complex plane with s =0 a
regular point. Therefore we define our invariant by

(3.24) 8- (F)(r) = 6:(F,r)'(0).

Also in the next section we will compute the adiabatic limit of §.(F)(r) as
e — 0.

We remark that the definition of d.(F')(r) itself need not make use of the
technical assumption H*(Zy, F'|z,) = {0}.

3.4 The adiabatic limit and the torsion form

We begin with a lemma.

Lemma 3.4. D™ H®F g the quantization of Dy; mamely, it is obtained by
replacing the horizontal differential forms in Dy by the corresponding Clifford
multiplications. Similarly, D™ *®F is the quantization of Cy.

Proof. By (3.19),

n m p

BT = =S a(eq) Ve g D elea (FF) ()= D0 (T (foo £) 8Ufa)e (f)

i=1 a=1 a,B=1

where the connection VAT™M) s defined by (3.18). Thus, we now look at the
connection in a bit more detail. Since VI™ = OV 4+ and 'V = VT4 g r*VTE,
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we find (for simplicity, we denote Sjjo = (S(ei)ej, fo) and so on)

VATM) = GATD) L8150 Bleg el fa) — eleg)elfa) + cleg)olfa) — Ele)elfa)

+Siag (€ faleles) — clfa)eles) + lfa)eley) = Afaleles)
+Siaﬁ(/c\(fa)/c\(f5) - C(fa)c(fﬂ) + C(fa)/c\(fﬁ) - E(fa)c(fﬁ))]
= VXD S [ fa)eles) — el fo)eles)

St UEU3) — clfa)e(f) + )0l fs) — 2Ufa)e( ).

Hence

-~ * * 1
VQ(T M) — vé\i(T 2) — B ijac(fa)c(ej)

S [EU)AU5) — elfa)el o) + elfa)elfs) — Efu)el )]

Therefore,

ey VAT™M) — 5, ) VAT 2)

7 Siaaled) [UIUR) — elfa)el ) + eU)a5) — lfa)el o).
And so

Ble0)V, = e VEZS — GO (fa S5) L)) + GO S3))el o))

—éG(T(fa, fa)le(fa)elfs) = e(fa)e(fs)]-

The last term here, —1c(T(fa, f3))[c(fa)2(f3) — ©(fa)c(f5)], vanishes by the
antisymmetry. Using the formula above together with (3.13), (3.14), (3.19), we
prove our lemma. (The other case is dealt with similarly.) O

Proposition 3.5. We have
(3.25)
~ . _ T u®F (. 2
lim Tr, [Dg g LI CC) } _ / L(TB, V") ch (1, V*)
€— B

0
¢ Trs [t_éDuM (Cat + V=1rDy) e_(1+r2)cft] :

Proof. Again, we introduce an auxiliary Grassmann variable z and rewrite
(3.26)
A p®F ry* p@F —t(D”*‘“g’F(r))2
Trs | DI HOF DT HOE (1) c =

* 2 *
~Tr, ., [t—% prtuer—t(DEET0) +aviDT M®F(T)]
) € :
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The following Lichnerowicz formula was proved in [Z1, Theorem 1.1].

m

Z c(ea)c(ey) (RS + 7 RM)(eq, e3)
b=1

(3.27) (D’”“W)2 = —A°+ %

P

n

#3320 (@ (BR) @)+ § 3 aeete)) (@ (A7)’ (enes)

Similarly, the following formulas are shown in [MZ, Proposition 3.6].

n

328) (D700F) 230 (950 = T ) + 3 3 Aeoles) (T (eney)

€4

i=1 ij=1
+ % Z/C\(el) [%21" Z /C\(T(fa, fﬁ))/c\(fa)/c\(f,@)]
=1 a,B=1

p nom
b3 AU Vi — 5 Do D Ale)elea) (VNP0 (F, 7)) e0)

a,f=1 i=1 a=1

%Z F hF ))2 + é Z c(eq)c(ep) (w (F, hF))2 (ease€p)
a=1 a,b=1
+ 12(&;€<T<fa, IDICIACINE
(3.29)
(D™ HEE f)”*/@F] = — Z Z c(eq)cle;) (ﬁe + 7" R* + iw (F, hF)2> (€as€i)
a=1 i=1

S (E) (T L Y w (FP) (T 1))

a=1 a,B=1
F 1Y clea)[Ve DD AT F)RTE )]
a=1 a,B8=1

Therefore one can apply the standard Getzler rescaling to (1325“ ®F)2 and
[DT#®F DT #9F] with no problem and all terms converge as € — 0.
On the other hand, in [Z1, Proposition 2.2], Zhang formulated a Lichnerow-

icz type formula for t(DI¥")2 — 2\/tDX#®F . The only singular term (for
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Getzler’s rescaling) as e — 0 appears in

~ Zc(fa) 2
(3.30) —t@(% Z (fa)eis fa)elei)elf) + 5 72)

This singular term can be easily eliminated by the exponential transform,
namely conjugating by the exponential

zzﬁzl yac(fo)
(3.31) e 2V

We then do the Getzler rescaling G /z:

1 1
o — Vieya, Vi —-—Vg¢, c a—>—“/\—\/§ia.
Y. Y. fo = Ve (fa) \/%f i

By (3.9), (3.10), (3.19), (3.30), [Z1, Proposition 2.2], and by proceeding similarly
as in [BC1, (4.69)], after the conjugation by (3.31), the G/ 4 rescaled operator

of t(Dy, #®F( ))? — 2V/tDy, “®F( ) converges as € — 0 to

o(T) x o(T)
H—I—(l—l—rQ)(Cfft)Q—z(\[DZ G <\/(dz —d?) + 4\[>>
(3.32) =H+ (1+7%)(C% + R*) — thQ(CM +V/—=1rDy),

ot

where
M Z<vfa+ (RTPy. 1 ) Z<Rbea, afa)el o)

Finally, by the previous lemma, we see that the rescaled operator obtained
from the conjugation by (3.31) of DT " converges to t71/2Dy; as ¢ — 0.
Proceeding as in [MZ] and noting Qt% = tai\/i’ we obtain the desired formula.

O

Proposition 3.6. We have the following uniform asymptotic expansion

(3.33)
Nk * — T pRF 2
Try [DZT WO prtp®F (1) t( e (r)) ] = cp(E) e (e) R e

where k = % if n (dimension of the fiber) is odd and k = 1 if n is even.
Similarly,

(3.34)
- / L(TB, V") ch (1, V") o Tr, [t i, 2 (c4t + V=IrDy) e
B oVt
Moreowver,

Ci/Q(E) —_— Ci/2 as ¢ — 0.
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Proof. Using two auxiliary Grassmann variables 21, z2, we write
P » _(prreF )2
(3.35) Tr, | DT HEF DT HEF (1)e (D2 () ]

* * o~k
_ —t(DTr ROF (125 DT HOF ()0 DT “®F)
=t 2TI‘57Z1722 |:€ [ el 1ee (r)—=2De

Applying the standard elliptic theory to the right hand side of (3.35), we derive
an asymptotic expansion

Nk F * L QF —t(Dﬂ*“(g)F(r))2 2-9
Tr, | DT HEF DT p®F (1)~ \Fe = o(e)tT ™/
e e /
+ C—m/?—l(g) t—m/2—l +oe

To prove the vanishing of the coefficients, we revert to one auxiliary Grass-
mann variable z and rewrite

(3.36)
3 A~ % F * F _t(Dﬂ'*M@F(T))Q
tz Trg | DI He DT HEE (1) e c }

* 2 *
) £

As usual, one fixes a point of M and employs the normal coordinates x
around the point. Consider the Getzler rescaling G%:

1 1
Tg — Vixg, Ve Ve, cleq) = —=eq A —\/iiea.

N
oVt Vi
By (3.27), (3.28), (3.29) and the same argument as in [BF], we can formulate
* 2 *
a Lichnerowicz formula for ¢ (D;r K ®F(r)) — 2v/tDZ "¥F (1), The only singular

term with respect to the Getzler rescaling G% as t — 0 appears in

23 (Ve + L Y (v + Y

a=p+1

This singular term can be easily eliminated by the exponential transform,
namely conjugating by the exponential

23 qe1 2ac(ea)

e 2t
Thus, after the exponential transform and then the Getzler rescaling G%, we
find that ¢ ( ;T*"@F(r))Z — 2VEDT "®F (1) converges as t — 0 to
m

H(r,e) — r2w? + 2/—1r Z ¢(eq)0q,

a=p+1
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where

p

6):_6;( + 3 (RE y,ea>>2—(1+r2) 3 <8a—|—i<RZOMy,ea>>2.

a=p+1

On the other hand after the exponential transform and then the Getzler

rescaling G]\f, t DM aF converges to
P m
) Z ¢leq) €q N
a=p+1

It follows that

. 3 Nk * —t DT" *u®F 5 5
hr%tz Trs | D #®FD;r ”®F(1~)e ( (r) } / é(ea) eah € —H(e,r)+rw
t—

a=p+1

)

where [ P denotes the Berezin integral (cf. [MZ, Page 604]).

Thus, we deduce that c;(e) = 0 for —n/2 —2 <i < —k, with k = 2 if n is
odd. On the other hand, if n is even, the Berezin integral on the right hand
side vanishes for parity reason, and thus k = 1.

Now we show that the asymptotic expansion is uniform in €. According to
the discussion above, after the conjugation by (3.4), the G /= rescaled operator

of (DT?F(1))2 — 2DT ¥ (1) converges as € — 0 to

H+ (1+7%)(C5, + R*") — (DZ ()+F ((dZ* dZ)+E(Z))>.

Similarly, the G rescaled operator of DI Her

asymptotic expansion of

converges to Dy4. Since the

~ . B o b 2
Tr, [Dg “®FD§ HOE(1)e t<D5 ne m) ]

depends only on the local symbols of the rescaled operators of (D;r;“ SE ()2 -
2DT 2 (r) and DI " the coefficients ¢;(¢) of its asymptotic expansion con-
verges uniformly to that of

Tr, [D4et(H+(1+r2)(C42t+Ru)z(DZ+C(I)+ﬁr(dZ*dZ+E<4T))))] _

On the other hand, since

Tr, |:D4te—(H+(1+r2)(sz)2—z<\/iDZ + 80 =T (VE(d# —d? )+ @)))]

)

=t Y/2Tx, [D4e_t(H+(1+’"2)(Cft+3”)‘z(DZ+C<4T)+mr(dz*_dz+az))))]

we obtain (3.34) and also the convergence of asymptotic coefficients. O
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Corollary 3.7. The function 0:(F,r)(s) in (3.23) has a meromorphic contin-
uation to the whole complex plane with s = 0 a regular point.

Proof. The integral in (3.23) is convergent at t = oo since
~ x . _ T u@F 2
Tr, D;T M®FD;T ;L®F(T,)e t<Ds a (7“)>

is exponentially decaying in ¢t as t — oo. On the other hand, it follows im-
mediately from Proposition 3.6 that the integral is convergent at ¢ = 0 for
Rs > k—1. Moreover the standard method shows that d.(F,r)(s) in (3.23) has
a meromorphic continuation to the whole complex plane with simple poles at
s=k—1,k,.... However the possible simple pole at s = 0 is canceled by that
of I'(s). Hence s = 0 is a regular point. From this discussion, we also derive
the following formula

(3.37) 5:(F)(r) = 6-(F,r)'(0)
=7 | (Trs [5? O pHoF ()~ (P7 ) ] —ei(e) tk> it
0

1 +OO Nk * — * F 2
-5 / Tr, [Dg WeF sk ()~ (PF 1 () ] dt + C,
1

where C' = c_%(e) if m is odd (and hence k = 3) and C' = 3I"(1)c_1(e) if m is
even (and thus k£ = —1). O

We now define our torsion form. As in the discussion above, we first define
the corresponding zeta function

(3.39) r(s) =g [ e [NDR 0P

From [BL, Theorem 3.21], Tr; [Nz(l + 2D?)e(1+r2)Dt2} has an asymptotic ex-
pansion as ¢t — 0 with no singular terms (i.e. no singular powers of t). By [BZ]
and [DM], Tr, [Nze(l”Q)Dq has an asymptotic expansion as t — 0 starting
with the ¢t~ term, with [ = 0 if n is even and [ = % if n is odd, compare [MZ,
(3.118)]. Hence Tr; [NZDth(HrQ)D?} has an asymptotic expansion as t — 0
starting with the ¢~ term:

T, [Nz D3P Ayt A

It follows that (7(s) has a meromorphic continuation to the whole complex
plane with s = 0 a regular point. Also, for later use, we note that

(3.39) ¢r(0) =0,

when n is odd; and

(3.40) {¢rot =o,
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for ¢ > 0 when n is even. Now we define our torsion form by
(3.41) 7, = ¢7(0).

In fact, we have
1
(3.42) 7= [ (1 [Noppe0 )] -t &
0

o0
[ i) 4 o,
1

where C" = ¢ (A_;I"(1)) if n is even, and C' = ¢ (24_;) if n is odd.
We also introduce a variant of the torsion form. From (3.34), we have for
t — 0 that

(3.43)

]
Tr, [t‘éDMM (Car + V=1rDy;) e(1+f2>Dit] ~ Ot 4 Ot

Here k is defined as in (3.34). Define
(3.44)

1 o0 o
(5(s) = _I‘(s)/o t%p Trg [t_éDuM (Cat + V=1rDy) +r)DE | gt

As before, this zeta function has analytic continuation to the whole complex
plane with s = 0 a regular point. Therefore we can define

(3.45) T, = ¢%(0).
In fact, one has

(3.46)
1
= _/ ‘4 <Trs |:téD4ta?/% (0475 + v —1TD4t) 6(1+T2)DZ’5:| — C_k tk> dt
0

)

— / (pTI'S |:t§D4ta (C4t + v —1T'D4t) 6(1+r2)Dit:| dt + C”,
1 oVt

where C" = 29007% if m is odd (and hence k = 3) and C” = I"(1)pC_; if m is
even (and thus k = 1).
We are now ready for our main result.

Theorem 3.8. Under the assumption that the flat vector bundle F over M is
fiberwise acyclic, the following identity holds,

(3.47) i%ég(F)(r):/]gL(TB,VTB) ch (u, V¥ T,.
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Proof. The proof follows the same line as in the proof of Theorem 2.5. Using
Proposition 3.5, Proposition 3.6, (3.37) and (3.46), one deduces that

liméa(F)(r):l/ L (TB, V") ch (u, V) T;.
e—0 2 B

To derive the final result, we use

0 0
2z Cu=~[Nz.Dul,  2ug-Dy=—[Nz,Cl]

(see [MZ, (3.81)]) to rearrange the right hand side of (3.25) as in (2.35). Namely,

one has

(348) —Tr, |:t%D4ta (C4t + —1T'D4t) e(1+r2)Dit:| =

oVt
2, [wpppelie)pt] 4 I

dTr, [NZDt (147%) D7 } .

It follows that —2A;++/=1rd B; = 0ifi < —} and —24;++/—1rd B; = Cj_1 if
7> —%, where B; is the coefficient of asymptotic expansion of Tr; [N 7Dy e(1+r2)D ‘ ] .
Consequently, we obtain by using (3.42) and (3.46),

/L(TB,VTB) ch (u,v“)ﬁ:Q/ L(TB,V"P)ch(pu, V") T..
B B

O]

Remark 3.9. Theorem 3.8 is closely related to [MZ, Theorems 3.17 and 3.18].
Indeed, in [MZ] one sees the torsion forms through the transgression of the 7-
forms, while the 7-forms involved come from the adiabatic limits of n-invariants.
Our simple observation is that for the r-family considered in [MZ], one may also
consider the process of first taking the variation of n-function and then taking
the adiabatic limit thinking r as an element in the base. The transgressed
form might then come out explicitly. It is this process that leads us to the
Bismut-Freed connection form. And thus the appearance of the torsion like
form through this process is not so surprising. Moreover it is quite reasonable
that the torsion forms appeared here are not exactly the same as those appearing
in [MZ], as the process of first taking adiabatic limit and then taking variation
need not be the same as that of first taking variation and then taking adiabatic
limit.

3.5 Comparison with the Bismut-Lott torsion form

Recall that the Bismut-Lott torsion form 7 (TH M, 7%, hf") is defined by

H TZ 1 Fy _ oo 2\ D2
(3.49) T (TP M, g™ hF) = —¢ (Trs [NZ (1+2D2)e }
0

~d(H(Z, F|2)) ~ (S(Z)K(F) — d(H(Z, Fl2) (1 - 5) %) 0.
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Now we note that the second and the third terms of the integrand, terms
inserted in (3.49) to make the integral convergent, are degree 0 terms. Hence,

for ¢ > 0,
H Tz P\ _ e oy _p2 |\ [ du
{T(T"M,g"7,n")}" = /0 {goTrs [NZ(1+2Du)e ” T

where we denote by a superscript [i] the degree ¢ component of the correspond-

ing form.
On the other hand, since

{’I‘rS [NZDi exp (Di)] }[Z] — /2 {Trs [NZUD% exp (uD%)] }[i] ,

{Try [Nz exp (D2)] M = w72 {Try [Ny exp (uD?)]},
one deduces that, for s > 0 sufficiently large,

_ /O (i 2s) us—% {1, [Nz exp (uD})] 1 0

- /Oo(i = 2s)u’ {1 [Nz exp (D))} 2u
0

(3.140) and (3.141)]. We have used our assumption that H*(Zy, F'|z,)

Ct. [MZ
{0}.
Thus, for i > 0,
1 e o pe11 [ du
(3.50) F(s)/o u {@Trs |:NZ(1+2DH)6 ]} >
1 1 e 2 2\7 L
~(=%+1) 15 / W o Tr, [N2D2 exp (D2)] M du
Hence,
: (1]
T 14;17;} )

{T (THM7gTZ’hF)}[i] ~- (1 +r2)1_% {(2+ln(1 +7“2))C (0) +

as
o =—-0+ r2>5+;1r(18) / ™ {p T, [NzD2exp (D2)]} du.
0
In particular, using (3.39) and (3.40), we have
(3.51) (1,31 = -(141?) ViU LT (TH M, T2 hF )

For the degree 0 component, one has

(T3 = 0.

This is a direct consequence of [BL, Theorem 3.29]. Thus, up to a scaling factor
on each degree component, 7, captures the positive degree components of the

Bismut-Lott real analytic torsion form.
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