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Set up: A is hyperbolic, IR" = E; & E,, is the decomposition of IR" into the A invariant
spaces such that A|g has eigenvalues of negative real part and A|gp, has eigenvalues of
positive real part. Ps, P, are the corresponding projections on FEg, E, respectively. The
time ¢ map for the ivp

(1.1) &= Az + f(x)
is 1¢; for any solution of (1.1) z(¢) = 1¢(x(0)). Here f : IR™ — IR" satisfies

(1.2) [f(@)[| <C and [[f(z) = fW)I < Lllz —yll and f(0)=0.

Theorem 1.1. Let (1.2) hold. Then there is a number 0 < Ly(A) such that if L < Ly(A)
then there is unique bounded and continuous p : IR™ — IR"™ such that

(1.3) etz + p(etz) = Yy(z + p(z)) for z€R™teR.

Moreover, x — x + p(z) is a homeomorphism of IR™.

To begin, let us first note that if p is bounded, then (1.3) guarantees that I + p is a
homeomorphism. Indeed, any countinuous bounded perturbation of the identity is onto IR",
so we only need to show that z + p(z) = y+ p(y) implies x = y. However, from (1.3) we find
then that et4(z —y) = —p(et4z)+p(e?4y) and the right-hand side is bounded independently
of t. Since A is hyperbolic, this forces z = y.

It remains to establish the existence and uniqueness of p. We need the standard obser-
vation:

Proposition 1.2. Let A be hyperbolic and g : IR — IR™ be continuous and bounded. Then
a solution x(t) of

&= Az +g(t)

on IR is bounded for 0 <t (respectively, t < 0) if and only if

*® 74
P,z(0) +/ e T2 Pug(r)dr =0
(1.4) %
(respectively Psz(0) — / e_TAPSg(q-) dr = 0).
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To continue the proof of Theorem 1.1 we differentiate (1.3) to find

Aty + L p(etAn) = Ays(x + ple)) + [ (e (e + p(a)))

dt
= A("z + p(eta)) + fletz + p(eta))
SO
(1.5) %p (etAac) = Ap (etAx) + f(etAa: + p(etA:L‘)).

Clearly the argument is reversible, and (1.5) implies (1.3).
Since f and p in (1.5) are bounded, we conclude from Proposition 1.2 that necessarily
o0
Pup(x) + /0 e TAP, f(e™ 4z + p(e™z)) dr =0,
(1.6) 0 " " 4
Psp(z) — / e TP f(e™x + p(e™x)) dT = 0.
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This fixed point problem for p trivially submits to the contraction mapping theorem if the
Lipschitz constant for f is sufficiently small (depending on A). There is a unique bounded
and continuous fixed point.

Assuming (1.6) holds, we deduce the integral form of (1.5), namely

p (etAx) = ¢t (p(a:) + /Ot e TAf(e™z + p(e™x)) d7'> :

A

This arises by replacing = by e?“z in each of the relations in (1.6) and adding.

Happy New Year!



