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ABSTRACT. We construct here certain perturbed test functions for stochastic averaging of a noisy planar
Hamiltonian system containing a homoclinic orbit. The noise is assumed to be small and have skewness at the
homoclinic orbit. Following Sowers, we center our efforts on a singular perturbations problem in a boundary
layer near the homoclinic orbit. At the heart of this analysis is the solution of a set of heat equations, coupled
through their boundary data. We identify the glueing conditions, which are sufficient conditions ensuring
solvability of the above problem. Probabilistically, the glueing conditions give the relative likelihoods, in
the averaged picture, of diffusing into the various regions of phase space when one starts at the homoclinic
orbit.

1. INTRODUCTION

A large number of phenomena in the natural sciences and engineering can be modelled effectively using
(deterministic) dynamical systems, either by ordinary differential equations or by maps. In reality, however,
these phenomena are almost always subject to random noise. The noise is typically small and its effect over
short times is consequently negligible. Over long times, however, the noise can lead to macroscopic random
transitions. A more accurate picture that captures this behavior can be obtained by using the noise to
regularize the system. The evolution is now described by a stochastic differential equation (SDE), or more
generally, by a second-order differential operator.

An important technique in the asymptotic analysis of such systems is stochastic averaging. The under-
pinning of stochastic averaging is a separation of time scales. There is a coordinate which varies slowly and
a coordinate which varies quickly. As the ratio of the speed of the slow coordinate to the speed of the fast
coordinate goes to zero, it is often possible to approximate the dynamics of the slow coordinate by a closed
set of equations, obtained by carrying out a long-term average in the dynamics of the fast coordinate.

The underlying (deterministic) dynamical system in our investigation models the motion of a particle
in a double-well potential and is described by a planar Hamiltonian ordinary differential equation (ODE)
containing a homoclinic orbit. The focus of our study is a stochastic process arising as a result of small skew
random perturbations of this Hamiltonian ODE. The skewness can be thought of as a coin flip: when the
process hits a loop of the homoclinic orbit, a coin (possibly biased, possibly depending on the loop) is flipped
to decide whether the next excursion will be outside or inside the corresponding loop. We also have here a
separation of time scales: the fast motion corresponds to rotation along the orbits of the Hamiltonian ODE;,
while the slow motion (due to noise) is transversal diffusion across orbits.

Stochastic averaging for noisy Hamiltonian systems was considered first by Has'minskii ([Has68]) for
the case of a single-well Hamiltonian. The calculations were extended to the case of Hamiltonians with
multiple wells by Freidlin and Wentzell in [FW94] (see also [FW98], [FW99]). It was shown in [FW94] that
the averaged motion can be represented as a diffusion on a graph with so-called glueing conditions at the
vertices. A different perspective was provided by the work of Sowers ([Sow03], [Sow05]) where the problems
of identification of the glueing conditions and averaging were recast in terms of constructing correctors for
a natural singular perturbations problem in the glueing region. We will adopt here this latter approach.

The work presented here was the subject of the author’s doctoral dissertation. The author would like to
extend his deepest gratitude to his doctoral advisor Richard Sowers for his guidance and insight.

Date: October 20, 2009.
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2. PROBLEM STATEMENT AND MAIN RESULT
2.1. Hamiltonian ODE. Let’s start by fixing a two-well potential U.

Definition 2.1 (Potential). Fix a function U € C°°(R) with three consecutive zeroes dy, € (—00,0), 0 and
dr € (0,00). Suppose further that U’(dy) < 0, U’'(dgr) > 0 and that there exists 0 < wp < 1 such that

Uxy) = —23/2 for |z1| < wo.
This last assumption implies in particular that U’(0) = 0 and U"(0) = —1.
We want to consider the motion of a particle subject to the potential U. Define next the Hamiltonian
(total energy) of the particle by
2
H(z1,x2) et U(:cl)Jr% for (x1,19) € R,

The function H has a saddle point at o & (0,0) where H(o) = 0. Let V1H be the symplectic gradient of H,

ie. VIH = (ﬁ ot ) The motion of the particle is described by the flow

dxy’ 0w

je(x) = V"H(3e()
so(z) ==z

(1)

for t € R, x € R%. The phase portrait of the flow 3;(x) has a homoclinic orbit in the shape of a “figure eight”
contained in the level set H1(0). We are interested in small random perturbations of the system (1). In
particular, we would like to understand the asymptotics of the random motion when we have skewness at
the homoclinic orbit. We will restrict our analysis to the bounded set S C R? defined as follows:

Definition 2.2 (Restricted State Space). Fix u > 0 such that U’ is negative on [dy, —u, dr, 4+ u] and positive
on [dr — u,dg + u] and such that U” is negative on [—u,u]. Let h > 0 be such that
h < min{U(dr —u),U(dr +u)} and
—h > max{U(dy +u),U(dr —u),U(—u),U(u)}.
Let S be the connected component of
{z €ld, —u,dgr+u] xR:|H(z)| < h}

which contains o and let

Sod:ef{xeS:0<H(x)<h},

S, ¥{zreS:2eR._xR,—h < H(z) <0},

Sp & {zeS:zeR, xR,—h < H(z) < 0}.
Finally, define the index set
A (0,1, R}.

Note that, by construction, the Hamiltonian H has precisely one critical point in S, namely the saddle
point at o. Also, for x = (x1,22) € S, we must have

|za| < \/2 (h - min U(x1)>.
z1€[dL —u,dr+u]

Hence, S is a compact subset of R%. Define, for each £ € A,

def

Ce = 0S;N Hil(O).

Thus, C, is the part of the homoclinic orbit that borders the region Sy.
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2.2. Pre-limit Process. We start by considering, for € € (0, 1), the stochastic differential equation (SDE)

oH
dey® = —— (xS, 22°)dt 4+ edW}
(91‘2
(2) oH
da?® = —— ()%, 22)dt + edW?
(9561

where W = (W' W?) is a standard two-dimensional Brownian motion. Moving to the slower time scale
t — &2t (or equivalently, speeding up the process) and using the explicit form of the Hamiltonian H, we get
the SDE

1,e
dz,

1
?xf’gdt +dW}
(3)

1
dap® = — U (0 %)dt + dW7.

Let £ be the operator
def 1 aef 0% 02
= -A h A= —+—.
Z 3 where o7 + 912

2% has domain containing C2(R?) ! and is given by

Then the generator of the process (xtl
1

25 (VI V) + 2
€

on C?(R?).

The random perturbation of (1) that we have in mind is a stochastic process on R? with initial distribution
820> o € S\ {o}, whose behavior away from H=1(0) is governed by the operator .#¢, with skewness conditions
at H71(0) completing the picture 2. We will characterize this process as a probability measure PZ, on
C([0, 00); R?) - the space of continuous functions taking [0, 00) to R?, equipped with the topology of uniform
convergence on bounded intervals. Rigorously, the effect of the skewness is to impose requirements (at
H=1(0)) on functions in the domain of the corresponding generator.

We start by spelling out the skewness conditions. Fix three positive numbers 5, Br and So (the skewness
coefficients) satisfying

@

Definition 2.3 (Skewness Conditions). Denote by v(z) the outward unit normal to H=1(0) \ {o} at z. For
a function f € C.(R?) N C?(R?\ H71(0)), the skewness conditions take the form

A Jim (Vf(y),v(x)) = Po lim (Vf(y),v(x))  forzeCp\{o}

(5) yESL Yy€So
B Jim (V1 (), (@) = fo Jim (Vi) (x))  for € Cr\ {o}
YESR YyE€So

where (-, ) is the standard inner product on R2.

The intuition behind (5) is the following: on hitting loop Cy, ¢ € {L, R}, the process makes an excursion
outside C, with probability 7 oﬁiﬂl and inside Cy with probability 505 _ﬁ 7 In terms of the transition probability
density (if one exists), the skewness corresponds to a discontinuity in the density at the homoclinic orbit;
one might say the process has discontinuous statistics. One can think of the 3;’s as being control parameters
that can be tuned to regulate the relative likelihoods of diffusing into the various S,’s. The requirement
(4) is needed to carry out certain boundary layer calculations near the origin 3. Its significance will be seen

later.

IFor k € 7+, C*(R?) denotes the space of C* functions on R? with compact support.

2 Admittedly, we are being a little cavalier in identifying the homoclinic orbit with the level set H=1(0). Indeed, H=1(0) can,
in general, include other connected components as well. However, since our analysis is restricted to S, we can safely assume
that U has suitable growth outside [df, — u,dg + u] to ensure that H=1(0) is precisely the homoclinic orbit.

3See Lemmas 3.7 and 3.13.
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Define a linear operator «/¢ with domain 2(27¢) as follows:

D(a®) {f € C.(RH)NC?*R?\ H71(0)) : f satisfies the skewness conditions (5),

¢ f has a continuous extension to R2},

def

(@)= lm  (Lf)y) for fePD(F7) ze R?.
yER?\H™1(0)

Define &' C(]0,00); R?) and let Z(Q) be the set of Borel probability measures on €. Let X; be the

def

coordinate process on ), i.e. Xi(w) = w(¢) for all t > 0, w € Q. Define the filtration {%; : t > 0} by

Fy def o{Xs : 0 < s <t} for all ¢ > 0, and define a o-algebra on Q by .7 def \/tzo Z;. Define also the

stopping time

Cinf{t>0: X, ¢ S}
Finally, fix an initial condition oy € S\ {o}. The pre-limit process can now be characterized as a probability
law P;_on Q via the martingale problem (see [EK86] and [SV79]).

Definition 2.4 (Pre-limit process). For € € (0,1), let P; € £(Q) be a solution to the stopped martingale
problem for (&7¢,04,,S). This means the following:

(1) PiO{XO =z} =1,
(2) P5 {Xi = Xipc for all £ > 0} = 1,
(3) For f € @(4278)7 the process

tAC
F(Xine) — F(Xo) — / (% f)(X.)ds

is a P -martingale, or equivalently, for any 0 <7ry <7y <--- <1, <s<t, {p;:j=1,...,n} C
Cy(R?), we have

tAC

E% {f(ch) = [(Xsnc) —/ . (%Ef)(Xu)dU} [Teix)| =0
SA j=1

where EZ is the expectation operator associated with P, .

2.3. Main Result. Let’s now understand how the ideas of averaging apply to this problem. First, note
that for f € C?(R), x = (21, 72) € R?, we have

(VEH, 9 (f o H) =0
and
(6) Z(f o H)(x) = f(H(@))(LH)(x) + %f.(H(@)HVHHQ(IC)-
For f € C?(R) with supp(f oH) C Sy, £ € A,

tAC tAC
(M) FHXine) = FH) + [ FHE)EHX)ds 5 [ FH)IPHIECE)ds + 0

where M; is a P; -martingale with quadratic variation

tAC
(M), = / IV(f o H)|2(X.)ds.

Away from H™'(0), X; makes several rotations (under the law P ) around the orbits of the Hamiltonian
flow before H(X;n¢) changes significantly. Hence, as € \, 0, the integrals in (7) should be replaced by
tAC tAC

; FHX)be(H(X,))ds  and ; FH(X))ae(H(X,))ds
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where by and ay are obtained by taking a long-term average over the fast motion (the Hamiltonian flow):

() im [ @ GaNar and ah) = Jim [ VHE G

where H(z) = h, x € S;. Thus, as € \, 0, the dynamics of H(X;.¢) in region S, should be approximated by
a one-dimensional diffusion with effective drift and diffusion coefficients given by b, and a; respectively.

The behavior at H=1(0) (in the limit as ¢ \, 0) is more complicated. The work of Freidlin and Wentzell
([FW94]) established that one should look for so-called glueing conditions, which describe the relative like-
lihoods of moving into the various S,’s as € \, 0. * The insight of Sowers was that glueing (which involves
choosing one Sy over the other) is essentially a boundary layer phenomenon and this idea was extensively
developed in [Sow03], [Sow05], [Sow07]. Here, the glueing conditions show up as sufficient conditions for solv-
ability of a singular perturbations problem in a boundary layer near H=1(0). With solvability, one proceeds
to construct certain correctors for averaging. It is the approach of Sowers that we follow here.

The probabilistic significance is the following. The heart of the stochastic averaging problem is identifying
a "sufficiently large” subset Z(&7) C Cp(R?) as the domain for a natural (averaging) operator . on Cp(R?)
such that for f € 2(&), 0 < s < t, we have

tAC
Q i B, |7(Xin0) = F(ar) = [ ()X )d

SAC

y] 0

The operator &7 is very closely related to the generator of the limiting graph-valued process ® and its domain
2(47) encodes the glueing conditions. The requirement that Z(<) be "sufficiently large” is related to
uniquely characterizing the limiting process. A natural starting point to establish (8) is the martingale
characterization of the pre-limit process. The problem, however, is that f is typically not in 2(%7¢). This
prompts the use of a perturbed test function methodology (see [Eva89], [Kur73], [Kur76], [Kus84]). One
attempts to find a family of perturbed test functions (f¢) with f¢ € 2(47¢) such that, in a suitable sense,
lim f¢ = d lim &7¢ f¢ = o/ f.
El{%f [ an Ly f f
Then,
tAC

2 (Xing) — F*(Xang) — / (/) (X, )du

SAC

9) EZo

y] 0

and letting £ \, 0, we get (8).
To make the foregoing precise, define, for £ € A,

[ IvHIG ),
z€Cy

where ! denotes (normalized) 1-dimensional Hausdorff measure on R? (see [Fol99]). Note that Go =
Gz + Gp. For v def (ve: £ € A) € RA define
F(z) & ZveH(x)Xg(x) for z € S.
ten

The function F gives the dominant part of f € 2(/) near H=1(0), with the v,’s describing the specific f
near H~1(0). As stated above, we now want to approximate, for a sufficiently large class of vectors v € R*,

def
Gy =

4Rig0rously, one defines an equivalence relation = on S via chain equivalence. The quotient M def S/ = is a graph consisting
of three legs (one for each Sy) that meet at a vertex (corresponding to the homoclinic orbit). Averaging yields a model reduction
in the form of a limiting Markov process on M. The glueing conditions are now restrictions (at the vertex) on functions in the
domain of the limiting generator.

5Let 7 : S — M be the projection map that takes = € S to its equivalence class (under =) [z]. If the linear operator /1 with

domain 2(27t) C C(M) is the generator of the limiting graph-valued Markov process, then we set Z(.27) <ef {for: fea(a)}

and define, for fonw € 2(&7), o/ (f o) <f (#/T f) o . Functions in 2(&/) and %(/) (the range of o) are thus constant along
orbits of the Hamiltonian flow.



6 CHETAN D. PAHLAJANI

the function F by the perturbed test function F® € 2(&7¢) using additive correctors. In other words, one
would like to find, for some & € (0, 1), a family of functions {II* : € € (0,£)} C C(S) N C?(S\ H~*(0)) such
that

1) Fe Y F 4+ 11F € 9(°) for e € (0,2),

(2) TI° and Z°TI° are small, except perhaps near H=1(0).
Our main result is that if the v,’s satisfy the glueing conditions

(10) BoGovo = BrGrvr + BrGRVR,

then one can construct the desired correctors {II¢ : ¢ € (0,¢)}.
We will need a little more notation to state the main theorem. Define

E(z) 1 exp [;/GWOVZ2+1] for z € R.

Let’s also define some cutoff functions.

Definition 2.5 (Cutoff functions). Let ¢, € C*°(R;[0,1]) be such that ¢ is non-decreasing, ¢4 (z) = 0 for
x <1landcy(z) =1 for x > 2. Define ¢_(z) def cr(—xz) for all z € R. Also define ¢y (z) def cr(z) + c_(x)
and co(z) EC cv(z) for z € R.
Theorem 2.6 (Main Theorem). Fiz v € R* satisfying the glueing conditions (10). Then there exists
E26 € (0,1) (independent of v), a family of functions {II° : & € (0,&26)} € C(S)N C%(S\ H™(0)) and a
constant K > 0 such that

(1) F +1I°F € .@(5276) fore € (0752.6)7

(2)

I (2)] < Ke, z €S,

cl/4

1 1 1 H(z) ~ 1
+K{83/4+56Xp|:__[(53/4:|}co<\/§€5/4)7 .TES\H (0)
We will prove this theorem at the end of section 4.

We will construct the correctors {II° : ¢ € (0,£)} in two stages. First, we look for a family {¥° : ¢ €
(0,8)} € C(S)N C%(S\ H~1(0)) such that
(
(
(

(£°T) ()] < B¢ (H(:)) +Ke

1) ¥° is small,

2) F + Ve satisfies the skewness conditions (5),

3) W is approximately harmonic for the operator .#¢ in a boundary layer near H=1(0), i.e. ¥¢ solves
the PDE .#°W*¢ ~ 0 near H=1(0).

The basis for this construction is the solution of a collection of heat equations (one for each ¢ € A) coupled
through their boundary data at H=!(0) - the boundary data encoding the skewness conditions (5). In
section 5, we shall address this problem from a functional-analytic standpoint; we shall see that the glueing
conditions are sufficient conditions ensuring solvability of the coupled collection of PDE.

In section 3, we will use the results of section 5 to actually construct the W&’s and establish estimates on
P and £°We. This will require some delicate analysis. Indeed, the natural form of the corrector suggested
by the boundary layer analysis will in general have singularities at the origin. It will take a fair bit of work
to establish a suitable approximation (near the origin) and then splice the two different expressions together.

In general, F + ¥¢ will not belong to (7€) either (but will be “close”). Indeed, &7¢ is a linear operator
on Cp(R?), while £ (F + ¥¢) may not have a continuous extension to all of R? (though it will be continuous
on R? \ H71(0)). It will require some further work to correct for these discontinuities and find a family
{®° : £ € (0,€)} such that

(1) ®° and Z°P° are small,
(2) F + ¥¢ 4 ®° satisfies the skewness conditions, and
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(3) Z5(F + ¥¢ + ®°) has a continuous extension to all of R2.

Of course, one then takes II* L= 4 &°. The construction of the family {®° : e € (0,£)} will be described
in section 4.

The correctors W& and ®¢ will be obtained by significantly different calculations. Indeed, as will be seen
in the sequel, the glueing conditions ensure that we can in fact construct the W¢’s and the analysis here will
be similar to that in [Sow03], [Sow05]. The ®’s will be obtained by smoothing and serve to correct small
discontinuities in .Z¢(F + ¥¢) at H=1(0).

2.4. Notation. Let’s now record some notation and conventions to be used in the sequel.
For z = (v1,22) € R2, let ||z]| % /2 + 22. We will occasionally use the infinity norm on R? given by
def 2
[2]loo = max{[z1], |z2|} for z = (z1,22) € R%.

Recall the cutoff functions defined earlier. Note that for every n € N, there exists K,, > 0 such that \cf) l,
|c(_n)|, |c(()n)|7 |c$/n)| are bounded above by K.

For ¢ € C*¥(S), k € N, F C S closed, define (using multiindex notation)

def o
lellorry = sup [D¥p(x)].
€F

jal<h
Let n: R — R be the standard mollifier, i.e.
def | Cexp (ﬁ) for x| < 1
n(x) =
0 for x| >1

where the constant C > 0 is chosen such that fR n = 1. Also, for 6 > 0, define

bpydetl (T
n(m)—an(a) for z € R.

Note that there exists a constant K > 0 such that
|U'(z1)| < K|21] for x1 € [dy, —u,dgr + ul,

[VH(2)| < K||z]| for x € S.

2.5. Picture Near the Origin. Let % gef B(o, ), the open ball of radius wy centered at o. Then, for
x = (x1,22) € %, we have

2 x?
H(z1,72) = ?2 - ?1

Near the origin, then, it is natural to make the transformation y = ¢(x) where (y1,y2) = (¢1(x1, x2), p2(21, 22))
is given by
def T1 + T2

y1 = ¢1(w1,22) = NG

def T2 — T1

Y2 = ¢2(w1,22) = 72

The map ¢ with domain % is thus a clockwise rotation through an angle of 7/4. Clearly, ¢ is invertible on

Ui let ¢ 2 ¢t on ¢(%). Define H : R2 — R by

~ def
H(y1,y2) = y192 for (y1,y2) € R?,

and for y = (y1,y2) € R?, define ||y def max{|y1|, [y2|}. Clearly, H=Ho ¢ on %.

Suppose now that f € C?(R?). For y € ¢(% ), define
(Z1)y) < Z(f o 8)(o(v)

and

(Z7P)0) ™ 27( 0 6)(3lw)) = 5 (T H.V(F 0 0)(3(w) + 2(f 0 6) (D),
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We can explicitly compute that .

(ZHy) = 5(AN))
and ~ ~

(VTH,V(f29))(0(y)) = (V'H,Vf)(y)
for y € ¢(%). Hence, we have
(Z° 1)) = 5 (VRINO) + 5(AN6)
for f € C*(R?), y € ¢(%). It is also easily checked that
[VH*(2) = 47 +y3 = [VH[*(y)

where 2 = ¢(y), y € ¢(%).
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3. CORRECTORS (I)
We now take up the issue of constructing the correctors {¥¢ : ¢ € (0,£)}. The main result of this section
is
Theorem 3.1. There exists &31 € (0,1), a family of functions {¥° : ¢ € (0,&31)} € C(S)NC%(S\ H~(0))
and a constant K > 0 such that for e € (0,&31),

(1) F + V¢ satisfies the skewness conditions (5) at H=1(0) \ {o},
(2)

(W8 (2)| < Ke, zes
(2509 (z)| < 51%5 (H(;)> +K{531/4 + éexp [_K33/4] } co (;;;24) , z €S\ H(0).

3.1. Boundary Layer PDE. Let’s start by noting that the skewness conditions translate to

(11) e QVellVH@)[ + lim (VP (y),v(2)) o = Bo  vol VH(@)[| + lim (VI*(y),v(z))

yeSL yESo

for x € Cr, \ {0} and

(12)  Br{vallVH@)| + lim V(). v(2)) | = o { vol PH@)| + lim (VI (y). v(x))
YESR yESo

for x € Cg \ {o} where v(x) def (%) (x) is the outward unit normal to H=1(0) at € H71(0) \ {o}.

Essentially, we have here a singular perturbations problem. We can think of f as something like an outer
expansion which has the requisite behavior away from H™1(0), but fails to satisfy the boundary data at
H=1(0) (the boundary data being given by the skewness conditions). We look for correctors given in terms
of a coordinate along the boundary and an expanded coordinate transversal to the boundary. The function
Hs(f ) for suitable o > 0 is the natural choice for the coordinate transversal to the boundary. If we now apply
Z¢ to a nonlinear function of He(f ), then we will get a term of order e~2®. This is due to the diffusion
transversal to the boundary. We want this diffusion to be of the same order as the fast drift (¢72) and so
we choose a = 1. Note that we have three boundary layers, one in each of the S;’s.

Let’s now pin down the coordinate along the boundary. If © is a twice-differentiable real-valued function

on some open subset & of S and if we set ¥°(z) def w(@(x), M) for x € 0 with ¢ : R? — R a C? function,

€

then we have,

(13) (£9)(0) = 5 { G (VYO0 + 5T IVHIPE) |
+ é {‘;;f(zH)(x) + eaahge (VH,V@)(J:)} + {?g(of@)(m) + ;g;fIIV@IIZ(w)}

where the various derivatives of 1 are evaluated at (@(x), @) The Khasminskii coordinates (see [Sow03]

and [Sow05]), which we shall denote by ©, equate the coefficients of the two dominant terms in (13), i.e.
solve the PDE

(14) (V1H,VO)(z) = |VH|?(z)  for z € H7}(0)\ {o}.

Before delving into the rigorous construction of the Khasminskii coordinates, let’s make a few preliminary
observations which provide the context for the PDE result to follow. One should think of © as an angular
coordinate along the homoclinic orbit which starts at 0 near o, increases to G as one traverses Cy, in the
direction of the flow and then increases to Go = G, + Gg as one traverses Cr along the flow. © will not
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exactly solve the PDE (14) away from the homoclinic orbit, but we expect to be able to control the resulting
errors. Hence, if we let

Ap & 0, B, ¥ Gr, Ap & Gr, Br &' Go, Ao & 0, Bo &' Go

and
L (AL By)  for  LeA,
then O takes values in I, along Cy, £ € A.

If, as a first approximation, we take
. H(x
¥ () = v (0(@), "),

then for xz € Cy \ {o}, £ € A,

e _ (VH,VO)(z) ..~ 0¥ H(y) oy H(y)
fin (790 (2 = [ g (0. "2 ) + IvHG@) | jim, G (0. ™2).
yES, yesz

If we choose © such that (VH,VO)(z) =0 for z € H71(0) \ {0}, then the equation above becomes
c I
@}gﬁ(vq} (y),v(z)) = [[VH(z )||}i% o, (©@), )

where Ry, = Rp & (—00,0) and Ro & (0,00). Using now the fact that ||[VH(x)|| # 0 for = # o, the

skewness conditions become: for z € C; \ {o}, ¢ € {L, R},
(15) e dvet 22(0(2),0-) L = fo vo + 2 (6(a), 04)
Vet 5 =Povo+ o ; :

The equation (15) specifies the relation between the v,’s, the §,’s and the Neumann data for the PDE
jE\IJE ~
We now state our main result regarding the boundary layer PDEs. The proof will be given in section 5.

Proposition 3.2. There is a triplet of functions (V5 , WE WEY such that the following hold. For each (¢ € A,
VE € C®(R x Ry) and

ovks 19205
09 2 Oh?
for (6,h) € R x Ry. Secondly, for each multiindex o with || > 1, there is a constant K > 0 such that

(a7) DowE O] < Kew -\ [T ]

forallt e A, 0 €R, h € Ry with |h| > 1. Thirdly,
(18) U (0,h) = U (0 + G, h)
for (0,h) € R x R,. Fourthly,

(16) (0,h) + (0,h)=0

lim U5 (-, h) = lim WE(-.h)  in L3(Iy)

(19) h\.0 h,/0
: K. _ K. T2
}111{%‘1’0(7}1) %%\I]R(vh) in L*(Ir)
and
ok vk
limﬂ/ { 0h+v} Gdﬁ_hmﬂ/ { L (0,h)+v }wme peCx(l
) fmbo |\ an ©.(6,h) +vo ¢ o(6) T R R (0,h) + v ¢ 0(0) (Iz)

limﬁ/ OGS (0 1) +vo b (00 = hmﬂ/ VR (9. 1) +vn b o(@)d) o e C=(n)
i le) vl oh @) =l R vl on R(® ¥ c \UR
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Lastly,
K 2
(21) Zﬁg/ / (am (6 h)> dfdh < co.
lEA heR, JOel,

Let’s now obtain bounds on the derivatives of the \Ilf 's near h = 0. For each nonnegative integer k, define

def 1 h? [
Si(6,h) = {|9k/2 exp {—W] X(0,00)(0) + 1} exp {— Golh@

for (6,h) € R2. Note that there is a constant K > 0 such that for k € {0, 1,2, 3,4},

K [
(22) Sk(0,h) < W exXp [ Goh@

for all # > 0 and h € R such that |0] 4 |h| > 0.
Define

yLd—efZGL, de:efGL+ZGR and yod—efyLUyR

Also, for £ € A, define
def . _y
de(0) = allgfy[ |6 — ¢’ for 6 € R.

The following proposition is proved using Proposition 3.2 and Lemmas 5.9 and 5.10 in a manner analogous
to the proof of Proposition 8.7 in [Sow03].

Proposition 3.3. For { € A, the function VI € C®(R x R, \ (% x {0})). Also, for each pair of indices j
and k in {0,1,2} such that j + k > 0, there is a constant K > 0 such that

o\

(23) Bwﬁhi(e’h)‘ < KSoj1(de(0),h)
for all @ € R and h € Ry. Finally, for (j, k) € (Z7)?, £ € {L, R}, 0 € 1y, we have
. itk K oItk ” o
o }%1{% ETTE (V5 (0,h) +voh) = %1}% 50 LT (V7 (0,h) + veh) if k is even,

Bo (5 (0,h) +voh) =B 1 (T/5(0,h) + veh) if k is odd.

itk itk

lim —

w0 807 Ok 120 D03 ORF
3.2. The Angular Coordinate O. Let’s now start to rigorously construct the Khasminskii coordinates ©.
The ensuing is essentially lifted from [Sow05], with slight changes in notation. Our intent is to solve the PDE
(14) separately on Cr, \ {o} and Cr \ {o} by specifying initial data at (dr,0) and (dg,0) respectively, and
then smoothly extending the angle to (almost) all of S. Let ©(dy,0) = G5 /2 and let O(dg,0) = Go — Gr/2.
Then for « € Co \ {0}, ¢ € {L, R}, define

6(x) = O(dy. 0) / IVHIP (32 (de.0))ds  where = = 5,(dg, 0), ¢ € R.

Note that © € C*°(H™'(0) \ {o}). Note also that we have not defined © at o. This is because it is not
possible to extend © to a continuous function on all of H=1(0). Indeed,

tl}lzloo@(jt(dln O)) =0, tllgloe(&(dln O)) = tllr}loo 6(5t(dR7 0)) = GL; tlirgo é(at(de O)) = Go

which clearly precludes the possibility of extending © in a continuous way.
def

{yeo(w) : |:|(y) = 0} and

Let’s now extend the angle © away from the homoclinic orbit. Let X <
consider the angle ©~ induced by © on X by

~(y) {@(é(y)) — limy 0 O(6(ty)) if y € X\ {(0,0)}

[©]

0 if y = (0,0).
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Then, O~ solves the PDE

(VEH, VO ) (y) =i +y3  fory € X\ {(0,0)}

lim  ©~(y)=0.
S, (y)
yeX\{(0,0)}

Thus,
~ i = v5
0~ (y1,0) = ?1 and 07~ (0,y2) = —?2.
We now define
2 2
~ def Y Y
O(y1,y2) = 31 - ?2 for (y1,y2) € ¢(% ).

Let 01 %' {yeR?: Y|l < wo_/\/ﬁ} C ¢(%). We now extend the angle © away from H~1(0) by means of a
retract. Consider the flow on S defined by

o (z) = —H(x _VH_ Yz

91(0) = ) (o ) (67D

po(z) =2
Define p : S — H~1(0) by

def .. *
p(z) = lim o7 (z)
Note that
X o1 ({o}) = {(z1,22) € S : w25 = 0}

The following two lemmas are proved in [Sow05].

Lemma 3.4 (Retract). The retract p : S — H™1(0) is continuous and satisfies the following:
(1) p is C= on S\ X, )
(2) 60 pop is C* on g (3(T), and
(3) there is a neighborhood ¥ of o such that ¥ C $(0) and p(¥) C (1) and such that O~ ogpop = Oo¢
on VY.

Let @ € (0,h) be small enough that the set O def {y € R? : ||y|leo < @} is contained in ¢(?#). We can

nowdeﬁne@onS\beGd:dC:)op.

Lemma 3.5. The function © is C™ on S\ X. There is a constant K > 0 such that for all x € S\ X,
(25) e@I <K, |Ve@I<K, |£6@) <K,
(26) [(VHH,VO)(x) — [|[VH|* ()| < K[H(z)],
and for all y € OJ,
OW) < K|yl and VO < Kllylloc-

At this point, we have an angle © which is globally defined and an angle © which is only locally defined
near the origin y = (0,0). Let’s understand how the two are related. To start, let’s note that images (via
the map ¢) of points x € X sufficiently close to o have O-angle equal to zero. Indeed, if x € X N ¥, then by
Lemma 3.4,

O(¢(x)) = O o0 ¢(z) =0~ 0o p(x) =6(0,0) = 0.
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Thus, the image (via ¢) of the set X is contained in {y € O : O(y) = 0}. (Note that O(y1,y2) = 0 if and
only if |yi| = |y2].) The set ¢(X) partitions OJ into the following;:

def
G = {(y1,92) € O:ya > |y1l},

( )
G {(y1,92) € O y2 < —|ynl},
( )

def
= {(y1,y2) € O y1 < —[wol},

def
TR = {(y1,92) € O: 1 > |ya|}.

These sets correspond, respectively, to the upper, lower, left and right sectors of O as determined by ¢(X) =

{(y1,y2) € O: |y1] = |y2|}. We have changed font here to distinguish between the index sets A = {O, L, R}

and {U,D,L,R}. Thus, “L” refers to the left loop of the figure eight, while “L” refers to the left sector of [J.
It is now easily seen, using Lemma 3.4, that for y € 0\ ¢(X), = = ¢(y),

@(JI)*GL if y € 6u,
B(y) = O(z) — Go ?fye%o,
O(x) if y € 61,
O(z) — Gt if y € 6k.

3.3. The Principal Part of the Corrector (¥%). Let GL mln{GL, Gr} and define the four functions
Uy, Up, UL, UR by

uy(t, h) def \I/g(GL—t h) +voh ifth>0,te(0,G)
U UK (G~ h) +vih if h <0,te(0,G)
up(t.h) < UE(Go —t,h) +voh if h>0,te(0,G)
P T UK (Go =t h) + vrh if h<0,te (0,G)
det | OB (=t,h) +voh if h>0,te(-G,0)
U,L(t,h)z i
U (=t h)+vph ifh<0,te(-G,0)
ur(t, h) % def \I/g(GL—t h) +voh ifh>0,te(-G,0)
UE(GL —t,h) +vrh if h<0,te(-G,0)

The principal part of the corrector W€ is given by

wie) e i (00, " ) xs,(o)  for e €8\ (H0) LX)
LeA

Let

Fd—efFo¢ on [.

Lemma 3.6. The function V5 +F has a continuous extension to S\{o}. Also, V5 +F satisfies the skewness
conditions at H=1(0) \ {o} and is smooth at X \ {o}.

Proof. The proof is similar to that of Lemma 3.3 in [Sow05]. O
Define
T4 (z) & lim U5 (2))  forz €S\ {o}

2’ €S\(H™1(0)ux)
and

75, %0504 on O\ {(0,0)}.
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Let NV &0 \ (XU ¢(X)). For y € N, we have

Using Propositions 3.2 and 3.3, it follows that for s € {U,D, L, R}, the functions us solve:
s=U

O 1) = 5 e (6.1) (1.1) € (0,6) B\ {0}
(27) uy(t, 04+) = uy(t,0-) te (0,G]
B0 (1, 04) = 1 20 (1, 0-) te(0.g)
s=D
U 2u
%0 (1,h) = 3 221, 1) (t.1) € (0.6) ¥ R\ {0}
(28) up(t,04) = up (t,0—) te (0,6
8020 (1,04) = B 2 1, 0-) te (0.6
s=1L
%(t, h) = ;%;; (t,h) (t,h) € (-G, 0) x R\ {0}
(29) uL(t,O—‘r) = u(¢,0—) t e (—G,0]
Bo ik (1,04+) = B e (1,0-) te (-6
s=R
OAR 1,) = 3 ek 0,1) (1.1) € (-6,0) x B\ {0}
(30) ur(t,0+) = ur(t,0-) t e (—G,0]
50 SR (1,04) = B = (1,0-) te(-6.0)

Now extend ug to h = 0 by continuity, i.e. for s € {U,D, L, R}, define
us(t, 0) = hlrbué(t h)

for t € (0,G) if s € {U,D} and t € (—G,0) if s € {L,R}. The above system of PDE’s assures us that the
limits exist. For h € R, define

oy def 1. o7y def .
ug(h) = tlgr(l)u._(t, h), up(h) = }% ur(t, h).

Using the above system of PDE’s together with Lemma 5.9, it follows that for s € {L,R}, u? belongs to
C(R), ul|g+ € C®°(R"), ul|g- € C*(R™) and

o o o

D04y =0 2L0-), oS (04) = pr ok

(0-).

(31)
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In light of the Ge-periodicity of the W/’s together with smoothness of the latter away from h = 0, it is
natural to define

o def | ug(h), h>0
() & 4 =)
up (h), h<0
(32)
o det | ug(h N h>0
() 2 4 Vi)
ug(h), h<0

Then, for s € {U,D}, ud|g+ € C®°(R"), ul|g- € C(R™~). However, there is no guarantee that

du‘fJ
O dn

duy
dh

B

(0+) = A¢

(0-) or that Bo dJD d;D

D (0+) = " 72 (0-)

The upshot is that we must develop a suitable approximation to ¥ near the origin.

3.4. Approximation Near the Origin (U%). For (y1,y2) € O, define

~ def ~ def
Di(yrye) V2 and Dy, ) XL

5l

For z € R, let s(z) Lef z/|z| if z # 0 and let s(0) L. Then, for ys # 0,

LY, _(:)(07y2) = 5(y2)1§2(yl,y2) and M = s(yz)?§1(y1,yz)-

7®(Oa yQ)
Also, let & be the Gaussian kernel:

det 1 —22/2

for z € R.

For (y1,y2) € O such that yo # 0, define

= def ) EUU _9(0»92)7M — F(y1,92), y2 >0

Us(y1,y2) = ~ ; N
Eup _9(07y2)7 M - F<y17y2>7 Y2 < 0

Thus, for y = (y1,y2) € O such that yo # 0, U5 (y) is obtained by evaluating W% at the point g, where §
satisfies ©(g) = ©(0,y2) and H(§) = H(y1,y2), i.e. one pushes back along the constant energy set to the
point where the angle matches that at (0,y2) and evaluates W% there.
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Lemma 3.7. Fory = (y1,y2) € O such that y2 > 0, we have

W55 (y) + F (4) = X509 [e / i U3 (Da(y)2)® (ﬁlg(” - ) i

Bo—BrL [T o 5 1 (y)
+ ﬂo-i-ﬁLE/z_ousz(y)Z)@( 5 —|—z> dz

0 <
+ 250%5L8/Z=_00 up (92(y)2) & (191£y) - z) dz]

bo ~ (@ Br 0 R
2m€L:O uR(ﬁQ(y)Z)Qﬁ(Z)dZ + 2ﬂo —|—ﬂL€/Z:_OO UL(ﬁz(y)Z)Qﬁ(z)dZ

o 9
2ﬂoﬁfﬁL€/z—o ug(¥2(y)2z)® <1€(y) — z) dz

0 _
+€/ uf (92(y)2)® (1915@) — z) dz

=—00

_ 0 ) 3
Sibo [ e ( , ) dzl

and for y = (y1,y2) € O such that y2 < 0,

(33) + X{y1=0}

+ X{y1 <0}

(34) ]
V5() +F (y) = Xqp>0} [E /:O ug (92(y)2)® (ﬁlg(y) - z) dz
son o [” ugia)z)e (“y) +z> d

50 JFﬁRE =0

0 ~
+ 250%)51261——00 uf (92(y)2)® (1916(3/) _ z> dz]

57]?‘ > o0/Q 570 0 o
250 n 5R€/z:0 ug(V2(y)2)B(2)dz + 2ﬁo +5Rs/zzioo up (92(y)2)®(2)dz

Br % od J1(y)
2m€ /2:0 UR(ﬂQ(y)Z)® (5 - Z) dz

0 .
+ 6/27 uf (92(y)2)® <1915(y) - z) dz

— 0 ~ 9
+ 722 m ggs/zz_oo up (92(y)2)® (1916@) + Z) dz]

The functions W5 + [ and W5, have continuous extensions to 0. Also, WS, + [ satisfies the skewness

conditions at X\ {(0,0)}.
Proof. Consider the case yo > 0. Since uy solves the heat equation (27) with initial data given by (32), we

can use Lemma 5.9 with v = ﬂoﬁfm to conclude that

00 0
uy(t, h) = / ug(2)p(t, h, 2)dz —l—/ up (2)p(t, h, z)dz for (¢,h) € (0,G) x R.
z=0 z=—00

+ X{y1=0}

+ X{y1<0}
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Using the expression for p(t, h, z) (note that this expression varies depending on whether 2 > 0, h = 0 or
h < Q), replacing t and h by —C:)(O,yg) and M respectively, and rescaling the variable of integration
z = U2(y)z, we get (33).

For the case y2 < 0, the function up solves the heat equation (28) with initial data given by (32). Using
Lemma 5.9 with v = ﬁ()BTOﬁR’ we get

fo'e) 0
up(t,h) = / W (2)p(t, b, 2)dz + / W ()p(t, b )z for (£, h) € (0,G) x R

=0 z=—00
Proceeding as above and noting that 52(y) is negative for yo < 0, we get (34).

Let’s now address the issue of continuity. It is easily seen from the expressions for ‘iIEB +F that for yo # 0,

Hm [$% (y1,y2) + F (y1,92)] = Hm (U5 (y1,92) + F (y1,92)] = ¥5(0,52) + F (0, 92).
71 \.0 y1,/0

For continuity (of an extension) at yo = 0, let’s first consider the case when y; > 0. Then, from (33) and
(34), we have, respectively,

~ - ° 2 — > 2
Tim [5,(y) + F ()] = <& (0) /ZZO@ <\Cy1 _z> dz—l—E%u%(O) /ZZO@ (\Cyl +z> dz

Br o * \/§y1
+ 25m'u/|_(0) L:O @ ( c + Z) dZ
and

lim [U%(y) + F ()] :suﬁ(O)/oo & <\/§y1 —z> dz+OR—Po °(0)/°o & (‘/iyl +z> dz

y2,70 -0 € Bo + Br iR -0 €
Bo /OO V2
+2e——u7 (0 & +z | dz.
BO + ﬁR L( ) 2=0 £

Since ug and uf are continuous, we can use ug(0) and uf(0) instead of the appropriate right and left hand
limits. Note that we do not assume any relationship between ug(0) and u{ (0). Hence, the limits above agree
if and only if

B o

g_Pr__ Bo
Bo+0Br "

ﬁo_ﬁL o w
Bo + Br

U
Bo+pBL X
which is easily seen to yield

_ﬁR_ﬂO o

0+ " Bo+Br T

(0) (0) +2 L(0)

2(ug(0) — ug (0))(5% — BLBr) = 0.
This is the origin of the requirement 83 = [18r between the skewness coefficients. The case y; < 0 is

similar and also yields the last equation as a necessary and sufficient condition for continuity at yo = 0.
To establish continuity at (0,0), note that

. = ~ Bo AL
lim U5 (y1,y2) + F (y1, =e——ug(0) + e——u; (0
(yl,yz)—>(0,0)[ (WY1, 92) (y1,92)] Bo + Ar r(0) 8o + Br L(0)
y2>0
and 5 5
lim U, (y1,y2) + F (y1, =e—B  02(0) + e——2——u2(0
(y17y2);(’)(0,0)[ BW1,y2) + F (y1,92)] o+ Bn r(0) o+ Bn L(0)
Y2

The limits above agree if and only if 5(23 = BrPBR.
Since £ vanishes when either y; or y» (or both) equals zero, %, also has a continuous extension to .
To establish the skewness conditions, we need to show

0. . P R _
(35) Bo ylllgo aTJl[\IfB(yhyz) +F (y1,92)] = Br ylf% Tyl[@B(yl’yQ) +F (y1,y2)] forys >0
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(36) Bo y121{10 9 (U5 (y1,y2) + F (y1,92)] = Or y121/0 B (U5 (y1,y2) + F (y1,92)] for y; >0
0 0
(37) Br ylllgo o (0% (y1,92) + F (y1,52)] = Bo ylf% o (5 (y1,y2) + F (y1,92)]  forys <0
0 0
(38) AL ylzlgo s (0% (y1,y2) + F (y1,52)] = Bo 121mO s (U5 (y1,y2) + F (y1,92)]  fory <0
Noting that &'(z) = —2®(z) for all z € R, we directly compute, for y2 > 0,
0 <. AL o =
" i S0+ F )] = 23 [ a)2)2e )
O ~
w/i B [ i)
and
. 0 = o ~ ﬁo > o/(q
" i S50+ F ()] = 23 [ ua)2) ()
0 ~
+ 2\[ﬁoﬂf5L /7 ul (V2(y)z)26(2)dz

The equations (39) and (40) readily yield (35). The proof of (37) is similar.

Let’s now prove (36). For (y1,y2) € O, we have

gl;l(yla?ﬂ) =0 and ?;Zj(th) =
For y; > 0, we calculate
i, D{850) +F ()] = 5 R0 [ (fyl
s on [ ( )
it @) /:_OO 0 (@1 - Z) 2

Making the change of variables z — —z in the last integral, we get

0 s oo e dug * V2y
@) Jim @)+ )] = =GR [ z@( = —z)dz
4+ £ Po — BL duR o B du] ] > V2y B
+ 75 e @O 25 o) /z_ow( e T )dz
Also, for y; > 0
0 s, _ e duy o V21
1}21%672[‘1’3@) F(y)] = \[th(O )/ZZOZQ5< 6 —z> dz

e Br — Po dug e V2
VBT r dh O )/z:o 6( : ”)dz
S 5() du,_

\fﬂoJrﬁR dh

(0+) /i_ 26 <\/§yl - z> dz
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Again, making the change of variables z — —z in the last integral, we get

(42)  lim i[\i'fg(y) +F(y)] = £ dug (0-) /000 2® <\/§y1 - z) dz

y2,70 Oy V2 dh
e | Br — Po dug Bo  du] o V2
+ — 7 {504-51% 7 (0—) — 27&) " ndh (O—|—)] /z:oZ6 <€ +Z> dz
From (41) and (42), we see that (36) holds iff
d dud
(43) U8 (04) = on TR 0-)
and
Bo —Br ﬂL R PoBrL dw} Br—Po , dug, . BrBo  dup
W a2 s ah O T B Bk ) T 2o + B dn O

hold. Note that (43) is precisely the second equality in (31). Since the first (one-sided) derivatives of ug are
independent of the first (one-sided) derivatives of uf, the equation (44) holds iff

Bo—Br _ Br—Bo Bo  Br
(45) = and =
Bo+Br  Bo+Pr Bo+Br  Bo+Pr
where we have once again used (31). It is now easily seen that both the conditions in (45) reduce to
85 = BrOr

The proof of (38) is similar.

Using Lemma 3.7, we can now define, for y € O,

T (y) & Jim ().
y'—y
y' €0\{y2=0}
If we now define ¥, on ¢(C)) by
def =
Vg = Vo9,
then WS, is continuous on ¢(CJ) and f + U5, satisfies the skewness conditions at H=1(0) N (D).

3.5. Calculations and Estimates. The idea is now to obtain ¥¢ by using ¥¢ away from o and ¥% near
o. Define

D(y) = {16 +

_ 4

H

M foryed
€

and
D%(x) €D (¢(x))  forz € 9(0).
The following Lemma is taken from [Sow05].
Lemma 3.8. There is a constant K3g > 0 such that for all e € (0,1), y € O,
[9llso < K s{(D°(4))* + (D°(1))*}
9l < Kss{(D°(4))* + ¢}

1

H(y)| < (D°(y))?
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For each ¢ > 0, define
> def

BFO yen: D) <s)  and  B(6) L HB)).

Obviously,
B*(8) = {z € $(0) : D°() < 6}

_ w 4
5 < (MBB) ,
then for § € (0,4), € € (0,1), y € B(26), we have
Iylloo < K3s{228% + 2507} < 2K;358% (1 +8%) < 4K3507 < w.

Hence, B¢(26) cc O.
For § € (0,6), € € (0,1), let n%¢(z) L (955(1)) X0y (@) for z € S. Define

If we now fix § € (0, 1) such that

def

WOE () = U5 () (1- n‘s’e(m)) + U5 ()0 () forr €8S

and

Uoe(y) L ute(d(y))  foryel.

Note that B
supp(1 —7>°) CS\B5(6)  and  supp(y™°) C B*(20)
def

where B5(8) = {z € ¢(0) : D°(x) < d}.
Lemma 3.9. For § € (0,6), e € (0,1) and z € S\ H~1(0),

LW ) = 3 1)

where
19 (z) = (£°0%)(z) (1 — n*(2)),
[ (z) = (L°0%) (x)n* (@),
19%(x) = (U5(2) — U5 () (L50°%) (2),
1Y% (x) = (V(T5 — U%)(2), Vi< (2))
Proof. Straightforward. O

Recall the function £(z) in the statement of the Main Theorem. & is smooth and there is a constant

K > 0 such that
1
%exp {;”GWOLZ] < &(z) < Kexp {2”5;'2@

for all z € R. Also, there exists a constant K > 0 such that
1
slexp |- [ 1al| < e | -3 [ 1A
for all z € R.

Lemma 3.10. There is a constant K > 0 such that for all z € S\ (B5(5) UH~1(0)),

(46) <z6wz><x>|gffg{1+ (@}s('*”)

Proof. The proof is similar to that of Lemma 4.1 in [Sow05].
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Lemma 3.11. There is a constant K > 0 such that for e € (0,1) and y € 6L U G,

2
) ) e
95 (y) — P (v)] < Ke(e + [lylloe) + Kz exp [_lKH} ,

o PE
I9(F5 — ¥5) )] < K (vl + lylZ% +e) + K exp [— Ke? |

Proof. Let’s start by noting that for y € 41 U %R, |y1| > |y2| and hence ||y|[* < 2yf. This implies, in
particular, that e~71(®)1°/2e* < o=lvl*/2e*  We will also repeatedly use the fact that for k > 0, the map

z — |2|F®(2) is bounded on R (typically, we will have z = HSL“)
Define
ﬁ .
aly) def ﬁofﬁL if y2 > 0,
Br if o <0
Bo+Br Y2 ’

For y € €, s € {L,R} such that yo # 0, we have

where

+2at)-ve [ {u;<ﬁ2<y>z> g <H<y> } ® (éliy) + ) -
e {ua@(y)z) - (“”) } ® (ﬁlf’) - ) .
o) Zoae [ {U‘E(ﬁz(y)Z) g (“fj”) } ® (1915(” - ) -

EROEE {uz (*“”) —u, (—é@),ﬂf))} for s € (LR}

Let’s start with 1§ ;, s € {L,R}. Since us solves a heat equation, it is easily seen that there is a constant
K > 0 such that for all y € G,
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and for all y € € such that ys # 0,

o (R Ous [ -, . H()
uS( € ) Oh (@(y), € )

By direct calculation we have that

VTS () = < (ém”f”) V() + {u (H(j”) o <é<y>, ”S‘”) } V().

Using Lemma 3.5 and the observations above, we see that there exists K > 0 such that

T5..()| < Kelly|3,  fory e,

and
VY5 sl < Kellylloo + K[OW)][[ylloo
< K{ellylloo + [[yll3}  fory € G, ya # 0.

Let’s now tackle Y5 ., s € {L,R}. Start by defining for s € {L, R},

1,s9

Eu(z, h) % u(h + z) — u2(h) —ul(h+)z forheR, 2>0
U N wS(h+ 2) — u(h) — 4l (h—)z for heR, z < 0.

Then

=

Eu(z,h) = 22 /H)u — )i (h + t2)dt.

It is easily seen that for (z,h) € R?\ {(0,0)}, Es(z, h) is differentiable in z and h. Moreover, there is a K > 0
such that

OE; OE;
0z oh

for (z,h) € R*\ {(0,0)}. We will establish the desired bounds for T5 g for the case ya > 0. The calculations
for the case y2 < 0 and for Y5 | (y), y2 # 0 are similar. Now

nw e [ {um(y)z) ~u (“% } ® (M) - ) -
2=0
M ) ~
/wzioo {u% (H(gy) _ @2(y)w> —ug (H(€y)> } & (w)dw
M ~ ~
[ {ER (52(2/)10, H(Ey)> i (H(y)> &2<y>w} & ()

Hence, there exists K > 0 such that

() <e / KWy P ()i + & /

we

(2,h)

|Es(z,h)| < Kz?, ‘

< K(|z] + 2%), ‘ (z,h)’ < Kz?

Il
™

K[D:(y)||w|® (w)dw
R

< Ke ([D2)] + 102(v)])

< Ke (IlyllZ, + 1yllo)
< Kellylloo

where the last inequality follows from the fact that ||y|leo < w for y € O.
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Also, by differentiation, we have,
. H(y) H H(y) ., (H
V() = Vi () lER (— W, (y’> - AW ( S”)

I1) ~ _
<[ {—ewaaT (—é2<y>w, ”<y)> Vi) + 5 (—éxy)w, H@)) vﬂ<y>} ®(w)du

M ) ~
s {_u; (““”) Baly)uVA(y) — cwi (”“”) vm)} o (w)duw.

It now follows, using Lemma 3.5 and the estimates on Eg and its derivatives established above that

] 11 ) /222
91 ()

+ K/ {é‘lwl(l\yllzw2 + Iyl IV I2(9)l| + [lyl*w?® + Jwl[yl|* + 6|w|||V1§2(y)||} & (w)dw.

w=—00

IVL ()| < K[V ()] [H(Ey) n @

By simplification, we now get

4
Y
vl <& (14

< K(ellyllo + llyllZ + ).
Note that there is a constant K > 0 such that for all ¢ > 0,

/ B(2)dz < Ke /2, / 28(z)dz = 6(t),
t t

Iyl —llyl?/2e* | g 2
+o_ e + K(ellylloo + lyll5 +€)

/OO 226(2)dz < K(1+ t)e_tz/g, /OO B6(2)dz = (2+11)&(t).

def ﬁO - BL o 0/3 o H(y) rgl(y)
Ly(y) = m5/220 {UR(?%(Z/)Z) —UR ( . )}@ ( 5 +z
_Bo—BL [T o[ Hw - . (H)
= o B +5L€/10_W {uR <—E +192(y)w> — UR ( - )
Bo-PBL_ [™ . Hiy) Hw)\ | .. (HW (5 H(y)
= o +ﬂi /w=”15<y) {ER (192(?/)10 — 2?, s) + ug (5) (ﬁg(y)w — 25> } & (w)dw.

Elementary computations using equation (47) show that there is a constant K > 0 such that

W)l < Ke/wﬂ [192( )] + @

] & (w)dw

K{swz )|+ IR + 2l () <1 n '*’ﬁ”) n '“@'2}@—%

g
4 .
{ ||yH ||y||2 ||y€H } E—M

2
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Differentiating, we get

where
i) ™ LT Vi [ER (—HS”, Hf_}”) A0 ('@) ® (“”) 7
Ja(y) = gg ;gi /o;lsy) {%EZR (—2%@ + J2(y)w, HS”) (—iVH(y) + wVﬁz(y)) } & (w)duw,
OR === {6'5; (—2“‘6‘”) +i2(9) H“’) iva)} B(w)idu,
) e {u (H(j) LVH() (z%(y) 0 ) } B(w)d,

ol {u (”“”) (wvit) - 2ot ) } ®(w)du.

ﬁo+ﬁL

A good bit of tedious calculation using (47), together with the estimates on Eg and its derivatives, yields

] o191 ()[? /262

<K (IIyII4 N ||y|2> o lyl? /22

g2 €

Aw) [ |Aw)
[yl < K — | Tl=

< Ke,

el < ke [ tgslhel | (M4 ) @ w)du
w1 e

[ IIyH ||y|| o
<K<€2 +yl® + ellyl® + = + Nyl +elly] ) e MvI7/2

< Ke?,
2
+ y§w2> Hginﬁ(w)dw

<
sl < K€/:¢ (

<K <||y||5 + ” H3 y||4> e*|\y”2/252
- e

< Ke?,

<yl
J <K
Pl < e [ el +
<K <||y||2 + ||y) o~ llyl?/2€?
3

< Ke?,

~ 2
Hly)

H()

+y§w2 +

H()
9

H()

) & (w)dw
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e N (|w| ; ”y“) & (w)duw

_hw e
< K(e + ||yll)e W1/
< Ke.
Putting things together, we get
VI (y)|| < Ke.
We have

det, B 0 o . (HW) d1(y)

I3(y) = QWE/Z:_OO {URW2(3/)Z) —UR <€> } (G . z) dz
o ﬂL o o H(y) Q o H(y)
= 27ﬁo +5L5/w_1§1£(y) {uR <€ — %(y)w) — ug ( -

- Qﬁoﬂ%mg /O:M {ER <—1§2(y)w, HSJ)) — R (Hiy)) @2(y)w} & (w)dw.

Arguing as in the case of I, we see that there exists K > 0 such that
1I3(y)] < Kelly]loo-

By differentiation, we get

o P o3
2[30 “'BLVﬁl

+ ZﬁOﬁfLﬂL /0:191(14) {_EwaaEZR <_7‘§2(y)w7 H(gy)> v7§2(y)} ®(w)dw

Vi3(y) =

—~
<
S~—
m
Py
|
o
=
N~—
o
—
S
~
|
o
=
N~—
<
o
VR
o
=
N—
~

fo_ P /
Bo + BL Juw="1w

ﬁ > 0 H(y) q ) .o H(y) ~
+ Qm /wgli(/) {UR <€> U2(y)wVH(y) — ewig <€> Vﬂz(y)} &(w)dw.

Again, reasoning as in the case of |VIy||, we get
IVIs(y)ll < K(ellylloo + llyllZ + ).
Putting things together, we get
TR < Ke(llylle + ),
IVYS r@)I < K (ellylloe + lyl1% +€)-

25

Let’s now bound Y5 , s € {L,R}. Let 7(z) %ef ug(z) —uf(z) for z € R. For € € (0,1) and y € OJ, define

. )
J(y) & —e / s(y1) (s D (1) 2)® ("’“E(y) + z) i

=—o00

Then, using the fact that & is even, one can see that 15 g(y) = 2(1—a(y))J(y) on g and 5, (y) = 20(y)J (y)

on %.. Also, define

&1 () & / Gt)d, &2 (z) L / 6CD@d, eI (z) / &2 (t)dt.
t=—00 t=—00 t=—00
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It is easily seen using the observations regarding integrals of Gaussians above, that the functions z —
622/26(*1)(2), z = ez2/2®(*2)(z) and z — ez2/2®(*3)(2) are bounded for z € (—o00,0). Note also that on
integrating by parts,
/ 16D (1)dt = 26D (2) — &I (2),
t=—00

Hence, the absolute value of the integral can be bounded above by K e~ /4, Integrating by parts, we get

J(y) = —es(y1)(0)B Y (—@) + el (y) /0 s (y1)da(y)2)& (—W + z) dz.

zZ2=—00
Hence,
. _ il
. _ 1912 < (-1)
|J(y)] < Kee™ 22~ + Kelly[l & (w)dw
wW=—00
_ w2
< Kee™ 22

It now easily follows that
15 lyll3
| 2,s(y)|<K€eXp|: o

for suitable K > 0. R
Differentiating the last expression for J(y), we get

3

VJ(y) = T(0)& (— ﬁl(y)') Vi1 (y)

+eVR) [ B8 ”( Bl )dz

Z=—00

+
0
+55(y1)1§2(y)V1§2(y)/_ As(y)da(y)2) 2D ( 191(y)| )dz
1(y

0
sV [ ﬁ<s<y1>ﬁ2<y>z>@<| 1 )

Making the change of variables w = —|0 (y)|/e + z, we get

VJ(y) = T(0)& (—M> Vi1 (y)

3

_ 191wl

+evialy) [ ﬁ(“f’)m(ynéz@)w) & (w)du

w=—00
_ 191wl

+€5(y1)1§2(y)V1§2(y)/ S (Hi_y) +5(y1)1§2(y)w> we ™ (w)dw

w=—00

_ 191wl

+ Fi(y)Vz?z(y)/ S (H(gy) +5(y1)52(y)w> & (w)dw

w=—00

_ 191wl
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Now,

_ 1912 191 ()12 _ w2 _19iwi? _ \51(%”2

~ 1(y)
IVJ()l| < Ke™ 722~ + Kee™ 22~ + Kellylloce™ 32~ + Kllyl2e™ 22~ + Kllyce™ 2

vl
< Ke a7,

Hence,

lyll2
V5. (y)]| < K exp [‘ng

for suitable K > 0.
Combining things, we get the stated result.
|

Lemma 3.12. There is a constant K > 0 such that for § € (0,0), € € (0,1), y € (6uU%p) N (B*(20)\ B(3)),
we have

. - Ke?
TS, (y) — 05 (y)| < oo,
F5(0) ~ ()| < =
- . K -
(s - )l < F= gy, 20

Proof. We will prove the bounds for the case y € %y. The calculations for the case y € 4p are similar.
Note that for y = (y1,42) € Gy U %b, |H(y)| > y2. For convenience, define OF (y1, ) Lef 6(0,12) for all

(y1,y2) € O. Then
Vs(y) ~ Paly) =< {“U <—@C(y)= Hiy)> —uy <—é(y), HS”) } :

It is easily seen from the explicit formulas for © and O that —0(y) > —O(y) > 0 for y € 6y U 6p. For
y € Gy such that y; # 0, we have

o) ou |:|(
~ ~ y)
U3 (y) — V5 (y :5/ = t,—= | dt.
B( ) A( ) 1= —6(y) ot c

Recalling Proposition 3.3 and (22) and noting that the right-hand side of (22) is decreasing in |6, we get
that

W5 ) — W) < ————exp [— = |y -6
60|+ || ol €
Ko
- D)
o K _H(y)
=B W) | B
<X

By continuity, the bound extends to the case y; = 0.
Differentiating, we have

V(U5 = U9 (y) = J5(y) + J5(y) + J5 ()
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where

ot €
T5ty) 200 (—é<y>, HS”) Vo)
Jil) X {‘Z“;f ( 6°(y, MW T (—é<y>, ”i”) } vAw)
Using Proposition 3.3 and (22), we get
; Kel|yl|oe l T |Aw) ]
175 () < ©—exp |~y =
69()]+ [P col ¢
H(y)

- KsHyII?o ex [ Kl
A H
O(y)| + |12

< Kellyll exp |- [ H(y)
() Go | e
_ Kelyle
- 0
Similarly, one can show that
Kellyllso
)] < =,

Now J5 can be written as

-6%() 52, o ~
J5t) = ( [ G (t, HS”) dt) VH(y)

Using Proposition 3.3, (22) and reasoning as before, we get

. K T
175 ()l < 575 XD | =y [ =
: i Go
(16w1+[%2[)
. KR
[D=(y)]3/2
Kyl
24(y)
< Kelyllo
- 1)
Combining things, we get the stated result. O

H(y)

] 6(y) = 6 (W)IIIVH(y)ll

Yllo0

_H)
(D2 (y)]1/2

IA

Lemma 3.13. The function £°V% has a continuous extension to (.

Proof. Let’s start by marshaling a few facts. First, for y € O\ X, (Z°F)(y) = 0. Hence, (£°0%)(y) =
Ze[W% + F|(y) can be obtained by applying the operator .Z¢ to the integral representations for W%, + f in
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the statement of Lemma 3.7. Next, for y = (y1,y2) € O, we have

Finally, note that 4}(04+) = 4x(0—) and that 47 (0+) = 4 (0—); we denote these quantities by 43(0) and
i (0) respectively.
Direct computation yields, for yo > 0,

Jim (L°U%)(y) = ylli%(.,séfxi/g)(y)
oo [ e 2 L [ ) e
a0 By | euiataweas 22t 22) / i_w ()i (Da(y)2)dz
+ 2ﬂoﬁf& = /: 226 (2)iR (D2(y)2)d= + 2%%& = /:_OO 226 (2)ii (V2 (y) ) dz.

This establishes continuity along {(y1,y2) € O: y1 = 0,y2 > 0}, i.e. the positive yo-axis.

Let’s now establish continuity along {(y1,%2) € O : y2 = 0,41 > 0}, i.e. the positive yj-axis. Careful
computation yields, for y; > 0,
(49)

T (F7T5)(y) = 1918(2”) 0 /i & (ﬂlg(y) _ z> dz + éu%(()) /:0 & (1915( y) _ z) dz

+ ZuE(O) /:00(’5 Nily) —z) 2dz + ——= fo = 0 rly )uE(O) /Z:O &' (ﬁliy) +z> dz

€ Bo + Br €2

Mlo " 191() BO—ﬁLg 00 M ,

B iy . 0 e
+2m7u|_(0) Lz_wé <€ _2') dz

ﬁL 1 o 0 " ﬁl(y)
+ 2mgu|_(0) /Z:_Oo 6 <€ — Z) dZ

ﬁL € .o 0 ﬁl(y) 2
+ 2mlu|_(0) /Z:_Oo 6 (5 — Z> V4 dZ
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and
(50)
- 9 1 > 7
ylzigo(fa\ll%)(y) = zgy) Z z) dz + Eu%(O) /z=0 &" <1€(y) — z) dz
€ .o 2! y) Br—Both(y) . > ()
+ZUR(O)/ () —z> Z2dz+ﬂo+ﬂR =2 ug(0) /ZZOQi (s +z> dz

2dz

ﬂR —Bo 1 w2 > [ V1Y) Br —Bo €. > U1(y)
ﬁo-i—ﬁRE (0)/Z:0® ( - +z>dz+ﬁo T ond R(O)/Z_O(’5< 5 )
9 0 J
+ 2450%@% 16(2y) ug (0) /_7 &’ ( 15(y) — z) dz
1 0 9
+ 27506_'(_)@% EUE(O) /77 ®" < 1E(y) - z) dz

ﬁo € ¥e} 0 ﬁl(y) 2
+2m1UL(O) /z:_oo 6 < - — Z> z dZ

For equality of the limits in (49) and (50), it suffices to have

Bo —Br _ Br—Po and P __Bo
Bo+BrL  Bo+Br Bo+BrL  Bo+Br
Both these equations reduce to
B8 = BLbBr,

which is precisely (4). This proves continuity along the positive y;-axis.
Continuity along the negative y; and y, axes is established by similar calculations. Finally, it is easily
checked that lim,, ,,)—(0,0) (L°0%)(y) exists and is given by

: DE T ﬂO o ﬂL o :| 1/ "
1 LEUs = |2———ur(0) + 2————u(0) | — (5]
oo B = 125 O 2 0] 2 O
Bo ., BrL .o }5/00 2
90 o) +2-—E ie(0)| £ &(2)dz:
25 RO 25, 0] § [ e
this proves continuity at (0, 0). |

Lemma 3.14. There is a constant K > 0 such that

. 2
) < K (e 1)

5
foryeO\ X, ee(0,1).

Proof. Suppose | is either R* or R™ and ¢ is a real-valued function defined on | such that ¢, ¢ are bounded.
For € € (0,1), y € O\ X, define

W) d:efg/ ® (1916(9) _ z> (D (y)2)dz,

Iré(y) €e / © (W - ) e (Ja(y)z)dz.

Recalling Lemma 3.7 and the comments at the beginning of the proof of Lemma 3.13, it suffices to understand
how to bound |.ZY¢(y)| and |-ZI*(y)|.
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We have
5 4
LY (y) =Y _Ki(y)
i=1

where

g2 €
500 2 [ o (ﬁf") ) o(Fa(0)z)dz.
KS(y) d:ef,1925(y) /elze (ﬁlg(y) - z) ¢(Da(y)z)dz,

Let s(I) = 1if | = RT and s(1) = —1 if | = R~. We then have the following integration by parts formula: for
i€ {1,2},

e (“y) - ) o (1)2)dz = s(1)(0)8 (“y)>

9 9

+ Ja(y) /el (CICY (1915@) - Z) $(Da(y)z)dz.

We will repeatedly use the fact that &'(z) = —z®(z) for all z € R. Integrating by parts, we have

i) = 50" 08 <W> + [ e (’”y) . ) PU0s(y)2)dz

g2 €

and
K3() = 5() 20 0)8" (ﬁlf’) e (ﬁﬁy’ ) o(0a(0)z)d
= (I)?915(2y) 0)® (1915(1/)) + 1925(2/) /el z® (ﬁlg(y) > (0o (y)z)dz
~ H(y) 10 R WAV
22 /Z€|(’5< 5 )w(ﬂz(y) )d
Hence,
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and .Z°Y¢(y) = K5(y). Using the substitution w = z — 9, (y)/e and recalling that ¢ is bounded, we see that
there are constants K, K > 0 such that

25T ()] < f(s/ ® (191(24) - z) 2dz
z€R €

< 4K5+4Ks

2

ket Knyno,
€

Similarly, one can show that there exists K > 0 such that

_ 2
|$51—15( )‘ <K —‘rKHyH

The calculations are virtually identical, except that the integration by parts formula takes the form: for
i€ {1,2},

[ e (“y) + ) P(Da(y)2)dz = —s()p(0)81 <“y)>
z€el € IS

—U(y) / ot (195(” + ) P(02(y)2)dz.

]
Lemma 3.15. There exists a constant K > 0 such that
2
IVl < & {1 (%) }xBa@s)(x),
K e \*
o) < 5 {1 (%) }st e
forz €S, e€(0,1), € (0,9).
Proof. The proof is similar to that of Lemma 4.9 in [Sow05].
]

Lemma 3.16. Foré € (0,0), € € (0,1), the function F +W¢ satisfies the skewness conditions at H=1(0)\{o}.

Proof. Recalling Lemma 3.6, it suffices to establish the claim for z € (H1(0)\ {o}) N ¢(0); we naturally
switch to (y1,y2)-coordinates. For € € (0,1), § € (0,6), define 77 : 0 — R by

ﬁ‘s’s(y) def o (@ (S(y)> for y € O.
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Also define

for y € O,

*(2) ¥eo(vz)  for z € [0, 00).
For y € OJ, we have

O (y) = U5 (y) (1 - 77 (1) + L5 )7 ()-

Differentiating, we get

(VI)(y) = =T ) (Vi) (y) + (VIR () (1 =77 (y)) + V5 () (Vi) () + (VIS )77 (1)
Since (VH, VO)(y) = 0 for y € O, we have

~ 3
(Vi*<, VH)(y) = (;%é* (Qagy)> g (H(;/)) IVHGI

which implies that
(Vi VH)(y) = 0 for y € X.
Consequently, for y € O,
(VIF + 9], VH)(y) = (VIF +¥4], VR) () (1 = 7% (y)) + (VIF + V5], VH) ()7 (y)-
The result now easily follows from Lemmas 3.6 and 3.7. |

Lemma 3.17. There is a constant K > 0 such that for § € (0,5/\ %), e € (0,1) satisfying /6 < (1/2)Y/4,
we have

(024 (z)| < Ke forz €8S

and
e\ 0, £ H(l‘) ﬁ i H(z)
(Z7w )(x)lsﬁ5< . )+K< : +5>°°(em>
K Vo H(x) S\ H!
+?exp l_KE] o (6@) for z € S\H™(0).
vk,

Proof. Let’s start with the bound on ¥%¢. Using the exponential decay of the 51— s as |h| — oo, it follows
that WX (0, h) is bounded as |h| — co. Now using Proposition 3.3 and Lemma 3.6, it follows that there exists
K >0 with

[P (x)] < Ke for x € S\ {o}.

Recalling the comments following the definition of \TJEB, together with the fact that \if% has a continuous
extension to O, it follows that for suitable K > 0,

U5, (x)| < Ke  for z € ¢(0).

The bound on ¥%¢ now follows.
To establish the bound on .Z°W%¢, we start with a couple of useful estimates. First, if x € B°(26), then

% < 1. Hence,

H(z)
V26

X8 (26)(7) < o < ) for z € S.
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H(z) ) ( H(z) )
[ <
0 (5\/ 20/ X1 2620

{@

= ke (2axﬁ>

for suitable K > 0. If, in addition, § < 1/8, then 261/20 < ¢; since £(z) is even and decreasing on [0, 00), it

now follows that
H(z) ) (H(x)> a
El —X= | <& —% f € S.
(25\/ 20/ € o

Next,

2eV/20 }

Finally, we derive an upper bound for exp [— ”Iy(‘;;] when y € B5(26) \ B5(6). If ®°(y) > 4, then we must
have
_ 4
~ 52 H(y) 52
oOW)* > — > —.
GwP=% o [P >0
Easy manipulations involving the relations
- . 1
W) <llyll*,  H@)I<lyl*  and  Zlyl < llyllo < 4llyll
now imply that either
\/3 \[51/4

If £/v/5 < (1/2)Y/4, then the first inequality implies the second. Hence, for i € B°(26)\ B5(J), we must have

|mm_§§/

llyll2 V6
exp [— 8020 < exp e
for suitable K > 0.

Recall the notation of Lemma 3.9. We will repeatedly use the assumption that ¢/v/§ < (1/2)'/4. Using
Lemma 3.10, we get

which implies

|I2%(z)| < \I/(SS <H(:)> for z € S\ H1(0).

Lemmas 3.14 and 3.8 imply that
) ~
|(£°0%) ()] < K (5 + 8) for x € $(0) \ H~1(0).

Since n%¢(x) < X5:(25)(x) for z € S, we have

|I3%(2)| < K <e+ g) ¢ (:5%) for z € S\ H™1(0).
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Combining Lemmas 3.11 and 3.12, and using Lemma 3.8 to simplify, we get

2
[Wp(2) = ¥a(2)] < K <\€/5 +5\/5> + Keexp [_I\éﬂ )

2
V(05 — %) (2)|| < K <€5 + % +€+6> + K exp [g]

for z € B5(29) \ (B5(8) UH™1(0)). Using Lemma 3.15, we easily get

1§’E(x)§K<¢13+\§> (:@)*K pl_\/ﬂ (?ﬁ)

vaf(x)SK(\}g—i—Z—l—g) (;\;@)+K p[_ﬁ] (?\5@)

for € S\ H71(0). Putting things together, we get the stated result.

It is often useful in averaging calculations to have a bound on
Lemma 3.18. There is a constant K > 0 such that for § € (0,6), € € (0,1) satisfying e/ <1, and = € S
with [H(z)| > ev/25, we have

K H
vt < e (M),
NE) €
Proof. Let 8, ¢, x be as required. Since |H(x)| > £v/20, it easily follows that W% (z) = W5 (x). For z € Sy\ X,

€ A, we have
K X K x
(o3 =25 (00). M) vor) + 7 (060, " ) vHiw)

Using Proposition 3.3 and equation (22), we have

v (@(x), HS“) VO (z)

o0 < KeSy (dg(@(x))’ H(x)>

o) +|pef

e ()

where the last inequality follows from the fact that [H(z)/e| > v/2d. Identical reasoning yields

G <@(x), H(””)> VH(:I:)H < KS, (dg(@(:c)), H(“”)>

oh €
K s
: H()Ql/zexp_ Go
(a1 + [22]")
Ke (H(f”)) _
Vo €
Using the fact that 5/\/5 < 1, we now get the stated bound. By Lemma 3.6, the bound extends to x € X
satisfying [H(z)| > v/26. O

IN
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3.6. Proof of Theorem 3.1.
Proof of Theorem 3.1. For ¢ € (0, 1), set

_ 1\2
0 def 172 and let £34 def 52 <8> .

Define
pe L e for € € (0,€3.1).
It follows from Lemma 3.16 that F + W¢ satisfies the skewness conditions at H=1(0) \ {o}. The bounds on
W and Z°V* follow easily from Lemma 3.17.
]
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4. CORRECTORS (II)

4.1. Introduction. Let’s now construct the correctors {®° : ¢ € (0,&)}. Recall that the ®°’s serve to correct
small discontinuities in £¢(F + ¥¢) at H71(0). To identify the nature of these discontinuities, we start by
defining

F1(0,h) =3 (veh + U (0, )Xt (6, h)
LeA

and Hx)

e\ def z

f1 (x) = €f1 (@(.13), - )
for x € S\ (H71(0) U X). Then

(ot = 2 { G (VYO0 + 5 G ITHI) |
I + g velw | +e {Shzere) + ;S HIVePw |

where the various derivatives of f; are evaluated at (@(x), Hm). Note that (VH,VO) =0 at H1(0) \ {o}.

13
Recalling Proposition 3.3, we see that the problematic term is

o (0. ")z

which has a discontinuity at H=1(0) \ {o} (unless the ;s are equal). We would like to replace this term by
a smooth approximation. Note that we only need to do this outside % ; (£H)(x) =0 for z € % .

4.2. Construction. Let’s first understand, in (6, h) coordinates, the smooth approximation to % that we
intend to use. By the observation at the end of the preceding paragraph, we can restrict attention to compact
subintervals of I, and lg. Define

2 2
def 2 def w?

def w def w
aL_?’ bL—GL—77 aR—GL‘F?, bR—GO—7
and for £ € {L, R}, set Jy def [ag, be]. Define Jo def Jr UJg. Clearly Jp, CC ly, £ € A. Set
det | G (0, h) (0,h) € Ureads x Ry
g(0,h) = .
0 otherwise.
Clearly
ovk
g(0,h) =Y (ve+ i (0:h) ) X3,m, (6, ).
LeN
For v € (0,1), define
O [ g0, (- 1
h’eR

Lemma 4.1. Fiz ¢ € {L,R}. Then there is a constant K > 0 such that

ST
g”(0,h) —g(0,h)| < Kvexp —% X{|nzv} + K X{o<|h|<vs
og” Og [ |h]
(51) 90 (07h) - %(05 h)‘ < Kvexp _7?_ X{|h|>v} + KX{O<\h\<1/}7
9°g” d%g [ [A]]
‘ 962 (Hah) - W(aa h)‘ < Kvexp _7?_ X{|h|>v} + KX{O<UL\<1/}

for 6 € Jy, h e R\ {0}.



38 CHETAN D. PAHLAJANI

Proof. We start by noting that since d;(6) is bounded away from zero, by Proposition 3.3, there exists K > 0

such that
OUK

Oh
ovk
“Oh

(G,h)‘ < Kexp [_L‘h(q for (0,h) € Jy X Ry,

9 (9, h)‘ < Kexp [—lg} for (6,h) € Jy x Ro.

For 6 € Jy, h # 0, we have
o OUE 8\IIK
g7(6,1) — (0.1) = x(non) / 920 (9. 1y — 220 (9, 1y ) o (h — )i’
o \ R oh

0 K K
/ <a\1’f 0,1 — 2Y0 (9. 1) 4 vy vo) (b — 1)dh'

+X v
o<hvi) |\ 0k oh
LRV E) 7.9 ovlk . o
—|—// <8h (0h)—8h(9h)>n(h—h)dh
0 ovg ovf
+ X{-v / ( £(0,n)— =+ 9,h>n”h—h’dh’
Coaneor | [ (TG0 = TG00 - )
el 7] vk y N
+// <8h 0,n") — B0 (H,h)—l-vo—w)n(h—h)dh
0 ovK . 0Uf y N
+ X{h<—v} [/}Vz-oc ( oh (6‘,h ) — o (9, h)) n (h —h )dh
Hence, there exists K > 0 such that
lg”(8,h) —g(0,h)| < Kvexp [—h;(yq < Kvexp [—;} exp [%} for h > v
g”(0,h) —g(0,h)| < K for 0 < |h| < v
v o+ v I v
— < —— | < —— — < —
lg” (6, h) g(H,h)|_Kuexp[ e < Kvexp o | &P [K} for h < —v

where we have used the mean-value theorem to get the first and third inequalities. Putting things together,

we now get the first estimate in (51). The calculations for the other two estimates in (51) are very similar

(in fact, slightly easier due to the absence of the v,’s). O
Define

S¥{reS:0(z) € Jo}

and let T : S — Jo x [—h, h] be the bijection given by T'(z) %ef (©(z),H(z)). Then, T is smooth with smooth
inverse T~ satisfying
T71(O(z),H(z)) = 2

for x € S. If we now define

ot (LH)(T1(0,h))
1(0,h) & for (6,h) € Jo x [—h,h],
VH[(T=1(6, R))
then I is smooth and there is a constant K > 0 such that
ol %I
< -
ronisk || <k |Sien|<x

for (0,h) € Jo x [—h,h]. Finally, for € € (0,1), define

I5(0,h) < 1(0,eh)
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for (6,h) € Jo x [~h/e,h/e]. Note that |I5(6,h)|, |2 (6, R)],

bound independent of €), and
o H@)Y _ (ZH)@)
(0w ") - fEamch

83291; (H,h)‘ are bounded as well (with the

for z € S.
We can now provide the desired correctors. For v, ¢ in (0, 1), define

A (0, ) % o / / Y(0,5) — g0, 5)|I°(0, s)dsd=  for (6,h) € Jo x [—h/e, h/e].
z=0Js 0

Let ho > 0 be small enough that {x € S : ©(x) € {ar,br,ar,br}, |H(x)| < 2ho} C %. Then there exists
0o > 0 such that A"=5(0, h) =0forf e ([aL,aL +50} U [bL — o, bL] U [aR,aR —|—50] (@] [bR — o, bR]), |h| < 2hyg.
We now define

(52) v (z) X c2pve <@(a:), H(:)> < <Hi§0x)) xg(z) forzeS§.

Note that supp(®"©) C (S)° where ° denotes the interior of a set. This ensures that ®" is smooth at points
x € S with O(x) € {ar,br,ar,br}. For z € S\ H71(0), we have

() =<zt | (o). M) e (52 xsto)

el ()l ()]
o (o 82) [ (1)

1(\Iot)e that
54
2 [Ay,e (e(x), H(gx))] _ {3‘8\;’5 (VEH, VO)(z) + ;a‘g}\;e”w” (x)}
+e{3/§;’6 (LH)(z) + ‘?:8”; (VH, VO)(x )}
{2 20w+ 3 A VeI |
(e B2 o (42)]) - £ (2

e OAVE 9, . (H(z)
+ 22 v (x)co( ).

o (5] - () o g (22

where the partial derivatives of A*¢ with respect to 6 and h are evaluated at (@(CL‘), @)
We will take

@ () £ 8% ()

for suitable v,.
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Proposition 4.2. There ezists a constant K > 0 such that

8AIJ €
00

62Aua

v,e <
[AV<(8, h)| < Kvlhl, i

o (0.m)| < Kvil,

whﬂ<me

8AV,€
‘ oh
82Au5
0hof
82Aua
S 0h?
for (0,h) € Jo x [=h/e,h/e], v, € in (0,1).

(Q,h) S K|h|X{O<Uz|<V} + KI/(]_ —+ |h|)X{|h\2y}a

—i a5 00| < Klhlxqo<ini<vy + Ev(1+ [hD)X {0120},

(0,h)| < Kxqo<|n<v} Kz/e_‘hl/KX{|h,|2u}

Proof. We will repeatedly use Lemma 4.1 (for each estimate) without explicit mention. We start with the
bound on A*¢. Fix 0 € Jo. For 0 < h < v, we have
z

h
|A”<(0,h)| < / Kdsdz < Kh? < Kvh.
z=0

s=0
For h > v, we have

A”<(0, h) ZA”M

where
AV (0, 1) 12 / / v (0, s) — g(6, $)]|I° (6, s)dsdz,
z=0Js 0
AL (0,h) 12 / / v (0, s) — g(6, $)]|I° (6, s)dsdz,
z=v Js 0
A0, h) L2 / / v(0,s) — g(0, $)|I° (6, s)dsdz.
Now ,
|ATE(0,h)] < / Kdsdz < Kv* < Kvh,
z2=0 Js=0
h v
|ASS(0,h)] < / Kdsdz < Kv(h —v) < Kvh,
z=v Js=0

h z h
|AZ=(6,h)| < / Kve s/Kdsdz < K21// (1—e*/KYdz < K?vh.
z=v Js=0 Z=v
This easily gives the stated bound on A¥¢.
We have

v, h
D 0m =2 [ (0.5~ 50,9170, 5)ds

=0
For 0 < h < v, we easily get

‘ oAV

0,h)| < Kh.
o 0)

For h > v,

’ s (0, 1) ‘ ‘ / —g(0,8)|1°(0, s)ds| + 2/s;[g”(9,s)—g(o,s)uf(as)ds

< de+/ Kve */¥ds
s=0
< Kv + Kvh.
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We now get the appropriate bound.
Differentiating, we get

oI¢

2 \V,E h v h
S 010 =2 [ %0 - 0.0 Fo. s 2 [ g0 - 0. m) S 0510

The calculations are now identical to those for 2 ah .
Now

OA"= horE [og g .
39(9’h>_2/2_0/s_0[aa (0.5) ~ 25, 5)] I5(6, 5)dsd=

b= oIe
vz [ [ g0.s) - g(0.5) G 0151
2=0 Js=0 8
and
82Au5 82
(0,h) =2 — —=(0 I%(0, s)dsd
o //[89 )= GE0.5)| 10, 5)dsa
g oI¢ 9%I¢
4 2
+ /z:O /5:0 [ 50 0,s) 80(9 )} 50 (0,s)dsdz + / / —g(0,3)] == 502 (0, s)dsdz.
The calculations are now identical to those for A¥»¢.
Finally,
82Ay5
which easily yields the claimed bound.
O
Proposition 4.3. There exists a constant K > 0 such that
(56) _
|97 (2)| < Kev|H(z)| forz €8,
”vq)u,a(x)” < K‘H(x)|x{0<‘H(JL’)|<EV} + KV(5 + |H(x)|)X{|H(x)\ZEV} fOT’ T € S \ Hil(o)a

H(x _IH(z S Li—
|($E(I)U76)(x)| < Kv ’(5)‘ +KX{O<|H(I)\<51/} + Kve IH( )‘/KEX{lH(I)‘ZEV} + Kev fO?”fl? €S \ H 1(0)

Proof. We will use Proposition 4.2 here. The bound on [®"*(x)| in the first line of (56) is trivial.
For x € S\ H71(0), we have

e e (H(@) )
+ %A o <h0> VH(z)xg(z)

Vore(z) =

where A¥® and its partial derivatives are evaluated at (@(x), H(I)). There now exists K > 0 such that

€

H(x)

[IV®"(x)] < Kev + Ke

H()’

X{0<|H(z)/e|<v}y T Kev (1 + ‘D X{[H(z)/e|>v}

+ Ke%v
€

8

which easily yields the second line in (56).
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For the bound on |.Z=®"<(x)|, we start by recalling (53) and (54). There exists K; > 0 such that for
r €S\ H™(0),

y H(x H(z IH(
o [A (6(33)’ E: )>H - KIV‘ (e )'+K1X{0<H<x>/e<u} + Kave MOV ES () 120y
H H
+ Kiev (1 + ’(1’) ) + Kqe%v (m)‘ ,
€ €
and hence a constant K > 0 such that
H(z) “|H(a)|/Ke

X{[H(z)|>ev} + Kev.

o 22 o (1)

Again, there exist K7, K > 0 such that

5’ + KX {0<|H(z)|<ev} T Kve

H H H H
2 (vl (o 52 vl (5] st B2 e (1 [F2])
€ hg € €
< Kev + Kv|H(z)|.
Finally,
€2AV,E (@(1’), H(I)) Dips |:C0 <H(I)>:| ’ S K€21/ H(IE)‘
€ ho €
for suitable K > 0. Putting things together, we get the third line in (56). |

4.3. Proof of Theorem 2.6. We now provide

Proof of Theorem 2.6. Set

def 2

Ve = € for e € (0,1)

and
def _

€2.6 = 3.1
For € € (0,&26), define
o L evec  and  IF E U 40

Clearly, F +1I° € C(S)NC?(S\ H1(0)), and hence f + II° has a continuous extension which belongs to
Co(R?) NCZ(R?\ H~1(0)). Using Theorem 3.1 and the bound on ||[V®#| in the second line of equation (56),
it follows that /~ + II° satisfies the skewness conditions at H='(0) \ {o}. To conclude that f +1I° € Z(</¢),
it only remains to show that Z¢(f + II¢) has a continuous extension to S (and hence an extension to all of
R? which belongs to Cp). Recalling equations (53) and (54), and using Proposition 4.2, we see that the only
term in .#°®¢ which is possibly non-zero at H=1(0) is

%828/*}:’5 (@(x), H(:)) IVH|2(z) = {g% (@@:),@) —g (@(x),H(f)ﬂ (ZH)(x)

which is precisely what is needed to correct for the discontinuity in £¢(F +¥¢) at H='(0). Hence, £ (F +1I¢)
has a continuous extension to S.
The bound on II¢ follows directly from Theorem 3.1 and the first line of equation (56). To obtain the

bound on Z¢°II¢, note that
H(z) H(z)
X{0<|H(z)|<e3} < €0 3 < ¢ V251 )

We now easily get the stated bound by combining Theorem 3.1 and the third line of equation (56).
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5. FUNCTIONAL-ANALYTIC CALCULATIONS

5.1. Fourier Series Solutions. We would like to solve the PDE’s

Oy 1974y B
(57) W(@, h) + 282 (0,h) =0 for (0,h) €1y x Ry
subject to the boundary conditions
(58) Lim (- h) =€, Ve(Ag,h) = 1e(Bg,h) forall heRy
heR,

such that the skewness conditions (15) are satisfied. Note, however, that the Dirichlet data & is not given
in advance. In light of the periodicity requirement in (58), we expect to find a solution that is given by a
Fourier expansion in 6.
For ¢ € L2(ly), £ € A, k € Z, define the Fourier coefficient
def 1

27ki0
cerlt) g [ oo | -T2 o

If £ is real-valued, then we have ¢, —x[§] = cj ; [¢] for k € Z, where z* denotes the complex conjugate of x for
any x € C. By Bessel’s inequality, it follows that

2 1 2 2
(59) kez;%[gn <z /ee.( €0)2d0 < 00 for £ € L2(I,), £ € A.

Also, ¢ is the sum (in L2(ly)) of its Fourier series.

Let

def def
so =1 and s, =sp = —1.

Define also some eigenvalues A7 ;. by

/%%Wﬂ—ﬂ k>0
0

A & k=
/%%WU+U k<0
Then
M= - Dl = eV ad %0 = VT

for £ € A, k € Z, where R(z) denotes the real part of a complex number x. Note that for k € Z, we have
Ao~k = A} - To start, let’s solve the PDE’s (57), (58) for smooth Dirichlet data {. Define, for each ¢ € A,

LA py =

% (1) < () : = (A By) for alln >0 .
Cr(le) {560 (Ig) da:”( ) dx”( ¢) for a n_O}
The functions in Cp° (Iy) can thus be thought of as the restrictions to I, of Gy-periodic elements of C°°(R).

It easily follows (see [Fol92]) that for & € C3°(I), we have

(60) Z |Ce,k[§]|2(1 + k") < o0 for any n € N.
kEZ

For £ € C3°(Iy), £ € A, define

B0 S T conlilexp | T~ siheah] +canle]

(61) kez\{0}

b)) s S Mscoslelexp [

271'1@1'0}
keZ\{0}

Gy
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Lemma 5.1. Fiz { € A and & € C°(Iy). Then B[¢] exists as a pointwise sum and By[¢] € C(Ip x Ry).
Also, by[€] emists as a sum in L*(l¢); thus by is a linear operator from C3°(Ig) to L*(lg). Moreover,

0B [¢] 1 9°B,[¢]
z = I
90 (9, h) + 2 Oh2 (97 h) Oa (95 h) €l X R€
}Liﬂ% B [€] (-, h) = &llLzq,) =0,
(62) heERy
i |22 —egg| =0,
h—0 oh L2(ly)
heER, ¢
%[[f](Ag,h) :%[[6](B/ah>7 hGRe
There is a constant K > 0 such that
(63) 1B[€](0, h) — crolé]| < KeIhl/E for (B,h) € 1y x Ry
and for each multiindex o such that |a| > 1, there is a constant K > 0 such that
(64) DOB[€)(6. )| < Ke /K for (6.h) €1 x Ry.

Proof. Straightforward PDE calculations using (60) and the rate of growth of the Agz’s.
O

5.2. Lax-Milgram Analysis. For £ € L?(lp), define & def &1, for each ¢ € A. We would like the Dirichlet
data for the PDEs (57), (58) to agree at h = 0. To this end, we define a class of “admissible” functions 4 by

g9 {¢e L?(10) : & € C°(Iy) for cach £ € A} .
The skewness conditions (15) now become
Brive +bL[€L](0)} = Bo {vo + bol¢o](0)} for 6 €1y,
BrA{vr + br[¢r](0)} = Bo {vo + bo[£0](0)} for 0 € Ig.

We would like to cast the conditions (65) in the language of solvability for a certain Dirichlet-to-Neumann
operator. For £ € 4, define K[¢] : lo — R by

K[](0) = Brbrlec](0)xi, + Brbr[ER](O) X1 — BobolEo](8)
and define p : lo — R by

(65)

def

p(0) ' Bovo — Brvixi, — BrRVEXIA-
Lemma 5.1 tells us that K[¢] is in fact an element of L?(lp). We now want to use the Lax-Milgram Theorem
to find a weak solution of the equation
K[{=p

in a suitable function space. To identify the appropriate function space, we start with a coercivity result
and a boundedness result. Note that constants are both in the kernel of the b,’s as well as orthogonal to the
range of the by’s.

The proofs of Lemmas 5.2 and 5.3 are virtually identical to the proofs of Lemmas 9.2 and 9.3 in [Sow03].

Lemma 5.2 (Coercivity). For & € i, we have,

8% 2 1
K =0 [ [ (Fgem) w5 S ahealecsi”

LeA o
keZ\{0}

Lemma 5.3 (Boundedness). For &, ¢ € 4, we have

|
[N

(KIEL O 20y <9 D BeGelhelleenlée]? > BeGelheslles Gl

e e
kezZ\{0} kez\{o}
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Define an inner product (-, )5 on U by

def
(66) O = Y. BiGelerlerrlédel k6 + (6,0 200 for £,¢ e U
ke (o}
and let || - ||z be the corresponding norm, i.e.
def
(67) lller = (/O =14 D BeGelenllecerléd® + 1€l 720 for ¢ € 4L.
kGZZE\/}O}

Using the estimate (60) together with the Cauchy-Schwarz inequality, we see that (£, ()4 is in fact finite
for £, ¢ € 8. Also, the fact that co k(€] = cf _4[&], A = Aj _y for € € U, k € Z implies that (£, ()y is
real-valued for all £, € 4l. Let H be the closure of 4 with respect to || - ||a-

The following Lemma is taken from [Sow03].

Lemma 5.4. The pair (H,(-,-)y) is a real Hilbert space which is compactly embedded in L*(lo), written
H ccC L?(lp). The latter condition means the following:

(1) There exists a constant C' such that [|£]|12(1,) < C||€|la for all § € H,
(2) Every bounded sequence in H is precompact in L*(lo).

Define now the bilinear mapping Bgk : 4 x i — R by
def
(68) Bk[¢,¢] = = (K [E]vOL?(IO) for £, ¢ € 4.
By Lemma 5.3, it follows that
IBk[€, CI| = [(K[E], O p2q10) | < l€llmllCller for &,¢ € 4.
Lemma 5.5. Bk can be extended to yield a bilinear mapping on H x H satisfying

IBk[E, C]l < [[€llullCla for &, ¢ e H.

Moreover, we have

Bx[¢,¢] = \@ > BiGelMelleerléd®  for & € H.
LeA
keZ\{0}
Proof. Note that the stated bound on |Bk[¢, ]| and the expression for Bk [, ] hold for &, ¢ € 4. The proof
easily follows by approximating &, ¢ in H by sequences {£,}5°,, {¢,}52, in 4L O

Proposition 5.6 (Solvability). If p € L*(lp) satisfies feel (6)d0 = 0, then there exists £ € H such that

(69) BKK;C] = < 7C>L2(|o)
for all € H and

G
(70) meﬂ<<2%) D100

Proof. For each f € L*(lp), define Ly : H — R by Lf[¢] = def (€, f>L2(| for £ € H. Then, Ly € H* and
|Lsll < [1fllz2(10)- Define the bilinear mapping B:HxH —R by

B[¢, ¢
Now for £, € H, by Lemma 5.5,

] def

BK[& C] \}§<€a<>L2(|O) for (f,() € H x H.

Bmms0+¢)mmmm
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and

1
5 el

Hence, by the Lax-Milgram Theorem (see [Eva98]), for each f € L?(lp), there exists a unique element
A[f] € H such that

_ 1
B¢, ¢ = Bk[6, €] + EHSH%Q(.O) =

B[A[f],¢] = Ly[¢] for all ¢ € H.
Using the coercivity result of Lemma 5.2, the boundedness of L, and the compact embedding result of
Lemma 5.4, A is seen to be a compact linear operator on L?(lp). We would thus like to find £ € L?(lp) such
that

(71) c=A [p+1 LAl

V2 V2
Note that any £ € L?(lp) that solves (71) is automatically in H. The equation (71) has a solution & € L?(lp)
precisely when A[p] € R (I — %A) If we let A* be the L?(Ip)-adjoint of A, then by the Fredholm

4=AM+

L
alternative (see [Eva98]), we have R (I - %A) = N( - %A*) . Using the fact that (Af,g)

(f, A*g>L2(|O) for all f,g in L?(lp), we require p to be orthogonal in L?(lp) to the subspace

L2(lp) =

def * 2 1 * 2 1 * }
ME LA cel?(),c= A =dcel(o): (= —A

{ar¢: e 200).c= Foarch = {c e 1200) 50— A

To complete the proof, we need to show that M consists only of constants. By [Sow03] and [Sow05], it
follows that A* takes L?(lp) into H. Hence we have M C H. Let ( € M. We start with the observation
that for any u € L?(lp), we have

1
V2
= <U»§>L2(Io) B % <u’A*[C]>L2(|O) =0.

Bx[A[u], (] = B[A[u],¢] — —= (A[ul, ¢) 2,

Thus, if ¢ € R(A), then Bk[(, (] = 0. If not, there exists a sequence {(,}>2; C U such that || — (||l — 0.
We claim that ¢, € R(A). Indeed, it is easily seen that ¢, = A [K[g‘n] + %Cn} Hence, by Lemma 5.5,

Bx[(,¢] = lim Bx[Gu,¢] =0

which implies that ¢, x[¢] =0 for k € Z \ {0}, ¢ € A. Hence, ( is constant.
Let’s now prove (70). By (69), we have

Bi[&, €] = (p,€) 12010 -

Let € = € — co[€]. Then cogl€] = 0 and cox[€] = coxl€] for k # 0. Recalling that p is orthogonal in
L?(1p) to constants, we get

Bil6.&l = (p.€) < IPlrao) €00

L2(lo
By Parseval’s Identity,
1€17200) =Go Y lcolél.

kez\{0}
Since [Aox| = (47/Go)'/?\/|k], we have

1Go | Ao,k /Go
1=4/— g ==\ fi kl > 1.
47T \/m —_— 47T| O7k| or | ‘7
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Recalling the explicit expression for Bk €, £] given in Lemma 5.5, we get

[N

1
1 G i
Bk[¢.¢] = NG > BeGelAelleer&ll® < <47ng > IPlezaoy | Y. BoGolrokllcorlé])?
LA o keZ\{0}
keZ\{0}
%
G i
< (22) ol | 3 OiGibeslccale?
435 LeA
keZ\{0}
Rearranging and squaring, we get (70). |

We now provide

Proof of Proposition 3.2. By the glueing conditions, we have

/ p(0)dd = BoGovo — BrGrvr — BrGrVR = 0.
Oclo

Hence, by Proposition 5.6, there exists £ € H such that (69) holds. For £ € A, define

ef 2wk
(72) \115((9, h) def Z Cg’k[fg] exp |: G - Sg)\(,kh:| + C[’O[&] for (9, h) € R x Ry.
keZ\{0} ¢
The proof now very closely follows the proof of Proposition 8.6 in [Sow03]. O

5.3. Some PDE Calculations Related to Skew Brownian Motion. In order to better understand the
regularity of the W<’s near h = 0, let’s start with some calculations involving the transition density of skew
Brownian motion. Recall that for v € (0, 1), a skew Brownian motion with skewness v behaves like a regular
Brownian motion away from zero. When it hits zero, it makes an excursion to the right with probability ~
and an excursion to the left with probability 1 — ~.

Let g(t,x) be the heat kernel

1 2
g(t,x) = ﬁexp [_zt} fort >0, x € R.

Note that for any multiindex o € (Z*)? and § > 0, there exists a constant K = K(«a,d) > 0 such that

(73) |DYg(t,x)| < K fort >4, x € R.

The transition density p(t,z,y) of skew Brownian motion is given by the equations (see [RY99] p. 87)
p(t,0,y) = 27v8(t, )X (y>0y + 2(1 = 7)a8(t, ¥)x{y<0}

p(ts,9) = Xgasop | (8(t0 1) + (27 = Dalt 2 +9) ) xgym0) +2(1 = )alt,@ = 1)Xy<0y |+

X{z<0} [(g(t, r—y)+(1—2y)g(t,x+ y))X{y<0} +279(t, ¢ — ¥)X{y>0}

for x = 0 and x # 0 respectively. Let’s start by collecting together a few properties of p(t,z,y) to be used
in the sequel.

Lemma 5.7. Fizy € R. Then p(t,z,y) solves
2

&) = 3 L (1,0,0), (t,2) € (0,00) x B\ {0}
(74) p(t,0+,y) = p(t,0—,y), t>0

. Op B . Op
v lim 22 (6 2,y) = (1-7) lim =-(t,2,9), t>0
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Also, the map (t,z) — p(t,z,y) is continuous on (0,00) X R and C* on (0,00) x R\ {0} and for a =
(a1, a0) € (Z1)2, we have

) il{% Dip(t,x,y) = il/H}) Dgp(t,x,y) if ag is even

«

7311{% Dép(t,x,y) = (1 —7) il;% Dép(t,x,y)  if as is odd

Lastly, for a € (Z1)?, § > 0, there exists a constant K = K(«a,d) > 0 (independent of y) such that
(76) D2 p(t, 2, 5)| < K. 126 xR\ {0},
Proof. Straightforward calculations. For (75), we use the fact that for o = (ay1,a2) € (Z1)?, D%(t,-) is
even if ay is even, and odd if as is odd. O
Lemma 5.8. Let f € L'(R) and define a function u by

u(t, ) o/ f)p(t, z,y)dy fort >0,z eR.

yeR

Then, u(t,z) is continuous on (0,00) x R, u is C*° on (0,00) x R\ {0} and for every multiindex o € (Z)2,

we have

(77) Du(t,z) = fy)Dyp(t, x,y)dy fort >0, xR\ {0}.
yeR

Fort >0 and a € (ZT)?, the limits

lim D%u(t, z) and lim D%u(t, z)
0 z /0

exist and are given by
(19 Duton)= [ D0ty and  Du(t0-)= [ f)DIp(t0-p)dy
yER yER

respectively. Moreover,
- D%u(t,0+) = D%u(t,0-) if ag is even
(79) vD%u(t,0+) = (1 — v)D%u(t,0—) if ag is odd.

Finally, u solves

ou 10%u
(80) u(t,04) = u(t,0-), t>0

. Ou . Ou
’yil{‘%%(t,w)f(lffy)hm—x(t,x), t>0

Proof. Straightforward calculations using Lemma 5.7.

Lemma 5.9. Fiz T > 0 and suppose u € C>°((0,T) x R\ {0}) N L}

loc

([0,T] x R) satisfies

u(t, z) = %um(t,x) te(0,T), x € R\ {0},
u(t,0+) = u(t,0—) a.e.t € (0,T),
(81) (" B (T .
~ lim ug (8, ) p(t)dt = (1 — ) lim ug (t, x)p(t)dt  for all p € C°((0,T)),
z\0 Ji—o z,/0 Ji—0

1 T
/ / (uz(t,z))*dtdz < co.
r=—1Jt=0
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Then u € C((0,T] x R), for any multiindex o € (Z)%, t € (0,T), the limits
lim D%u(t, z) and lim D%u(t, z)
0 z 0

x

exist and
(82) Yug (t,0+4) = (1 — 7)ug(¢,0-).

Proof. Suppose ¢ € C°((0,T)) and ¢ € C§°(R\ {0}) such that lim,~ 9™ (x) and lim, ~q ™ (x) exist for
every n € N. Then, for h > 0, we get

/t—TO /|m>h A0 et = /m|>h/t o )ob(x)dtdzx
. /t:0w<t>ut<t,z>¢<x>dtdx

1 T
T2 /|I|2h /t:O At ) ) ke

where we have integrated by parts (in ¢) and used the fact that u solves the heat equation away from z = 0,
and that ¢ has compact support in (0,7). Now integrating by parts (twice) with respect to x, we get

/tO/III>h PPt = _7/1& 0/|x|>h W Jdzdt + Bi(h) + By(h)

where
aer 1 [T 17
Bi(h) = 5 [ e)ua(t,h)(h)dt — 5 | @(t)ua(t, —h)p(—h)dt
2 Ji=o 2 Ji=o
det 1 T ; 1 T .
Balh) ™ =3 [ ptputt.myinat + 5 [ poputt, ~nyi(-njds
t=0 t=0
Taking the limit as h \, 0, and replacing x and ¢ by y and s respectively, we get
1 [T .
83 dyds = —= , dyds + lim By(h) + lim By (h
[ ettt == [ [ cteiuts. b+ i B0+ Ju Bt

Now let ¢(s) %ef n’(t — s) and (y ) (5 x,y), where 6 € (0,7/2),t € (6,T —96), z € R\ {0} and n is the
standard mollifier. Then .

pls)=—i"(t—s) and  (y) =py(6,2,9)
Using the explicit expression for p(d, z,y), we get

(1= 7)e(0+) = 9(0-), ¥(0+) = (0-)
It is now easily seen using the second and third equations in (81) that limp\ o B1(h) = 0, limp\ o B2(h) = 0.
Noting that py, (6, z,y) = pze(d, 2, y) whenever x # 0, we get

/ / 3t — s)u(s,y)p(8, z, y)dyds = = / / 3t — s)ul(s, y)pee (0, z, y)dyds
s=0 yeR s=0 yeR

What we have proved, in essence, is that if we define
T
W)™ [ ] P supbadds o s 0.7/2), (to) € (0.7 -5 < K,
s=0 JyeR

then ud(t, x) solves

w(t,z) = %uiw(t, 2) (t,2) € (6, — 6) x R\ {0}
(84) uS(t,04) = u(t,0—) te(5,T—0)

ul (t,04) = (1 — y)ul(t,0-) te (6,7 —9).
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We now use Lemma 5.8 to get, for § < s <t <T — 9,
Wit = [t sy
yeR

and let § \ 0. (]

Lemma 5.10. Let uy and u— be elements of C*°(R) such that for every n € N, u(j‘) and u'™

Let uw = u(t, z) solve the PDE

are bounded.

ue(t, x) = fum(t x) t>0, zeR\{0}
(55) u(t, +)—u(t0 ) t>0
Vg (t,04) = (1 = 7)us(t,0-) t>0
lim () = 04 (2)X(0.00 (8) + 1 (B0 (3) @ € R

Then, for every n € N, there is a constant K,, > 0 such that
o"u 1 z2
<
<K, {t”/2 exp [ 4J —|—1}

86 t
(56) (1)
Proof. Let’s first consider the case t > 0, x > 0. Then,

forallt >0, x € R\ {0}.

0

uta) = [ e @plt e, y)dy + R

=0 Yy=—00
Using the expression for p(t, x,y), we get
u(t,x) = Li(t,z) + (2y — V)12t x) + 2(1 — ) I5(t, x)

0 [z (7)o
o gz ()

/;ix—<y>2®(uy>dy~

By making the change of variables z = z —y in I; and I3 and z = x 4y in I, the above expressions become
def [* 1 z
)™ [1 we-nge (e
=00 \f Vi
+(—x+ z) 6 ()
L. 7
Foiate(2)e
u_(x — 2) —
z=x \/>

n—1

3”]1 z (n) 1 z 1 . X (n—j—1)
J:

(%)

where

||o

Q.
@
i

Hm

I5(t, :c)

Q.
@
h

Ig(t, JJ)

=N
e}
-

I3(t, .’)3)

We now claim that for n € N,

Indeed, for n = 1, we have

%I; (t.2) = /:_OO oy (2 — z)\%@ <Z> dz + u4(0)

3
-
<o
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and the claim now follows by induction. By exactly the same line of reasoning, we have for n € N,

8”]2 o n e (n) 1 z ! : 1 () x (n—j—1)
g 0) = (V" | [ o) 0 (5 ) a4 S0 e ()l 0

=x

and )
8”13 - > (n) 1 z — 1 (j) X (n—j—l)
gt = [ =270 ( 5 ) b 2 (7)o
Row o o1 o1 o1
u 1 2 3
—(t,x) = t 2y —1)—=(t 2(1 —vy)—=(t
Cw) = S+ 2y = D52 () + 20— ) S22 (1)
Since ugfl) and u(_") are bounded, the Gaussian integral in the expression for each %z—{f, j € {1,2,3} can be

bounded from above by the appropriate upper bound on the integrand. Note that for each n € N, there is a
constant K, (not necessarily the same one as in (86)) such that

6™ (2)] < Kpe = /4

for z € R. Since the dominant term in the sum involves t~"/2, (86) now follows.
The proof for ¢t > 0, z < 0 is similar.
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6. APPENDIX: CONSTRUCTION OF THE PRE-LIMIT PROCESS

We now discuss the construction of the pre-limit process: for ¢ € (0,1), zp € S\ {o}, we would like
to construct a probability measure P € Z(C([0,00); R?)) which solves the original stopped martingale
problem. This can be accomplished by localization; one considers separately the questions of existence
away from the origin and existence near the origin. By working with the induced laws on the path space
C([0,00); R?), it should be possible to construct PS using the localization techniques in [SV79] (see Section
6.6).

There are several different, yet equivalent, probabilistic characterizations of skewness and it is useful to
take some time to examine them (see [Lej06] for more details). For simplicity, we illustrate the case of skew
Brownian motion. Let Y; be a skew Brownian motion on R with parameter v € (0,1). Then Y; can be
characterized in the following terms:

(1) SDE with local time.
It is shown in [HS81] that Y; is a semi-martingale which is a strong solution to an SDE with local
time

Y, = Yo+ B+ (27 - )LY(Y)

where B, is a Brownian motion and LY(Y) is the local time of the process Y at 0.
(2) Diffusion with generalized coefficients.
Y; can be thought of as a diffusion generated by
of 1 d?
7, def

d
s TG

where ¢ is the Dirac d-function concentrated at = 0. The skewness translates into generalized drift
concentrated at = 0 with the coefficient providing the biases.
(3) Solution of a martingale problem.

The article [Lejo6] provides other characterizations and constructions as well (e.g. Dirichlet forms, scale and
speed measures, etc.), but we only mention the ones we’ll be using. Obviously, the three approaches outlined
above extend (under suitable conditions) to multidimensional problems and operators/SDE’s with variable
coefficients (see [Por90], [SV86]). The martingale approach is best suited to proving limit theorems.

We first address the issue of existence of the pre-limit process near the origin. Naturally, we change to
(y1,y2)-coordinates. The generator now takes the form
1 0 1 0 1
25, 225y, + *A

By the skewness conditions (5), one can see that the probablhty of making a positive excursion in the y;
direction on hitting the ys-axis is Bo _ if y2 > 0, and

pe

if yo < 0. Similarly, the probabﬂlty of making

Bo+BL Bo+Br +ﬁ
a positive excursion in the yo direction on hitting the y;-axis is o ’8 —ify1 >0, and — if y; < 0. Using
(4), it is easily seen that
o _ _ PBr and o _ B
Po+PBL  Bo+PBr Po +PBr  Po+PL

In other words, the pre-limit process (near the origin) decouples into two independent skew Ornstein-
1l,e 2,e .
Uhlenbeck processes y;’~ and y;’~, governed according to

Ce def 1 9 1872 o= /BO
o 2ay%’ Bo + 6L’

of 1 0 1 92 BL
P P =—,
225, T 20,2 2= 5o+ 8L

where ~; represents the probability of making a positive excursion (in y;) on hitting zero, ¢ € {1,2}. An
alternative characterization of each yl © is as the solution of an SDE with local time. The existence of the
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processes ¥, y2° should now follow from [LeG85] (see also [Lej06]). Of course, one should then take
e l,e 2eydef 7, 1e 2¢
af = (x " 2y7) = oy "y )
Away from the origin, the existence of the pre-limit process should follow from the theory of generalized
diffusion processes (see [Por90]).
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