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ABSTRACT. We construct here certain perturbed test functions for stochastic averaging of a noisy planar
Hamiltonian system containing a homoclinic orbit. The noise is assumed to be small and have skewness at the
homoclinic orbit. Following Sowers, we center our efforts on a singular perturbations problem in a boundary
layer near the homoclinic orbit. The analysis hinges on the solution of a set of heat equations, coupled
through their boundary data. We identify the glueing conditions, which are sufficient conditions ensuring
solvability of the above problem. Probabilistically, the glueing conditions give the relative likelihoods, in
the averaged picture, of diffusing into the various regions of phase space when one starts at the homoclinic
orbit.

1. INTRODUCTION

A large number of phenomena in the natural sciences and engineering can be modelled effectively using
(deterministic) dynamical systems, either by ordinary differential equations or by maps. In reality, however,
these phenomena are almost always subject to random noise. The noise is typically small and its effect over
short times is consequently negligible. Over long times, however, the noise can lead to macroscopic random
transitions. A more accurate picture that captures this behavior can be obtained by using the noise to
regularize the system. The evolution is now described by a stochastic differential equation (SDE), or more
generally, by a second-order differential operator.

An important technique in the asymptotic analysis of such systems is stochastic averaging. The under-
pinning of stochastic averaging is a separation of time scales. There is a coordinate which varies slowly and
a coordinate which varies quickly. As the ratio of the speed of the slow coordinate to the speed of the fast
coordinate goes to zero, it is often possible to approximate the dynamics of the slow coordinate by a closed
set of equations, obtained by carrying out a long-term average in the dynamics of the fast coordinate.

The underlying (deterministic) dynamical system in our investigation models the motion of a particle
in a double-well potential and is described by a planar Hamiltonian ordinary differential equation (ODE)
containing a homoclinic orbit. The focus of our study is a stochastic process arising as a result of small skew
random perturbations of this Hamiltonian ODE. The skewness can be thought of as a coin flip: when the
process hits a loop of the homoclinic orbit, a coin (possibly biased, possibly depending on the loop) is flipped
to decide whether the next excursion will be outside or inside the corresponding loop. We also have here a
separation of time scales: the fast motion corresponds to rotation along the orbits of the Hamiltonian ODE;,
while the slow motion (due to noise) is transversal diffusion across orbits.

Stochastic averaging for noisy Hamiltonian systems was considered first by Has'minskii ([Has68]) for
the case of a single-well Hamiltonian. The calculations were extended to the case of Hamiltonians with
multiple wells by Freidlin and Wentzell in [FW94] (see also [FW98], [FW99]). It was shown in [FW94] that
the averaged motion can be represented as a diffusion on a graph with so-called glueing conditions at the
vertices. A different perspective was provided by the work of Sowers ([Sow03], [Sow05]) where the problems
of identification of the glueing conditions and averaging were recast in terms of constructing correctors for
a natural singular perturbations problem in the glueing region. We will adopt here this latter approach.

The work presented here was the subject of the author’s doctoral dissertation. The author would like to
extend his deepest gratitude to his doctoral advisor Richard Sowers for his support, guidance and insight.

Date: May 10, 2010.
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2. PROBLEM STATEMENT AND MAIN RESULT
2.1. Hamiltonian ODE. Let’s start by fixing a two-well potential U.

Definition 2.1 (Potential). Fix a function U € C°°(R) with three consecutive zeroes dr, € (—00,0), 0 and

dr € (0,00). Suppose further that U’(dy) < 0, U'(dg) > 0 and that there exists 0 < wy < 1 such that

U(xy) = —22/2 for |z1| < wp. This last assumption implies in particular that U’(0) = 0 and U”(0) = —1.
We want to consider the motion of a particle subject to the potential U. Define next the Hamiltonian

€ /1)2 . .

(total energy) of the particle by H(xy,z2) def U(zy) + 2 for (x1,22) € R2. It is easily checked that the

function H has a saddle point at o def (0,0) where H(o) = 0. Let VH be the symplectic gradient of H, i.e.

V+H = (ﬁ oH ) The motion of the particle is described by the flow

O0xy’  Oxy

jt(z) = VEH(e())

jo(x) =«
for t € R, x € R%. The phase portrait of the flow 3;(x) has a homoclinic orbit in the shape of a “figure eight”
contained in the level set H1(0). We are interested in small random perturbations of the system (1). In

particular, we would like to understand the asymptotics of the random motion when we have skewness at
the homoclinic orbit. We will restrict our analysis to the bounded set S C R? defined as follows:

(1)

Definition 2.2 (Restricted State Space). Fix u > 0 such that U’ is negative on [dy, —u, dy, 4+ u] and positive
on [dr — u,dgr + u] and such that U” is negative on [—u,u]. Let h > 0 be such that

h <min{U(dL—u),U(dR—|—u)} and
—h > max{U(dy, + u),U(dg — u),U(—u),U(u)}.
Let S be the connected component of {x € [dy —u,dr +u] x R: |[H(x)| < h} which contains o and let

So {2 €8:0<H(@)<h},

S, ¥{zreS:2eR_xR,—h<H(z) <0},

Sp & {zeS:zeR, xR,—h < H(z) < 0}.

Finally, define the index set A % {0, L, R}.

Note that, by construction, the Hamiltonian H has precisely one critical point in S, namely the saddle

point at o. Also, for x = (z1,22) € S, we must have |z2| < \/2 (h — ming, g4, —u,dp+y U(21)). Hence, S is

a compact subset of R2. Define, for each ¢ € A, C; < 9S, N H=1(0). Thus, C; is the part of the homoclinic

orbit that borders the region Sy.

2.2. Pre-limit Process. We start by considering, for € € (0, 1), the stochastic differential equation (SDE)

OH
dey® = =— (xS, 27 dt 4+ edW}
3%2
(2) oH
da}® = —— (2} %, 22°)dt + edW?
81’1

where W = (W' W?) is a standard two-dimensional Brownian motion. Moving to the slower time scale
t — &2t (or equivalently, speeding up the process) and using the explicit form of the Hamiltonian H, we get
the SDE

1
dey® = —a2°dt + dW}
(3) &

1
dz}® = —E—QU’(J;tl’E)dt + dW2.



STOCHASTIC AVERAGING WITH DISCONTINUOUS STATISTICS 3

Let & & 1A where A ef 06752 + 6‘9—; is the Laplacian. Then the generator of the process (z;°,z;°) has
1 2

domain containing C?(R?) ! and is given by

e é(le, V) +.2
on C?(R?).

The random perturbation of (1) that we have in mind is a stochastic process on R? with initial distribution
8z9> To € S\ {0}, whose behavior away from H=1(0) is governed by the operator #¢, with skewness conditions
at H71(0) completing the picture 2. We will characterize this process as a probability measure P;, on
C([0, 00); R?) - the space of continuous functions taking [0, o00) to R?, equipped with the topology of uniform
convergence on bounded intervals. Rigorously, the effect of the skewness is to impose requirements (at
H=1(0)) on functions in the domain of the corresponding generator.

We start by spelling out the skewness conditions. Fix three positive numbers 81, Or and o (the skewness
coefficients) satisfying

@

Definition 2.3 (Skewness Conditions). Denote by v(z) the outward unit normal to H=1(0) \ {o} at z. For
a function f € C.(R?) N C?(R? \ H71(0)), the skewness conditions take the form

B, Jim (V f(5), v(z)) = fo lm (VF(y),v(x)  forz € Cr\ {o}

(5) yeSL y€So
Br lim (Vf(y),v(z)) = Bo lim (Vf(y),v(z))  forzeCr\{o}
YESR YyE€So

where (-, ) is the standard inner product on R2.

The intuition behind (5) is the following: on hitting loop Cy, ¢ € {L, R}, the process makes an excursion
7 oﬁfﬁe and inside Cy with probability ﬁoﬁ i 3 In terms of the transition probability
density (if one exists), the skewness corresponds to a discontinuity in the density at the homoclinic orbit;
one might say the process has discontinuous statistics. One can think of the 38;’s as being control parameters
that can be tuned to regulate the relative likelihoods of diffusing into the various S;’s. The requirement
(4) is needed to carry out certain boundary layer calculations near the origin 3. Its significance will be seen
later.

Define a linear operator on Cy(R?) by

outside Cp with probability

e {(f, g) € Co(R?) x Cy(R?) : f € C*(R*\ H™1(0)), f satisfies the skewness conditions (5),
g=Z°fon R*\ H_l(O)}.

The operator «7¢ is (a core for) the generator of our process of interest. The domain and range of &/¢

are, respectively, 2(a7¢) € {f € Co(R?) : (f,g) € @/ for some g} and (%) ' {g € Co(R?) : (f,g) €

/¢ for some f}.

We have used multivalued operator notation (see [EK86], section 1.4) for the sole reason that it is easiest
to collect all the requirements by viewing /¢ as a subset of Co(R?) x Cy(R?). The operator 7€ is, in fact,
single-valued, i.e. (0,9) € /¢ implies g = 0. Thus, /¢ is the graph of a linear operator on Cy(R?), also
denoted by &7¢; we write g = /¢ f whenever (f,g) € «7°.

IFor k € 7+, C*(R?) denotes the space of C* functions on R? with compact support.

2 Admittedly, we are being a little cavalier in identifying the homoclinic orbit with the level set H=1(0). Indeed, H=1(0) can,
in general, include other connected components as well. However, since our analysis is restricted to S, we can safely assume
that U has suitable growth outside [df, — u,dg + u] to ensure that H=1(0) is precisely the homoclinic orbit.

3See Lemmas 3.7 and 3.13.
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Define Q &' C(]0,00); R?) and let Z(Q) be the set of Borel probability measures on 2. Let X; be the

coordinate process on €, i.e. Xi(w) def w(t) for all t > 0, w € Q. Define the filtration {% : t > 0} by

Fy def o{Xs : 0 < s <t} for all ¢ > 0, and define a o-algebra on Q by # def VtZO Z,;. Define also the

stopping time ¢ def inf{t > 0: X; ¢ S}. Finally, fix an initial condition zy € S\ {o}. The pre-limit process
can now be characterized as a probability law P; on € via the martingale problem (see [EK86] and [SV79]).

Definition 2.4 (Pre-limit process). For ¢ € (0,1), let P; € 2(Q) be a solution to the stopped mar-
tingale problem for (&/¢,d.,,S). This means the following. Firstly, P; {Xo = zo} = 1. Secondly,
PS, {X: = Xiac for all t > 0} = 1. Finally, for f € Z(a7°), the process f(Xiac) — f(Xo) — [ (7= [)(X,)ds
is a P; -martingale, or equivalently, for any 0 <7y <rp <--- <7, <s<t, {p;:j=1,...,n} C Cp(R?),
we have

tAC

E:, {f(xma—f(xw)— /

SAC

wsf)(Xu)du} [Leitx.)| =0

where Ef  is the expectation operator associated with Pg, .

2.3. Main Result. Let’s now understand how the ideas of averaging apply to this problem. First, note
that for f € C*(R), x = (x1,72) € R%, we have (V1H,V(f oH)) =0 and

(6) Z(foH)(x) = f(H(@))(LH)(z) + %f'(H(x))IIVHIIQ(w)-

For f € C?(R) with supp(f oH) C Sy, £ € A,
tAC EA
1) FHCG0) = FHCO) + [ FHOLH s+ 1 [ FHCL)ITHIECE)ds + 01

where M; is a P, -martingale with quadratic variation (M), = fot/\c |V (foH)|?(Xs)ds. Away from H™1(0),
X makes several rotations (under the law IP5 ) around the orbits of the Hamiltonian flow before H(X¢x¢)
changes significantly. Hence, as £ \ 0, the integrals in (7) should be replaced by

tAC A
/O FRCX))b(H(X,)ds  and / FOHOX))ar(H(XL) ) ds

where by and a, are obtained by taking a long-term average over the fast motion (the Hamiltonian flow):

def

T T
by(h) < lim ~ / (LH)a@)dt and  ag(h) = Jim / IVHI2Ge()dt

T—oo T
where H(z) = h, x € S;. Thus, as € \, 0, the dynamics of H(X;.¢) in region S, should be approximated by
a one-dimensional diffusion with effective drift and diffusion coefficients given by b, and a, respectively.
The behavior at H71(0) (in the limit as ¢ \, 0) is more complicated. The work of Freidlin and Wentzell
([FW94]) established that one should look for so-called glueing conditions, which describe the relative like-
lihoods of moving into the various S,’s as € \, 0. * The insight of Sowers was that glueing (which involves
choosing one Sy over the other) is essentially a boundary layer phenomenon and this idea was extensively
developed in [Sow03], [Sow05], [Sow07]. Here, the glueing conditions show up as sufficient conditions for solv-
ability of a singular perturbations problem in a boundary layer near H=1(0). With solvability, one proceeds
to construct certain correctors for averaging. It is the approach of Sowers that we follow here.

4Rigorously, one defines an equivalence relation = on S via chain equivalence. The quotient M def S/ = is a graph consisting
of three legs (one for each Sy) that meet at a vertex (corresponding to the homoclinic orbit). Averaging yields a model reduction
in the form of a limiting Markov process on M. The glueing conditions are now restrictions (at the vertex) on functions in the
domain of the limiting generator.



STOCHASTIC AVERAGING WITH DISCONTINUOUS STATISTICS 5

The probabilistic significance is the following. The heart of the stochastic averaging problem is establish-
ing, for a natural (averaging) operator &/ with “sufficiently large” domain 2(&) C Cy(R?), the assertion:
for f € 9(&), 0 < s <t,

tAC

(5 ly 55, | F0X00) = FCorg) = [ (@) (X

SAC

y] 0

The operator 47 is very closely related to the generator of the limiting graph-valued process ® and its domain
2(47) encodes the glueing conditions. The requirement that Z(<) be “sufficiently large” is related to
uniquely characterizing the limiting process. A natural starting point to establish (8) is the martingale
characterization of the pre-limit process. The problem, however, is that f is typically not in 2(%7¢). This
prompts the use of a perturbed test function methodology (see [Eva89], [Kur73], [Kur76], [Kus84]). One
attempts to find a family of perturbed test functions (f¢) with f¢ € 2(27¢) such that, in a suitable sense,

lim f¢ = f and il{r%)m/f =df.

N0
Then,
tAC
o) L, |7 (Xin0) ~ £ (Xend) = [ () (Xo)du| .| =0
SAC
and letting € \, 0, we get (8).

To make the foregoing precise, define for £ € A, Gy def ecy |VH||(2)2#1(dz), where 1 denotes
(normalized) 1-dimensional Hausdorff measure on R? (see [Fol99]). Note that Go = Gr + Gg. For
v (ve: £ € A) € RA, define
(10) F(2) €Y viH@)xg (@) forzeS.

LeA

The function F gives the dominant part of f € 2(.&/) near H=1(0), with the v,’s describing the specific f
near H=1(0). As stated above, we now want to approximate, for a sufficiently large class of vectors v € RA,
the function f by the perturbed test function f° € Z(&/¢) using additive correctors. In other words, one
would like to find, for some £ € (0,1), a family of functions {II* : € € (0,£)} C C(S) N C?*(S \ H~1(0)) such
that

1) Fe Y F 411 € 9(°) for e € (0,2),

(2) TI° and .Z°1I° are small, except perhaps near H=1(0).
Our main result is that if the v,’s satisfy the glueing conditions
(11) BoGovo = BrLGrvr + BrRGRVR,
then one can construct the desired correctors {II¢ : ¢ € (0,¢)}.

We will need a little more notation to state the main theorem. Define £(z) &f exp {—%, /e Vz+ 1} for

z € R. Let’s also define some cutoff functions.

Definition 2.5 (Cutoff functions). Let ¢ € C*°(R;[0,1]) be such that ¢y is non-decreasing, ¢4 (z) = 0 for

x <1and cy(z) =1 for x > 2. Define ¢_(z) &ef ¢+ (—xz) for all z € R. Also define ¢y (z) f e (z) + c—(z)
def

and co(z) = 1 —cy(z) for z € R.

5Let 7 : S — M be the projection map that takes z € S to its equivalence class (under =) [z]. If the linear operator /1 with

domain 2(2/1) C C(M) is the generator of the limiting graph-valued Markov process, then we set Z(.27) <ef {for: fea(x)}

and define, for fonw € 2(&7), o/ (f o) <«f (#/T f) o . Functions in 2(&/) and %(/) (the range of o) are thus constant along
orbits of the Hamiltonian flow.
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Theorem 2.6 (Main Theorem). Fiz v € R* satisfying the glueing conditions (11). Then there exists
Ea6 € (0,1) (independent of v), a family of functions {II° : € € (0,&26)} C C(S)NC?*(S\ H™L(0)) and a
constant K > 0 such that F +1I° € 9(°) for e € (0,é26) and

I* ()] < Ke, z €S8,

(L) )| < & (“(9”)) | Ke

gl/4 €

11 1 H(z) N
+K{63/4+86Xp|:—l(€3/4:|}to<ﬂ€5/4>, JZES\H (O)
We will prove this theorem at the end of Section 4. We construct the correctors {II° : ¢ € (0,£)} in two
stages. First, we look for a family {¥¢ : e € (0,2)} € C(S) N C?(S\ H71(0)) such that
(1) ¥ is small,
(2) F + ¥¢ satisfies the skewness conditions (5),

(3) W is approximately harmonic for the operator .#¢ in a boundary layer near H=1(0), i.e. ¥¢ solves
the PDE #°W*¢ ~ 0 near H=1(0).

The basis for this construction is the solution of a collection of heat equations (one for each £ € A) coupled
through their boundary data at H=1(0) - the boundary data encoding the skewness conditions (5). It turns
out that the glueing conditions (11) are sufficient conditions ensuring solvability of the coupled collection
of PDE. Since the analysis here is virtually identical to that in [Sow03] (see also [Sow05]), we restrict our
exposition to a few comments in section 3 relating the calculations here to those in [Sow03]. The next
step is constructing the W¢’s and establishing estimates on W& and Z°We. This will require some delicate
analysis. Indeed, the natural form of the corrector suggested by the boundary layer analysis will in general
have singularities at the origin. It will take a fair bit of work to establish a suitable approximation (near the
origin) and then splice the two different expressions together. Some supporting PDE calculations (involving
the transition density of skew Brownian motion) are provided in Section 5.

In general, F + U¢ will not belong to 2(&/¢) either (but will be “close”). Indeed, 7€ is a linear operator
on Cp(R?), while .Z¢(F + ¥¢) may not have a continuous extension to all of R? (though it will be continuous
on R? \ H71(0)). It will require some further work to correct for these discontinuities and find a family
{®° : £ € (0,8)} such that

(1) ®° and .Z°®° are small,
(2) F + U¢ 4 ®° satisfies the skewness conditions, and
(3) Z5(F + ¢ + ®°) has a continuous extension to all of R2.

Of course, one then takes II* L' = 4 &°. The construction of the family {®° : € € (0,&)} will be described
in Section 4.

2.4. Notation. Let’s now record some notation and conventions to be used in the sequel. For = (z1,22) €

R2, let ||z]| &' \/2Z + 22. We will occasionally use the infinity norm on R? given by ||z]lcc % max{|z1|, |72/}

for * = (z1,72) € R?. Recalling the cutoff functions defined earlier, note that for every n € N, there exists
K,, > 0 such that |c$b)|, |c(_")\7 |cé”)|, |c(v")\ are bounded above by K,,. For ¢ € C*(S), k € N, FF C S closed,
define (using multiindex notation)
def o
lellon = sup [Dp()].
zel
laf<k

Let n : R — R be the standard mollifier, i.e.

1
n(x) def Cexp (m2—1) for x| < 1
0 for |z] > 1
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where the constant C' > 0 is chosen such that fRn = 1. Also, for § > 0, define n’(x) & %n (%) for x € R.

Finally, note that there exists a constant K > 0 such that
|U/($1)| SKlfL‘ll for x1 € [dL—u7dR+u]7
(IVH(2)|| < K|zl for x € S.

—

2.5. Picture Near the Origin. Let % L B(o,wp), the open ball of radius wy (recall Definition 2.1)

2 .2
centered at 0. Then, for x = (z1,72) € %, we have H(z1, 1) = 22 — . Near the origin, then, it is natural to

372

. .. def g, 4«
make the transformation y = ¢(x) where (y1,y2) = (¢1(x1,22), pa(x1,22)) is given by ¢1(z1,x2) = %,
Pa(x1, ) def % The map ¢ with domain % is thus a clockwise rotation through an angle of 7/4.
Clearly, ¢ is invertible on %; let ¢ def ¢! on ¢(%). Define H : R2 — R by H(y1,y2) def Y12, and for
y = (y1,y2) € R?, define ||y|o0 def max{|y1|, |y2|}. Clearly, H=Ho ¢ on %.

Suppose now that f € C2(R2). For y € ¢(%), define (£ f)(y) def ZL(fo¢)(d(y)) and
(Z70)w) & 277 0 0) () = (T H, V(0 6)(Bl)) + L(f © 6)(3lw).

We can explicitly compute that (jf)(y) = %(Af)(y) and (V1H,V(f o (b))((;(y)) = (VLIZI,Vf)(y) for
y € ¢(%). Hence, we have

(Z°N0) = (VA V1)) + 3(ANE)
for f € C%(R?), y € ¢(%). Tt is also easily checked that ||VH|?(z) = y? + 33 = ||[VH|?>(y) where z = ¢(y),
y € (%)
3. CORRECTORS (I)

We now take up the issue of constructing the correctors {¥¢ : ¢ € (0,£)}. The main result of this section
is
Theorem 3.1. Fizv € R? satisfying the glueing conditions (11) and let F be given by equation (10). There
ezists 3.1 € (0,1), a family of functions {¥¢ : e € (0,&3.1)} C C(S)NC?(S\ H~1(0)) and a constant K > 0
such that for ¢ € (0,&31), F + V¢ satisfies the skewness conditions (5) at H=*(0) \ {o} and

0% ()] < Ke, zeS
(L°0%) (2)] < 51%5 (H(j)) +K{€31/4 + éexp [_Ksl?*/‘i] } < (\%(;)/4) , z €S\ H0).

3.1. Boundary Layer PDE. Let’s start by noting that the skewness conditions translate to

(12) e QVLlVH@)[ + lim (VP& (y),v(2)) o = Bo  vol VH(@)| + lim (VU= (y),v(z))
yeSL y€So

for x € Cr, \ {o} and

(13) Br § VelIVH(@)[| + lim (VU=(y),v(2)) » = Bo  vol VH(@)[ + lim (VU= (y),v(x))
YESR y€So

VHI
Essentially, we have here a singular perturbations problem. We can think of f as something like an outer
expansion which has the requisite behavior away from H=1(0), but fails to satisfy the boundary data at
H=1(0) (the boundary data being given by the skewness conditions). We look for correctors given in terms
of a coordinate along the boundary and an expanded coordinate transversal to the boundary. The function
% for suitable & > 0 is the natural choice for the coordinate transversal to the boundary. If we now apply

for © € Cg \ {o} where v(x) def ( v ) (7) is the outward unit normal to H=1(0) at € H=1(0) \ {o}.
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H(m)

Z¢ to a nonlinear function of , then we will get a term of order e~2®. This is due to the diffusion
transversal to the boundary. We Want this diffusion to be of the same order as the fast drift (¢72) and so
we choose o = 1. Note that we have three boundary layers, one in each of the S;’s.

Let’s now pin down the coordinate along the boundary. If © is a twice-differentiable real-valued function
on some open subset & of S and if we set 1¢(x) def 1/}(@(12), @) for x € 0 with ¢ : R? — R a C? function,

then we have,

(1) (£90)(0) = 5 { G (VYO0 + 5 TEIVHIPE) |
0%y 102

i1 {‘%(.XH)( )+

% (VH.vO)) | + { G0N + 5 g VOl }

0hob

where the various derivatives of ¢ are evaluated at (@(x), @) The Khasminskii coordinates (see [Sow03]

and [Sow05]), which we shall denote by ©, equate the coefficients of the two dominant terms in (14), i.e
solve

(15) (VEH,VO)(z) = || VH|*(x) for z € H71(0) \ {o}.

Before delving into the rigorous construction of the Khasminskii coordinates, let’s make a few preliminary
observations which provide the context for the PDE result to follow. One should think of © as an angular
coordinate along the homoclinic orbit which starts at 0 near o, increases to G, as one traverses Cy, in the
direction of the flow and then increases to Go = G, + Gg as one traverses Cr along the flow. © will not

exactly solve the PDE (15) away from the homoclinic orbit, but we expect to be able to control the resulting
errors. Hence, if we let Ap, d—EfO Br def Gr, Ag def Gr, Br d—ef Go, Ao d—QfO Bo def Gop and Ig = (Ag, By) for
£ € A, then © takes values in I, along Cy, £ € A.

If we take We(z) = ¢ D ven Ve (@(3}) H(I)>st( ) as a first approximation, then for z € Cy \ {0}, £ € A,

s, (V) <$>>=m§i§; O (0. ™2+ 19m@) i (000, "2).

yES, yESz
If we now choose © such that (VH,VO)(z) = 0 for x € H=1(0) \ {0}, then the equation above becomes
Yy
Jim (V¥°(y), v(x)) = | VH(2)| lim 55, (@), h)
YyES, heR,
def def

where R, = Rr = (—00,0) and Rp = (0,00). Using now the fact that ||VH(z)|| # 0 for  # o, the
skewness conditions become: for « € C; \ {o}, ¢ € {L, R},

(16) B {on+ Gpt0().0-) } = o {vo + Z2 001,00}

The equation (16) specifies the relation between the v;’s, the §,’s and the Neumann data for the PDE
LV = 0.
To construct the correctors, we need to be able to solve

Oy 194y
1 = f I
(17) 20 —(0,h) + 2902 (0,h)=0 or (0,h) €1y x Ry
subject to the boundary conditions and periodicity requirements
(18) Lim (-, h) =€, Ve(Ag,h) =e(Be,h) forall heRy
heR,

such that the skewness conditions (16) are satisfied. This latter condition is crucial. Indeed, the existence of
suitable £ ensuring that (16) holds is a priori not guaranteed. That such a £ can be found is a consequence
of the glueing conditions.
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The analysis proceeds in the functional-analytic framework described in Section 9 in [Sow03]. One starts
by solving the individual PDE in the collection for “nice” ¢ (using Fourier series). This yields well-behaved
solutions for each individual £ € A with the appropriate periodicity and Dirichlet data; the validity of the
skewness conditions (16) remains. The problem is now recast as one of finding suitable £ in an appropriate
function space such that the skewness conditions are satisfied. A Lax-Milgram analysis identifies the glueing
conditions (11) as sufficient conditions for solvability. The calculations are virtually identical to those in
Section 9 of [Sow03]; in our case, the quantities K[¢] and p on page 364 of [Sow03] take the form

K[€)(0) < Brbo[L)(0)x1, + BrbrIER](8)x1, — BobolEo](8)

and
def
p() = Bovo — BrLvixi, — BRVRXIx-
Here, & is the restriction of € to lp and bg[&,] is a Dirichlet-to-Neumann operator. As in [Sow03], the condition
for solvability is fe clo p(0)df = 0 which is easily seen to be equivalent to the glueing conditions (11).

The consequence is the following proposition whose proof closely follows that of Proposition 8.6 in [Sow03].
Proposition 3.2. There is a triplet of functions (V5 WE WEY such that the following hold. For each ( € A,
UE € C®(R x Ry) and
ovls 1020k

0,h)+-——>(0,h) =0
50 0:0) + 555 (0.h)
for (6,h) € R x Ry. Secondly, for each multiindex o with || > 1, there is a constant K > 0 such that

(20) DowEO0] < Kexp [ [T inl]

forallt e A, 0 e R, h € Ry with |h| > 1. Thirdly,

(19)

(21) Wi (0,h) = Wi (0 + Ge, h)
for (6,h) € R x Ry. Fourthly,
K o K. P
(22) }1L1\mo U5(,h) = %1}% U (-, h) in L*(lg), ¢ € {L, R}.
and
(23)

lim 3 / { (0 h) + } (Q)dﬁ = lim / { £ (9 h) + } (9)d9 e C:°(| ) le {L R}
1m \Y 11m \ "2 . 5 5 .
h\0 © oel, oh © h,0 ¢ oel, oh ’ ¢ ’ ¢ ¢

Lastly,

8\I/K ?
4 dbfdh .
(2 ) g\ﬁe /}LERg /96|g ( )> =%

We now provide bounds on the derivatives of the UX’s near h = 0. For each nonnegative integer k, define

e 1 h? N
S (9 h) d ! {Wexp |:—4|9:| X(O,DO)(e) + 1} exp __ Go|h|:|

for (6,h) € R2. Note that there is a constant K > 0 such that for k € {0,1,2, 3,4},

K [ ]
P — -

for all @ > 0 and h € R such that |0] + |h| > 0. Define .7, < 72G., Zr & GL + ZGp and S ¥ .7, U 5.
def

Also, for £ € A, define d;(0) = infpecy, |0 — @| for & € R. The following proposition is proved using
Proposition 3.2 and Lemmas 5.3 and 5.4 in a manner analogous to the proof of Proposition 8.7 in [Sow03].
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Proposition 3.3. For { € A, the function V) € C®(R x R, \ (% x {0})). Also, for each pair of indices j
and k in {0,1,2} such that j+ k > 0, there is a constant K > 0 such that

ke K
(26) ot (0. 1) < KSyy((0), )
for all ® € R and h € Ry. Finally, for (j,k) € (Z+)?, £ € {L, R}, 0 € |y, we have
lim LHC (U8 (0, h) +voh) = lim LHC (T (0, h) + veh) if k is even
@) UL n.70 0010 ’ ’
j+k §itk
Bo ;i{% ST (T8 (0, h) +voh) = B ]}% T (T (0, ) + veh) if k is odd.

3.2. The Angular Coordinate O. Let’s now start to rigorously construct the Khasminskii coordinates
©. The ensuing is essentially lifted from [Sow05], with slight changes in notation. Our intent is to solve the
PDE (15) separately on Cr, \ {o} and Cr \ {o} by specifying initial data at (dr,0) and (dg,0) respectively,
and then smoothly extending the angle to (almost) all of S.

Let ©(dL,0) = GL/2 and let ©(dg,0) = Go — Gg/2. Then, for z € C; \ {0}, ¢ € {L, R}, define
O(z) = O(dy,0) + fot IVH||2(35(de, 0))ds where z = 3:(dy,0), t € R. Note that © € C°(H~1(0) \ {o}). Note

also that we have not defined © at o. This is because it is not possible to extend © to a continuous function
on all of H71(0). Indeed, lim; . o ©(3:(dz,0)) = 0, limy .o ©(3:(dr,0)) = lim;_ o O(3:(dr,0)) = Gr, and

lim; o O©(3:(dr,0)) = Go which clearly precludes the possibility of extending © in a continuous way.
To extend the angle © away from the homoclinic orbit, let X def {y € 3(%) : H(y) = 0} and consider the

angle ©~ induced by © on X by

o~ (y) O((y)) — limp 0 O((ty)) if y € X\ {(0,0)}
0 if y = (0,0).
Then, for y € X\ {(0,0)}, ©~ solves (V+H, VO™)(y) = y3 +43. Thus, ©~(y1,0) = % and ©~(0,y2) = _%’;‘.
We now define

2 2
~ def
O(y1,y2) = %1 - %2 for (y1,12) € (% ).
~ def

Let 0= {y € R? : [|y]loc < w@0/V2} C ¢(%). We now extend the angle © away from H='(0) by means of a
retract. Consider the flow on S defined by

v VH .
91(0) = ) (o ) (91D
po(z) = .
Define g : S — H™1(0) by p(z) Lef lim¢ ~ pf(z). Note that X def o1 ({o}) = {(w1,22) €S : 2129 = 0}. The
following two lemmas are proved in [Sow05].
Lemma 3.4 (Retract). The retract p : S — H™(0) is continuous and satisfies the following:
(1) p is C= on S\ X, )
(2) @~ 0 pop is C® on o (H(0)), and
(3) there is a neighborhood ¥ of o such that ¥ C $(0) and p(¥) C (1) and such that O~ opop = o
on VY.
Let w € (0,h) be small enough that the set O Lf {y € R? : ||y|lo < @} is contained in ¢(¥). We can
now define © on S\ X by © ¥ 60 .
Lemma 3.5. The function © is C* on S\ X. There is a constant K > 0 such that for all x € S\ X,
(28) O@) <K, [VO@)|<K, |Z6(x)<K,
(29) [(VH,VO)(x) — [|VH|*(2)| < K[H(z)],
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and for all y € O,
OWI < Kllylk  and  [IVO@)I| < Kly]oo-

At this point, we have an angle © which is globally defined and an angle © which is only locally defined
near the origin y = (0,0). Let’s understand how the two are related. To start, let’s note that images (via
the map ¢) of points = € X sufficiently close to o have ©-angle equal to zero. Indeed, if z € X N ¥, then
by Lemma 3.4, ©(¢(z)) = © 0 () = O~ 0 o p(z) = O(0,0) = 0. Thus, the image (via ¢) of the set X is
contained in {y € O : O(y) = 0}. (Note that ©(y1,y2) = 0 if and only if |y;| = |y2|.) The set ¢(X) partitions
O into the following:

def def

v = {(y1,92) €O :y2 > nl}, %o = {(y1,y2) € O:y2 < —|y1l},
def def

L= {(y1,92) €Oy < —lyol}, R = {(y1,92) € O:y1 > ya2|}-

These sets correspond, respectively, to the upper, lower, left and right sectors of O as determined by ¢(X) =
{(y1,y2) € O: |y1| = |y2|}. We have changed font here to distinguish between the index sets A = {O, L, R}
and {U,D,L,R}. Thus, “L” refers to the left loop of the figure eight, W~hile “L” refers to the left sector of [.

It is now easily seen, using Lemma 3.4, that for y € O\ ¢(X), = ¢(y),

O(z) — G, if y € 6u,
- _ it
B(y) = O(z) — Go 1 y € 6D,
@(x) ify € 6,
O(z) — G, if y € k.

3.3. The Principal Part of the Corrector (¥%). Let G Lof min{Gy, Gr} and define the four functions
uy, up, uL, ur by

wo(t, h) def \I/g(GL—t,h)—l—Voh ifh>0,t€(0,§)
VST UK (G~ h) + vih if h<0,te(0,G)
w1 & UK (Go — t,h) +voh if h>0,te(0,G)
PO T WK (Go — t, k) + vrh if h <0, te(0,G)
L (t, h) def \I/IO((—t,h)-i—Voh ifh>0,te(-G,0)
SO T WK (<, h) + vk if h<0,te(—G,0)
a2 UK (G, —t,h) +voh if h>0,te(—G,0)
RO T VWK (G =t h) +vrh if h<0,te(—G,0)

The principal part of the corrector ¥¢ is given by ¥% (x) o X en U (@(m) HW) xs,(x) for z € S\

’ €

(HTL(0) UX). Let f ' F o on 0.

Lemma 3.6. The function V5 +F has a continuous extension to S\{o}. Also, W& +F satisfies the skewness
conditions at H=1(0) \ {o} and is smooth at X \ {o}.

Proof. The proof is similar to that of Lemma 3.3 in [Sow05]. O

For x € S\ {o}, define

alr) = lim v ()

2’ €S\ (H™1(0)uX)
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and let U ef TS 0pon O\ {(0,0)}. Let NV el \ (XU ¢(X)). For y € N, we have
- - H
Vi) +Fy) = > u <—@(y)7 ?) xw. ()

Using Propositions 3.2 and 3.3, it follows that for s € {U,D, L, R}, the functions us solve:
s=U

Quy )y = L&y (t,h) € (0,G) x R\ {0}
ot 7’ 2 Oh2 V7 ’ =
(30) Uy (t,0+) = Uy (t,()*) te (O,Q]
B0 T 1, 04) = 1 (1,0-) re (0.6
s=D
8uD 15211,[)
0 (1) = 3 (t.h) (t.1) € (0,6) x R\ {0}
(31) up(t,04) = up(t,0—) t € (0,6
50 (1,04) = o (1,0-) re .9
s=1L
O (1,) = 5 1, h) (t.) € (-G.0) x R\ {0)
(32) w (t,04) = ug (£, 0) t € (=G, 0]
Bo St (6, 04) = . 4,0-) te (-6
s=R
OUR (1) = § SR 1) (t.1) € (-6,0) x B\ {0}
(33) ur(t,04) = ug(t, 0-) t € (~G,0]
5o SR (1,04) = B 5= (t,0-) re (6.0

Now extend us to h = 0 by continuity, i.e. for s € {U,D,L,R}, define us(¢,0) def limy, o us (¢, h) for

t€(0,G) if s € {U,D} and ¢t € (—G,0) if s € {L,R}. The above system of PDE’s assures us that the limits
exist. For h € R, define ug (h) < limy - up (¢, h), u(h) < lim, o ur(t,h).

Using the above system of PDE’s together with Lemma 5.3, it follows that for s € {L, R}, u2 belongs to
C(R), ullar € C=(R*), uSls € C=(R") and

duy duy dug dug

4 L L R R(0—).
In light of the Ge-periodicity of the W/’s together with smoothness of the latter away from h = 0, it is
natural to define

(0+) = Br

(0+) = pL

(35) ud (k) d:ef{u‘,;(h), h>0 and s, (h) d:ef{uf(h), h>0

w(h), h<0 ug(h), h<0
Then, for s € {U,D}, ul|g+ € C°(RT), ul|g- € C>°(R™). However, there is no guarantee that
duy, L duy dup L, dup
Po—y (04+) =B ah (0—)  orthat  fo I (0+) = Br I (0-)

The upshot is that we must develop a suitable approximation to ¥% near the origin.



STOCHASTIC AVERAGING WITH DISCONTINUOUS STATISTICS 13

3.4. Approximation Near the Origin (¥%). For (y1,y2) € 0, define 1§1(y1, Yy2) def V2y1 and U (Y1, y2) def

%. For z € R, let s(2) def z/|z| if z # 0 and let s(0) &, Then, for y2 # 0, 1/ —0(0,42) = 5(12)V2(y1, y2)
def

and % = 5(y2)91(y1,42). Also, let & be the Gaussian kernel: &(z) = \/%6’22/2 for z € R. For
- Y2 ™
(y1,y2) € O such that yo # 0, define

Euy fé(o,yz), Hinan) ) _ F(y1,92), y2 >0
EUp —é(O,yz), T = F(y1,92), Y2 <0

Thus, for y = (y1,y2) € O such that ys # 0, \TIEB(y) is obtained by evaluating \i/i‘ at the point g, where g
satisfies ©(g) = ©(0,y2) and H(§) = H(y1,y=2), i.e. one pushes back along the constant energy set to the
point where the angle matches that at (0,y2) and evaluates ¥ there.

Lemma 3.7. Fory = (y1,y2) € O such that yo > 0, we have

Bo—0BL [T o,
M Bo +ﬁL€/z:o UR(92(y)2)®

+ 267]4 /0 uP (92(y)2)® (ﬁl(y) - z) dz]

50 +/8L€ =—00

(36) +y 25706/00 (D (y)z)@(z)dz—FQﬁLs/o u® (B (y)2) B (2)d=
{s1=0} BO+ﬁL 2=0 RIT2 ﬂO +ﬂL 2=—00 Liv2
o0 ~ 9
+ X{y:1 <0} 2ﬁoﬁTOﬂLE /z=0 ug(V2(y)2)® <1€(y) — z) dz

0 ~
-I-E/:_ uf (92(y)2)® (015(:[/) — z) dz

_ 0 - 9
+ 722 +gis / u))e <191€(y) + z> dz]

and for y = (y1,y2) € O such that y2 <0,
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(37)
() + 7 () X{y1>o}[ | it (ﬁlé‘” )dz
gg lgi /: uR(D2(y)2)® <1916(y) +z> dz
/BO 0 o(9 ﬁl(y)
QMa‘/z:ioo u,_(ﬁg(y)z)®< 6 z> dz]
Br e Bo 0 o/
o |2 [ a8 2 e [ i ia))e s
oo _ 1§1
+ X <o |2 e [ _Oum(y)z)es( ) —z) s
Ii(y)

0
+5/:_ uf (92(y)2)® <19 5 ) z) dz

_ 0 - 9
+ 722 n gga/zz_oo up (92(y)2)® (1916@) + z) dz]

The functions U5 + [ and U5 have continuous extensions to 0. Also, U5 + [ satisfies the skewness
conditions at X\ {(0,0)}.

Proof. For the case ya > 0, we note that uy solves the heat equation (30) with initial data given by (35).
Using Lemma 5.3 with v = 7 ﬁ_m , we get

[e'S) 0
uy(t, h) :/ ugp(z)p(t, h,z)dz + /__ ul (2)p(t, h, z)dz for (t,h) € (0,G) x R

=0
For the case y2 < 0, we note that up solves the heat equation (31) with initial data given by (35). Using
Lemma 5.3 with v = BoﬁfOﬁR’ we get

o) 0
up(t,h) = / wl (2)p(t, hy 2)dz + / W ()p(t, by 2)dz  for (£ h) € (0,G) x R

=0 Z=—00

Using the expression for p(t, h, z) in equation (~56), replacing ¢ and~h by —(:)(07 y2) and M respectively,
and rescaling the variable of integration z — J2(y)z (noting that ¥2(y) is negative for yo < 0), we get (36)
and (37).

Let’s now address the issue of continuity. It is easily seen from the expressions for U5 + £ that for ys # 0,

lim (W5 (y1,y2) + F (y1,42)] = lim (U5 (1, 92) + F (y1,52)] = ¥5(0,42) + F (0, y2).
y1\.0 y1,/0

For continuity (of an extension) at yo2 = 0, let’s first consider the case when y; > 0. Then, from (36) and
(37), we have, respectively,

c FoN o Oo Voy Po—PL o > V2y
yl;go[\ll 5y + F(y)}—suR(O)/z()@( 5 Z)dZJrEﬁ ﬁL (O)/ZO®< 5 +Z>d2’

L e(0) /OO ® (‘@yl +z> i

26—
Bo + 5L —0 €
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and
~ - e 2 — o 2
Jim W5 (y) + F (y)] = euR(0) / B & <‘Cy1 - z) dz + s%u;(m / . & (‘Cyl + z> dz
Bo o o V2y1
+ QEMUL(O) /2:0 6 < - +Z> dZ

Since upg and uf are continuous, we can use up(0) and uf(0) instead of the appropriate right and left hand
limits. Note that we do not assume any relationship between ug(0) and u{ (0). Hence, the limits above agree
if and only if

S

which is easily seen to yield

B o)

Bo+PBr " = G

ugr(0) +2

Bo o
" Bo+Br Y ©)

Bo + Br e

2(ug(0) — u((0))(85 — BLBR) = 0.

This is the origin of the requirement 83 = [(18r between the skewness coefficients. The case y; < 0 is
similar and also yields the last equation as a necessary and sufficient condition for continuity at yo = 0.
To establish continuity at (0,0), note that

) ~ - Bo BL

lim  [95(y1,y2) + F (y1,90)] = e=——2 02(0) + e—"L42(0)  and
(y17y2);)(070)[ By, v2) + F (y1,92)] o 1 A1 r(0) Bo 1 51 L(0)

Y2

lim (B (0m) + F (g 92)] = e P ug(0) + e=22_up(0)
(y1,y2)—(0,0) Bo + Br Bo + Br

y2<0

The limits above agree if and only if 5% = 31.0g.

Since £ vanishes when either y; or ¥, (or both) equals zero, ‘I/% also has a continuous extension to .
To establish the skewness conditions, we need to show

. a T e ~ o . 8 = o ~
(38) Bo ylf% aiyl[‘I'B(ylv yo) + F (y1,92)] = Br ylll% aTﬂN’B@h y2) +F (y1,92)]  forya >0

o i Y i
(39) Bo ylzlgo @[WB(ylayQ) + I (y1,92)] = Br y12190 @[WB(yl7y2) + F (y1,92)] for y1 >0

. a T e ~ o . 8 = ~
(40) Br ylllglo afyl[‘I’B(yhyz) +F (y1,92)] = Po ylf% afyl[‘lfg(yhyz) + F (y1,92)] for y» <0

. a T e ~ o . a = ~
(41) Br, ylzlgo 372[\113@1, y2) + F (y1,92)] = Bo ylj% @[Wg(y1,y2) +F(y1,y2)]  fory; <0

Noting that &'(z) = —2&(z) for all z € R, we directly compute, for yo > 0,

ylligo %[‘if%(y) +F(y)] = 2\/§ﬁ7L {/z:) ui(V2(y)2)26(2)dz + /z:—oo uf(ég(y)z)zﬁ(z)dz} ,

Bo + BL
0 s o Bo P 0 o(
iy () + )] = 2vE 22 [ | e [ m(%(@z)z@(z)dz} |

The equation (38) readily follows. The proof of (40) is similar.
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Let’s now prove (39). For (y1,y2) € O, we have gg; (y1,92) = 0 and 8192 (yl,yg) = % It is easily seen
that for y; > 0,

) 0 = _ e dug > V21
ylglgoafm[‘llg(y)-kf(y)] V2 dh (0+)/ OZQ5< 8 —Z> dz
i ﬁ - 0L dUR B Br dUE _ :| e \/le
\f 3o+ B, dh (0+) 2760+6L dh(o ) /Z_Oz®< s +z>dz,
(42) /5
9 £ I _ i > 2y1 .
i S (0) + F )] = <G 0-) [ e ( d ) @z
€ |Br—Podug Bo du o V2
+\f[o+5Rdh(O) ﬁO+ﬁRdh(0+):|/z_0Z6< 5 +z>dz
From (42), we see that (39) holds iff
d (e} O
(43) 50 R (04) = R (0-)
and
Bo — B % BoPr_ dup Br —Po , dug . _Brbo  duf
W ot m w25 1 5 7 T Bo v % ) T 250 + g O

hold. Note that (43) is precisely the second equality in (34). Since the first (one-sided) derivatives of ug are
independent of the first (one-sided) derivatives of up, the equation (44) holds iff

Bo—0BL _ Br—Po Bo  Br
(45) = and =
Bo+PBL  Bo+Pr Bo+pBL  Bo+Pr
where we have once again used (34). It is now easily seen that both the conditions in (45) reduce to
85 = BLBr

The proof of (41) is similar.

Using Lemma 3.7, we can now define, for y € [J,

Se o\ def . =
U3 (y) = l,lm Us(Y).
—y
y' €0\ {y>=0}
If we now define U5, on ¢(0J) by U5, &f U5, 0 ¢, then W5 is continuous on ¢(0J) and f + W%, satisfies the
skewness conditions at (H=(0) \ {o}) N ¢(0J)

3.5. Calculations and Estimates. The idea is now to obtain ¥¢ by using ¥, away from o and W% near
o. Define D¢ (y) def {|(:)(y)|2 + ‘H(Ey)r} for y € O and ©°(z) df De (¢(x)) for z € ¢(0). The following
Lemma is taken from [Sow05].
Lemma 3.8. There is a constant Kzg > 0 such that for all e € (0,1), y € O,

[9llo < K s{(D°(4))* + (D°(1))*}

9l < Kss{(D°(4))* + ¢}

1

H(y)| < (D°(y))?
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For each § > 0, define B(6) &' {y € O : D°(y) < 6} and B(5) &' $(B=(5)). Obviously, B(5) = {z €
4

o(0) : D°(z) < §}. If we now fix & € (0,1) such that & < (ﬁ) , then for 6 € (0,6), € € (0,1), y € B5(20),
we have
[ylloo < K35{270% + 2761} < 2K;3507(1+67) < 4K;3507 < w.
Hence, B¢(26) cc O.
_ def S(x _
For 6 € (0,6), € € (0,1), let n%%(z) = ¢ (Qé( )) Xy (@) for @ € S. Define

\:[16’8( ) def e ( ) (1 _ 7’575(33)) + \I}%(x)q]é’g(m) forz € S

and WO (y ) \1155( #(y)) for y € 0. Note that supp(l — %) C S\ Bg(d) and supp(n®) C B5(25) where
B;(9) < {x € 9(0) : D*(x) < 3}.
Lemma 3.9. Ford € (0,5), e € (0,1) and x € S\ H~1(0),

XE\II‘SE 2158

where
I8 (x) = (£°95)(2) (1 - n**(x)) I (x) = (£°05) (@) (x),
() = (U5(x) — W5 (x)) (L777°) (), I°() = (V(U5 — ¥5)(), Vi< (z))
Proof. Straightforward. O

Recall the function £(z) in the statement of the Main Theorem. & is smooth and there is a constant
K > 0 such that % exp [—%,/&\z@ < &(2) € Kexp {—%1 /%|z|} for all z € R. Also, there exists a

constant K > 0 such that |z|exp {—1 /%M] < Kexp [—%, /&\z@ for all z € R.

Lemma 3.10. There is a constant K > 0 such that for all x € S\ (B§(5) UH1(0)),

(46) <fwz><x>|<fg{1+ (ﬂ)}S(H”)

Proof. The proof is similar to that of Lemma 4.1 in [Sow05].

Lemma 3.11. There is a constant K > 0 such that for e € (0,1) and y € 6L U 6r,

2
) ] "
195, (y) — Wi (y)] < Kele + [ylloo) + Keexp [_ HKHgQ } ,

o lyll3
IV (05 = T W) < K (llyllse + Iyl +€) + K exp {_Ks? '

Proof. Let’s start by noting that for y € 4. U %R, |y1] > |y2| and hence ||y||*> < 2yf. This implies, in

particular, that e~ 101(w)1?/2¢? < e=IWI*/22° - We will also repeatedly use the fact that for £ > 0, the map
z — |2|F®(2) is bounded on R (typically, we will have z = ”%“)

Define

Bo ;
a(y) & Bo+he if y2 > 0,
Bg if yo < 0
Bo+Br Y2 )
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For y € €, s € {L, R} such that y, # 0, we have U5, (y) — U5 (y) = 320, T2 (y), where

e [ {um(y)z) g (”“”) } 5 (W -

+eat) -1 [ {uwz(y)z) g (*“”)
Yy

T5.() Ee {u;’ (H(:)) —u, (—é(y), Hi‘”) } for s € {L,R}.

Let’s start with 15 ., s € {L,R}. Since u, solves a heat equation, it is easily seen that there is a constant
K > 0 such that for all y € €5, |ul (@) — U (—(:)(y), @)’ < K|O(y)| and for all y € €, such that

ya £ 0, |0 (@) — s (—(:)(y)7 @)‘ < K|©(y)|. By direct calculation we have that

VT () = < <é<y>, (y>> V() + {u (H(j”) - o <é<y>, i) )}vﬂ<y>.

Using Lemma 3.5 and the observations above, we see that there exists K > 0 such that

175, ()| < Kellyll% for y € €,
VY5 )l < K{ellylloo + lyll2} for y € €, y2 # 0.

Let’s now tackle T§ (, s € {L,R}. Start by defining for s € {L,R},

E.(2 h)d_ef u(h+ z) — u2(h) —uS(h+)z forheR, z>0
U N wS(h+ 2) — u(h) — 4l (h—)z for h € R, z < 0.

S

Then E4(z,h) = 22 ftlzo(l — t)iS(h + tz)dt. Tt is easily seen that for (2,h) € R?\ {(0,0)}, Es(2,h) is
differentiable in z and h. Moreover, there is a K > 0 such that

OE,
0z

OE,
Oh

sk || <k, |Fen| <K
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for (z,h) € R*\ {(0,0)}. We will establish the desired bounds for T5 g for the case ya > 0. The calculations
for the case y2 < 0 and for Y5 | (y), y2 # 0 are similar. Now

L(y) dzefs/oo {UE(%(Z/)Z) ~UR (Hiy)> } ® (1915:@ - z) *

=0

91w ~ -
= 5/ ’ {ER (—ﬁg(y)w, H(y)) — UR (l'liy)> 192(y)w} &(w)dw.

wW=—00 €

Hence, there exists K > 0 such that
mwmg/ mwm%%wmwf/ K02 () [e0]& (w) duo
wER weR
< Kellylloe

where we have used the fact that ||y||%, < @||y|/e for y € 0.
Also, by differentiation, we have,

vrmw::v&uw[ER<— ) H

: { IR (_%Q)w’ H(y)> Vis(y) + % <_1§2(y)w7 HSJ)) vH(y)} & (w)dw

w=—00

D1 (y) ~ .
E {—iio <H(5y>> Do (y)wVH(y) — ewig <H(€y)> V@g(y)} &(w)dw.

+

+ R

w=—00

It now follows, using Lemma 3.5 and the estimates on Eg and its derivatives established above that

A,

H(y)
9 9

] o112 /263

IVL ()| < K|V ()l [

91 (v)

+ K

- {Elwl(l\yll%2 +lyllw) VD2 ) + lylPw® + w][ly ] + 5|w|||V?§2(y)||} &(w)dw.
By simplification, we now get

4
()
ienl <& (1

< K(elyllo + Y113 +€)-

912 (-t 2
Y o722 4 Kl + 2, + )

Note that there is a constant K > 0 such that for all ¢ > 0,

/ &(2)dz < Ke /2, / 26(2)dz = 6(t),
t t

(47) 1 _
/ 26(2)dz < K(1 4 t)et/2, / BB(2)dz = (24 2)B(2).
Now
Ir(y) def %5 /Z: {u%(gg(y)z) — ug (Hiy)) } (6] (ﬁléy) + z) dz
H (

— £ ~
Bo+Br Ju=1w)
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Elementary computations using equation (47) show that there is a constant K > 0 such that

wl<xe [, [a%( Mol + P9 ¢ 3, + | P

] & (w)dw

<K {sh%(y) + IA(y)| + el (y) 2 (1 + 'ﬂify)> + H) }%

S
4 2
Yy _lwl
< el + o+ 0} 28

< Ke2.

Differentiating, we get VIs(y) = Z?Zl Ji(y), where

Sy & o= B g [ER (_H v H(y)) @), (H@))

Bo + BL £ € € e
of Bo — > OE H ~ H . ~
Joly) & def gg — gif/ . TZR (_2 (Ey) + Do (y)w, iy)> (—iVH( )+ wVﬁg(y)) } &(w)dw,
ot Bo — > OE H - H -
s {02 )
H _

aef Bo — B [~ (y)\ 1op H(y)
) = Bo +ﬂL€/_015(y) ( € ) EVH(y) (62(1/)10 2 € )}QS(w)dw,
act fo — B _ [~ - (H) . 2 ¢
Js(y) = wf/_w UR ( . ) <WV192(Z/) - EVH(?J)> } & (w)dw.
g

A good bit of tedious calculation using (47), together with the estimates on Eg and its derivatives, yields

] 1T )22

<K <||y||4 ||y|2) o llyll? /2
e

2

Ao, |Aw)
S 3

D)l < K [

< Ke,

wh<xe 7, ( s |w|) (M4 ) ()

WiE Il s o
<K( g ey + B e ey ) et

< K¢e?
2
+ y§w2> Hgi”(’ﬁ(w)dw

5 4
K <||y|| 4 1! >6—|y|2/262
3

A’
g

H()

+y2w +

H(y)
g
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q
()]l < K= / o ( ] + |2 ) &(uw)duw
<K <||y||2 + ||y|> o~ ll?/2¢?
13
< Ke?,
- y
sl < xe [~ (ol + 120 etwan
w=210) e
< K (e + [ly|e 1/
< Ke.

Putting things together, we get |VI2(y)|| < Ke.

We have
Is(y) d:zﬁ / {um(y)z) g ('“”) } ® (1916@) _ ) i

oo B F' I:i .
- 2ﬁoﬂfLﬁL€ /w_ﬁli(y) {ER <_192(y)wa ?) — g ((;/)) ﬁz(y)w} & (w)dw.
Arguing as in the case of I, we see that there exists K > 0 such that |I5(y)| < Ke||y|loo. By differentiation
we get
P Hiy) Hy)\ HE) ., (A 31 (y)
bl 22) a2
— e D0 5
50 + 6L / B { <_ 2(y)w, - ) V192(y)} & (w)dw

87
Br OEr
+ 27
Bo + ﬂL 0! { (

P (y o [HW) ) o5
250 + B /w—ﬂl(y) {_UR (5) Pa(y)wVH(y) — cwig (5) Vﬁg(y)} & (w)dw.

Again, reasoning as in the case of |VIy||, we get
IVI W)l < K(ellylloo + 1yl +€)-

Putting things together, we get
TR < Ke(llylloo +€),
VYR < K (ellylloo + [lyll3 + -

Let’s now bound Y5 , s € {L,R}. Let 7(2) def ug(z) —uf(z) for z € R. For ¢ € (0,1) and y € OJ, define

0 ~
) e [ st Temiaw)e (—"”y) + > .

Then, using the fact that & is even, one can see that Y5 g(y) = 2(1—a(y))J (y) on x and 15, (y) = 2a(y)J (y)
on 6. Also, define &(~1(z) &' o t)dt, &) (z) & Jo 8N ()dt, 83 (z) = Sz 6_(_2) (t)dt.

It is easily seen using the observatlons regardmg integrals of Gaussians above, that the functions z —
Z12((2), 2 e 2602 (2) and z — e /26(3)(2) are bounded for z € (—o0,0). Note also that on
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integrating by parts, [~ _ t&CD(t)dt = 26 (2) — (3)(2). Hence, the absolute value of the integral
can be bounded above by Ke=#/4, Integrating by parts, we get

. 9 - 0. ~ J
J(y) = —es(y1)T(0)& (—'1@') +eta(y) / s(y1)da(y)2)6 Y (—'f’) + z) dz.
Hence,
- ) _ 19wl
~ S NEN]] € (-1)
F(y)] < Kee™ 555 4 Kelyllo &) (w)duw
_lwl?
< Kee™ 27,

It now easily follows that
lyl13
T5,5(y)| < Keexp [—KEQ

for suitable K > 0. . ~
Differentiating the last expression for J(y), followed by the change of variables w = —|%1(y)|/e + 2, we
get

_ 1wl ~
V() = T(0)® (— '““”') Vi) V) [ (”(y) +s<yl>ﬁ2<y>w> &) (w)dw

_ 1wl ~
+€5(y1)1§2(y)V1§2(y)/ S (H(gy) +5(y1)1§2(y)w> w& (w)dw

wW=—00
_ 1wl

+ H(y)Vda(y) /

w=—00

_ 191wl

~ s V) [ 1(”‘” +s<yl>{9‘2<y>w> ® (w)du.

w=—00

Now,

194 ()2 _19iwl? _ w2 _19iwl? 9y ()2

a |
VIl < Ke™ 22~ + Kee™ 22~ + Kelyllowe™ 12 + Kllyl%e™ 22~ + K[lyllce™ 2

_lwl?
< Ke 4T,

Hence, for suitable K > 0,

195, ()] < Kexp |- ]
2 - Ke?

Combining things, we get the stated result.
O

Lemma 3.12. There is a constant K > 0 such that for § € (0,6), € € (0,1), y € (6uU%b)N(B%(25)\B%(5)),
we have

- - 2
105 (y) — 05 ()] < %
190F5 — #5) ) < Kbl 20,

4]
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Proof. We will prove the bounds for the case y € %y. The calculations for the case y € %p are similar.
Note that for y = (y1,2) € 6y U %, |H(y)| > y3. For convenience, define O (y1,y2) f 0(0,y3) for all

(y1,y2) € O. Then
Up(y) ~ Tal) =< {“U (éc(y)’ H(gy)) —uy (é(y), HS”) } :

It is easily seen from the explicit formulas for © and ©F that —(:)C(y) > —é(y) > 0 for y € 6y U %p. For
Yy € %y such that y; # 0, we have

~ _ -6 gy "
By (y) — B4 (y) = € / o (t, H@)) .

=-8(y) €

Recalling Proposition 3.3 and (25) and noting that the right-hand side of (25) is decreasing in |6, we get

that
IE e Ke ~<p | — T H(y) a Q¢
W3 (Yy) — V5| < S+ ’@‘2 e pl \ Go | ¢ ] 1©(y) — 0% (y)|
o K ~H(y)
T [DE()]2 | [D2(y)]H /2
S5

By continuity, the bound extends to the case y; = 0.
Differentiating, we have V(¥% — &) (y) = J5(y) + J5(y) + J5(y), where

Ji(y) - (—é%y), F“y)) Vo< (y).

ot €
€ def aﬂ iy H(y) e
J3(y) Ze, < Oy), —= | VOly),
covdet JOuy (2o H)\ Qw2 H(y) .
J5(y) {ah ( % (y), — o | W) — VH(y).
Using Proposition 3.3 and (25), we get
- Kelly|lso T |H Y
] < e [ = “]
10°(y)| + A2

< Kellylloo exp |- [ H(y)
D=(y) Go|
_ Kelyle
- ]
Similarly, one can show that
Kellyllso
)] < =,

Now J5 can be written as

-6%() 52, - ~
J5() = ( [ (t, HS”) dt) VAi(y)
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Using Proposition 3.3, (25) and reasoning as before, we get

. K T |H(y
15w < e [ = QL (4) ~ W) V()]

(161+ |22 [")

< Kyl |__H@)

T Dy | [Py

_ Kelyle

- 0

Combining things, we get the stated result. |

Lemma 3.13. The function jgilg has a continuous extension to 0.

Proof. Let’s start by marshaling a few facts. First, for y € O\ X, (Z°F)(y) = 0. Hence, (£°0%)(y) =
% [#% + F](y) can be obtained by applying the operator £ to the integral representations for s+
in the statement of Lemma 3.7. Next, for y = (y1,y2) € O, we have (VIH, Vd)(y) = d1(y) = V2u1,
(VAR Via)(y) = —aly) = — 2, V()] = V2, [VIs(p)]| = L. Finally, note that 3(0+) — i(0-)
and that 4f(0+) = i (0—); we denote these quantities by #g(0) and if (0) respectively.

Direct computation yields, for yo > 0,

lim (£°0%)(y) = lim (L5
Jim (£5W5)(y) = lim (Z7W5)(y)

_ ﬂo 1 < Vi o/ ﬂ 1 0 " o/
—2 0 [ e 2 [ e iz
? o . 0 0 _
72750[34?51; igy) /z:O z@(Z)dE(ﬁz(y)Z)dzf2750/6:ﬁL 2£y) /Zz?oo 28 (2)uf (92(y)z)dz
[e'S) B 0 _
+250ﬁ%m3/ 226 (2)iig (D2 (y) 2 )dz+2ﬁo€- ﬁLE/ 226 (2)iig (Va(y)2)dz.

This establishes continuity along {(y1,y2) € O: y1 = 0,y2 > 0}, i.e. the positive yo-axis.

Let’s now establish continuity along {(y1,%2) € O : y2 = 0,41 > 0}, i.e. the positive yj-axis. Careful
computation yields, for y; > 0,
(48)

e e _@1(y) o % ﬁl(y)_ 10 n Y1y )_
T (F705)() = 5 uR(O)/Z:O(’ﬁ ( . z)dz+€uR(O)/Z_0(’5 ( : z) dz
€.5 > ﬁl(y) ﬁO_ﬂL 191() ) I ﬁl(y)
+ZuR(0)/Z:0(’5 5_Z>2d +ﬁo+ﬂ =2 uR(O)/Z:O® ( E +z>dz
Bo—bLl , v [ (y) o —Pre.. P RN 2
+5o+ﬂLguR(0)/z:o® ( . Z>dz+ﬂo+ﬂL4 R(O)/Z_OQS( 5 +z>zdz

+ 27ﬁL MUE(O) /0 &’ <1§1(y) - z) dz

Bo + P &2 €

ﬁL 1 o 0 " ﬁl(y)
+ 2mgu|_(0) /Z:_Oo 6 <€ — Z) dZ

ﬁL € .o 0 ﬁl(y) 2
+ 2mlu|_(0) /Z:_Oo 6 (5 — Z> V4 dZ




STOCHASTIC AVERAGING WITH DISCONTINUOUS STATISTICS 25

and
(49)
- 9 1 > 7
ylzigo(fa\ll%)(y) = zgy) Z z) dz + Eu%(O) /z=0 &" <1€(y) — z> dz
€ .o 2! y) Br—Both(y) . > ()
+ZuR(0)/ () —z> Z2dz+ﬂo+ﬂR =2 ug(0) /ZZOQi (s +z> dz

2dz

_ 1 oo 9 oo 1’9
ngrng O(O)/—()@H( lﬁ(y) +z> dz+g§ gzi R(O)/—0®< 15(y) )
Bo iy . 0 ;[ 91(y)
* 250 +ﬁR 52 UL(O) /Z:fOO © ( € - Z> =
1 0 9
+ 27506_'(_)@% EUE(O) /zz?oo ®" < 1£y) - z) dz

ﬁo € ¥e} 0 ﬁl(y) 2
+ 2m1UL(O) /z:_oo 6 ( - — Z> z dZ

For equality of the limits in (48) and (49), it suffices to have

Bo—Br _ Br—Po od b Po
Bo+PBr  Bo+Pr Bo+PBrL Bo+DBr

Both these equations reduce to

B3 = BLBr:

which is precisely (4). This proves continuity along the positive y;-axis.
Continuity along the negative y; and y, axes is established by similar calculations. Finally, it is easily
checked that lim,, ,.)—(0,0) (L°0%)(y) exists and is given by

. Je e _ Bo o B o } > "
0 IR0 = 222k 2 ko) L [ oo

ﬂO ..o /BL ..o E *° 2 .
+ {250 +ﬁLUR(O) +27160 +ﬁLuL(O)} 1 /Z:Oz &(2)dz;

this proves continuity at (0, 0). |
Lemma 3.14. There is a constant K > 0 such that

o 2
5] < (e 1)

foryeO\ X, ee(0,1).

Proof. Suppose | is either R* or R~ and ¢ is a real-valued function defined on | such that ¢, ¢ are bounded.
For e € (0,1), y € O\ X, define

Te(y) dzefe/g (] (1915@) — z) ©(U9(y)2)dz, I=(y) def e/el (G <191€(y) + Z) ©(09(y)2)dz.

Recalling Lemma 3.7 and the comments at the beginning of the proof of Lemma 3.13, it suffices to understand
how to bound |.Z*Y¢(y)| and |-ZI*(y)|.
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We have £°Y<(y) = Z?Zl Ks(y) where

ki) = 1Y [ e (Wy) - ) PD2(9)2)dz
SOEE / ¢ (“y)—> P (a(y)2)dz,

z€l
5() -2 [ o (W - ) Pd2(y)2)dz

KE (y) Z /el ® (1915(3’) . z) 223(Da(y)2)dz.

Let s(I) =1if I=R™" and s(I) = —1 if | = R~. We then have the following integration by parts formula: for
ie{1,2},

/EI &) (791:5‘/) _ z) ©(02(y)2)dz = s(1)p(0)B Y (1919))
+Ja(y) /el el (19151/) - Z) P (w)z)dz

Integrating by parts in the expressions for K§ and K§ and using the fact that &'(z) = —z8(z) for all z € R,
one can check that Zle K$(y) = 0; consequently, £ (y) = Ki(y). Using the substitution w = z—19,(y)/e
and recalling that ¢ is bounded, we see that there are constants K, K > 0 such that

Zrgi<ie [ e (W . ) s
2
] dw

o |

z

< 4K5/ &(w) [wz +
weR

llyllZ,
e

51@)

<Ke+ K
Similarly, one can show that there exists K > 0 such that

B 2
9

The calculations are virtually identical, except that the integration by parts formula takes the form: for
1€ {1,2},

[ &0 (W) n ) o(Ba(y)2)dz = —s(1)p(0)6 ) <W>
z€l

9 9

— Ja(y) /EI el (%y) + Z) P2 (y)z)dz.
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Lemma 3.15. There exists a constant K > 0 such that

Ve @) < & {1 (%) }XBE(%)@),

4
e < {1 (%) }XBE(%)(JJ)
forz €8S, e€(0,1), 5 €(0,9).

Proof. The proof is similar to that of Lemma 4.9 in [Sow05].
(|

Lemma 3.16. Foré € (0,0), € € (0,1), the function | +W%° satisfies the skewness conditions at H=1(0)\{o}.

Proof. Recalling Lemma 3.6, it suffices to establish the claim for = € (H=1(0) \ {o}) N ¢(0); we naturally
switch to (y1,y2)-coordinates. For & € (0,1), § € (0,6), define 7% : O — R by 7%¢(y) L (QT(Z’)) for

- -4
y € 0. Also define D*(y) def |©(y)|? + ‘@’ for y € O and ¢*(2) Lef co(y/z) for z € [0, 0).
For y € O, we have

T (y) = U5 () (1 — 7% () + T3 ()" ().

Differentiating, we get

(VI)(y) = =T ) (Vi) (y) + (VI ()1 =77 () + V5 () (Vi) () + (VIS) ()77 (1)-
Since (VH, VO)(y) = 0 for y € O, we have

~ 3
@it v = 5 (T2 ) 2 (H(ey)> IVH@IF,

which implies that (V7%¢, VH)(y) = 0 for y € X. Consequently, for y € OJ,
(VIF + 9], VH)(y) = (VIF + W3], VR) () (1 = 7% (y)) + (VIF + V5], VH) ()7 ().

The result now easily follows from Lemmas 3.6 and 3.7. (]

Lemma 3.17. There is a constant K > 0 such that for § € (0, S A é), e € (0,1) satisfying /6 < (1/2)Y/4,
we have

|U%¢(2)| < Ke forze$S

and

(Zw0)a)| < e (”fj)) LK (“5 n g) o (“&%)

T l ﬂ o (”@’) for z € §\ H71(0).

Ke ev/28
Proof. Let’s start with the bound on ¥%¢. Using the exponential decay of the ag}f{{ ’
that W (0, h) is bounded as |h| — co. Now using Proposition 3.3 and Lemma 3.6, it follows that there exists
K > 0 with |05 (z)| < Ke for z € S\ {o}. Recalling the comments following the definition of ¥, together
with the fact that S, has a continuous extension to [, it follows that for suitable K > 0, |¥%(z)| < Ke for
z € ¢(0). The bound on %< now follows.

s as |h| — oo, it follows
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To establish the bound on .ZW%¢, we start with a couple of useful estimates. First, if z € B5(24), then

EH\(/% < 1. Hence, xg:(25)(2) < ¢o (H\(/"L> for x € S. Next,

o(25) v (25)
38 {1~ vl
exp B & ew H@

< (35)

for suitable K > 0. If, in addition, § < 1/8, then 2ev/20 < ¢; since £(z) is even and decreasing on [0, 00), it

now follows that £ (2'*57”})) <€ (M) for z € S.

Finally, we derive an upper bound for exp [ %} when y € B%(26) \ Bg(5). If D(y) > 6, then we must

H(z)

IN
)

IN

H(z) }
2eV/20

have |O(y)|? > % or

@‘ > %. Easy manipulations involving the relations [O(y)| < ||ly[|%, |H(»)| < ||ly|?

. . €d
and $[|yl| < [[yllo < 4/ly|| now imply that either [|y||oc > 1575 or [[ylloo > 4“(;)1/8 If £/v/3 < (1/2)/4, then

the first inequality implies the second. Hence, for y € B°(26) \ B5(8), we must have ||y|oc > A‘l/(;‘sw which

implies exp [ HIy(HZ ] < exp [ \/;} for suitable K > 0.

Recall the notation of Lemma 3.9. We will repeatedly use the assumption that e/vd < (1/2)'/4.
Using Lemma 3.10, we get [I7°(z)| < %8 (H(f)> for x € S\ H7}(0). Lemmas 3.14 and 3.8 imply
that |(Z°0%)(z)] < K (e +2) for z € $(0) \ H1(0). Since n%¢(z) < XB:(26) (%) for z € S, we have

1I5°(2) < K (e + %) e ( “fﬂ) for z € S\ H"1(0). Combining Lemmas 3.11 and 3.12, and using Lemma 3.8

to simplify, we get

(W (z) — Wi(o)| < K <\€/23 +5\/5> + Keexp [—}éﬂ ,

w5 - @l < K (5 +

for z € B5(20) \ (B5(5) UH71(0)). Using Lemma 3.15, we easily get

d,e i ﬁ H(SL’) 5 7@ H(x)
s m“(ﬁ* ) Qr)* pl K] c(m)

19°(2)| < K (\}g + % + g) ¢ <;§Q) + Eexp [\/ﬂ . C‘\ﬁ@)

for x € S\ H71(0). Putting things together, we get the stated result.

+E+(5>—|—Kexp l_£]

It is often useful in averaging calculations to have a bound on ||[VW%¢||.

Lemma 3.18. There is a constant K > 0 such that for § € (0,6), € € (0,1) satisfying e/v/§ < 1, and x € S

with |H(z)| > ev26, we have
K H(z)
6,6 <
|[VEE (2)] < —\65 (6 ) .
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Proof. Let 8, ¢, x be as required. Since |H(x)| > /20, it easily follows that W% (z) = W5 (x). For z € Sy\ X,

£ € A, we have
K T K xT
(VU5 (2) = e 2 <@(x), e )> ve(r) + 2 (@@:), i )) VH(z).

00 oh €
Using Proposition 3.3 and equation (25), we have
8\I/K H(z) H(x)
= <
€59 (@(m), - ) V@(x)H < KeS, (dg(@(at))7 - )
< Ke exn |- [ H(z)
- z) 2 OXP GO €

H
de(©(@))] + |
e (M)
-9 €
where the last inequality follows from the fact that |H(x)/e| > v/26. Identical reasoning yields

Ha;’f (@(x), Hix)) VH(m)H < KS, (dg(@(x)), H(”:)>

< K 7 |[H(x)
= 12 &XP |~ Go | =
(|de( )|+ | B2 )
5 (H(x)) .
\[
Using the fact that £/4/8 < 1, we now get the stated bound. By Lemma 3.6, the bound extends to z € X
satisfying [H(z)| > v/26. O

3.6. Proof of Theorem 3.1.

Proof of Theorem 3.1. For € € (0,1), set J. def 2172 and let £31 def 52 A (%)2. Define e & goee for
e € (0,&31). It follows from Lemma 3.16 that f + U¢ satisfies the skewness conditions at H=1(0 ) \ {o}. The

bounds on ¢ and .Z*V¥*® follow easily from Lemma 3.17.
O

4. COrRRECTORS (II)
4.1. Introduction. Let’s now construct the correctors {®° : € € (0,£)}. Recall that the ®°’s serve to correct
small discontinuities in Z°(F + ¥¢) at H71(0). To identify the nature of these discontinuities, we start by
defining f,(0,h) % 57, x (veh+ UK (8, h))x1, =, (0, h) and £ (x) &' ef, (@@;),@) for z € S\ (H1(0)UX).
Then

2ei)e) = L { S Ve @) + ST
2 2
H G + TR YO b+ { G0N + 5 S Ve |

where the various derivatives of f; are evaluated at (@(m), @) Note that (VH,VO) = 0 at H=1(0) \

{o}. Recalling Proposition 3.3, we see that the problematic term is % (@(m) H(I)) (ZH)(z) which has a

discontinuity at H7(0) \ {o} (unless the ;s are equal). We would like to replace this term by a smooth
approximation. Note that we only need to do this outside % ; (ZH)(z) =0 for x € % .
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4.2. Construction. Let’s first understand, in (6, h) coordinates, the smooth approximation to afl that we

intend to use. By the observation at the end of the preceding paragraph, we can restrict attention to compact

def 52 def w? def w2 def

subintervals of I, and Ig. Defineay, = %-, by, = G —%-,ar = GL+%-,br = Go——andforﬂe {L, R},

set Jy def [ag, be]. Define Jo dof Jp UJg. Clearly Jp, CClp, £ € A. Set

(0 h) def {

K €
Clearly (0. h) = Xyen (Ve + % (8.7)) Xo,xm, (6, h). For v € (0,1), define g" (8, h) ' [, ., g(6, W) (h -
W),

G(6,h)
0

(0,h) € Upeade X Ry
otherwise.

Lemma 4.1. Fiz ¢ € {L, R}. Then there is a constant K > 0 such that

) h
g”(0,h) —g(0,h)| < Kvexp —% X{nzvy + KX{o<|nl<v}s
P P T n]
(50) 8g9 (0,h) — 82(9 h)‘ < Kvexp __|K|_ X{hzv} + KX{o<|h|<v}s
0%g¥ 0%g hl]
202 (0,h) — 202 25 (0,h)| < Kvexp —% X{|hzv} + K X{o<|n|<v}

for 0 € Jp, h e R\ {0}.

Proof. We start by noting that since d;(6) is bounded away from zero, by Proposition 3.3, there exists K > 0
such that

K
‘a(;ph (0, h)‘ < Kexp {—';ﬂ for (0,h) € Jy x Ry,
K
%(9 h)‘ < Kexp [—'I};q for (0,h) € Jy x Ro.
For 0 € Jy, h # 0, we have
v = a\IjK 6\IJK v / ’
g (aah) - g(@,h) = X{h>v} l[z/_() ( Oh (9 B ) - W(@ h)) Ui (h —h )dh
0 ovk UK
+ X{o<h<v} /h,ih < a}f (0, B ) - W(Q h) + vy — VO> ny(h - h’)dh/
h+l/ a\I/K 8q/K v li /
0 8\115( / a\l’f v / /
+ X{-v<h<0} /h’=h—1/ ( ah (0,n") — o (&h)) n”(h — h")dh
v ouls OUK
+/'—0 ( o (9 h')y — a}f (&h)—i—vo—v@) nY(h —h')dh'
0 8\I/K / aqu v / /
+ X{h<—v} [/h < o 0,n") — o (9, h)) n”(h — h')dh
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Hence, there exists K > 0 such that

y |h — v h v
— < | < —— — >
lg”(0,h) —g(0,h)| < Kvexp { 7 < Kvexp 7| &P [K} for h > v
g7(0,h) —g(0,h)| < K for 0 < |h| < v
v |h+ v A v
- < B L | _ z <
lg”(8,h) —g(0,h)| < Kvexp { 7 < Kvexp 7 | &P [K} for h < —v

where we have used the mean-value theorem to get the first and third inequalities. Putting things together,
we now get the first estimate in (50). The calculations for the other two estimates in (50) are very similar
(in fact, slightly easier due to the absence of the v,’s). O

Define § < { €S :0(x) € Jo} and let T : S — Jo x [=h,h] be the bijection given by T(z) = def

(©(z), H(z)). Then T is smooth with smooth inverse T~ satisfying T-1(0(z),H(z)) = = for z € S. If we
now define

) dof (LH)(T1(6, h))
IVH|*(T=1(6,h))

then I is smooth and there is a constant K > 0 such that
ol
00

I(6,h for (0,h) € Jo x [—h,h],

10, 1)] < K, <ehﬂ K,

(H,h)‘ <K

for (,h) € Jo x [—h,h]. Finally, for € € (0,1), define I¢(6, h) o I(0,eh) for (0,h) € Jo x [=h/e,h/e]. Note

that [I¢(6, h)|, %—I;(H, h)|, ’8215 (@, h)’ are bounded as well (with the bound independent of €), and

002
oy MY _ (ZH)@)
! (@()’ : ) IHI@)

for z € S.
We can now provide the desired correctors. For v, € in (0,1), define

AVE(9,h) 2 / / v(0,s) — g0, s)]I7(0,s)dsdz  for (,h) € Jo x [—~h/e, h/e].
z=0Js O

Let hg > 0 be small enough that {z € S: ©(z) € {ar,br,ar,br},|H(x)| < 2k} C %. Then there exists
dp > 0 such that A¥¢(0,h) =0 for § € ([aL,ar + do] U [br, — do,br] U[ar,ar + do] U [br — do, br]), |h| < 2ho.
We now define

(51) Ve () L 2pve (@(x), Hi””) ¢ (HIEO””)> xg(z) forzeS.

Note that supp(®"©) C (S)° where ° denotes the interior of a set. This ensures that ®"¢ is smooth at points
x € S with O(z) € {ar,br,ar,br}. For z € S\ H1(0), we have

rwtn = 2z [ (000,19 (M) i

oo (02 f () s

+ 2AvE (@(x), H(x)> & [co (H}E:))] Xs (7).

3
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Note that
(53)

e2.9° [AV@ <®(x), Hm)] - {822’5 (VEH, VO)(z) + ;a;’zzsnvmﬁ(x)}

v,e 2 \V,E
+5{th (ZLH)(z) + 88}?60 (VH,VO)(z )}

oAV 192A"<
2 2
e { o)) + 3 2 IVelP @

# (oo (o 52)] v o (532)]) - 5o v (57

oA o (H(@)
+ 2 O I (5.

22 a0 (B2)] = Zao (B2 oo + 2o (B2) 1o,

where the partial derivatives of A¥® with respect to § and h are evaluated at (@(m), @)
We will take ®°(x) Al pre.e (z) for suitable v,.

Proposition 4.2. There exists a constant K > 0 such that

e aAus 82Aus
weo i< sl % o] < w2 0] < K,
oAV
o (0,h)| < Klh|xgo<inj<vt + Ev(L+|h)X {50}
(54) 82AVE
9h00 —77-(0,h)| < K|h|xqo<|nj<v} + Ev(1 4 |h)X{h|>0}
62Aus

(0,h)| < Kx{ocinj<vy + Kve M HE x50,

Coh?
for (0,h) € Jo x [=h/e,h/e], v, € in (0,1).

Proof. We will repeatedly use Lemma 4.1 (for each estimate) without explicit mention. We start with the
bound on A¥¢. Fix 6 € Jo. For 0 < h < v, we have

h z
A (6, h)| < / Kdsdz < K < Kvh.
z=0 Js=0

For h > v, we have A¥¢(0,h) = Zf’ L AYE(0, h) where

AV (0,h) 12 / —g(6, 5)|I°(6, s)dsdz,
z=0Js O

AN

def

ASE(0,h) = 2

df hV
AL (0, h) = /

—g(0,9)]I°(0, s)dsdz,

/Z
f

NH

—g(0,9)]I°(0, s)dsdz.

|
|
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Now
z

|ATE(0,h)] < / Kdsdz < Kv? < Kvh,
z=0

s=0
h v
A0, )] < / Kdsdz < Kv(h —v) < Kvh,
z=v Js=0
h z h
|A5=(0, )] < / Kve /¥ dsdz < K2v/ (1—e */%)dz < K?vh.
z=v Js=0 =V

This easily gives the stated bound on A*=.

We have
OAE "
0.0)=2 [ [g"(0,5) ~ g(0. 5170, 5)ds
oh 5=0
For 0 < h < v, we easily get
OAV=
0,h)| < Kh.
For h > v,
6A”5 h
(6,h) — (0,950, 5)ds| + |2 [ [g"(0,5) — g(60,5)]1(0, 5)ds
< de+/ Kve /K (s
s=0
< Kv + Kvh.

We now get the appropriate bound.
Differentiating, we get

9*Av< " [og” Jg . L oI°
(0,h) _2/5_0{ (0,5) — == (0, 5)} I (0,5)d5—|—2/820[g (0,h) — g(0, k)]~ (0, 5)ds.

000h 00 00 a0
The calculations are now identical to those for 3325.
Now
aA 6,h) = 2/ / [8g 5 - s)] I°(, s)dsdz
z=0 Js=0 69

h z a 1G
+2/ / [87(8,5) — 8(6, 5)] 5 (6; 5)dsd=
z2=0 Js=0
and
62AV‘E 82 .
07 (0,h) —2/2 0/90{802 802(9 s)][(@,s)dsdz

og ore b d2I°
+4/Z:0 /5:0 { 20 0,s) 69(0 s)] 50 (9,5)dsdz+2/zzo /S:O[g 0,s) —g(0,s)] =5 502 (0, s)dsdz.

The calculations are now identical to those for A¥»¢.
Finally,

aZAy €
Coh?
which easily yields the claimed bound.

(0,h) = 2[g"(6,h) —g(6,h)]I°(6, )
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Proposition 4.3. There ezists a constant K > 0 such that
(55) _
|5 (x)| < Kev|H(z)] forz €S,

VO ()| < K[H(z)|X{0<H()|<er} + Ev(e + [H@) )X {H(@) | >e0) for z € S\H™Y(0),

H(x _ S _
[(Z°@"¢)(2)| < Kv ’E—:)’ + Exo<i)<ert + Kve MOV K Gy a0y + Kev forz € S\HTH(0).

Proof. We will use Proposition 4.2 here. The bound on [®"¢(x)| in the first line of (55) is trivial.
For z € S\ H71(0), we have

282;’8 V@(x)(o <H}§:)> Xs(x) + gag:va(m)co <H£:)> Xs(:r)

e? Ve H(x) )
+thA c0< o )VH(x)XS(m)

Vore(z) =¢

H(z)

where A¥® and its partial derivatives are evaluated at (@(x),

H<:C)‘_|_Kg
15

). There now exists K > 0 such that

H(z)

I3

H
Ve (z)| < Ke?v (z)

X{0<[H(x)/e|<v}y T Kev <1 + ‘ ) X{|H(z)/e|>v}

3

+ Ke%v

&

3

which easily yields the second line in (55).
For the bound on |.Z=®"¢(x)|, we start by recalling (52) and (53). There exists K; > 0 such that for
z €S\ H0),

()

» H(z H IH(xz
=L [A (6(33)’ (s )>” = K= ’+K1X{0<H<m>/e<u} + Kywve MOVES e e
H H
+ Kiev (1 + ’(w) ) + Kqe%v (x)‘ ,
€
and hence a constant K > 0 such that
H(z) —|H(z)|/Ke

X{[H(z)|>ev} + Kev.

2 e |:A1/,s <@(x)7 H(;)ﬂ . (H}E:))‘ < Kv

Again, there exist K;, K > 0 such that

&_’ + KX {0o<|H(z)|<ev} T Kve

H H H H
# (vl (o 2] o (5] ) s oot |22 i (1 [52])
€ hg € €
< Kev + Kv|H(z)].
Finally,
H H H
SQAV,E (@(1’), ((E)) e |:C0 < ($)>:| ’ S K€2I/ ((E)‘
e ho

for suitable K > 0. Putting things together, we get the third line in (55). (]
4.3. Proof of Theorem 2.6. We now provide

Proof of Theorem 2.6. Set v, deof 2 for ¢ € (0,1) and &2¢4 def £3.1. For € € (0,&24), define ®° def ree and

e < pe 4 pe. Clearly, F +II¢ € C(S) N C?(S \ H71(0)), and hence f + II° has a continuous extension

which belongs to Co(R?) N CZ(R? \ H=1(0)). Using Theorem 3.1 and the bound on ||[V®¢|| in the second line
of equation (55), it follows that /- 4 II° satisfies the skewness conditions at H*(0) \ {o}. To conclude that
F +1I° € 2(&/¢), it only remains to show that .£°(F + II¢) has a continuous extension to S (and hence an
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extension to all of R? which belongs to Cp). Recalling equations (52) and (53), and using Proposition 4.2,
we see that the only term in .#¢®¢ which is possibly non-zero at H=1(0) is

L7 o, ) s [ o H2) o) i

which is precisely what is needed to correct for the discontinuity in 2¢(f +%<) at H='(0). Hence, 2 (F +1I°)
has a continuous extension to S.
The bound on II¢ follows directly from Theorem 3.1 and the first line of equation (55). To obtain the

bound on Z¢II¢, note that
_(H@\ _ ([ H@)

We now easily get the stated bound by combining Theorem 3.1 and the third line of equation (55).

5. SOME PDE CALCULATIONS RELATED TO SKEW BROWNIAN MOTION

In order to better understand the regularity of the \Ilf ‘s near h = 0, let’s start with some calculations
involving the transition density of skew Brownian motion. Recall that for v € (0, 1), a skew Brownian motion
with skewness v behaves like a regular Brownian motion away from zero. When it hits zero, it makes an
excursion to the right with probability v and an excursion to the left with probability 1 — ~.

Let g(t,z) be the heat kernel g(t,x) = \/%ﬂtexp {—%} for t > 0, x € R. Note that for any multiindex

a € (ZT)? and § > 0, there exists a constant K = K(«,d) > 0 such that |D%g(t,x)| < K for t > §, z € R.
The transition density p(t,z,y) of skew Brownian motion is given by the equations (see [RY99] p. 87)
(56) p(t,2,y) = X{a>0} [(g(t, z—y)+ 2y - Da(t,z + y))X{y>0} +2(1 = )a(t, z - y)X{y<o}]
+ X{a<0} [(g(t, z—y)+ (1 =2y, 2 + y))X{y<0} + 2ve(t,x — y)X{y>o}]
+ X{o=0} [279(75, Yxqy>or +2(1 —7)a(t, y)X{y<0}} :
Let’s start by collecting together a few properties of p(t, z,y) to be used in the sequel.

Lemma 5.1. Fizy € R. The map (t,x) — p(t,z,y) is continuous on (0,00) xR and C* on (0,00) x R\ {0}.
Moreover, p(t,z,y) solves the PDE

1 2
Bty =2 281wy for (12) € (0,00) < B\ {0},
For a = (o, 0) € (ZT)?, we have
lim D¢ = lim DY ) )
zl\mo “p(t,z,y) 301}% “o(t, x,y) if an is even

57
(57) 3 lim Diplt,,9) = (1 =) I DSp(t,z,) iz is odd

In particular, p(t,0+,y) = p(t,0—,y) and vlim~ o %(t,x,y) = (1 —)lim, o %(f,x,y) fort > 0. Lastly,
fora € (Z1)2, 8 > 0, there exists a constant K = K («,8) > 0 (independent of y) such that |D¢p(t, z,y)| < K
fort>4, z e R\ {0}.

Proof. Straightforward calculations. For (57), we use the fact that for a = (a1, a2) € (Z1)?, D%(t,") is
even if ayg is even, and odd if as is odd. O

Lemma 5.2. Let f € L'(R) and define

ut,r) Y [ fapta,y)dy  fort >0,z €R.

yeR
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The function u(t,z) is continuous on (0,00) x R and C* on (0,00) x R\ {0}. Moreover, u solves the PDE
ut(t,x)zéum(t,x), fort >0, z € R\ {0}.
For every multiinder o € (Z1)?, we have
(58) D%u(t,z) = Rf(y)Dg‘p(t,x,y)dy fort >0,z € R\ {0}.
ye
Fort >0 and a € (Z1)?, the limits lim,~ o D*u(t,z) and lim, ~o D*u(t,z) exist and are given by

(59)  D"u(t,04) = /eRﬂy)Dsp(t,ow)dy ond  Du(t.0-) = [ f)Dz0(0- )iy
y Yy

respectively. Moreover,
60 D%u(t,0+) = D%u(t,0-) if ag is even
(60) yD%u(t,04) = (1 — v)D%u(t,0—) if ag is odd.

In particular, fort >0,

t = u(t,0— d lim wg (¢, 2) = (1 — ~) lim uy (¢, 7).
u(t,04) = u(t,0-)  and 7 lim us(ta) = (1-7) lim s (t,2)

Proof. Straightforward calculations using Lemma 5.1.

Lemma 5.3. Fiz T > 0 and suppose u € C*=((0,T) x R\ {0}) N L}, .([0,T] x R) satisfies

ug(t, z) = %um(t,x) te (0,7), x € R\ {0},
u(t,0+) = u(t,0—) a.e.t€(0,T),
(61) Vtim [ ws(t)e(dt = (1— ) tim [t 2)o(t)dr Il € C®((0,T
vlim | Uz(vx)@() = ( —W)a}% tzouz(ax)@() for all p € CZ°((0,T)) ,

/z:_l /tzo(“w(tax))thdx < 0.

Then u € C((0,T] x R). Further, for any multiindex o € (Z1)?, t € (0,71, the limits limg~ o D*u(t,z) and
lim, ~o D*u(t,x) exist and

(62) Yug (t,04) = (1 — v)ugz(¢,0-).

Proof. Suppose ¢ € C2°((0,T)) and ¢ € C§°(R\ {0}) such that lim,~ 9™ (x) and lim, ~q ™ () exist for
every n € N. Then, for h > 0, we get

/:0 /|th oo et = /93|>h/t 0 Y (z)dtdz
B /x|zh /tzo p(t)ur(t, 2)¢(x)dtde

1 T
= —2/|m|2h /t:O O(t) Uy (t, )9 (x)dtd

where we have integrated by parts (in ¢) and used the fact that u solves the heat equation away from z = 0,
and that ¢ has compact support in (0,7'). Now integrating by parts (twice) with respect to x, we get

/ / )b (@) dwdt = _7/ / )b (@)dedt + By(h) + Ba(h) + C
t=0 \;c|>h t=0 \;c|>h
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where

T T
Bmw@glgww%mmwmw—%lgwm%m—mw—mm

T

T
Balh) =5 [ ottt i3 [ poute.~hyi-nar

2 Ji=o =0

C d:ef _} /t [(p(t)u@(t, oo)w(oo) - (p(t)uw(t’ _oo)w(_oo)}dt

=0

T
+ 1/t [p(t)u(t, 00)ih(00) — p(tu(t, —o0)ih(—oo)]dt.

=0
Taking the limit as h \, 0, and replacing = and ¢ by y and s respectively, we get

(63) / / y)dyds = —= / / Y (y)dyds + hm Bi(h) + lim By(h) + C.
s=0 ye]R s=0 yeR h\0

Now let ¢(s) € nd(t — s) and ¥(y) % p(5,2,y), where § € (0,T/2), t € (5,T — 8), € R\ {0} and n is the
standard mollifier. Then

p(s)=—n(t—s) and  4(y) =p,(6,z,y)
Using the explicit expression for p(d, z,y), we get

(1= 9)1p(04) = y(0-), $(0+) = ¥(0-)

It is now easily seen using the second and third equations in (61) that limp\ o Bi(h) = 0, limp~ o B2(h) = 0.
Noting that py, (9, ,y) = pzz(0, z,y) whenever x # 0, we get

T ) 1 T
[ it sutsmp@ayds =5 [ [ bt suls,y)pas(bz.g)dyds
s=0 JyeR s=0 JyeR

What we have proved, in essence, is that if we define
T
u®(t, z) d:ef/ / 7’ (t — s)u(s, y)p(3, x,y)dyds for 6 € (0,7/2), (t,x) € (0,T —0) xR,
s=0 JyeR
then u%(t, ) solves
1
g (t,x) = 5’& 2(t,2) (t,x) € (6, T —6) x R\ {0}

(64) uS(t,04) = u(t,0—) te (6,1 —0)

yud(t,04) = (1 = ud(t,0-)  te(5,T—9).
We now use Lemma 5.2 to get, for § < s <t <T —9,

u’(t,x) = / plt — 5,2, y)u’ (s, y)dy
yeR

and let § \ 0. ]

Lemma 5.4. Let uy and u_ be elements of C*°(R) such that for every n € N, uf)

Let u = u(t,z) solve the PDE

and u(_n) are bounded.

ug(t, z) = fum(t x) t>0, zeR\ {0}
(65) u(t, —i—)—u(tO ) t>0
Yug (t,04) = (1 — y)ug(¢,0—) t>0

lim u(t, 2) = 1 (2)X(0,00) (@) + U (@)X (-00) (@) T ER
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Then, for every n € N, there is a constant K,, > 0 such that
o"u 1 z2
<
< Kn {t /2eXp[ 4t} +1}

66 t
(66) o (t,)
Proof. Let’s first consider the case t > 0, x > 0. Then,

for allt >0, x € R\ {0}.

0

u(t, ) Z/Z U+(y)p(t7x,y)dy+/:_ u—(y)p(t, z,y)dy

Using the expression for p(t, z,y), we get
u(t,z) = Ii(t,x) + (2y — DIa(t, 2) + 2(1 = 9)I3(t, )

where
) det > T—y
= dy,
/y 0 ( Vit )
oo
z) % / (:B + y) dy,
y=0 \/;f
0
def r—yY
= 05 ( ) dy.
/y vt
By making the change of variables z = x —y in I; and 13 and z = x 4+ y in I, the above expressions become

L(t, ) d_ef/:oo u_,.(x—z)\%@ (ﬁ) dz,

/:Oz (= x+z)\[(’5(\/>dz

of [ 1 z
I3(t,x) = / u_(z — z) ()
Z=T \/>
We now claim that for n € N,

ol T (n) 1 > n—1 1 ' . T
Ozm (t,z) = /Z uy (@ — z)%Qi % dz + ZO W@(J) % ul! i1 (0)
J:

=—00

Q.
[}
[

Ig(t, 1’)

Q.
N

Indeed, for n = 1, we have

6]1 * / 1 z 1 X
—(t,x) = —2)—=6(—|d 0)—6 | —
5z %) /Z:_oo“+(“"” RN AN AW
and the claim now follows by induction. By exactly the same line of reasoning, we have for n € N,

%l%(t7x):(_1)n /:O W x+z)\}i ( ) Z t(a+1)/2®(j) (ji) u"0(0)

=x

and
"Iy Y B OO VNS S = Gy (), (n—j-1)
B <t’x)_/mu’ (=2 7 ® ( ) =i 2 \)e O
Now
o"u - 8"[1 8”12 8"13
(te) = S )+ 2y = D)2 () + 20— ) R (4, )
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(n)

Since u(f) and u> "’ are bounded, the Gaussian integral in the expression for each %, j€{1,2,3} can be

bounded from above by the appropriate upper bound on the integrand. Note that for each n € N, there is a
constant K, (not necessarily the same one as in (66)) such that

6™ (2)] < Kpe /4

for z € R. Since the dominant term in the sum involves t~"/2, (66) now follows.
The proof for ¢t > 0, < 0 is similar.

6. APPENDIX: CONSTRUCTION OF THE PRE-LIMIT PROCESS

We now discuss the construction of the pre-limit process: for ¢ € (0,1), zop € S\ {0}, we would like
to construct a probability measure P; € P(0([0,00); R?)) which solves the original stopped martingale
problem. This can be accomplished by localization; one considers separately the questions of existence
away from the origin and existence near the origin. By working with the induced laws on the path space
C([0,00); R?), it should be possible to construct IPZ  using the localization techniques in [SV79] (see Section
6.6).

There are several different, yet equivalent, probabilistic characterizations of skewness and it is useful to
take some time to examine them (see [Lej06] for more details). For simplicity, we illustrate the case of skew
Brownian motion. Let Y; be a skew Brownian motion on R with parameter v € (0,1). Then Y; can be
characterized in the following terms:

(1) SDE with local time.
It is shown in [HS81] that Y; is a semi-martingale which is a strong solution to an SDE with local
time
Yi=Yo+ Bt + (27 - 1L{(Y)

where B; is a Brownian motion and L?(Y) is the local time of the process Y at 0.
(2) Diffusion with generalized coefficients.
Y; can be thought of as a diffusion generated by

def 1 d? d
L2 oy 152
2dw2+(7 )da:

where § is the Dirac d-function concentrated at = 0. The skewness translates into generalized drift
concentrated at x = 0 with the coefficient providing the biases.
(3) Solution of a martingale problem.

The article [Lejo6] provides other characterizations and constructions as well (e.g. Dirichlet forms, scale and
speed measures, etc.), but we only mention the ones we’ll be using. Obviously, the three approaches outlined
above extend (under suitable conditions) to multidimensional problems and operators/SDE’s with variable
coefficients (see [Por90], [SV86]). The martingale approach is best suited to proving limit theorems.

We first address the issue of existence of the pre-limit process near the origin. Naturally, we change to
(y1, y2)-coordinates. The generator now takes the form
1 0 1 0 1

= — SY2— + A

e? o 6y1 g2 & Byg 2
By the skewness conditions (5), one can see that the probability of making a positive excursion in the y;

direction on hitting the yo-axis is ﬁoﬁfﬁL if yo > 0, and Boﬁ e if yo < 0. Similarly, the probability of making

a positive excursion in the yo direction on hitting the y;-axis is Boﬁfﬁa ify; >0, and Boﬁ JFLBL if y1 < 0. Using
(4), it is easily seen that

pe

o _ _ Br and o _ _ B
Bo+ B Po+Pr Bo+Br Po+DPL
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In other words, the pre-limit process (near the origin) decouples into two independent skew Ornstein-
l,e 2,e .
Uhlenbeck processes y;’~ and y;’~, governed according to

def 1 0 1 82 ﬂo
L] = 7y17+775 M =575
Yoy T 20y Po + Bi
ot 1 0 106° Br
EE = —5 - + ~ a5 = -,
? 28y, T2 dy3 = Bo+ 61
where ~; represents the probability of making a positive excursion (in y;) on hitting zero, ¢ € {1,2}. An
alternative characterization of each y; is as the solution of an SDE with local time. The existence of the

processes 4, y2° should now follow from [LeG85] (see also [Lej06]). Of course, one should then take
e l,e 2eydef 7/ 1 2¢
af = (x"2y7) = oy "y )
Away from the origin, the existence of the pre-limit process should follow from the theory of generalized
diffusion processes (see [Por90]).
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