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Adaptve Mesh Re nementfor Micromagnetics
Simulations

CarlosJ. Garda-Cenera,and AlexandreM. Roma

Abstract—We present a methodology to perform ef-
ciently micromagnetics simulations which combines an
unconditionally stable, nite differencesschemewith an
adaptive mesh re nement technique. Enhanced accuracy
is attained by covering locally specialregionsof the domain
with a sequenceof nested,progressiely ner rectangular
grid patches which dynamically follow sharp transitions
of the magnetization eld (e.g, walls and vortices). To
illustrate our approach, we consider a rectangular sample
of in nite thicknesswith strong anisotropy in the out-of-
plane dir ection.

Index Terms— Landau-Lifshitz-Gilbert, ~ Multile vel-
multigrid, Finite Differences,Adaptive Mesh Re nement

. INTRODUCTION

NDERSTANDING the mechanism®f magnetiza-

tion reversal in ferromagneticsamplesof nano-
scalesize is of interestin the study of the magnetic
recordingprocess,in particularin computerdisks and
in computermemorycells, suchas MRAMs [1], [2].

The relaxation processof the magnetizationdistri-

bution in a ferromagneticmaterial is describedby the
Landau-Lifshitz-Gilbertequation (LLG) equation [3],

[4],

Mi= M (M B); 1)

wherejM j = Mg is the saturationmagnetizatiorwhich,
far from the Curie temperaturejs usually setto be a
constantthe rst andsecondermsarethe gyromagnetic
and the dampingterms, respectiely, with  being the
gyromagneticratio, and the dimensionlessdamping
coefcient; B is the effective eld
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In (2), ( u) representghe anisotroy enegy per unit
volume. The parametersCex and ¢ are the exchange
constantand permeabilityof vacuum,respectrely. H ¢
is the stray eld, andH g is the external eld.

Typically, the magnetizatiorpro le in aferromagnetic
sampledisplayslarge domainswherethe magnetization
is slowly varying. These domains are usually of the
order of a few hundredsof nanometersin size, and
are separatedy magneticwalls, and magneticvortices.
The core size of thesesharptransitionregionsis of the
order of a few nanometersMost experimentalstudies
coincide that the presenceof magnetizationvortices
insideaferromagneticamplehasadramaticeffectin the
magnetizatiorreversal procesg5], [6], [7], [8], [9]. In
addition, the reversal processoccursas a consequence
of domainwall motion. In orderto carry out realistic
micromagneticssimulations, it is therefore necessary
to resolhe numerically a broad range of length scales,
spanningfrom the nanometersize magneticwalls and
vorticesto the macroscopicsize of magneticmemories
and hard drives. Moreover, the overall accurag of the
numericalsimulationdependstronglyon how well these
local phenomenare resohed [10].

Fully resolhed threedimensionalsimulationsthat use
a uniform grid may resulttoo costly for currently avail-
able computerresourcesTo increasethe computational
efciency, and to allow for complex problemsto be
tackled, reductionsin the processingtime and in the
computer memory consumptionare desirable. These
reductionscan be achiered by adaptvely re ning the
spatial meshlocally aroundwalls and vortices, while
resolvingmagneticdomainswith a coarsergrid.

In micromagneticsimulationsthe adaptvity hasusu-
ally beenachieved by emplgying adaptve re nement
nite elementmethodg11], [12], [13], or by employing
methodsbasedon a maving mesh[14], [15], [16].

Adaptive nite elementsstartedto be appliedto sev-
eral problemsin micromagneticsn the nineties.Among
thosearethe simulationsof longitudinalthin Im media
[11], domainstructuresn soft magneticthin Ims [12],
and domainwall motion in permanenmagnetg13], to
namea few. Arbitrarily shapeddomainscanbe handled
naturally by nite elementdiscretizations.Due to the
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way informationis storedandretrieved at nodal points,

the meshadaptvity mayimposea relatively heary com-

putational overheadwhen comparedto the processing
time taken by the overall method especiallyif remeshing
mustbe performedfrequently

In the moving mesh method,a mapping betweena
uniform logical meshand the physical meshis de ned.
The physical meshdeformsfrom one time stepto the
next in orderto accommodatéhe underlyingstructureof
the solution. The new mappingmay be obtainedeither
by an optimization procedure[17], or dynamically as
in [18]. This methodologyhas beenemplged in the
study of singularity formationin differentcontexts [19],
[18]. In this procedure,the equationson the physical
grid are rewritten on the logical grid. This gives rise
to a differential equationwith non-constantoefcients.
In the context of micromagneticsthis may complicate
considerablythe stray eld computation.

Here, we introduceanotherstratgy for adaptve mi-
cromagneticssimulations which combinesthe Gauss-
Seidel Projection Method (GSPM) [10], [20] with an
adaptve meshre nement(AMR) technique The GSPM
is an unconditionallystableschemefor micromagnetics
simulationswhosecomplity is comparableto that of
solvingthe linear heatequationwith the Backward Euler
Method. The AMR techniqueemplgyed is basedon the
works of BergerandCollela[21], for solving hyperbolic
eguationn rectangulagrids,andBergerandRigoutsos
[22], for point clusteringandmeshgenerationEnhanced
accuray is attainedby covering certainregions of the
domainwith a sequenceof nested,progressiely ner
rectangulamgrid patcheswhich dynamicallyfollow spe-
cial featuresof the solution (e.g., sharp property tran-
sitions). Sincethe corvergencepropertiesof the GSPM
arewell understoodn rectangulagrids, this re nement
technigueseemso be particularly appealingMoreover,
rectangulargrids have a simple user interface and, by
separatingthe integration method from the adaptve
stratgy, we canusethe GSPMon ne andcoarsegrids
without modi cation.

By combiningthe GSPM with the AMR, we obtain
an unconditionallystable,adaptve methodfor the sim-
ulation of the LLG equationon rectangulardomains,
with optimal asymptoticcompleity. Second-ordemite
differencedor spatialapproximationsare employed and
only the solutionof Poisson-typequationsvith constant
coefcients are required. Although we only consider
a rectangularsample, arbitrarily shapeddomains can
be handled efciently by carefully adding boundary
correctionsto the exchangeand stray elds [23].

For thereasonabove, the AMR-GSPMis anattractve
alternatve approachto both adaptve nite elements

and moving meshmethods.We illustrate our approach
by nding the steadystate of the magnetizationin a
rectangularsample of in nite thickness,with strong
anisotropy in the out-of-planedirection,andfor which a
large numberof comple, transientstructuresdevelop.

Il. MICROMAGNETICS SIMULATIONS

The Landau-Lifshitz-Gilbertequation (1) is solved
employing the Gauss-SeidelProjection Method [10],
[20]. Only linear systemsof the form

@ t) M=f 3)

mustbe solved. By carefullyintroducingthe nonlinearity
a posteriori an unconditionallystable nite differences
methodfor the LLG equationis obtained,and we may
emplgy time stepson the orderof 1 picosecondevenin
the presenceof thermalagitations[20].

Thestray eld canbewrittenasHs = r U, whereU
is themagnetostatipotential.U solvesthemagnetostatic
equation

U = dvM; x2V
U =0 x2V°
[Ul = 0 x2 &
% = M ; x2@, (4)

where V is the volume occupiedby the sample,and
[ ] representshe jump at the materialhacuuminterface.
Equation(4) must be solved in the whole space.This
requiregheintroductionof far eld boundaryconditions.
In orderto avoid this, we decomposehe potentialinto
two parts:U = v+ w. The functionw satis esequation

dvM; x2V,;
0 x2@, %)

and it containsthe bulk contritution of div M to the
stray eld. The function w is extendedto be equalto
zerooutsideV.

The boundarycontributions are includedin v, which
satis es equation

w

w

v = 0 x2V[V5
V] = 0 x2@,
@ _ @v, :
@ = M + @ X 2 @ (6)
The solutionto %6) is
v(x) = o N(x y)aly)d (y); (7
whereg(y) = M+ &' andN is the Newtonian

potential in free space.Formula (7) can be used to
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evaluatev on the boundaryof the domain,andtherefore
v can be determinedinside the domain solving equa-
tion (6) with Dirichlet boundary data. This approach
is similar to the hybrid methodintroducedby Fredkin
and Koehler [24]. Our approachdiffers in that we use
Dirichlet boundaryconditionsinsteadof the Neumann
boundaryconditionsconsideredn [24], which changes
the integral representatiorof the boundarycontrikution
from adoublelayerpotential to the singlelayerpotential
(7). The single layer potential is less singular than
the double layer potential, and thus can be handled
numericallymore easily

We approximateintegral (7) on the boundaryof the
domain by approximatingg using piece-wisepolyno-
mial interpolation. The correspondingnomentsof the
Newtonian potential can be evaluated analytically In
two dimensions,the resulting sum can be evaluated
in O(N) operationsby direct summation,whereN is
the total number of grid points in the domain, if a
uniform grid wasused.In threedimensionshowever, the
evaluation of the boundaryvaluesby direct summation
isanO(N 3) operation.Solving Poissons equationwith
Multigrid [25] is an O(N) operation.Therefore,in two
dimensionsour procedurehas optimal complity. In
threedimensionsthe evaluationof the boundaryvalues
by direct summation dominatesthe CPU time. The
computationaktime can be further reducedusing a fast
summatiortechnique[26], [27]. Resultsin this direction
will be presentectlsavhere.

I11. ADAPTIVE MESH REFINEMENT

In our approachthe ferromagneticsampleis covered
by compositegrids, thatis, by block-structuredyrids, de-
ned asa hierarchicalsequencef nestedprogressiely
ner levels. Eachlevel is formed by a set of disjoint
rectangulagridsandthere nementratio betweeralevel
and the next ner level is two. The magnetizationis
de ned at the centerof the computationalcells. Ghost
cells are employed around each grid, for all levels,
and underneathne grid patchesto formally prevent
the nite differencesoperatorsfrom being rede ned at
grid bordersand at interior regions which are covered
by ner levels. We use second-or third-orderaccurag
interpolation schemeso provide valuesat thesecells.
The descriptionof the compositegrids is given in [21]
in greaterdetail.In Fig. 1, we shov aninterfacebetween
two successie re nement levels, and the location of
coarseand ne variables.

The use of an unconditionally stable time stepping
proceduresuch as the GSPM allows us to evolve the
solutionon all grids,andin all levels,with the sametime
step.The complity of the GSPMis comparabldo that

(i,j+1) (i+1,j+1)

(1.9)

(i) (i+1,))

Fig. 1. Ghostcells nearthe interface.

of solving a linear heatequationusing Backward Euler.
Equationg(3), (5), and(6) aresolved usinga multilevel-
multigrid method[28], [29].

A. CompositeGrid Geneation and Remeshing

Compositegrid generationdependson the agging
step thatis, determining rst the cells whosecollection
gives the region wherere nementis to be applied. We
markfor re nementthe cellsat which the absolutevalue
of the in-planedivergenceof the magnetizationeld is
at least10% of its global maximum,thatis, if

jr Ma(xj ); Ma(xi ); 0)j

0:10 mrgxf ir M1(Xrs);Ma(Xrs);0)jg: (8)
Also, it is corvenientto mark for re nement a layer of
cells closeto the boundaryof the domain.This way, we
are able to computethe boundaryintegral given by (7)
with the accurayg of the nest level.

Othercriteria that canbe emplgyed for marking cells
for re nement, either simultaneouslyor separatelyare
the norm of the gradientof the angleformedby the two
in-plane componentsand the norm of the rotational of
the eld, jjr M jj.

Oncethe collectionof agged cellsis obtained,grids
in eachlevel aregeneratedy applyingthe algorithmfor
point clusteringproposedy Bemer and Rigoutsod22].
We requirethat, at least,from 70%to 85% of the cellsin
eachgrid patchwere agged (grid efciency). The rest
of the cellsareincludedso the grid patchis rectangular

Remeshings performedin two situations:1) when-
ever high in-plane divergencevalues escapefrom the
region coveredby the nest level, and2) at every certain
numberof x edtime steps(e.g.,at every 50 time steps)
in orderto refreshthe compositegrid; otherwise,com-
positegrids generatedvith nest levels covering a large
portion of the domainwould tend to stay permanently
in use,andthe integrationwould becomeinef cient.
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V. RESULTS

To illustrate the proposedmethodology we consider
a rectangularcylinder of in nite thicknessparallel to
the OZ -axis, with stronganisotropy in the out-of-plane
direction. The Landau-Lifshitzenegy per unit length

becomes

z z
dx + o8

S M2
0

— (Hs+ 2Hg) M dx; (9)
2 vy

M2 jir Mj%dx

whereK  is theanisotroly constantandV is arectangle
in the X Y -plane.The effective eld reduceso

K C
M—:ZM 363 + M—EZZ(
whereez = (0;0; 1). Thestray eld is computedsolving
eqguation(4) in two dimensions.

The rectangular domain has dimensions
1m 250nm. We choose the exchange constant
and saturation magnetization to mimic Permally
(Cex = 1:3 10 J=m, Mg = 8 10°A=m). The
anisotroy constantis chosensuchthat K, = OMSZ,
in order to impose a high penalty on the out-of-
plane componentof the magnetization.The damping
parametewassetto = 10 2.

Our motivation to study this problemis twofold. On
the one hand, the enegy (9) resembleshe enegy of
a thin ferromagnetic Im, where the shapeanisotroy
penalizesout-of-planeexcursionsof the magnetization,
andthe leadingtermin the in-planecomponentof the
stray eld is given by a logarithmic corvolution kernel
[30], [31], [32]. Onthe otherhand,the geometricsetting
and the parametersonsiderechereallow us to reduce
the problemto a two dimensionalcomputation,which
simpli es the evaluationof the stray eld. Despitethis
reduction,the minimizers of enegy (9) shav comple
domain structures,with magnetic walls and vortices,
making this an ideal test problem for the numerical
methodpresentechere.

Thedomainis discretizedemploying four levels.Level
1 (the baselevel) is a uniform grid given by 128 32
cells, on top of which we add three re nement levels.
A uniform grid would require 1024 256 cells (that is,
262,144 cells) to have its resolutionequialent to the
nest level.

The solution is evolved in time until no visible dif-
ferencein the magnetizationeld betweensuccessie
time stepsis noticeable.The nal time is 1.5 nanosec-
onds,reachedin 1,500time steps.At steadystate,the
magnetizatiordistribution developsthe diamonddomain
structuredepictedin Fig. 2. A sketchof this structureis

B = M+ o(Hs+ Ho); (10)

presentedn Fig. 3. The arrons shav the directionof the
in-plane componentof the magnetizationLengthsare
measuredn unitsof L = 1m .

05
uL

Fig. 2. Diamonddomainstructure We presenta (color) plot of the
anglethat the in-plane componentof the magnetizatiorform with
the OX -axis.

Fig. 3. Sketchof thediamonddomainstructure Thearrows indicate
the direction of the in-planecomponent®f the magnetization.

Employing the divergenceof the in-planecomponents
(see Section lll-A), and the distanceto the boundary
of the domain as the agging criteria, 118 composite
grids aregeneratedn the 1,500time steps.The number
of cells in the compositegrids, summing over all the
levels, rangedfrom about51 10° to about213 103,
the nest level covering from about11% to about53%
of the domain.In average,the nest level coveredonly
25% of the domain (6% standarddeviation).

Typical grid patchesandthe correspondingyrid cells
employed closeto the steadystatesolutionareshovn in
Fig. (4) and(5), respectiely. Only theregion nearoneof
the vorticesis plotted. The compositegrid dynamically
adaptsitself to the underlyingstructureof the magneti-
zationand concentrategrid pointson the domainwalls,
vortices,and on the boundaryof the domain.

To illustrate how the grid patchesadaptto the under
lying structureof the magnetizationywe presentifferent
stagesin the evolution of the magnetizationin Fig. (6)
andFig. (7). Both the magnetizatiorandthe correspond-
ing grid patchesare plotted. The large numberof small
structureghatariseduring the time evolution makesthis
a goodtestproblemfor the procedurepresentechere.

In Fig. 8, we shav the third componenbf the magne-
tization at steadystate,computedusing 128 32 cells.
This correspondso the coarsegrid usedin Level 1. The
exchangelengthis lex = Cex=( ¢M2) 4nm, and
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Fig. 4. Grid patchesneara vortex and in a neighborhoodof the
north and southdomainboundaries.
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Fig. 5. Grid cells nearthe vortex shown in Fig. 4.

thereforevorticescannotbe resohed with sucha coarse
grid. This can produceerroneousresults,as shovn in
[10], [33]. For the parametersisedin this example, at
least512 128cellsarenecessaryo resole the coreof
thevortex. In Fig. 9, we plot the out-of-planecomponent
of the magnetizationcomputedon the compositegrid.
Theresolutionof the compositegrid, in a vicinity of the
vortex, is equivalentto thatof a1024 256 uniformgrid.
To perform the visualizationof ary function de ned
on a compositegrid, we rst interpolateits valuesto a
seriesof progressiely ner uniform grids whosemesh
widths rangefrom the meshwidth of the baselevel to
the meshwidth of the nest level. Rememberinghat

COMPOSITE MESH

0 0.1 0z 03 04 05 08 0r 04 09 1

ETEP=000001  TIME: 0. P9 ME0E+00

(@)

COMPOSITE MESH

0 041 0.2 03 04 05 08 07 0.8 09 1

STEP=000050  TIME: 0.85467249E+01

(b)

.

08 0.6 07 0.8 049 1

a 0.1 0.2

03 04
STEP=000065  TIME: 0. 1203 1546E+02
(©)
Fig. 6. Evolution of the magnetizationtowards the diamond

structure,with the correspondinggrid patches.Darker areas(blue)
indicate ner grid patches,while lighter areas (yellow) indicate
coarsergrid patches.Time is measuredin precessiontime units
(T = ( oMs) 1. (@) Initial condition. Grid points accumulate
at the interface and the domain boundary The arravs indicate the
direction of the magnetization(b) As ner structuresdevelop, the
grid adaptsdynamically (c) Additional patchesare addedwherever
necessary
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Fig. 8. Out-of-planecomponenbf the magnetizatiorat steadystate,
computedwith auniform grid, with 128 32 grid points.Thevortices
cannotbe resohed in sucha coarsegrid.

(b)

(©)

Fig. 7. (Continuationof Fig. (6)) (a) As the ne structureslisappear
ne grid patchesare replacedby coarserones. (b) and (c) The
diamondstructureis almostformed, and the grid patchdistribution
becomesamore stable.
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Fig. 9. Out-of-planecomponenbf the magnetizatiorat steadystate,
on the adaptve grid. The grid aroundthe vortex is equivalentto a
uniform grid of 1024 256 grid points. The vortex is fully resohed.

level 1, the baselevel, is given by a uniform grid, we

1) Interpolatevaluesfrom the uniform grid with mesh

width  xy to a uniform grid with mesh width
Xk+1 = 05 Xi;

2) Overwrite the interpolatedvalues with the com-
putedfunction valuescoming from level k + 1 of
the compositegrid.

We executethis loop for all the levels from 1 to nest
level-1.

For the numberof levels consideredn this example,

the steadystate solution is obtainedon the composite
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