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One-dimensional magnetic domain walls
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Ferromagnetic materials may present a complicated domain structure, due in part to the
nonlocal nature of the self interactions. In this article we present a detailed study of the
structure of one-dimensional magnetic domain walls in uniaxial ferromagnetic materials, and
in particular, of the Néel and Bloch walls. We analyze the logarithmic tail of the Neéel wall,
and identify the characteristic length scales in both the Néel and Bloch walls. This analysis
is used to obtain the optimal energy scaling for the Neel and Bloch walls. Our results are
illustrated with numerical simulations of one-dimensional walls. A new model for the study
of ferromagnetic thin films is presented.

1 Introduction

The micromagnetics model introduced by Landau & Lifshitz [20] for the study of ferro-
magnetic materials leads to a non-convex, non-local variational problem. The magnetic
domain structure, characteristic of these materials, is understood in the context of energy
minimization. The Landau-Lifshitz energy functional for a material occupying a volume
V, in non-dimensional variables, is

F[m] =ﬂ/ @ (m) dx+1/ |Vm|2dx—l/Vu-mdx. (1.1)
2/, 2/, 2/,

In (1.1), |m| = 1 inside ¥V, m = 0 outside V, |[Vm|? is the exchange energy, q is the quality
factor and ®(m) is the energy due to material anisotropy. In this paper we consider
uniaxial materials and we take the ‘easy’ axis as our OZ axis, i.e. ®(m) = m? + m3. The
quality factor is defined as g = K, /(uoM?), where K, is the anisotropy constant, M; is
the saturation magnetization, and g is the permeability of vacuum. Finally, the last term
in (1.1) is the energy due to the field induced by the magnetization distribution inside the

material. This induced field hy = —Vu can be computed by solving
V-m inV,
Au = {0 outside V, (12)

together with the jump conditions

[u] =0, (1.3)
[a_u] =—m-v, (1.4)
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FIGURE 1. One-dimensional wall setting.

at the material-vacuum interface. In (1.3) and (1.4) we denote by [ ] the jump of a
quantity across the interface. The vector v represents the outward unit normal on the
boundary of V. Lengths are measured in units of the characteristic length [ = \/A4/(uoM?2),
where A is the material exchange constant, and energy is measured in units of e =
V HoAM.

A brief explanation of the different terms involved in (1.1) is appropriate here. For a
more detailed description, see Brown [3] and Hubert & Schifer [19].

It has been observed experimentally that for sufficiently small samples of a ferromagnetic
material, the intensity of magnetization per unit volume is constant. This constant is
defined as the saturation magnetization, M. It has also been observed that crystalline
materials are easier to magnetize in certain directions. For a uniaxial material there is
one such direction of easy magnetization, or ‘casy’ axis. The anisotropy energy penalizes
the deviations of m from this ‘easy’ direction. The quality factor is a measure of the
relative strength of the anisotropy and the self-induced field energies. The exchange
energy penalizes spatial deviations in m, and it is responsible for the alignment of the
spins that induces the ferromagnetic order in the material.

Functional (1.1) possesses a very rich energy landscape, and it has been the focus of re-
cent attention in the mathematical community [9, 16, 18, 4, 5, 10, 11]. The local minimizers
can present very complex structures [19, 10]. Rigorous bounds for functional (1.1) were
presented in Choksi & Kohn [4] and Choksi et al. [5], and magnetic microstructures were
analyzed in De Simone [9], Hubert [18] and De Simone et al. [10, 11]. In this work we
analyze one-dimensional walls, which are part of the building blocks of more complicated
structures. The results presented here have been recently used in the study of the cross-tie
wall [11].

We assume that the magnetization depends only on the variable x, and that there is
no structure in the direction along the wall (which is parallel to the easy axis). The OY
direction represents the thickness of the film, as shown in Figure 1. Throughout this article
we use the notation e; = (1,0,0), e; = (0,1,0), and e; = (0,0, 1).

In this paper, we analyze the following model, introduced by Aharoni [1] for the study
of one-dimensional magnetic domain walls:

1 1 1
Fq,a[m]=%/}R(m%‘f‘m%)+§/]R|m/|2+§/k(m%—m1(ﬂ*m1))+§/mz(ra*mz),

R
(1.5)
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where
1 45°
Is(x)=—1 14+ — 1.
i) = g o (1425 ). (16)
and ¢ represents the (rescaled) thickness of the sample. Throughout this paper, we consider

the functional F,s defined in the set
of = {m = (m;,my,m3) € H(R)*|jm| = 1 a.e, m — +e; as x — +c0}. (1.7)

Functional (1.5) was derived by Aharoni [1] by considering equation (1.2) in two di-
mensions, and carrying out a dimensional reduction. A direct derivation from the three
dimensional Landau-Lifshitz model (1.1) is presented in the appendices A through C.

Wall profiles with m; = 0 are usually called Bloch walls, and the profiles with m, = 0 are
called Néel walls. These walls constitute the building blocks of more complicated, higher
dimensional walls. Only these one-dimensional walls have been found, both numerically
and experimentally [19].

The presence of the self-induced field in the energy has a dramatic effect in the structure
of the walls. In the case of the Néel wall (m, = 0), the self-induced field has two opposite
effects, giving rise to two different length scales in the wall: it favours a narrow transition
layer, and at the same time it favours the existence of a very long tail. The existence of
such a long tail is important in the study of the interaction between walls.

This decomposition into a narrow core and a long tail had been observed experimentally,
and had been obtained computationally by several authors like Collette [6] and Holz
et al. [17]. Authors like Aharoni [1] or Dietze & Thomas [12] had tried to determine the
wall shape analytically, but their approaches did not produce satisfactory results. In our
opinion, one of the best mathematical approaches to the study of this structure was done
in 1971 by Riedel & Seeger [21]. However, their paper is unclear in many important details.

The self-induced field also has an important role in the structure of the Bloch wall
(my = 0). These walls do not have a long tail; the effect of the self-induced field is seen
through the presence of oscillations. These oscillations produce the necessary cancellations
to lower the energy associated with the wall. To our knowledge, this is the first time that
a study of these oscillations has been carried out.

The remainder of the article is organized as follows. In §2 we study some basic
properties of functional (1.5), including lower semicontinuity, existence of minimizers, and
asymptotic behaviour. The compactness properties of the functional are analyzed in detail
in §3. The main results of that section is Theorem 3.1, in which we show that if ¢ = 0,
functional (1.5) has no minimizers.

For the numerical simulations we have implemented a modified Newton’s method for
energy minimization. Our implementation and the results of our simulations are presented
in §4. In the results one can see the existence of the logarithmic tail for the Neéel wall,
and the presence of oscillations in the Bloch wall.

In §5 we present a detailed analysis of the Néel wall. We introduce a related convex
functional, whose minimizer can be analyzed in detail. We obtain a description of the
Néel wall, and the optimal scaling of the energy functional for Néel walls. In particular,
we show that for a given 6 > 0,

(1.8)
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as g — 0. The results described in § 3 suggest a test function that can be used to obtain the
upper bound in (1.8). For the lower bound we use the minimizer of the convex functional
introduced in §5. The limit 6 — 0, g > 0 fixed is considered in §6.

The analysis of the Bloch wall is carried out in §7. Using the same strategy as in the
study of the Néel wall, we obtain a description of the Bloch wall, and the optimal scaling
of the energy functional for Bloch walls without anisotropy. In particular, we show that

003 < inf Fbs[m] < Coo™ '3 (1.9)
me.o/ ’

as 0 — oo, for a Bloch wall.

2 One-dimensional micromagnetic model

We consider the one-dimensional energy functional

1 1 1
Fualim) = % [ () 5 [ P53 [ Gt (s e m0) 5 [ mars o m)

(2.1)
where ¢ > 0, 0 > 0, and the function I's is defined as
1 452
If we define
1 1
I'(x)= o log <1 + x2) (2.3)
then
1 X
Is(x) = 55T (%) : (2.4)

Note that I' € L'(R) N L(R), and [ I'(x)dx = 1, so I'; is an approximation to the
identity in R. The Fourier transform of I's is

Fs(8) ey dx = L2 2.5)
(&)= [ e *Is(x)dx = .
§6) = [ sy = 1t (
Using Plancherel’s theorem, we can rewrite the convolution terms as
[ s ey dx = [ - Taend
R R
[omars e myax = [ wifaa: (26)
R R

and therefore, in Fourier space,

SO 1 . 1 N ~ S
an(;[m]=%/R(m%erg)+§/]R\2ngm|2+§/m(m§(1_r5)+m§r5) (2.7)

Since 0 < r s < 1, the functional is nonnegative: Fs[m] = 0.
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In the following lemmas we study the lower semicontinuity properties of functional
(1.5) and show the existence of minimizers.

Lemma 1 Consider a family of functions {Kj}p=0 = L'(IR") N L2(IR") such that the family
of Fourier transforms {Kj}p=o = L*(IR") N L2(R") is uniformly bounded. Assume that

lim Kn(&) =Ko(&) for almost all &€ € R”, (2.8)

where Ko € L*(R"). Then, if {un}p=0 = L*(R") converges weakly in L*(R?) to up € L*(R")
as h — 0, then the family {vp}y=0 = {un * Ky}n=o converges weakly in L*(R") to vy =
F W 1igKy), where we denote by F ! the inverse Fourier transform.

Proof Let ¢ € L>(R"). Then:
/ np= | wp= [ wKpp (2.9)
n ]Rn ]Rn

Now, {I/<\h$}h>0 converges strongly in L2(IR") to IZOdA) as a consequence of the Dominated
Convergence Theorem, so the weak convergence of the original family follows easily. [

As a consequence of this lemma, we obtain the weak lower semicontinuity of the
one-dimensional energy functional (1.5).

Lemma 2 Functional (1.5) is lower semicontinuous in L>(R) with the weak topology.

Proof Consider K;, = 57*1((1%)%). If a sequence {u;} converges weakly in L? to uo, then
{up * Kp}n=0 converges weakly to ug * Ko, so

/ ug (up * I's) = / [o*T's = / lug * Ko|* < liminf/ |up, * Kp|*
R R R h=0  JRr

= liminf / [in*T's = liminf / up (up * T's) (2.10)
h—0 R h—0 R

Considering K, = Z~1((1 — fg)?), we obtain that

/ué—/ uo(uo*Fa)Z/ [iig|*(1 — ) < liminf (/ u%—/ uh(uh*m) (2.11)
R R R h—0 R R
O

We can prove now the existence of minimizers.

Lemma 3 Consider the minimization problem minme. Fqs[m], where F,s[m] is given by
(1.5), ¢ >0, and o/ = {m € H'(R)*|jm| = 1 a.e., m — +e; as x — do0}. Then, Imy € .o/
such that Fys[mg] = minge s Fq5[m].
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Proof Obviously, the set .o7 is not empty; the vector field m = (cos 0, 0, sin ), where

5 x < —1
O(x)=14 5x : xe€[-11]
3 x>1

belongs to .o7.

Let o = infmes Fys[m] = 0, and consider a minimizing sequence, i.e. {mf }ien € o,
such that lim;_,,, F,5[m’] = o. Since the energy functional is translation invariant, there
is a certain loss of compactness. To avoid this, we impose some extra conditions in our
minimizing sequences. Since the function mé changes sign, using a translation if necessary,
we can assume that mj(0) = 0. Moreover, we can assume that m} < 0 for x < 0, and
mé > 0 for x = 0. If that is not the case, we simply need to consider (m{,mé,sign(x)\mﬂ),
which has the same energy as (m{,mé,mé).

Since g > 0, there exists a subsequence (not relabeled) such that m{ , mé, and m’’ converge
weakly in L?(R) to some function mg. The lower semicontinuity of F with respect to
weak convergence in L?(R) implies that F,5[mo] < liminf; F,s[m/]=0. The Sobolev
Embedding Theorem and the Rellich Compactness Theorem imply that m/ € C°(IR), the
sequence converges uniformly on compact sets, and pointwise on R, so my — +e; as x —
too, i.e. my € 7, and therefore F,s[mg] = o« > 0. O

Using Lemma 1 we can determine the limit of the family {F;}s=0, in the sense of I'-
convergence in o7, as 6 — 0 and 6 — oco. The I' -convergence provides a natural framework
for the study of the limiting behaviour of the minimizers of a family of functionals, by
identifying these limits as minimizers of a certain limit functional. For our purposes, we
only need the following characterization of I" -convergence [7].

Theorem 2.1 Let (X,7) be a topological space, and let F}, a family of functionals para-
meterized by h. A functional Fy is the I -limit of F, as h — 0 in J if and only if the two
following conditions are satisfied :

(1) If up = up in I, then liminf;_o Fj,(uy) = Fo(up).

(i1) For all uy € X, there exists a sequence u, € X such that u, — ug in 7, and
limy, 0 Fj,(un) = Fo(uo).

We proceed to identify the I'-limit of Fs in H'(IR):

Theorem 2.2 Consider the functionals

F,m[m]zg/ (m%—f—m%)dx—l—l/ |m'|2dx+l/m%dx
2 Je 2 Je 2 Je o)

1 1
Fq,o[m]zg/ﬁ{(m%—i—m%) dx—l—z/m|m'|2dx+§/mm%dx

Then I' —lims_o, Fy5 = Fyo and I' —lims_,0 Fy5 = F40, both in the weak topology of
H'(IR).
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Proof We only need to verify that the two conditions (i) and (ii) written above are
satisfied. Condition (ii) is trivial, since we can take ms = m for all 6 > 0, and a simple
application of the Dominated Convergence Theorem gives the desired result.

Condition (i) is a direct consequence of Lemma 1, where we studied the behaviour of
the functional on weakly convergent sequences. O

As a consequence of the following lemma, if m minimizes F,o (resp. F,.) in o7, then
my = 0 (resp. my = 0).

Lemma 4 Consider the functional

F[m]=z/mde+E/m2d + = /le\zdx (2.13)
2 Jo 2 Jo
where oo > f >0,y >0, and Q = IR". We consider the problem
min F[m] (2.14)
me.o/

where o/ = HY(Q)3 satisfies the following condition:

If m = (m,my,m3) € o/, then m = (0, /m} +m3, m;) € o/

Then, if mg is a minimizer of the functional in </, it follows that m; = 0.

Proof The idea of the proof is that if m; is not zero, using a rotation, we can obtain a
vector field whose first component is identically zero, and that has strictly less energy, so
the first component of the minimizer must be identically zero.

Consider the vector field m = (0, /m? + m3,m3). The energy of this vector field can be
easily computed:

Vi P2 + 2mymoVin; Viny + |V
F[m]zg/m%+m§dx+%/| i Py + 2muma Vi Ving + Vil (g 2 g
Q Q

m1+m2
2 2 )
ﬁ/m1+m2dx+ /IVm\z _/ |V | m2 mymyVm Vimy + |V | mld
m1+m2
Vm; —mV
ﬁ/m1+FH2dX+ /IVm|2 |m2 my —m;Vmy|® dx < Flm]

th—i-mz

Therefore, m; = 0. -

Functional F,,, is precisely the functional used by Landau & Lifshitz [20] for their
well-known domain wall computation. The minimizer is

m = (0, cos(6), sin(0))

. (2.15)
sin(0) = tanh(,/gx)

The transition layer is O(I/ﬁ), and the minimum energy is infy,c.y Foo[m] = 2\/@.
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Theorem 2.2 and Lemma 4 motivate the following definitions:

. q 1
Fq,é[m]zz/ 1-|—2/|m| +2/]R(mf—m1(1“5*ml))

F}5[m] = / m; + 5 /|m|+ /mz(Fé*mz)

and the corresponding spaces o7, = {m € .o/|m, = 0}, and &/}, = {m € .o/|m; = 0}.
Using a calculation analogous to the wall computation performed by Landau & Lifshitz
[20], we can obtain the minimum values of Fj; and F, 5’5 in the cases 6 =0 and 6 = o

(1) infmew, Fjolm] = 2\/_
(i1) infmew, quc[m =2/q+1
(iil) infmew, F =2/g+1

(iv) mfmeq/h qoc m] =2 /q

Since the function Iy is a decreasing function of ¢, it is clear that for a given ¢ > 0, the
function f4(6) = minme., Fj;[m] is an increasing function of ¢, and the corresponding
function for F ;” is decreasmg As a consequence, there exists a critical J, such that, for
é < ., the Neel wall has less energy than the Bloch wall, and for é > ., the Bloch wall
has less energy than the Néel wall. For § = ., the two energies are the same, and the
functional F,;s has two different minimizers.

(2.16)

3 Anisotropy and compactness

The condition g > 0 is necessary for the existence of minimizers in Lemma 3. We show in
Theorem (3.1) that if ¢ = 0, functional (1.5) has no minimizers in .«/. Heuristically, this
can be understood as follows: The function mj is forced to change from —1 to 1 because
of the boundary conditions. The anisotropy energy penalizes the deviations of mj from
any of these two values, and therefore favours a narrow, or rather non-existing, transition
layer. In the absence of anisotropy energy, this transition layer can be made very wide
at no expense. The exchange energy penalizes the spatial variations of the magnetization,
and therefore favours magnetization distributions that are close to being uniform. The
effect of the stray field energy is easier to understand it if we look at the magnetostatic
equation:

Au=m
[u] =0
{S—Z] =m (3.1)

The stray field energy can therefore be reduced if |m; | and |my| are small, so it again
favours distributions that are close to being uniform. The details are contained in the
following theorem.
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Theorem 3.1 Consider the functional
Fos[m / Im'|>dx + = / (mt —my (Fs * my) +ma (Fs * my)) dx (3.2)

where m € o/ = {m € H(R)||m| = 1,m; — +e; as x — +oo}. Then

inf Fos[m] =0 (3.3)

me.o/

and the infimum is not achieved.

Proof We prove that the infimum is equal to zero. Since the functional is positive, it is
clear that that this infimum cannot be achieved in .</.
Consider m € .o/ such that my = 0. Define m,(x) = m(3). Then,

Fosma] = /|m| dy + 1 /|m1 &) n(l—r,s( >)d€ (3.4)

Now,
S () 1 — g—4ndiél
"(1_”(5))_”(1_ 4n2|¢] )
(ot andia + b (endie)” +o(5)
B 4n2|¢|
5 2 n—oo
=n< n|£|+0<€| )) "% o] (3.5)
Therefore
lim Fos[m,] = 0 / Ain(©)PIElde = D) (3.6)
n—o0 IR

If m € .o/ is a minimizer, then D[my] = Fys[m] = 0. If we prove that inf,c, D[m] = 0, it
follows that infye.s Fos[m] = 0: For any e > 0, we can find a function m® € .o/ such that
D[m{] < 5. Since Fos[m*(3)] — D[m{], and mj, € o7, for some n, Fos[m;] <e.

We are left with the task of proving that infy,c., D[m] = 0. Consider the sequence

1 1

= (1-1-a + i) (3.7)

W)= g T

where a, — 0 as n — oo. It is easy to verify that
(1) f]R an =1
(i) fy ol <1
These two conditions imply that |u,| < 1 and u,(0) = 1. Now,

A o 1 1 o n—oo
Dli)) = —— | =dé=—F "0 (3.8)
(log 2 )" Ja, €] log o
The proof will be complete once we show that (u,,0,+/1 —u2) € o/. The function u, is
smooth and decays fast at infinity, since its Fourier transform is compactly supported. We
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only need to show that the first derivative of /1 —u2 belongs to L; . in a neighborhood
of zero. Later on we will obtain an asymptotic expansion for the function u, on the
whole line, but for now we only need to prove that the function /1 — u2 is smooth in a
neighborhood of zero. Since %, is an even function, u, is also even, so u/,(0) = 0. Using a

Taylor expansion,
nawu? (14 4(002) ((0)x)?
[l w2 2 Wity (1+ 3u; n = —u(0) + O(x), (3.9)
(( )) I —u} 1— (14 Lu0)x2)?

and that concludes the proof. O

From the proof of Theorem 3.1, it is clear that when ¢ = 0, the Néel functional has
no minimizers. This is no longer true for the Bloch wall functional. In a Bloch wall, the
stray-field energy acts as a kind of anisotropy. Mathematically we express this in the
following inequality.

Lemma 5 For every € > 0,

/m%dxé = 11 /mz*Fgmzdx+62/(m'2)2dx (3.10)
R rs(l) Jr R

Proof Using Plancherel’s theorem, and since r 5(&) is a decreasing function of £, we obtain

/mgdx=/ m§d5+/ i3 dé < All / ﬁz%ﬁ;(i)di—l—ez/ & dé
R el Jigi> 1 Is(1) Ja<t €1
(3.11)

which gives the desired inequality. O

The lack of compactness of the Néel wall functional with no anisotropy is the reason
why the Néel wall has a long, logarithmic, tail. The Bloch wall, however, does not have
such a long tail; the decay outside the core is rational.

4 One-dimensional walls: numerical analysis

We have implemented a Modified Newton’s method with an inexact line search for the
minimization of

1 1 1
Fq,é[m]:%/]R(m%_‘rm%)+§/R|m/|2+§/m(m%_ml(ré*ml))+§/1Rm2(r6*m2)a
4.1)

and the Bloch and Néel wall functionals. In our simulations we have studied the structure
of the one dimensional walls, and its dependence on the parameters g and 9.

The properties of the Modified Newton’s method are well documented [§], so we will
simply describe our implementation.

The real line is truncated to a finite size interval. The results have been compared for
several values of the length of the interval, until no change was observed in the main
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FIGURE 2. Energy profile for different values of ¢ and o.

characteristics of the wall. For the simulations presented here we considered the interval
[—1000, 1000].

In our implementation we have used two different discretizations: The energies are
evaluated using a trapezoidal rule with boundary corrections to make it fourth order
accurate:

/ fdx ~ A fi- 2% <3f” R 3f2> +O(AXY.  (42)
o i=0

12 2Ax 2Ax

The derivatives are computed using standard fourth order finite differences. For the
magnetostatic field, we need to compute the following convolution numerically to fourth
order accuracy:

1! 46*
) = g5 [ o (1452 Yoy @3

We do this by decomposing the integral into a sum of integrals over intervals of length Ax.
In each interval, f is approximated using polynomial interpolation, and then the integrals
are computed exactly. We have used cubic interpolation for f. The resulting convolution
sum is performed with a Fast Fourier Transform (FFT).

The unit length constraint is taken into account by considering the projection of the
gradient of the functional onto the tangent plane of the sphere, and by performing the
line search on the function

f(z)=F[

where p is a descent direction, i.e. f'(0) <O.

m-l—tp]
lm+tp| |’

4.1 Numerical experiments

In our first experiment we minimize functional (1.5) for several values of 6 and g. The para-
meter g ranges in the interval [0.01, 1.01], with increments Ag = 0.05. The parameter 6 ran-
ges in the interval [.1, 10.], with increments Ad = 0.05. Our results, presented in Figure 2,
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FIGURE 3. Néel wall profile for 6 = 0.015; Dependence on the parameter g. Only the interval
[—100, 100] is plotted, for clarity.

1 )
Mish Poenis = Logarithmis scale

FIGURE 4. Neéel wall profile for 6 = 0.015; Dependence on the parameter g (Logarithmic scale.)

indicate that functional (1.5) is minimized by a Néel wall for small values of §, and
by a Bloch wall for larger values of J, consistent with experimental observations. No
intermediate structures were found.

In our second experiment, we study the structure of the Néel wall, for small values of
q. We use the Néel wall functional, instead of the full one-dimensional micromagnetic
functional. The parameter q is fixed, and the functional is minimized for several values of
0. We consider g € [0.001,0.01] at intervals Ag = 0.005.

The results can be seen in Figure 3, where we present the structure of a typical Néel wall.
Only the interval [—100, 100] is shown. We only plot the component my, since m; = 0, and
m3 = /1 —m?. The dependence of the wall profile on the parameter ¢ may be understood
better from Figure 4. In this figure we plot the same results, but the abscissa is plotted
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FIGURE 6. Néel wall profile for ¢ = 0.005, § = 20. — Comparison of the wall profiles obtained for
different computational intervals.

in logarithmic scale. One of the main characteristics of the Néel wall is the presence of a
logarithmic tail. This is evidenced by the existence of a long straight line in the profile.
In addition, we observe that there are two different characteristic length scales: the length
of the core, and the length of the tail. As the parameter ¢ is increased, both lengths
are reduced. This kind of behaviour is expected, since the parameter ¢ is related to the
anisotropy.

The dependence of the Néel wall on the parameter § is shown in Figure 5. The abscissa
is plotted in logarithmic scale.

We have studied the dependence of our previous results on the length of the interval
considered. In Figure 6 we compare some of these results. Doubling the length of the



464 C. J. Garcia-Cervera

1ip———r——r— T

FiGURE 7. Bloch wall profile for 6 = 100; Dependence on the parameter q.
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FIGURE 8. Bloch wall profile for ¢ = 0.045; Dependence on the parameter o.

domain does not seem to change the structure of the wall in a significant way, for the
parameters considered.

In our last experiments, we have studied the structure of the Bloch wall. In Figure 7
we show the wall structure for several values of the parameter ¢, and for a fixed value of
the parameter 6. We only plot the component m;,, since m; =0, and m3 = 4/1 — m% The
Bloch wall presents oscillations near the core which help reduce the stray field energy.
This type of wall does not have a logarithmic tail; it is concentrated in a small region
near the origin. The width of the core decreases when ¢q is increased, much like in the
Landau-Lifshitz wall structure, equation (2.15).

The dependence of the Bloch wall structure on ¢ is shown in Figure 8. Since the stray
field acts as a kind of anisotropy, which vanishes in the limit 6 — 0, the width of the core
increases as ¢ is increased.
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FIGURE 9. Bloch wall profile; Log-log plot.

In our last figure, Figure 9, we show a log— — log plot of the Bloch wall. The decay
inside the core is seen to be exponential, and rational outside the core.

5 The Neéel Wall

In this section we study the structure of the Neéel wall in detail, and in particular the
logarithmic tail. We present an asymptotic analysis of the Neel wall as ¢ — 0, and obtain
the optimal energy scaling in terms of g. We use the notation m; = g, my = 0, and
m3 = sign(x)y/1 — g2. This allows us to write the functional in terms of one function
only.

5.1 The lower bound: asymptotic analysis for the Néel Wall

The main difficulties in the analysis of one-dimensional walls are the nonlinear and
nonlocal characters of the Euler-Lagrange equation. The nonlinearity appears in the
energy functional only through the exchange term:

L)
EB_E/]Rl—gT (5.1)

We consider instead the functional
! _4q 2 1 "2 1 2 )
Foslgl=5 | gdx+5 | (g)dx+5 | g —gls*g)dx. (5.2)
2 Jr 2 Jr 2 Jr

By replacing the nonlinearity in the exchange by the condition g(0) = 1, we can solve the
corresponding Euler-Lagrange equation analytically.

We make a further reduction. The Néel wall is preferred in the thin film limit, so
we need only consider the behaviour of the convolution kernel for small frequencies:
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1— f(;(é) = 2md || + O(&2) for §|¢| < 1. Hence, we consider the functional
- 1 , 21o ~
Pl =2 [ eave s [@race 70 [ jegde (53)
2 Jr 2 Jr 2 Jr

and the minimization problem

-l
min Fyslgl, (5-4)
where
o = {g € H(R)[g(0) = 1}. (5.5)

The stray field term has been replaced by the H!/2(IR) norm. Note that as a consequence
of Holder’s inequality, the energy is still finite for any function g € /. Later we will see
that the difference between F 4’5 and F 4,5 introduces only high order terms in the energy,
leaving the leading order terms unchanged.

The Euler Lagrange equation is

qg —¢" +2n6F 1 (|€[g) = [0, (5.6)

where [g'] = ¢/(07) — ¢’(07) and Jy is the Dirac distribution concentrated at 0. The
equation can be solved using Fourier Transform, and we get:

B « cos(2mn¢)
glx)=2C /0 g+ ane 4 omee 57

where the constant C is determined by the condition that g(0) = 1:

11 . (5.8)

C= =
2f0 q+4n2E2 4 2n6é di

The denominator in the integrand is a quadratic polynomial, and its roots are

—5+/02—4
f= (59)

SO we can rewrite it as:

1 1 1 1
= — 5.10
A om0l AnEs — &) (é = i—é_> 510
and then the integral is:

® 1 B £
2/0 JTane 1o T amE — )t e

I SN A CE Y/ Sht.7) ch W B
= 5108 ~ og —.
/02 —4q 70 q

4q
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We can easily compute the minimum energy of F ,5 s using its Fourier representation:

.= L g+ 4nPEr 426¢ » 1
Jal _ 2 4q _ 2/
i Faolal C/O Griwe e “=C ) gramwerwe

log((0+ :q—4q)~> ogy 0gy

This provides us with a lower bound for the original (non convex) energy functional once

we notice that
"2
/ (g) . dx>/(g’)2dx (5.11)
rR1—¢ R

and

1
/1Rq+47t2€2+1—f5(~f)

~fveed sz | (et r )
IR 4+ 402+ 2m8|¢| R \q+4m2E2+1—T4(¢) ¢ +4m°E +2mo[¢|

-/ ! e+ [ 2m3|] — 1+ Ta(¢)
R q + 4722 + 2nd €| R (g + 41282 + 218 |E|)(q + 4n2E2 + 1 — T'5())

(5.12)
It is easy to show that 2nt8|&| — 1 4 I'5(£) > 0 for all ¢ € IR. Therefore,
¢ s .
10g0 T S min Fsl8] < min Fy 5 [g]- (5.13)

Now we proceed with the asymptotic analysis. In order to simplify the expressions, we
only use the leading order terms in the expressions for ¢,, ¢_, and C. Since we are
studying the asymptotic behaviour of the minimizers as ¢ — 0, for a fixed J, we simply
assume 0 = 1, which will make the presentation more clear. Hence, we consider:

-_1

¢+ = o
l—g
o= 2
C=2n 11.
loga

We use the decomposition of the denominator and obtain:

C 1 *® 1 1
g(x) = ﬁ €+ — 57 /0 COS(ZTCfX) (m — ?> dé (514)
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Substituting the values of £,, ¢_, and C:

1 @ 1 1
g(x)=logé/0 COS(2R£X)<€+%_5+12—RQ> d¢

1 * cost . *sint
= 0 (cos(xq)/ €S e + sm(xq)/ Mg
7 xq t X

log - L
*  cost © gint
cos(x(1 —q)) /x(lq) — dt —sin(x(1 —q)) /xuq) . t)
= 1O;l(cos(xq) Ci(xq) + sin(xq) si(xq) — cos(x(1 — q)) Ci(x(1 — q))
q
— sin(x(1 — q)) si(x(1 — q))), (5.15)

where Ci(x) and si(x) are the Cosine and Sine integrals. The asymptotic representation of
these functions is well known [2]:

Ci(z) /3O SALL +1o ! 200: D" o for z bounded
zZ) = = — - — zZ VA
R t / & z 2n(2n)!
. . .
Citz)~ —= + 222 1982 1 o (—4> for |z > 1
4 zZ zZ zZ
oy (5.16)
i o E — — 2n+1 f b d d
si(z) > ;—(2n+1)(2n+1)!z or z bounde
i 1
sifz) ~ 22 p B2 0222 Lo (—4> for |z > 1
zZ 4 zZ zZ

where y = 0.557721... is Euler’s constant.
Substituting in the expression for the function g, we obtain the following behaviour:

g(x) ~ 1 — ——x for x| < 1
loga
1 1 1 1
g(X) ~—p——r+ ——log — +0 [ = | for | < |x| < - (5.17)
log, logy qx 2log § q

11 11 11 1
g(x) + — +0< —) fora<<\x|.

- logé x2q>  log d x2 x4 log%

This expression shows the logarithmic tail, and the rational decay.

In Figure 10 we compare the profile of the Néel wall computed with the energy
minimization algorithm described in section 4, and the profile obtained by evaluating the
inverse Fourier transform (5.7). The Fourier Transform was computed using a Hurwitz—
Zweifel expansion, combined with a Clenshaw—Curtis quadrature [22]. The parameters
used are L = 4000, 06 = 20, and ¢ = 0.005. This plot shows how the significant length
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FIGURE 10. Comparison of the Néel wall profile obtained with our energy minimization algorithm
and the approximation obtained via Fourier transform. The parameters used are L = 4000, 6 = 20,
and g = 0.005.

scales (core and tail length) are captured reliably by our asymptotic approximation, even
though the details of the profile in the core and in the tail are not too accurate.

5.2 The upper bound

We use the profile used to prove the lack of minimizers in the case ¢ = 0, theorem 3.1, to
obtain a matching upper bound. Consider

11
i (=11 + A1g.1) - (5.18)

g(&) = Ziog !

Then

1 2mx
g(x) = ! / cosiZnex) 4o 1 / oSty = L (Citanxg) — Ci2nx). (5.19)
q 2 og -

=logé 13 logé g b log

As before, we study the behaviour of this function:

2.2 1
g(x)wl—ﬂxl—i-O(x“1 1) for x < 1
Oga

Y 1 1 qQ’ 2 1
~1— ——log—+0 for 1 — 5.20
2(x) T+ lngnx+ < X or <<x<<q (5.20)

log 7 loga

1 sin(2nxq) ( 1 sinx

1
~ — for — < x.
logé 2mxq logé X > q
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Now we can estimate the energy:

1
q 2 q 1 l—gq
E=1 =3[ Jar=——1.
2 /]Rg 4logzé /q &2 ¢ 4log2$
1 1 I -
Es== [ ¢2—g=*T =————/-—1—r d
s 2(A;g g*Tig 40’ J, 52( 1)) dé

1 - (_l)n n—1 ! n—3
L) /q g

= 21
4log 7 =
L (oo 4—}{: @i —g )| ~ —— 4o
" 4log? &y — 2) ! 2log | logzé '
To evaluate the exchange energy, we need to estimate the function h(x) = /1 — g2:
2
h(x) ~ VU k<
log é
2 1 1 1
h(x) ~ ‘/7 (1——10g—) forl €K x <« — (5.21)
logé 2y 2nx q

1 sin’(2ngx)

h(x) ~1—
(x) 210g2§ (2thx)2

1
for — < x.
q

Now we estimate the exchange energy:

_l "2 N2 g 1 1473252 1 2
Eex_2/(g)+(h)dx_4log2;/q 2 d5+2/]R(h)dx
2(1_q) /
_W /(h) (5.22)

Substituting the asymptotic expression for i and integrating, we get:

21 — m o 1—
Ea=2(ﬂw+lﬁ 41q1+1q41 (5.23)
og” og, 4vlog, 4log";
Therefore, the energy can be bounded by
C
%Mﬂ<1°r (5.24)
og a

We summarize these results in the following.

Theorem 5.1 Consider the Néel wall functional

: q ! !
Fy 5[m] = z/lRmHE/R\m’fﬁ/R(m%—mdfé*'"l))’
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and of , = {m € /| my = 0}. Given ¢ > 0 fixed, there exist (nonnegative) constants cy and
Co such that

(5.25)

6 The Néel Wall in the thin film limit: 6 — 0

In this section we study the structure of the Néel wall in the limit 6 — 0, for a fixed
value of ¢ >0. The optimal energy for this case was obtained in §2 in connection with
the I' -limit of functional 1.5. In fact, one can show that

inf Fj, m] =2 /q+ 0(3) (6.1)

me.o/,

as 0 — 0, which follows from the fact that l—f(;(é) < 2nd|¢] for all ¢ € IR, which implies
the interpolation inequality

/(1 —T(&)m}dé < é/ m? 4+ 4’ Eme dé = é/ m? + (m})? dx. (6.2)
R 2 R 2 R

To study the structure of the Néel wall in this case, we consider the following convex
functional:

1 1
Flel =5 [ v+ [@Pax+ s [ 2noleiaf iz (63)

defined on
o ={ge€H'R)g0)=1}. (6.4)

We proceed as in the previous section. The Euler-Lagrange equation, in Fourier space, is

2(8)(q + 4m*E* + 2m|¢]) =

The solution is

g(x):2c/0m cos(2néx) dézg/ow cos(¢x) dc.

q + 4n2&2 4 2mo¢ T q+&+0¢
We write
X 5\? 52
5 = —_ [
q+ & +6¢ <§+2> +q 2
SO

/ cos(¢x) d¢

/g —52 2\ \/q—0%/4

1+( €_q+062/4> Va—582/
E46/2

Va—o7a

C “ cos(ny/q — 52/4x—5x/2)

/g —02/4 ) 22 n?+1

i—o2/4

g(x) =

After the change of variables

we obtain

g(x) =

dn.
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Define y = \/q — 62/4 x. We write

C cos(ny) *© sin(ny)
g(x) = —0—— cos(éx/Z)/ e dn + 51n(5x/2)/ _ 3 dn
T/ q — 02/4 \/Tm +1 T”jﬁ n*+1
The constant C can be evaluated imposing that g(0) = 1:
— 52 2 _
C— n\/q — 0°/4 N 25 lrc —8 52 In 12534_0(54).

.1 __8/2 2\/64_; n2f 6 g
3 tan \/q——524

The minimum energy can be computed directly from C:

Flgl=—=~ O(o 6.5
2213 Ja+ (6.5)
We know that the optimal energy for functional 1.5 in the limit 6 — 0 is 2 NCE Therefore,
we do not expect convergence of our asymptotic approximation to the actual minimizer
of 1.5 in H'(R).
Now we estimate each term. Firstly,

/ * cos(ny) dn— / COS(ny / N COS(ny) L / \/7/4 cos(ny)
JE! 241 + 1 + 1 w41
NE n o N n? n?

(6.6)
Now if y < 1, or, equivalently, éx < 1, then

lq 3/4

/2

/\/m 1,,271

\/m cos 17y) 1y
J = e

P 2n)‘ T
6/2 y’ 3
arCtan (\/ﬁ) - 70(6 ) (67)

If 6x > 1 then we can integrate by parts:

d

Ja=3 cos(ny) 1 sin(dx) 26 cos(0x) 1

/0 Pt T L e e 2y O\ )
q—92 y q (1 + q—éz)

Now the next term:

© sin(ny) /w sin(ny) /—h sin(ny)
dn = dn — d
/ﬁ n?+1 n?+1 g 0 n?+1 g

Using residues, the first term can be written as

/0 V\ Sluin:z) dn = %{eyEi(y) — e Ei(y)}, (68)
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where Ei and Ei are called exponential integrals, and are defined as

0 —t

0t
Ei(y) = / ert, Ei(y) = ][ ert (Principal Value). (6.9)
y

—y
We consider now the following representations for the exponential integrals for y < 1
o0
. (="
Ei(y)=—y —1 — "
i(y) = =y —log(y) = Y =7

n=1
0

_ T,
Ei(y) = =y —log(y) = > ——",

n=1

and for y > 1:

Putting these two things together we obtain
2n

Psin(ny) . o o \ Y
/0 T+ dn = —sinh(y)log(y) — y sinh(y) — sinh(y) ; 2 @)l
2n—1 3

o0 v ~
+COSh(y)n;(2n—l)-(2n—1)! =

T 5
—(X+——f——>y3—§1og<y)

A S 1 1
4417431 5.5 331 4

—ylog(y) + (1 =)y — = log(y)

»> +0(y" log(y)),

for y < 1 and

Fsin(py) 1 2 ( 1 )
dn = — o =~
/0 1492 + T y3

for y > 1.
Now we consider the term

5/2 .
/,/,,7492/4 sin(ny) J
0

n?+1
Ify<1,
/msm J i (=1 zn+1/¢<f/f—/4 (Ey
=2 o011 B

2+1

11 1+i +y30(6% (6.10)
28 q—o02/4)Y Y ‘



474 C. J. Garcia-Cervera
and if y > 1,

ox
/1, 3 74 s1n(11y 1 cos(%°) 1 . (5x) ) 1 (1)
dpg~— | 1———2— | — = sin| — +0( = ).
/ LR ] R PN R N AV e A

4—0%/4 52/4
(6.11)

From all this, we can obtain the behaviour of the minimizer in the different regimes:

2xq 1 -3 2 2
g(x)~1—\/c_1x+%qx2_lx( xq In( /gx)—3qgx+2xqy+ ﬁ)5+0(52) forx<<i

2 NG NG

2 —Vaxx?
g(x) ~ e VA M5 +0(8%) for 1 < x < 1
nxzqi \/c} 0
2 ! 0+0 o* f !
g(x) EYGI) + @ or < <L x

7 The Bloch Wall

In this section we study the case ¢ = 0, 6 — oo using the same techniques that we used
for the study of Neéel walls. This will allow us to understand the structure of the wall.

7.1 The lower bound

Lemma 5 allows us to obtain a lower bound for the Bloch wall energy functional, and
some insight on the length scales in the problem. By Lemma 5, we find the following
inequality:

€2f(3 1 , fa 1
Fgs5[m /\ #/(mz)zd)cﬁ—%/ m3 dx. (7.1)
R R
Now, we choose € such that
~ (1 1
2
I's\-|=~- 72
(1) = (12)
and therefore
Fgsm] > /Iml dx+ 55 m%dx. (7.3)

We have already computed the minimum energy of the functional on the right-hand side,

and so
ﬁ

Fys[m] > e (7.4)
Now, since
T (1> _L (7.5)
€ 4
we obtain that
1 e—47c(3/e 1
s 4 (7.6)
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and so
e 1
s A 7
which ultimately implies e ~ 5'/3. Hence
min Foa[ m] > ¢oo /3. (7.8)

méﬂh

7.2 The upper bound

We can match this lower bound with an upper bound that has the same scaling in
0. To do this, consider a smooth, even, nonnegative function ¢ such that ¢(0) = 0,
Jr® = 1, and ¢ decays exponentially away from zero. Then we can define the test

function m(x) = (0, ¢p(x), sign(x)+/1 — ¢2(x)), where ¢ is the inverse Fourier transform of
the function ¢. Consider now m;(x) = m(575). The conditions on the function ¢ ensure
that m belongs to the set .o/}, defined earlier. The exchange energy can be easily computed:

11 /2
ng— Em/n{‘m‘ dx. (79)

The self-induced energy can be easily estimated too:
L[, o9
Ew = [ WO = 57 / Pl LA (7.10)

Now, since ¢ is smooth and ¢(0) = 0, by Watson’s lemma, we obtain:

(&)
Eym ~ 513 / dé+252n+1 )/3° (7.11)

n=1

where @ ~ Y% | a,&" in a neighbourhood of zero.
We summarize these results in the following.

Theorem 7.1 Consider the Bloch wall functional without anisotropy

Fgs[m /|m ?+ /mz(Fa*mz)

and </, = {m € /| m; = 0}. There exist (nonnegative) constants cy and Cy such that

cod ™ < min F{5[m] < Coo™'/°. (7.12)

me.o/

7.3 Asymptotic analysis for the Bloch Wall
Define my = g, my = 0, and m3 = sign(x)/1 — g2. We consider the functional

Flg] = /(g /*ns)g (7.13)
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and the variational problem:

r(ronn Fs(g]. (7.14)
As before, we find an expression for the solution in terms of its Fourier transform:
0
gm=c/-ﬂﬂQL&, (7.15)
0o &2+T5(8)
where C is such that g(0) = 1:
1
C=—7—7 (7.16)

I wrrE

We are going to derive an asymptotic expression for the function g as 6 — co. To do
that, we split the interval of integration into two, and drop the constant C for clarity of
notation. We will renormalize the function in the end. In each subinterval of integration,
we substitute the function I's by an approximation:

5 cos(¢éx) cos( fx
= 1
g(x) A 5L+1_5€+y€2€ ‘A (7.17)

Now we deal with the two integrals separately. The first integral can be written as:

_ ; cos(éx)
Mﬂ_lé%&—&+§?%

_ /é cos(¢x) dé
\ )

52

)
T e
( b5 w/1+°2> 1 a(1+2)

The expression for the coefficients are too complicated, so we approximate them for clarity

of notation:
02 0
1+ ——~— asd > 7.18
Vi+3~ 5 (7.18)

0 1
———~—z a0 > ® (7.19)
2 /142 V2
2
0 L as 0 — oo. (7.20)

-~
41+%) 2
Now we can rewrite the expression for I as

g cos(¢x) V2 os(“x)
heo = [ ( - _>2 l‘“‘?/_lﬁ‘”
NG 3
x (
w(5) ) °

% dt + % sin (—) /0 sin(z3) dt. (7.21)

) 1412
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Now we can write a representation of the function in two regimes:

2 2 log2\ x* . |x
V26 . /x V207 |x
I ~ = =)= if|= 1. 2
)~ 35 Ssin (5) = 35 15| (7:23)
We turn now to the expression for I5:
0 éCOS(éX) ' /DC tcos (l—;% )
I = = dé =03 ——% 2t 7.24
) 1 B4 - 3 B+l (7.24)

To obtain an expression for I; when |5 <1, we express the integral in the following form,
using residues:

LT X N X —B 1/°° te o%
I)(x) = 03— cos -] —X=sin| — | |]e »3 —§5 dt
20 ﬁ( (253> 3 (2&:)) 0 41

1 53 tcos (té%)
— 03 — 937 gy 7.25
?A B+1 (7.25)

Now we can derive the behaviour of the function for |5i%| < 1. We will make use of the

following:

0
/ t dt—n_\/g
0

©+1 9

0 t2
/ =T
o t0+1 6

With this, we obtain

1 \/§ 1 4 1 x x2 . 1
0

Ir(x) ~ =53 (——3%) if 67 < |x| <6,

v 6Ts L /xy 03 x\\ .
Iy(x) ~ —=§° (— . sin (5) + =2 cos (5)> if |x| > 4. (7.206)
When we combine I; and I, we obtain

2
11+12~£E+5;T€<< —ﬁ—i5§> —%i+0<x )) if|X|<<5%,

o 4 9 2n 5% 62
2 2 log2\ x> i (6% o3\ ..
I Hh~ X — X - | = —903 | — —3— fo3
1+ 1> 5 2 5( > >52 o 2 3X2 if o <<\x|<<5,

VI8 (X280 _sn(3) | s ()

hith~ = osin(5) =553~ % 2
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FIGURE 12. Comparison of the Bloch wall profile obtained with our energy minimization algorithm

and the approximation obtained via Fourier transform. The parameters used are L = 100, § = 10,
and g = 0.045.

Now we need to rescale by I{(0) 4+ I5(0). Doing this, we obtain that the constant C we
had before is of order C = 0(6*%). Keeping the leading order in o, the solution is

1 X x2 . 1

g(x)’\’l—ﬁé—%‘f'()(ﬁ) 1f|X|<<53,

(%) —;ﬁcos(f) if x| > o7 (1.27)
n(l—ﬁgé) x? 0

As we did in the case of the Néel wall, we obtain that the energy is precisely % ~ coé_%
consistent with the lower bound obtained previously.

>
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We have computed the solution by numerical inversion of the Fourier Transform and
compared the result with the function I, for a few values of §. The Fourier Transform
was computed using a Hurwitz—Zweifel expansion, combined with a Clenshaw—Curtis
quadrature [22]. In Figure 11 we show the results for 6 = 30. As we can see, the function
I, captures both the core length and the amplitude of the oscillations. In figure 12 we
compare the Bloch wall obtained with our energy minimization algorithm and the inverse
Fourier transform (7.17) for L = 100, 6 = 10., and g = 0.045. As in the Néel wall case,
we manage to capture the relevant length scales and the main features in the profile, even
though the details in the core might not be accurate.

8 Concluding remarks

A new model for the study of thin films has been derived from the Landau-Lifshitz
energy functional. The one-dimensional model studied in this article has been de-
rived from this thin film model. Using this model we have analyzed the structure
of one-dimensional magnetic domain walls in uniaxial ferromagnetic materials, and
in particular, the structure of the Néel and Bloch walls. The main findings are the
following:

e There exists a critical thickness 6. at which the energy of the Néel wall is equal to the
energy of the Bloch wall. For § < §,., the Néel wall is energetically favourable, while for
0 > ., the Bloch wall is preferred.

e The Neéel wall possesses a long, logarithmic tail. For a fixed value § > 0, we have
obtained the optimal energy scaling (1.8). The compactness of the minimizing sequences
is of the one-dimensional functional is lost as g — 0.

e The Bloch wall is localized, and the decay is algebraic. For ¢ = 0, minimizing sequences
of the Bloch wall energy functional are precompact, and we have obtained the optimal
energy scaling (1.9).

We have implemented a modified Newton’s method for energy minimization and illustrated
all our findings numerically.
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9 Appendix A: The thin film model

It has been observed experimentally that in a thin film the magnetization does not depend
on the thickness variable. This has been understood in the sense of I'-convergence in
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Gioia & James [16]. In this appendix we derive a reduced model for thin films by assuming
that the magnetization is independent of the thickness variable. The model presented was
derived in Garcia-Cervera [13] and has been used for the analysis and simulations of the
Landau-Lifshitz equations elsewhere [23, 15, 14, 10, 11].

Assume that m(x, y,z) = m(x, y) for (x,y,z) € Q x [<4,5] = R3. We denote x = (x, y),
and X' = (x,y,z) = (X,z). The anisotropy and exchange terms in the Landau-Lifshitz
functional (1.1) become

E, = 5/ |Vm|? dx. 9.1
Q

We consider now the stray field energy. Recall that the stray field is hy = —Vu, where u
satisfies

Au=V-m inV,

c

Au=0 inV",
[uljoy =0,
[a_u} =—m-v. 9.2)
ov oV

The solution to this equation is given by

u(x') = /VVN(X’ —y)-m(y)dy = VN * m

= / Nx' —y)V -m(y)dy — N —Z)m-v(Z)do(2), 9.3)
v

oV
where N(x') = 4n‘1x, is the Newtonian potential in IR3.

Since m is only a function of (x,y), we can integrate with respect to the z variable in
the expression for u. The stray field energy can be written as:

2Ey = /I/Vu(x') ‘m(x')dx = — /V u(x')V- m(x')dx’ + /61/ u(xX)m - v)(x)do(x'). (9.4)

For notational convenience we denote V - m = p. Substituting in the expression for Ej,
the expression for u:

ey = — / / AN — y)p(y) dxdy’ +2 / / INK = y)m - v)(¥) dx do(y')
B /V | mVE)NG =) v)(y) do(x') da(y). 9.5)
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Now we rewrite the energy, integrating with respect to z. The bulk energy term becomes:
5 s

~ [ [ —yopsraxay == [ [ oo [ [ Nexyiz=pdpa ) o

(9.6)

We need to integrate the Newtonian Potential. To simplify the notation, we define
R =/(x —s)> + (y — t)%. Now we integrate:

d _
/ B <ﬂ> _ sinh™! <Q> , (9.7)
-5 v/R*+ (z — p)? R R

where sinh~!(x) = log(x 4+ /1 + x2) is the inverse of the hyperbolic sine. Define

1 z+s R P
@5()6,_]/,2) = E sinh <\/Tyz> — E sinh <\/Ty2> . (98)

We integrate again to obtain an expression for the energy

dpdz = 46 sinh™! (%) —2(V/R? + 452 —R). (9.9)

[ e

In view of this, we define a new potential:

Ks(x) = — smh (%) — %(\/|X|2 +452 — x]) x € R*\{(0,0)}. (9.10)

The bulk energy becomes

// N(x—y)p(y)dxdy—// O (x — yp(y)dxdy.  O.11)

Now we rewrite the terms that involve boundary integrals. Note that 0V = 0Q x [—4, ] U
Q x {0} UQ x {—0}. With this in mind:

/ / PN — ¥)(m - v)(¥) dX do(y')
oV
/ / WK 5(x — y)m - v)(y) dx do(y)
/ / J(@5(x — y.8) — Os(x — y,—0)ms(y) dx dy
/ / WK (x — y)(m - v)(y) dx do(y). (9.12)

this last equality because O;(x,y,z) = Os(x, y, —z). Finally, the last term becomes:
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/ (m-v)(X)NK — y)(m - )y do(x) do(y)
oV Jov
/ / (m ) (0K s(x — y) (m - v(y)) do(x) do(y)
/ / m3(X)@5(x — ¥, ) (m - v) (y) do(y) dx
+ / / m3(X)@5(x — y, —5) (m - v) (y) do(y) dx
/ / X)O5(x — v, )m3(y) dydo(x) + / / my()N(x — y, 0yms(y) dx dy
- / / ()N (x — y, 26)ms(y) dx dy + / / (m- V) (X)Os(x — y.)ms(y) dy do(x)
QJQ 0Q JQ
—//m3(x)N(x—y,25)m3(y)dxdy+//m3(X)N(x—y,0)m3(y)dxdy. (9.13)
QJQ QJQ
Simplifying this last expression, we obtain:
/ (m-v)(X)NK — y)(m )y do(x) da(y)
oV Jov
/ / (m ) (0K s(x — y) (m - v) (y) do(x) do(y)
+2//m;(x) (x —y,0) — N(x —y,20)) ms(y) dx dy. (9.14)

To obtain the effective stray field energy, we rescale by the thickness. We define two new

kernels:
(%) — 1= _i' -1 E _L 2 2 _
Ks(x) = 251(,;()()— 7 sinh (|x> - (\/|x| +49 |x|)
N(x—y,0)—N(x—y,26) 1 (1 1 )

Ws(x) = — S e
5(x) x| /|x[? + 462

(9.15)

0 T 4

Then, we can write the self-induced energy as:

2EM—// X)K;s(x —y)p(y) dx dy — 2// X)Ks(x —y)(m - v)(y) dx do(y)

+ /69 /GQ (m - V)(X)K(s(x — y) (m . v) (y) da(x) dG(y)
+ /Q/Qm3(X)W5(x — y)ms(y) dx dy. (9.16)

We denote by m' = (my,my) the in plane components of the magnetization. After
integration by parts, we can write the energy as

1 1
Ey = 3 / m'V(VK;s *m')dx + = / m3 (Ws * m3) dx.
Q

2 Ja
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10 Appendix B: Fourier space representation of the thin film model

Using Plancherel’s theorem, we can write the stray field energy in the following way:

1 1 — 1 ~
EM:E/I/Vwde:E/]R}Vu(mXV)dé:E/Rz(iuy(m;{y)dé.

We know that u = VN *m, and N is the Newtonian Potential, so the Fourier transform
of the magnetostatic potential is

Ue)=(EN)-m= W(é m).

Putting it all together, we obtain the expression

gy o L [ )P

2 R

We introduce the following notation: & = (&, ¢&;), x = (x,z), and m = (m’,m3). The
Fourier Transform of myy is:

o
(myy)(¢) = / e M m(x) dx = / e 2miex / e 2MEZ G i
v 0 s

sin 2nd &y

= (myq) e

(10.1)

Hence the induced field can be written as

(€ G (R 2AE () + (G
R |£|2 R3 ‘6|2

.2
_ PV sin“(2md &3) 1 dExdé’
R R s L

PN sin?(2ndés) &
+2 [ @ | o e

&2 sin?(2nd &3) & p
déz dE'. 10.2
L s e (102

2Ey=

dg

Observe that the middle integral vanishes, since the integrand is an odd function of &;.
Finally, we obtain the expression for the Magnetostatic Energy in Fourier Space:

- 2
2 _ 1S2 sin (275553) 1 dé-d ’
B = [ g jepra et

)
., [ sin“(2n6&3) 1 ,
e L glsd (10




484 C. J. Garcia-Cervera

Comparing this expression with the expression we had obtained before, we observe that

= 1 [sin’(2roéy) 1
Rot) =55 | e ey (10.4)
= .1 sin?(2ndé;) 1
Ws(&) = %/]R s B dés. (10.5)

or, making the change of variables n = §¢&3,

~ 82 [ sin’(2my) 1

K5(é) = — d 10.6
(5(5) 2 /]R ;72 52‘é/|2 +7’]2 n ( )

—~ B sin®(2m)

Both integrals can be easily computed using the theory of residues, and after we do this,
we obtain:

Ra(6) = ﬁ(l _F(e) (10.8)
Ws(&) = T's(1€), (10.9)
where
R 1— e—4n6\t|

The self-induced energy can be written in Fourier space as

_LEmy o s L[ mr
b= [ S0 Fagenac+ ] [ mfae e

Note that as 0 — 0 the self-induced energy becomes

1
EMz—/mgdx.
2y

consistent with the I'-limit found in Gioia & James [16]. For a more thorough analysis
of this thin film model we refer to De Simone et al. [10, 11].

11 Appendix C: One-dimensional reduction

From this two dimensional magnetostatic energy functional, we can recover the one-
dimensional magnetostatic energy functional introduced by Aharoni [1] for the study of
one-dimensional walls.

In the one-dimensional case, we would consider magnetization distributions independent
of the variable y. Consider a domain which is infinite in the x and y directions, but has
finite thickness. We obtain the model for the one-dimensional case by assuming that the
y direction is finite of length L, and then letting L — oo. In that case, the natural quantity
to look at would be the averaged energy: E = ﬁE M. If m = m(x), the two dimensional
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Fourier transform becomes:

sin(2né, L)
né
where m and Z (M) represent the corresponding Fourier Transform in one and two

dimensions respectively.
We substitute in the two dimensional energy functional, and average in the y direction:

Z(m)(&1, &) =m(&y) (1L.1)

1m1(§1) +2& Emy (E1)my (1) + E3m3(Ey) sin®(2né, L)

2Ey[m] = (1—T'5(|€])) dé, d&,

2L 51 + 52 26%
1 N sin?(2né L)
3L | %(@)Tz s(1E)) ¢y d& (11.2)
We can write
sin?(2né, L)
$L(E) = Tzé = 2L$1(2LEy),
where
2
hie) = 5

Using residues, one gets [ ¢1(x)dx = 1. Therefore, ¢, is an approximation to the identity
in R, so it is easy to take the limit L — oo:

L—oo

lim Ey[m / 21— Fa(lai]) déy + » / @F (16 déy,

which is precisely the one-dimensional self-induced energy.
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