COMBINATORIAL MODELS OF QUANTUM ALGEBRAS

N.E. CAMPBELL, K. CASTEELS, P. COY, T. GOMEZ, AND C. KEANE

ABSTRACT. A combinatorial model of the algebra of quantum matrices was established by Casteels in 2014.
During our time in the REU program, we obtained two results by applying or modifying this model. The
first application is to to the quantum Grassmannian G4 " (k), for which we are able to compute generating
sets for H-primes in the m = 2 case. The second application is to the algebra of quantum skew-symmetric
matrices, for which we construct a new combinatorial model in the spirit of the algebra of quantum matrices.

CONTENTS

1 Introduction . . . . . . . . . . . L e 1
2 Preliminaries . . . . . . . . ... e 2
2.1 Quantum Matrices . . . . . . . . L e 2
2.2 Quantum Matrices by Paths . . . . . . . ... oL o o 3
2.3 Skew-symmetric Quantum Matrices . . . . . . .. ..o L Lo 4
3 The Quantum Grassmannian . . . . . . . . . . . . .. e 7
3.1 Basic definitions and combinatorial properties . . . . . .. ... oL oL oL 7
3.2 Relations in g;”’"(]k) ....................................... 8
3.3 H-primes . ... oL e 9
3.4 A Sagbi basis for G;™(k) ... 10
3.5 Computations with H-primes . . . . . . . . ... L 11
4 Skew-symmetric Matrices . . . . . . ... 17
4.1 Verification of x; ; =0viapaths . . . . ... .. ... ... ... . L0 17
5 Proofs by Induction . . . . . . .. .. 19
5.1 Setting up for Inductive Relations . . . . . . ... ... oo oo 23
5.2 In Depth Relation 2: a <b=c<d .. .. .. . .. e 28
5.3 Pairing Cancellations . . . . . . . . . . . L 30
6 Cancellation Cases . . . . . . . . . . . .. 31
6.1 Relations 1,2,3,and 4 . . . . . . . . . 31
6.2 Relationsband 6 . . . . . . . . L 34
References . . . . . . . e 39

1. INTRODUCTION

Quantizations of traditional structures like the general and special linear groups have been studied since
the 1980’s, but the more general algebra of quantum matrices Oy (M., ,,(k)) became a central object of study
much more recently. While O,(M,,, ,,(k)) has nice properties as far as noncommutative algebras go, such as
being expressible as an iterated Ore extension, many fundamental questions about its structure require heavy
machinery from noncommutative algebra and representation theory. The prime spectrum of Og(M, ,(k))
remained a mystery, even with additional hypotheses about the base field k and the quantum parameter q.
It became more tractable upon the development of the H-stratification theory by Goodearl and Letzter (see
[5]), but even then we did not have a complete understanding, lacking even generating sets for even the most
important prime ideals.
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In [3] the author presents a model for the algebra of quantum matrices in terms of paths in a directed graph.
The development of this model made it easier to tackle questions about quantum matrices by embedding
Oy(Mp 1, (k)) and some of its prime quotients in an algebra S;" that has much simpler structure in terms
of commutation relations, among other nice properties. This model allowed for the solution of the problem
of finding generating sets for the so-called H-prime ideals. For this reason, studying combinatorial models
of quantum algebras is a promising way to investigate these structures.

Section 3 of the paper applies the combinatorial model of O,(M,, »(k)) to one of its subalgebras G;*",
called the quantum Grassmannian. There is a general interest in studying the quantum Grassmannian
because of its connections to questions about total non-negativity /total positivity, as developed by Postnikov
in [11]. The prime spectrum of Gg"" has special significance because the H-primes of G;"" are in bijection
with the cells of the totally non-negative Grassmannian, and so we strove to understand these primes. Some
results about the H-prime spectrum were obtained in [8], but obtaining generating sets for these primes
remained an open question. Our work is based on the following conjecture.

Conjecture 1.1. An H-prime P in G;»" is generated by the maximal minors it contains.

Developing an outline for such a proof involves adapting Sagbi and Grobner basis theory to ideals of
subalgebras, work that was first done by Miller in [10]. Repeating Miller’s analysis for our noncommutative
setting requires understanding all of the relations in G;*", and these are quite complicated in general. We
were able make some progress, with the following result.

Theorem 1.2. An H-prime P in gg’" is generated by the maximal minors it contains.

We had success in the m = 2 case because we were able to understand these relations. Obtaining results
using the same methods for higher m would require a more complete understanding of these relations.

In Section 4, we develop an analog of the path model for quantum matrices to the algebra of quantum
skew-symmetric matrices. After going over some preliminary definitions and constructing the graph model,
we present a non-inductive argument for an initial result that focuses on manipulations of paths in the graph.
This is the style of proof used for proving the validity of the model in the case of quantum matrices, and
we had hoped that this style of proof would be easily adapted to proving the validity of the skew-symmetric
model, but this does not seem to be the case. We prove that the quantized coordinate ring of n x n skew-
symmetric matrices is isomorphic to our graph model, and the proof of this is the main content of Sections
5. The proof performs induction on the size of the matrix of generators, and shows that the commutation
relations are preserved in the paths model by enumerating all possible configurations of paths as they embed
from the (n—1) x (n—1) graph into paths in the n x n graph. This first step is essential for making progress
towards understanding the quantum skew-symmetric matrix algebra as a whole.

2. PRELIMINARIES

We introduce several objects and definitions necessary to talk about the problems we investigated.
Throughout the paper, we fix positive integers m,n > 2 with m < n, an infinite field k, and ¢ € k*
that is not a root of unity. However note that our work concerning quantum skew-symmetric matrices only
requires ¢ # 0. For positive integers k < ¢, let [k,¢] = {k,k+ 1,...,¢}. When k = 1, we simply write
[¢] = [1,4]. The set of all m x n matrices over k is denoted M,,, ,, (k).

2.1. Quantum Matrices.

Definition 2.1. Let Oy(M,, »(k)) be the k-algebra generated by an m x n matrix of indeterminates X =
[z; ;] with the following relations: For any 2 x 2 submatrix

a b
-
of X,
(1) ab = gba, cd = qdc,
(2) ac = gea,bd = qdb,
(3) bc = cb,
(4) ad =da+ (¢ — q~1)be.

We call this algebra the quantized coordinate ring of m x n matrices, or simply m X n quantum matrices.



COMBINATORIAL MODELS OF QUANTUM ALGEBRAS! 3

Definition 2.2. Changing the fourth relation in the above definition to ad = da defines the quantum affine
space TJ™™, or T if m = n. We write the generators of this algebra as indeterminates ¢; ;. The localization
of 7™ at the multiplicative set generated by the ; ; is called the m x n quantum torus S7*".

Definition 2.3. For subsets I = {i; < -+ < i} C [m],J = {j1 < --- < jx} C [n] of the same size, the
quantum minor, or simply minor, associated to I and J is the element of O,4(M,, ,,(k)) defined by

[IIJ] = Z (_Q)Z(U)xil,jam i k)

g€Sk

where Sy, is the symmetric group on & elements and ¢(¢) is the number of inversions in o, that is, the number
of pairs (4, j) with ¢ < j and o (i) > o(j).

Definition 2.4. A mazimal quantum minor is a minor of the form [[m]|J]. In this case, we simply denote
this minor by [J]. The set of all index sets J of maximal minors Oy(M,, ,,(k)) is denoted II,, ,,.

2.2. Quantum Matrices by Paths. In [3], the author develops a combinatorial method to view quantum

matrices. A particularly nice consequence is that quantum minors have a useful interpretation here.
Let M € My, »n(k). Then we set

M (M)1,1, (M), M)m,n
th =t 11t1,2 12"'t5n,72 )
where the indices are written from left to right in lexicographic order from smallest to largest. We call these
the lexicographic monomials of S»™. It is well-known that the set of lexicographic monomials forms a basis
for S as a k-vector space.

Notation 2.5. For N € M,, ,,(k), set M < N if (M); ; < (N);,;, where (7,7) is the smallest coordinate in
which the entries of M and N differ. This is a total order on M,, (k). We also set tM <tV if M < N.
Call < the lexicographic order.

Since g # 0, in the expression of any a € §;»" as a linear combination of lexicographic monomials, there
is a largest lexicographic monomial appearing with a non-zero coefficient. Define in(a) to be this monomial
and fc(a) to be the coefficient of in(a).

Note that if a,b € G;*", then in(ab) = ¢“in(a)in(b) for some c € Z.

Definition 2.6. Let H,, , be the directed graph defined as follows. The vertex set of H,, ,, consists of white
vertices labelled [m] x [n], row vertices labelled by [m] and column vertices labelled by [n]. The potential
ambiguity between row and column vertex labels will be resolved by always explicitly stating which type of
vertex we refer to.

The set of directed edges is as follows.

(1) For each row vertex 4, an edge directed from 4 to the white vertex (i,n).

(2) For each column vertex j, an edge directed from the white vertex (m,j) to j.
(3) For each white vertex (i,) with ¢ # 1, an edge directed from (i, 5) to (i — 1, 7).
(4) For each white vertex (i,7) with j # m, an edge directed from (4, 5) to (i,5 + 1).

There is a natural planar embedding of H,, ,. This is the obvious generalisation of the embedding of
Hj3 4 in Figure 2.1. We here always assume H,, ,, is equipped with this embedding and so can use common
directional terms (horizontal, vertical etc.) without confusion.

Let P be a directed path starting at a row vertex ¢ and ending at a column vertex j. This path will be
uniquely identified with the sequence of white vertices in which P changes direction, i.e., where P changes
from horizontal to vertical (a I'-turn) or where P changes from vertical to horizontal (a I-turn). So suppose
P = ((i1,41), (i2,J2), - - -, (i2k+1, J2k+1)), which we note tells us that (ig,j,) is a I-turn if £ is odd, and a
JI-turn if £ is even. We assign to P the element w(P) € S*" with

w(P) =ty jiti iy st

ig,j2 13,98 " i%,j%ti2k+17j2k+1'

For a given (i,7) € [m] x [n], let T'(i | j) be the set of all paths starting at row vertex ¢ and ending at column
vertex j.
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(L,1) (1,2) (1,3) (1,4)

o1

@1 (2,2) (2,3) (2,4) o2

(3,1) (3,2) (3,3) (3,4) o3
‘1 2 $ 3 b4

FIGURE 2.1. The graph H3*%. The row vertices are those labelled 1,2, 3 on the right side
of the graph, while the column vertices are those labelled 1,2, 3,4 along the bottom of the
graph.

Theorem 2.7 (Casteels [3]). For (i,j) € [m] x [n], let &; ; € S7"" be the element
‘%i,j = Z U)(P)
PeT(il5)
Then the subalgebra of S;*™ generated by the Z;; for all (i,7) € [m] x [n] is isomorphic to Og(My, n(k))
under the map x; ; — % 5.

From now on, we lose the ~ notation, and identify elements of O,(M,, »(k)) with their image under the
above map.

Quantum minors, considered as elements of §7" have the following interpretation. First, a path system
is a tuple P = (Pi,...,P) of paths in H,, ,, each starting at a row vertex and ending at a column
vertex. The path system is wvertez-disjoint if no two paths have a common vertex. The weight of P is
w(P) = w(Pr)w(Ps) - w(Py).

Theorem 2.8 (Casteels [2]). For subsets I = {iy < --- <y} C[m],J ={j1 <--- <jp} C [n], we have

1191 =) w(P),

P

where the sum is over all vertex-disjoint path systems P = (Pi,..., Py) where for each s € [k], Py starts at
is and ends at js.

2.3. Skew-symmetric Quantum Matrices.

Definition 2.9. Let O,(Sk,(k)) be the the quantized coordinate ring of skew-symmetric matrices. It is the
k-algebra generated by indeterminates z; ; for 1 <4 < j < n with relations:

TijTil = qTi1T4,5 for firi < j <1

TijTj1 = QU510 fori<j<l

Zi,jTk,j = qTk,jTi,j fori <k <y

Tij Tkl = qTk1Ti,j fori<k<l<yj

Ti Tk = qUraTig + (@ — ¢ )Tt fori<k<j<l

TijThy = Qi+ (0 — ¢ ik — a(g — ¢V )ximig fori<j<k<l.
We also take z; ; = 0 for all i € [n] and z;; = —qz, ; for j > i.

We move towards a combinatorial interpretation for this algebra in the following way. Let

U={(i,j) €[n] x[n] :i < j},
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and order the elements of U lexicographically. Furthermore, let (i, )T = (j,4). Lastly, set
L=U"={(5) € [n] x [n] :i > j},
and
D ={(,i) € [n] x [n] : i € [n]}.
Ultimately, we will view O, (Sky(k)) as a subalgebra of S that involves what we call the skew Postnikov-
or skP,-graph on n? + n vertices. This graph consists of white vertices labeled by the set

W =A{([n] x [n]) \ (i,4)]i € [n]},

as well as row and column vertices, both labeled by R = [n] and C' = [n], respectively. The white vertices
of the graph sit nicely on an n x n diagram with the diagonal removed. We put an additional column
of vertices to the right of the diagram for the row vertices, and additional row below the diagram for the
column vertices. An example of this is shown in Figure 2.2. Furthermore, we identify each white vertex
using coordinates oriented as we would for a matrix. So the top row of white vertices would have coordinates
(1,2),(1,3),(1,4),(1,5),(1,6), and similarly for the other rows. Row and column vertices are identified as
labeled in Figure 2.2.

e 1
e 2
e 3
e 4
e 5
e 6

FI1GURE 2.2. The orientation of the vertices for n = 6 on top of the 6 x 6 diagram.

Directed edges are drawn on the graph according to coordinates according to the following scheme:

(1) For each i € R, draw an edge from 4 to (7, 7) such that j is the largest integer with (i,7) € W.
or each 3 € C, draw an edge to 7 from (¢, 7) such that ¢ is the largest integer with (z,7) € W.
2) F hjedC, d d j fi iy j h that i is the 1 i ith (i,7) e W
(3) For each pair (i,7),(i,7/) € W with 5 > 7’ and such that there is no j” with 5 > 57 > j’ and
(i,7") € W, draw an edge from (3, ) to (7, J').
or each pair (2 ) € with ¢ < ¢ and such that there 1s no 7" with " > " > ¢ an
4) F h pair (4,7), (7, j W with 4 i/’ and h that there i " with ¢/ " i and
(i",7) € W, draw and edge from (i, 5) to (¢, j).
Figure 2.3 shows the full graph construction for n = 6.
We can identify elements of S with paths in skP,, by designing a weighting scheme based on the path’s
expression as a series of edges.

Definition 2.10. For the set of edges E in an skP, graph, define the edge-weighting function w: £ — &7
as follows:
(1) For an edge e starting at row vertex 4 going to the first white vertex (i, 7) to its left,

w(e) = {ti,j if (i,) €U

—qt;; if(i,j) €L’
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Fi1GURE 2.3. The full graph for n = 6 on top of the 6 x 6 diagram.

(2) For an edge e from white vertex (i, j) to white vertex (4, j') with j > j/,
tijtig i (i,5),(i,§') €U
w(e) =4 —qt; ity if (i,j) € U and (i,j') € L
titpa i (i.9),(i,5") € L
(3) If e is a vertical edge, w(e) = 1.

For a positive integer ¢, consider a path P = (v1,...,v;) where vs € W for s € [t]. The sequence P can
be turned into a sequence of edges (eq,...,e;—1), and we define the weight of a path w(P) to be the product
of all of the edge weights w(P) = w(er)w(ea) - - - w(ei—1).

For a path P that goes from a row vertex r to a column vertex ¢, there is a quicker way to compute the
weight of P by identifying the sequence of turns in P. A turn in P can be identified as subsequence of consec-
utive vertices (vs—1,vs, Vs41) such that if vs_1,vs,vs41 € W, the ordered pairs (is—1,7s—1), (541, Js+1) cOr-
responding to the coordinates of vs_1 and vsyq satisfy 451 # 4541 and js—1 # Jst1, if two of {vs_1, Vs, vVs41}
are in W, say vs, vsy1, then |{is, js} N {is+1,Js+1}| = 1, or if only one of {vs_1,vs,vs41} is in W.

We can further identify each of these turns as either I'-turns or J-turns. A I'-turn corresponds to a turn
(vs—1, Vs, Vs4+1) wWhere (vs_1,vs) is a horizontal edge and (vs,vs41) is a vertical edge. A J-turn corresponds
to a turn where (vs_1,v;) is a vertical edge, and (vs,vs41) is a horizontal edge. We define the subsequence
r(P) of P to be the subsequence consisting of the middle vertices from the triples corresponding to turns.
That is, the sequence of vertices where the path pivots. This subsequence has odd length, and by assigning
weights to these vertices by w, : W — T.¢:

.y ti; if@,5)eU
wilij) =9 HEIEU
_tj,i if (Z,j) eL
then we can see that for a path P from row vertex r to column vertex ¢ with subsequence of turns r(P) =
(’Uz'l, e ,’Uim),

w(P) = Wy (Vi Jwy (V3,) - wy(v] ) if P has a vertical cross-edge,
) qwo (vi) )wy (vi,) 7L - wy (vl ) if P has a horizontal cross-edge.

Let

that is, the sum of weights of paths from i to j.
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Definition 2.11. Let A,, be the k-algebra generated by the elements x;; with ¢ < j < n.

3. THE QUANTUM GRASSMANNIAN

3.1. Basic definitions and combinatorial properties. Recall that II,,, denotes the set of maximal
quantum minors of Oy (M, (k).

Definition 3.1. The subalgebra G;*" (k) of Oy(M, n(k)) generated by Il , is referred to as the m x n
quantum Grassmannian.

The generating set I, , of the quantum Grassmannian has a combinatorial structure that is essential to
our work. To develop this structure, we introduce some orderings on I, ..

Definition 3.2. For each s € [n], define the total order < on [n] by
§<gs+1<s - <yn<sl1<g2<s---<g8—1.

Next, for [J], [K] € I, , where [J] = [j1 <s -+ <s jm] and [K] = [k1 <s -+ <s km], we define the partial
order <; on Il,, ,, by
[J] <s [K] <= je <s k¢, VL € [m).

When dealing the order <y, we will often suppress the subscript since it is the “standard” order.

Definition 3.3. For the partial order < on Il,, ,,, a monomial [I1][I2] - - - [Ix] € G7*" (k) is called a standard
monomial if [I;] < [I;41] for all ¢ € [k — 1].

The poset (I, ., <s) is a distributive lattice with meet and join determined as follows:
(a) The join of [J], [K] € II,;, ,, is given by

(1) [JV K] = [max(j1, k1) <s max(jo, k2) <s -+ <s max(Jm, km)]-
(b) The meet of [J], [K] € II,,, ,, is given by
(2) [J A K] = [min(j1, k1) <s min(jo, k2) <s -+ < min(fm, km)]-

Note that the maxima and minima above are taken with respect to <.

Example 3.4. We look at the case of Go 4(k), presenting in Figure 3.1 the Hasse diagrams that arise from
each of the different orderings.

[34] [14] [12] [23]
[24] [13] [24] [13]

[23] [14]  [34] [12] [23] [14] [12] [34]
[13] [24] [13] [24]

[12] [23] [34] [14]
FIGURE 3.1. From left to right, we have (Il 4, <;) for s = 1,2, 3,4.

Definition 3.5. For an N-graded k-algebra A4 and II a finite subset of A partially ordered by <, we say
that A is a quantum graded algebra with a straightening law (QGASL) if the following hold:

(1) The elements of II are homogeneous of positive degree.

(2) The set II generates A as a k-algebra.

(3) The standard monomials in the elements of II are linearly independent.

(4) If o, B are incomparable with respect to <, then af is a linear combination of A, i € II such that
A<pand A < a, A< B.
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5) For all o, 8 € TI, there exists c,5 € k* such that a8 — ¢35 is a linear combination of A or Ay for
( 8 8 1
AMp eI A< A< a, A< B.

Theorem 3.6 (Lenagan and Russell [9]). For each s € [n], G"" (k) is a QGASL on (I, <s).

3.2. Relations in G;*" (k). In this section, we describe completely the relations in G;*" (k) that we need
to deal with in order to perform computations with ideals.

There are two kinds of relations among the generators of G;™" (k) that we need to consider: those that
can be deduced from the commutation rules in quantum matrices, and the quantum Pliicker relations, which
are g-analogues of the classical Pliicker relations.

A general formula for the commutation relations between maximal minors, that is, for relations of the
form (5) in Definition 3.5, can be found in [4]. We will here be concerned only with the case m = 2, and
these are computed explicitely as follows.

Lemma 3.7. The following relations hold in G} (k).

[ad][cd] = qled][ab], if [{a,b} N{c,d}| =1 and a < b orc<d,
[ab][cd] = ¢*[cd][ab], if a < b < ¢ < d,

[ab][cd] = [cd][ab], if a <c<d<b,

[ab][cd] = [cd][ab] + (¢ — ¢~ )[eb][ad], if a < c < b<d.

The quantum Pliicker relations are computed from the following formula derived from [6].

Proposition 3.8 (Quantum Pliicker Coordinates (see [7]). Given positive integers m,n, let Ji, Jo, K C [n]
be such that |J1|,|J2] <m and |K| = 2m — |J1| — |J2| > m. Then

(_q)Z(Jl;K/)+Z(K’;K”)+€(K”,J2)[Jl L K/] [K// L J2] =0,
K'UK"

where (I J) = |{(i,j) € I x J i > j}|.

It is important to note that the above sum is defined only for certain partitions of K, specifically those
for which J; N K’ = J, N K” = (. In practice, quantum Pliicker relations are difficult to compute. This
difficulty formed one barrier to extending our results from G2" (k) to ;™" (k).

One can infer based on the formula from Proposition 3.8 that the quantum Pliicker relations in the m = 2
case all involve 4 distinct indices, so there are in general (Z) relations obtained from this formula. The
formula may yield duplicates based on the ordering of the indices involved, and so we now show that for
each 4-subset of [n], we have the following Pliicker relation.

Lemma 3.9. For0<a<b<c<d<n,

[ab][ed] — q[ac][bd] + ¢*[ad][bc] = 0.

Proof. This is a direct computation that uses the quantum matrix relations and definition of quantum minor.
In doing this we may replace a, b, c,d by 1,2, 3,4 since doing computations in gg*”(]k) with only a 4-subset
of possible indices can be identified with performing the same computation in 9374(]1«). For this reason, we
refer to [8], where it is established that

[12][34] — ¢[13][24] + ¢*[14][23] = 0

is a quantum Pliicker relation in G2#(k). The result follows.
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3.3. H-primes. The most productive way to study the prime spectrum of G;»" (k) has been to focus on
primes that are invariant under the action of an algebraic torus. This is the “stratification theory” of Goodearl
and Letzter [5]. In this paper we continue this method. Letting H = (k*)™*" denote an algebraic torus,
the (m + n)-tuples of k*, we obtain an automorphism of Oy(M,, »(k)) for each h = (p1,..., Pm, Y15+ 7n)
in H defined on the generators by

1y Qs By ey Ba) - iy = iBjwi 5.
This action induces an action on Q;”’"(k) as a subalgebra of quantum matrices, except that the multiplication

by the ; coordinates becomes irrelevant. So for G;*"(k), the induced action happens only from H = (k*)"
and looks like

BrsaB) v =118 | 7
JEeY

for a maximal minor 7. It is well-understood that the set of prime ideals of G;" (k), denoted Spec(G;*" (k))
can be partitioned into strata based on which primes are invariant under the automorphisms defined by H,
that is, those primes P for which h- P = P Vh € H. These are the so-called H-primes.The set of all such
primes is denoted by H-Spec(G;"" (k)).

The H-primes of G;™" (k) have a nice characterization through the different poset orders in the following
way:

Remark 3.10 (A characterization of ideal membership for H-primes). For a fixed H-prime P, there is a
unique [J,] for each of the s-orderings on IL,, , such that [J] ¢ P, but [I] € P for each I #, J;.

This characterization is equivalent to understanding that for each #H-prime there is a corresponding com-
binatorial object called a Grassmann necklace.

Definition 3.11. A Grassmann necklace I is an n-tuple of m-subsets (or beads) I = (I1,...,I,,) with the
properties that for each s € [n] we have

(1) Lo =1, it s ¢ I,

(2) Isy1 = (Is \ {s}) U{s'} for any ¢’ € [n] if s € I,.

This correspondence comes from Postnikov in [11]. To obtain an H-prime based on a given necklace I,
we look at each bead I as an element of the poset (IL,, ,, <) and let all elements that are incomparable to
[Is] become part of the generating set for the ideal. The connection to Remark 3.10 should be clear. These
characterizations are essential in order to use the result of Lemma 3.9. We also have the following result
based on the poset structure of Il ,, that will help us determine ideal membership.

Lemma 3.12 (Minor inclusions in G>"(k)). For a,b,c,d € [n] such that
a<ic<i1b<id
and there ezists s € [n] such that [ab] % [iria] or [cd] s [iri2], where i1,i2 € [n] with i1 <4 i2, then

(1) lad] %5 livia] or [bc] 25 [iri2],
(2) lac] #s [iviz] or [bd] #s [ivia].

Proof. This lemma relies on what we can determine based on the possible positions of s relative to a, b, c,d
in the 1-order. Note that we arrange the indices of the minors to reflect the changing s-order.

If s <qaord<;s, wehave a <, ¢ <; b <y d. Then if [ab] #, [i1i2] we have a <, i1 or b < iy. For
a <s i1 then [ad] #; [i12] and [ac] #5 [i142] clearly. For b <, io then [cb] # [i142] clearly and [ac] % [i1ia]
since ¢ <g b <y ip. If [ed] % [i1i2] then ¢ <4 i1 or d < is. For ¢ <y i1, then [ad] % [i1i2] since a <, ¢ and
lac] #s [i1i2] since i1 <y ia.

We suppress the remaining three cases because they work out nearly identically to this first case. (|

This lemma gives us that if we have a relation between minors of the form [ab][cd] — ¢°[cd][ab] = ¢°[cb][ad],
where ¢°, ¢® are integer powers of ¢, then having either [ab] or [cd] in P gives at least two additional minors
contained in P. Before moving on, we mention that with respect to a fixed H-prime ideal P, we refer to a
q-Hibi expression

L[T] = ¢* [I ATV ]
as being of type 1 if at least one of {[I],[J]} € PI(P) and being of type 2 otherwise.
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3.4. A Sagbi basis for G;" (k). We want to show that the set of minors [] for all v € II,,, , form a Sagbi
basis for G;" (k). That is, we want

in(Gr"(k)) = k[in(v) : v € M),

where in denotes the so-called initial algebra of the quantum Grassmannian. This is the algebra generated
by the leading terms of all elements of the algebra with respect to the lexicographic order. The theory of
generating sets in algebraic structures (Grobner bases, Sagbi bases, etc.) allows us to work primarily with
these initial algebras, which often have simpler computational structure because their inherited relations
aren’t as complicated as the ones from the original algebra.

Since we may view G;*" (k) as a subalgebra of the quantum matrix algebra, we may use the paths model
of [3], which gives the monomials that we obtain a nice structure.

Proposition 3.13. If v = (j1 < -+ < jm) € I 0, then

in(7) = t1gitags  tmj,,
which corresponds to the weight of the path system P = (P, ..., Py) where for each i € [m] we have that P;
represents a path P; = (i, (4,7:), Ji)-

Proof. Suppose that Q = (Q1,...,Qm) is a vertex disjoint path system corresponding to a minor ~y, where
for each i € [m] we have ); starting at row vertex ¢ and ending at column vertex j;. Since each white vertex
in the set is used by at most one path in the system Q, rearranging the weight of the system w(Q) into a
standard monomial t" gives the expression t*2 = ¢"w(Q) for some integer q.

If @ # P, then Q contains a path with a JI-turn, let & denote the minimal index so that @ contains such
a turn. Since k is minimal, the coordinates of Mp and Mg that are lexicographically less than (&, ji) are
equal, but at the coordinate (k, ji), Mp has a 1 where Mg has a 0. Hence t*e < M7 where < denotes the
ordering described in Notation 2.5. (|

This proposition gives us that the leading term of any minor is represented by the path system containing
only single I'-turns.
Definition 3.14. An element g € G;"" (k) has a Sagbi expression if it can be written in the form

9= GNE v
7

for nonzero scalars ¢; and where the product of v; € (I, »,, <1) terms is a standard monomial in the quantum
Grassmannian. Furthermore, the above expression must also satisfy

in(g) = ¢* max(in(y;})in(y3*) - - in(y,"))
where the maximum refers to the lex order on standard monomials of the quantum affine space 7,;™" of the
t17‘7 .
For each v € II,y, 5, we know that in(-y) can be viewed as a monomial in T,"". Thus we have that for any
pair of minors v, € II,, , there is an integer ¢(v,d) such that

in(y)in(8) = ¢°Vin(8)in(v),
and also there is an integer h(y,d) such that
in(y)in(8) = ¢"Din(y A 8)in(y V 8).
Proposition 3.15. The algebra k[in(7y) : v € IL,,, ] is ¢ QGASL on (I, p, <1).
Proof. We check that the set of standard monomials on (IL,, ,,, <1) forms a linearly independent set, since

the other properties of a QGASL clearly hold. Since we are considering the standard monomials as elements
of T,™™ we know that they admit the following expression:

iIl('Yl) .. in(’}/k) — thM’YlJF"'JrM,Yk,

where 7 is an integer and in(y;) = t*». We would like to verify that if in(d;) - - -in(d,) is another standard
monomial, then M., +---+ M, # Ms, +---+ Ms,.



COMBINATORIAL MODELS OF QUANTUM ALGEBRAS® 11

To this end, we claim that v, U--- U~ # d1 U--- Uy are not equal as multisets. So suppose that they are
equal, and let i be the least index such that v; # §;. Then writing v; = (j1,...,Jm) and &; = (J1, .-, 0 )s
suppose that s is the least index with j; # j.. Without loss of generality we have j, < j/, and then since the
multisets are equal we have that there exists ¢’ > ¢ such that j,. € §;;. This then contradicts the assumption
that the sequence of § terms is a standard monomial, i.e. §; < d; for all i/ > 4. Thus the multisets
YU+~ U~g, 0 U--- U are not equal, so tMnt My £ tMsy++Ms, - Tt ig well known that the set of
standard monomials in 7;™" are linearly independent, and it then follows that the standard monomials of
klin(7y) : v € IL,,, ] are also linearly independent. O

Remark 3.16. Somewhat strangely, the Proposition 3.15 does not hold in general for <; with s # 1, even
though it is true for all orders in the non-initial algebras. This is easy to see even in the relatively small
case (Il24,<2). Indeed, attempting to follow the method of proof in [9] leads somewhat surprisingly to
the conclusion that the noncommutative dehomogenisations of the initial algebras at consecutive quantum
minors have multiple isomorphism classes. This shows us that even though the initial algebras allow us to
more easily obtain computational results pertaining to the whole algebra, we sometimes lose relevant data.

Corollary 3.17. Let g € G*" (k). If
9= Zci%‘ €Gy"" (k)

is the expression of g as a linear combination of standard monomials taken with respect to <1, then this is
a Sagbi expression for g.

Proof. If the above expression is not a Saghi expression for g, then let A be the subset of indices for which
in(+;) is maximum. Then there exist integers d; such that

> cig®in(y) =0,
€A
which contradicts the linear independence of standard monomials established by the previous proposition. [

Corollary 3.18. The set of elements v € Il,, ,, form a Sagbi basis for G7*" (k).

3.5. Computations with H-primes. In this section we fix an H-prime P and let P1(P) denote the set of
quantum minors contained in P. Our goal with this section of the project is to demonstrate P1(P) generate
P as a Sagbi-Grobner basis. That is,

in((PI(P))) = (in(y) : v € P) C in(G7""(K)).
We immediately have one direction of inclusion,
P D PI(P),
but in order to show that P1(P) forms the desired generating set, we also need
P C PIP).
Working towards this goal, we adapt the work of [10] to the noncommutative setting.

Proposition 3.19. The set PI(P) is a Sagbi-Grébner basis for (PI(P)) if and only if every g € (PI(P)) has

a Sagbi expression of the form
¢

9= s
i=1
where each y; € P(P) and A; is a standard monomial in G;*" (k).

Proof. Tf PI(P) is a Sagbi-Grébner basis for (P1(P)) then for g € (P1(P)) we can write in(g) = ¢"in(y)a
for some r € Z,y € PI(P),a € in(G;""(k)). Then choosing A € G;*" (k) so that in(A) = in(a) and letting
g = g —le(g)q"in(y)A, we see ¢’ € (P1(P)) and in(¢’) < in(g), where lc(g) is the coefficient of in(g).
Repeating this process gives the desired Sagbi expression for g.

Conversely, we certainly have in((P1(P))) 2 (in(y) : v € PI(P)). Then for g € in((P1(P))) having the
desired Sagbi expression, we certainly have in(g) € (in(v) : v € P1(P)). O
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We now present a result analogous to Buchberger’s criterion for Grébner bases.
Label the elements of PI(P) by {v1,...,7} such that v; <; 7; for all 4,5 € [{] with ¢ < j, and let
S = Syz(in(y1), - - -,in(7e)) be the right in(G;"" (k))-module consisting of (ai,...,ar) € (in(gfl”’”(k)))e with

in(;)a; = 0.

i=1
An element (a1,...,ap) € S is called a homogeneous syzygy if in(v;a;) = in(y;a;) for all i,j € [f] with
a;,a; # 0. In this case we refer to the common term in(vya;) as the degree of the syzygy.
Lemma 3.20. Suppose that M is a finite generating set for S consisting of the homogeneous syzygies in which
every coordinate is an element of in(G"(K)), and for each (ay,...,ap) € M, fir (As,..., As) € (GI"(k))*
such that in(A;) = in(a;) for all i. If for all (a1,...,a¢) € M there is a Sagbi expression of the form
Zle viA;, then PI(P) is a Grébner basis for (PI(P)).
Proof. From Proposition 3.19, we see that we need to find a suitable expression for g € (P1(P)). So fix
g € (P1(P)). We have an initial expression for g of the form

¢
9=>_7Bi
i=1
be we do not know if in(g) = max;{in(y;B;)}. If this is the case, then we would be done, so suppose that
in(g) < max{in(v;B;)} := t*°.

In this case, we show that there is another expression

¢
g= Z v: Dy,
i=1

where max;{in(y;D;)} < tMo. Repeating this argument finitely many times leaves us with the desired
expression for g.
Set b; = le(B;)in(B;) for all i € []. Since in(g) < t°, there is a maximal nonempty subset S C [¢] such

that for all i € S, in(v; B;) = tMo, and

Z in(v;)b; = 0.

i€S
Without loss of generality, S = [s] for some s € [¢] and so

(b1,...,bs,0,...,0) € Syz(in(y1), . .., in(ve)).

Moreover, in(vy;B;) = tMo for i € [s] and in(v;B;) < t™o for i € [(] \ [s]. Thus (b1,...,bs,0,...,0) is a
homogeneous syzygy of degree to.

We can choose k elements (a1, az,j, . - ., ar;) € M (not necessarily distinct) and monomials ¢; € in(G>" (k))
such that
k
(3) (bry. o105, 0,...,0) = > (a1,j, a2, - as;)c;,
j=1
where (ay jc;, .. .,ae jc;j) is a homogeneous syzygy of degree t° for each j € [k].

For every i € [(] and j € [k], choose Cj, A; j € G;»" (k) so that lc(C})in(Cy) = ¢j and Ic(4; ;)in(A; ;) = a; ;.
These choices imply the following. For ¢ € [s], we have
k
in| B; — Z Ai,jcj < 1n(BZ)
j=1
Secondly, for i € [¢] \ [s], we have that in(v;B;) < t™° and Z?zl a; j¢; = 0. Hence for all ¢ € [¢,
k
(4) in |y B; — Z Ai,jCj < tMO.
j=1



COMBINATORIAL MODELS OF QUANTUM ALGEBRASS 13

Next, since (a1,j,...,a¢;) € M, it follows that h; = Zle 7iA;; is not a good expression for itself. By
assumption however, there floes exist good expression for itself, say Zle *yiflm. Thus for all j € [k], we
must have that maxi{in(%Am)} < maxi{in(’yiAi,j)}. Hence,

(5) max in(v;4; ;C;) < maxin(y;4;,;C5) = £
2,] 3V

Finally,

£ Lk k¢
9= %Bi=) > %AiiCi+ Y Y 7l C;
i=1

i=1 j=1 j=1i=1
’ koo ko0

DRAETS WTAES ot
i=1 j=1 j=11i=1

Because of the inequalities (4) and (5), we see that every coefficient D; of v; in the above expression is
such that in(y;D;) < tMo. In particular, we have found the desired better expression for g.
O

In order to apply this lemma, we need a finite generating set M, and also need to determine what S is in
our case for the quantum Grassmannian. To this end, define a surjective map

T k[lev s 7y](g)] - ln(ggn(k))

where the y;, indeterminates correspond to the [J;] minors in the standard partial ordering induced by the
l-order. This is not a commutative polynomial ring, as the relations between the y;, are induced by the
relations on the generators of in(gg’"). We still want to apply Grobner basis theory to this algebra, and
luckily the noncommutative versions of S-polynomials and Buchberger’s criterion are almost identical to the
commutative versions. The details of these are found in [1], as Definition 6.1 and Theorem 6.5, respectively.
The map 7 acts as follows on the generators of k[ys,, ... 7yJ(n)]:
2
7 yy — infJ].
We now present a result that follows directly from Proposition 4.10 of [10].
Proposition 3.21. Let G = {y1,...,7} be any subset of IL,, ,,. Let
{Pi = (P7;,1,PZ"2,...7P1"@) N Z = 1,,K}

be a generating set for Syx(y,,. .. Yy, ). Let

£
{Z’YJPZJl:K—FL,M}
i=1

be a generating set for ker(m) N (G) and set
Pi = (Pi1, P2, Pie)

foreachi=K+1,....,M. Then {n(P;) : i =1,..., M)} generates Syz(in(y1),...,n(v)) where m(P;) =
(7'('(Pi71)7 “e ,W(Pi,g)).

With this map and proposition in hand, we would like to compute a Groébner basis for ker(7) N (G), in the
special case of m = 2 and where G denotes the set of y; such that [J] € P1(P). Note the use of Grébner basis
here as opposed to Sagbi-Grobner basis. Indeed, the theory of Grobner bases applies to this noncommutative
setting nicely, although it will not later. The details regarding S-polynomials and Buchberger’s criterion
adapted to the noncommutative setting can be found in [1].

The ideal ker(m) is generated by all of the polynomials in the y; indeterminates obtained from the ¢g-Hibi
relations in the target algebra. So a type 1 ¢-Hibi relation [I][J] — ¢*[I A J][I V J] in in(G2™) corresponds
to the ring element y;y; — ¢°qrasqrvy- We refer to these polynomials as “Hibi-like relations”. We hope
that the generating set obtained for this intersection then reduces to 0 under division by the set of minors
contained in P.
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We want our Grobner basis to consist of the type 1 Hibi-like relations, along with elements of the form
vy, where « is a type 2 Hibi-like relation, and y; corresponds to a [J] € P1(P). So we follow the standard
process for computing a generating set for the intersection of ideals, and then add in these additional basis
elements. That is: we look at the generators for

tker(m) + (1 — t){(G),
where ¢ is a new indeterminate that commutes with all of the y;, and add to this set all of the type 1 Hibi-like
relations (without the factor of ¢) and the products of type 2 relations with indeterminates corresponding
to minors contained in the prime. This set still generates the intersection ideal. To this larger set we apply
Buchberger’s algorithm with respect to the standard elimination ordering, and then take the output set’s
intersection with the algebra of the indeterminates y;. We then show that the resulting set reduces to 0
under division by the set of y; corresponding to [J] € P1(P), which will give the desired result.
So let
M = {{t(yays — ¢"yarByave) : [A][B] — ¢*[A A B][AV B] is a ¢-Hibi relation}u

{(1 = t)yy : J corresponds to a [J] €P1(P)}U

{yeyp — ¢*yorpyovp : [C][D] — ¢°[C A D][C V D] is a type 1 ¢-Hibi relation}U

{(yeyr — ¢®YEAFYEVF)YK

yik € PI(P),[E][F] - q¢"[E A F][EV F] is a type 2 ¢-Hibi relation}}.
Applying Buchberger’s algorithm to this set means computing (g) + 4 = 10 types of S-polynomial. Once
each of these is written out, it is clear that they are all zero since we are considering the whole ideal (M),

which means that we can replace any leading term of a member of the ideal with the lower elements. This
leads to very simple manipulations since (M) is a binomial ideal. We thus have that

MnOklys,. .., yJ(n)] ={ycyp — ¢*yorpyovp :
2
[C][D] — ¢°[C A D][C V D] is a type 1 ¢-Hibi relation}U
{weyr — ¢*yEArYEVF)YK
yk € PI(P),[E][F] —¢*[EAF][EV F] is a type 2 ¢-Hibi relation}},

which shows that we have the desired Grobner basis for ker(m) N (G).

By the proposition, the existence of this Grobner basis gives a generating set for the syzygy S corre-
sponding to relations between the maximal minors of P. These relations form the finite generating set M of
Lemma 3.20 with most of the desired properties. It remains though to check whether or not the Sagbi-basis
property is satisfied by the set of relations, and in order to do that we need to verfiy that the set goes to
zero under division by P1(P).

Lemma 3.22. Given the set
Ho = {[1[J] = ¢*[J][1] : [1], [J] € PUP)}
of commutation relations for the minors contained in PI(P), along with the sets

Hy = {[{I|[J]) = qlI ALV J] = one of [I][J] — q[L ANJ][IV J] is a type-1 q-Hibi relation},

Hy = {([1][J]) — q[I A J[I Vv J)[K] :[K] € PUP),[I]|[J] — q[I AJ][IV J] is a type 2 q-Hibi relation.},
the set H = Hy U Hy U Hy reduces to 0 under division by PI(P).

Proof. We show that the claim holds by proving it for an element from each of Hy, H1, Hs. For Hy, the only
non-trivial case is when we have minors that are related by a ¢ term, and in this case we have

[ab][cd] — [cd][ab] = [cb][ad],
where a < ¢ < b < d. We then want at least one of [¢b], [ad] € P1(P), which we have by Lemma 3.12. Then
from Definition 3.7 we deduce that [cb][ad] = [ad][bc], so [cb][ad] is a G2 (k) multiple of a minor in P1(P).
For Hi, given a type 1 ¢-Hibi relation [ab][cd] — g[ac][bd], with a < b < ¢ < d, we see that by Lemma 3.9,

we have
[ab][cd] — glac][bd] = —¢*[ad][be].
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Then see that we may apply Lemma 3.12 again after relabeling slightly, and obtain that one of [ad], [bc] €
P1(P), and as in the previous case, see that these commute, so that we again have a gg’"(k) multiple of a
minor in PI(P).

Lastly, for Hs, given a type 2 ¢-Hibi relation multiplied by something in P1(P): ([ab][cd] — g[ac][bd])[K],
with a < b < ¢ < d and [K] € P1(P), we apply Lemma 3.9 to rewrite this to —¢*[ad][bc][K] and are done. [J

Theorem 3.23. The set PI(P) of minors contained in an H-prime P of G2"(k) forms a Grobner basis for
(PUP))-

Proof. This follows from Lemmas 3.20, 3.22, Proposition 3.21, and the preceding computation of a generating
set for ker(m) N (G). O

Remark 3.24. The shift from the abstract [I],[J] notation to specific indices a,b, ¢,d in the above proof
is possible because of how much we know about the relations between the specific minors. The statements
about specific orderings of the indices arise from the structure of the poset, this is Lemma 3.9. This is
what makes the m = 2 case relatively straightforward: the relations between minors become much more
complicated even for m = 3.

Now we return to the original problem of finding a generating set for P, in the case m = 2. We introduce
the notation a =, b if there exists an integer a such that a = ¢®b. For integers a < b, we write [a,b] =
{a,a+1,...,b}.

Theorem 3.25. For an H-prime P of gg’”, let PI(P) be the set of mazimal minors contained in P. Then

P = (Pl(P)).
Proof. Suppose that P has associated Grassmann necklace (Iy,...,I,). It follows from the definition of
Grassmann necklace ¢ € I1 and ¢ > s, then i € Is,I3,...,I,. Similarly, if ¢ € I, and ¢ < s, then ¢ €

Is+1; < In, Il

Suppose that (P1(P)) C P and take an a € P\ (P1(P)) with the property that in(a) is minimal amongst
all elements of P\ (P1(P)) with respect to the lex order. From the results of [8], there is a nonnegative
integer k so that a[[l]k € (Pl(P)). Furthermore, since Corollary 3.18 gives us a Sagbi basis for G;*"(k), we
may write in(a) = in([1]) - - - in([J;]), where J1,...,J, € II3,. So then

in(a[11]*) = in([1]) - in([:])in([11])"

By Theorem 3.23, we can then write
in([1]) - in([J])in([11])* =¢ in([L4]) - in([Lr+4]),

where [L;] € (P1(P)). In order to proceed, we would like to know that we are able to manipulate these [L;]
indeterminates to recover k factors of [I1].
So let us write

(6) in ([72]) -0 (1)) in ()" =, in ([Z4]) - in([Lo1a]),

where, without loss of generality, J, >1 I; for all p € [1,n] and L; € (P1(P)). Again, our goal is to show
that the Product (6) either contains at least k in([[1])’s or can be transformed into such a product with at
least one factor in (P1(P)).
Note that if any J, € (P1(P)), then our desired result is trivially achieved, so we may as well further
assume that J, € (P1(P)), i.e., J, > I for all s € [1,n].
(p) ;(p)

We now make some notational conventions. For all p € [1,7], we always write [J,] = [j;" jy '] where

'%p) <1 j(p) Similarly, when we write L; = [¢1£5], we tacitly take ¢1 <y 5. However, for s € [1,n] we write

(s) +(s) (s) .(5)

I; = [iy iy '] where now i, <g iy . Now, there are three cases to consider.

Case 1: [ = [j%p)jéq)] for some p,q € [1,r]. If at least k of the L,’s in Product (6) are equal to I, then

there is nothing to do. Otherwise, there is an L; with L; = [igl)jém)] for some m, and so there must also be

an L, = m (1)] Now, j; ™) >4 z ) but A (m") <1 igl)

in([Ly,])in([Ly]) in Product (6) with 1n([j§m )3$™))in([11]), thus increasing the number of in([I1])’s while

in order for L,, to even be defined. Now replace
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keeping in([L1]). Repeat this process until we obtain k in([/;])’s.

Case 2: [ = [Zgl)jép)] for some p € [1,7]. We can and do take an s € [1,n] with the property that Ly %5 Is.

First, suppose that z( ) <s ]ép) Then either igl) <S z( or jép) <s ) But the former case implies the

falsity I #s Is (regardless of the s-order of zg ) and z ) On the other hand if zg ) >, zg *) and ](p) <s zés),

then

i <oif < il < g,

a contradiction.

(1) /(1) :(p)

> Jgp) Since i3’ <1 j5"’, we have in fact

{0 <y s <, 4P

Now suppose ;

) (s) (1) ()

<s by oriey <g iy
(1) (5)

. The former case implies that J, %, I, a contradiction. So we must
/(1) :(2)

Now either j(p
:(p) >, Z(S

have js and iy’ <s 45 . The latter condition implies that i1’ <, ¢;”’ as otherwise I1 ?5 Is. Since
also 2( ) <, zg ), we must have {zll)igz)} is contained in either [1,s — 1] or [s,n]. Since we already know that
zg ) <1 8, it must be the former.

So zgl),zg) [1 s — 1]. Since z( ) <s zé ), we have igs) € [1,s — 1]. As noted above, This in turn implies

( ) e I;. As z <S zé ), we can only have zé ) = zgl).
Now since L1 = [iy i ( ], there must be some a,r such that L, []f )152)}. So igl) <i jY) <1 i?).
Summarizing the above we have the chain of inequalities
s<oif? < <om<i1 <00 < a0 < i) =il <GP

Thus we see that [j\" )] #, I,. So in Expression 6, we replace in([L])in([L4]) with in([7\"”4$"])in([11)),
bringing us back to Case 1.
Case 3: L; = []%p)zé )] for some p € [1,r]. We show that this can never occur under the above assumptions.
Let s be such that Ly %, I;.

First suppose j§p) <s igl). Then either j£ P) <s zgs) or igl) <s zgs).

) > i) and i <, i,

The former case implies the falsity

Jp 2 Is so we may assume that j; and s

Since I >, I, we also have zé ) <s zgl) Thus igl) <18 <4 iél). From s <4 iél), it follows that iél) e I.

As 2.51) <s zg ), we in fact have z( ) = zg ). But we now have deduced the absurd chain of inequalities

(p)<z() ()<j()

(1)

Finally, suppose i5 ' < J1 . Since j(p)

<1 iél) we must have

](p) <1 S <1 2(2 )

Now, as before we may assume that ¢, M >, ng) and j;p) <s iés)

inequalities

. But now we have the following chain of

5 <s z§S)< zél)< n<s1<; zgl)< t7£)<é (S).

But now we see that I; Z; I, a contradiction.
So we may write

in(a[[1]*) =¢ in([]) - -~ in([J,Din([11])"
=g in([La]) -~ in([L,))in([1])"
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with Ly € P1(P). Then there exists « € k so that the element
a — ain([Lq]) - - - in([L,]) € P1(P).

This element will have leading term strictly smaller than a, and since in([L4]) - - -in(

[L;]) € (PI(P)), we
conclude a € P1(P), which contradicts our choice of a ¢ (P1(P)). Thus we have P C (P](

). O

4. SKEW-SYMMETRIC MATRICES

We walk through various results we collected from the different problems we explored during the program.

4.1. Verification of z,;, = 0 via paths. For ¢ € [n], let I'p(i, ) be the set of paths from i to j relative
to diagram D. For a path P let w(P) denote the weight of P, and let PT denote the transpose of P.
Furthermore, let Py be the set of vertices of P contained in U, and respectively P be the set of vertices of
P contained in L.

Given a path P € I'p(i,7), let v be the last vertex used by P in Py N Pl and let vT be the first vertex
used by P in P, N PY. Now we may define

Pt — o, P2:v—>vT, Pg:vT—>i
and write P = P; o P, o P3. We may then set
T(P)=P o P2T o Pj.

FIGURE 4.1. A diagram demonstrating the parallel lines argument in the proof of Proposition 4.1.

Proposition 4.1. Given P € I'p(r,d) such that P is not transpose-disjoint, we have w(P) + w(7(P)) = 0.

Proof. First note that the cross-edge of P will necessarily be used by P», and furthermore that P, N P{ =
{v,vT}. From now on we set v = (4, j).
We examine the case where the cross-edge of P, the edge going from (i, j.) to (ict1,jet+1), is vertical.
This gives us that w(P;) has the form
w(Py) =t i, ity e tis gt t ettt

12,72 lerfe gt iopt Tetr2ilet2 Jkstk
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where for 1 < £ < k the indices (ig, j¢) represent the subsequence of turns in P, and where we add the tij
and t; ; ! since P, begins at (i,7) and ends at (4,4). Similarly, the transpose has weight of the form

_ 1

w(P2 )= _qtjk,iktjk—lyik—l o t]r+212<‘+2t]c+1,’lc+1tj(‘71(‘ “rtiy gy
We now want to show that we can reverse the order of the generators in w(Pe) to obtain w(Pg) = —w(P]).
Our general strategy will be to commute each generator left of t;;, Jjust to the right of ¢ That is, we

Jk ik

will start with tl_ and commute it just to the right of ¢- °. , and then take ¢;, ;, and commute it just to the
right of tjk i

To start the process, we take the first generator in the list tTl and note that

J ik
and so on.

-1 -1
ti,j biv,j1 = Qliy ity J
since we have ¢ = 41,7 > j1. Then see that for 2 < ¢ < k — 1 we have
—1,6 Se 4—1
tl 2J tlf Je tlf Je g
where §; € {£1} depends on the parity of ¢. For £ = k, we have
Tl gl )

] "Ikl Ikt 0]
since ji = 7,1 < 1. So commuting t;jl past t;k i, glves us a 7.
e i( if £ > ¢) just past t] iy

account when t‘sf j, g-commutes with another generator 1 :: . This occurs if {ig, j¢} N {im,Jm} # 0, and
visually, this first happens for the generators that lie on the pairs of parallel lines defined by the coordinates
of (ig, j¢) and (j¢,i¢). From this we get a g-commutation with the first swap. Since P, is disjoint from PJ
except at (7,7) and (j,4), we won’t encounter the set of parallel lines defined by (i¢, j¢) and (j¢,i¢) again. But
if we encounter a turn t6 ™ . that lies beyond the (ir,j¢) and (je,i¢) lines that g-commutes with ¢;, ;,, then
we need to consider the set of parallel lines defined by (i, jm) and (jm,im). That is, we encounter one turn
on the ¢, jm, lines. In fact we also must have a second turn on this set of lines since {ig, jo} N {im, Jm} # 0,
and P, contains vertices beyond the 4,,, j,, lines. For a visualisation of this, see Figure 4.1.

Ultimately this means that the net factor of ¢ obtained from commuting a single generator through the
line is determined only by the first swap, and this depends only on the kind of turn that we start with. For
a I'-turn we have

Now for ¢ € [k — 1], in order to commute t‘;"' , (or £ we need only take into

ba o -1 _ -1 -1 4
imda " iede i =4t e ges
and for a I-turn, we have
e 1 -1 _ 1 1
tiada tzbjz tjlmik =4 t]kﬂ/ktw 2Je?

where t “ ;. varies based on where we are in the process of moving all of the generators. There are corre-
spondlng but nearly identical relations that we get in the case £ > ¢, and we omit them here. Importantly
during this process we do not need to move ¢ i Z— at all, which means that we commute one more I'-turn than
J-turn, which implies that in reversing the order of the generators, the resulting combination of g-factors is
a g% from moving the t;jl and a ¢! from the other k — 1 generators.

This leaves us with

(PQ) 1t11,ht;21]2 o 'tiC7th_;Cil;,1,ic+1tjc+21ic+2 : tgkl,zkt %,
= ¢’ti, ity ...timjctj—clﬂ7ic+1tjc+27ic+2. st bt
=4 tihjlti_zljz o tig e ']-_6117ic+1tjc+2’i0+2 T .;clalk
= qtgk 'thjk 1,0k—1 " th+2,h+2t]:H,1p+1th,lc T til,jl

—w(Py).
Now we have that
w(P) = w(Pr)w(P)w(Ps) = —w(Pw(Py Jw(Ps) = —w(T(P)),
SO
w(P) +w(r(P)) =0.
Resolving the case where P’s cross-edge is horizontal is nearly identical to the above argument. ]
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This proposition gives us that for any ¢ € [n], the sum over edge-weights of paths in I'p(4,7) is 0, since no
path in I'p(7,) is transpose-disjoint.

5. PROOFS BY INDUCTION

Theorem 5.1. O,(Sky,) = A,

This is the major result of our work on skew-symmetric quantum matrices. The isomorphism is the
map ¢ : Oy(Sk,) — A, which is the homomorphism defined by sending each generator of O,(Sky,) to the
corresponding x;;. This clearly is surjective. To prove injectivity, one can use techniques of GK-dimension
theory. To prove that ¢ is well-defined, we need to show that the generators of A,, satisfy the same relations
as O,(Sky). We do this in the following sections.

Definition 5.2. A path P;; in an n x n graph has the parent path Py in an n —1 x n — 1 graph, if P;; has
the form:

Pij = tintiy Putty, tin
P;; is then considered a child path of Py.

Lemma 5.3. All paths in the n X n graph either have a parent path or are of the form

tin  if i <7,
Py=qm 0
ty; ifj<i.

Proof. Given a path P;; with ¢ < j the first vertex in F;; must be of the form ¢;,,. If the path ends in column
n then that is the entire path and we are done.

If not, the path must leave the n column at some coordinate k. Thus the next turning vertex must be
of the form t,;i. The only possible way this is not the next turning vertex is if they are the same vertex,
in which case we still have tmt,;% = tmti_nl, which simply cancel out in the simplified form. If j # n, there
must exist turns (—¢;, ') and (—t;,,) to reach the end of the path. (Note that, again, we could have I = j).
A very similar argument applies for when j < i. O

Lemma 5.4. Given P;; with i <n and j <n then:

Pijtkn =
qten P else.

Proof. We track the ¢’s created as tj, is moved through F;;. As long as none of the indices are equal ty
will simply commute with any t,, € F;;. Thus we only worry about when %, meets some t € P;; with
indices equal to k. If k is met in the middle of the path rather than the edge then it will be met again right
afterwards with an inverse, due to the grid pattern of the path. The only fear is that the relation of the
other indices to k& will change, making both meetings create the same ¢ type. This will only occur when
the diagonal cross happens in between these two points. However, this is not actually a problem since if P;;
crosses the diagnol horizontally we encounter t,;al and tp, with b < k < a. Which gives us t,;alt;m = q_lt;mt,;al
and tprtrn = qtintor. If Pj; crosses the diagnol vertically we encounter ¢, and t,;bl with ¢ < k < b. But this
is in fact no problem since tqitiyn = qlrntar and t,;blt;m = q_ltknt;bl thus they cancel.

Now for the edge cases. If k < i then the edge will have nothing in common with g, and no g will be
created. If on the other hand k& = ¢ then it will have the form ty,tg, at the edge which will create a q. The
same happens if k = j.Therefore if i # k # j then no ¢ will be created and otherwise a single ¢ will be
created. ]

Lemma 5.5. All paths P;; in the n x n graph will fall into one of two categories:
a. There exists Pj; such that w(P;;) = —w(P};).
b. There exists Pj; = Pf such that P;; is transpose disjoint and

P =g w(Py) if j <
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Proof. We will prove this by induction.
Base case: A 1 x 1 graph has no paths and thus the lemma is vacuously true.
Inductive assumption:
Assume that for some n — 1 the lemma holds for all paths Py; in the n — 1 x n — 1 graph.
Given a path P;; in the n x n graph, P;; must fall into one of the following cases:
(1) P;; has no parent path
(2) P;; has a parent path Py
(a) Py satisfies part a of the lemma
(b) Py satisfies part b of the lemma
(ii<jand k<j
(if) j<iandl <71
(ili) j <kandi<I
Either P;; has a parent path or it does not. If it has a parent path that parent pathisinann—-1xn—-1
graph and must therefore satisfy either part a. or part b. of the lemma by our inductive hypothesis. Since
the relations of ¢ < k and j < [ are fixed by the construction of the parent path, the conditions outlined
above will cover all possible relations between 1, j, k, and [.
By Lemma 5.3, if P;; does not have a parent path Py it is of the form

py= et i
Thus we see that
w(Pip) = tin
w(Ppi) = —qtin
w(Py;) = —quw(Pn)
Note that P,; = PL and is transpose disjoint. Thus P;, fall into case b. and satisfies the lemma as does

its transpose P,;. Gomg forward we can thus assume that P;; has a parent path Pj; which satisfies the
lemma.

If Py satisfies part a. of the lemma then there exists some P}, such that w(P};) = —w(Py).
Consider

Pl; = tinti, Pty tin
Recall that
Pij = tinty, Put; in

Since w(Py,;) = —w(Py), we can calculate the weights of P;; and P};:
w(Pij) = tin Lw( P )tl_nltjn
w(P) = tin (P Dt tin
w(Pj;) = tin qu(Pr)t;, tin

w(P};) = *qw(Pij)

Thus if the parent path satisfies part a. then so too does the child path. All that remains is the case where
the parent path satisfies part b. To do this we want to first pin down the possible relationships between
i,7,k, and [.

So far we know: i < k and j <.

All possible relations can be covered with three cases:

(i) i<jand k<j
(ii) j<iand I <1

(i) j<kand i<l

The only fear is if it is possible to be in none of these. Let j < i. Either | < i and we are in case 2, or
l > i, and we are in case 3 because j < i < k. Now let ¢ < j. Then either k£ < j and we are in case 1, or
k > j, and we are in case 3 because ¢ < j < [. Thus these three cases will cover all possible relations.
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Now for case i (and ii):

Assume that ¢ < j and k£ < j. This means that £ <[ too. Giving us the relationship: i < k < j <.

Now consider Pj; = tjntl_nlﬂkt,;}tm. In order to compare it to F;; = tmt,;iPkltl_nltjn we need to move
the ,p terms into like positions. To do this we will move each term in P;; through the path in order.

(Note that both P;; and Pj; can be built from the other so this process works for case ii, which is satisfied
by Pj;, as well.)

Begin with t;,:

R q Mt if i<k,
TR e if i = k.
Pytin ifi < k?,
tinPu =4 e
q Pyt ifi=k.
tinty, =4 't tin
tznt]n = qtjntin
These equalities can be derived from the given relations and Lemma 5.4.
Next consider t;r}:
towPrt = qPuty,
—1,-1 —1,-1
tkn tln = qtln tkn
bentin = 4 tjnty,
Once again, we derived the equalities from the relations, and Lemma 5.4.
Next consider t;,, as it passes in the opposite direction:

S
L‘fltjn _ qtjntlln if j <1,
" tj”tl_n if j =1
{tjnpkl lf] <l

Pt;
M qtjnPkl lfj =1

Finally tnt must be moved to the other side of Py; which by Lemma 5.4 will create a ¢~'. Thus we have:
tin Py = q~ ' Pty

1

Now we see that after moving all terms to their new places all the ¢’s and ¢~ *’s cancel. Thus we have:

w(Pij) = tint, w(Ph)ty, tin = tintp, w(Pht)ti, tin
and since we have a formula for w(Py;) we can substitute to get:
w(Pij) = tinty, (=a~ ) w(Pir)ti, tin

which can then be seen as:

w(Py) = —q " w(Py)
or
w(Pji) = —q(P;;)
It is also true, as we can see from their formulas and the relations of 7, j,k and [ that P;; = Pg and is
transpose disjoint. This means P;; satisfies part b. of the lemma, as does Pj; which takes care of the case
where j < i and 7 > [ satisfying case ii.

For case iii: If j < k and 7 < [, then we are still unsure about the relation of k£ to [ and i to j. Fortunately,
we do not care about the relation of ¢ to j and it is sufficient to know that they are both less than or equal
to k and .

As for k and [, since Py is transpose disjoint, we know that k # [.
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So now we consider Pi’j = tmtl;lPlktl;itjn
This time we need only swap tl;bl and t,;é in P;; to get it in the proper form. Our swapping relations are:

ton P = qPrty,
—1,—1 .
t71t71 _ qtln tkn lf k < l,
g il il <k
Put; b =q ', P
These equalities can once more be seen from the given realtions and Lemma 5.4.

We can now see that carrying out these swaps will result in the addition of a single ¢ if £ < [ and a single
q ' if I < k. Thus we have:

Gtint w(Pa)tp tin  if k<,
wPiy) =41 " 1 :
q tintln w(Pkl)tkntjn ifl < k.

which after we substitute in our known formula for w(Py;), which adds a ¢~ if k <l and a ¢ if | < k, we
attain:

w(Pij) = =g ity w(Pik)t g tin
Which after the ¢’s cancel finally becomes:
w(Py;) = —w(P;)

and thus P;; satisfies part a. of the lemma.
Therefore all possible cases are proven. Thus we find that the lemma holds for n = 1 and if the lemma
holds for n — 1 it will hold for n, thus by induction the lemma holds for all n > 1.
O

Theorem 5.6. z;; = —qx;; wherei < j.

Proof. By Lemma 5.5 all w(P;;) terms in the sum which make up x;; will either have a corresponding w(F;;)
with which it will cancel or will have a corresponding w(Pj;) in x;; from which we can remove a ¢ term, to
get w(Pj;) = —quw(P;;). Thus when we add them together we get:

zji= Y w(Pu) =Y —qu(Py) = —q Z = —qi
P

Pj_;

Corollary 5.7. z;; =0 for all i.

Proof. Proof by contradiction: By Theorem 5.6, x;; = —qx;;. Thus if z;; # 0, then we have 1 = —g which
has been forbidden by our assumptions about q. O

Corollary 5.8. All paths whose wieghts in x;; do not cancel out are transpose disjoint.

Proof. Given a non-transpose disjoint path P;; from ¢ — j, P;; must satisfy one of the two parts of the
lemma. Since P;; is not transpose disjoint it cannot satisfy part b of the lemma and must therefore satisfy
part a. Thus there exists P/; such that w(P;;) = —w(P;;). Thus the wieght of P;; will cancel out in ;;.
Therefore if a path does not cancel out, it cannot be non-transpose disjoint and must therefore be transpose

disjoint. ]
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5.1. Setting up for Inductive Relations. Next we turn to proving the relations:

(1) TijTil = qTyTij fori<j <l
(2) TijTil = QT fori<j<l
(3) TijThj = qTk;Tij fori <k <j
(4) TijTpl = qTRIT4j fori<k<l<jy
(5) TijTh = qTri%ij + (¢ — q_l)xilxkj fori<k<j<l
(6) T = QTR + (¢ — qil)xikxﬂ —q(g — qil)xilxjk fori<j<k<l

We first prove the relations in the case where one of the paths has no parent path. As previously discussed,
a path has no parent path if and only if it starts or ends at n. For these cases we cannot use induction.
Relation 1: 2,249 = qTaqTap for a < b < d

If one path has no parent path, then d = n and z,q = t4,. Take any path from a to b,

—1 —1
Py, = tantalnPa’b’tb/ntbn

Consider the product

(tant gy, Parbr by ton) (Tin) = (tant gy, Parvrtypton) (fin)
If we show that

(tant gimy Parttypton) (tin) = (tin) (tant sy Parbrtypton)
for all paths from a to b then we are done. So, we commute t;,. If b’ # b, then t;}ltbntm = tantynton DY
a simple application of commutativity rules. If ' = b, then either P,;, = tq; (in which case the result is
trivial), or P,y has its last turn at some ¢y;, for b > a, in which case commuting ¢, this far still gives us
g~ ' -q. Similarly, when we commute t;, the rest of the way through, we will always obtain a ¢, because if
a # a, t;;tan = qtant;,}l, and if a’ # a, P,y will first turn at some t4;, ¢ < n, and we will get a ¢. We have
dealt with the nth row and column and the ath row, and P,; cannot pass through the ath column. So we
are done with this case.
Relation 2: x,,7pqg = qTpaTap,a < b < d
If one path has no parent path, then d = n and xpq = t3,. Take any path from a to b,

—1 —1
Py = tanta/npa’b’tb/ntbn

Recall from section 2.1 that if P,; is not transpose disjoint, there exists another non-transpose disjoint path
T(Pap) such that w(7(Pp)) = —w(Pap). So we can ignore all non transpose disjoint paths. It is a simple
computation, similar to the computation in case 1, to show that for any transpose disjoint path,

w(Pab)tbn = qtbnw(Pab)

This gives the desired result.
Relation 3: 2,420 = qTpTap,a < c < b
If a path has no parent path, then b = n and x4, = t4, and x.q = ten. From the commutativity rules,

tanten = qtentan

So we are done.
Relation 4: z,,Tcq = TeqTap,a < c< d <b
If one path has no parent path, then b = n and x,; = t,,. Take any path from c to d,

Peg = tent g, Porart g1 tan
It is simple to show with the commutativity relations that
t(m(w(Pc )) = (w(Pcd))tan
The result follows.
Relation 5: ZyTcq = TeaZap + (¢ — ¢ ) Teqrep,a < c < b<d
If a path has no parent path, then d = n, z.q = ten and xoq = ten. We can divide the paths from a to b into
two cases depending on the relationship between a’,b and c.

Let X7 be the sum of the weights of paths with a’ < c.
Let X5 be the sum of the weights of paths with a’ > c.
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Note that zapxcq = (X1 + X2)ten. Similarly, zeqzap = ten (X1 + X2). It is easily verified through commuta-
tivity relations that

tcn(Xl + XQ) = Xltcn + qu(XQ)tcn
Notice that any path from c to b by starting with with ¢,, and then following a path from a to b with a’ > c.
So a path from ¢ to b is of the form tmt;ita/b/t;}ltbn, where a’ > ¢. When we move the ¢, over to the end,
we get a ¢~ ! in front. So
(q - qil)zanxcb = (q - qil)qil(XQ)tcn = Xoten — q72(X2)tcn
This gives us
TedTab + (C] - q_l)xadxcb = Xltcn + q_2(X2)tcn + X2tcn - q_Q(XZ)tcn = TabTecd

Relation 6: z4,7cq = TeaTap + (¢ — ¢ D Tactbd — (¢ — ¢ ) Taqgpe,a <b<c<d
If one path has no parent path, then d = n,z.q = ZTen, Tod = Ton, and Toq = Ten. We now divide the paths
into cases.
Let X7 be the sum of weights of paths from a to b with a’ < b, b’ < c.
Let X5 be the sum of weights of paths from a to b with a’ < b, b’ > c.
Let X/ be the sum of weights of paths from a to ¢ with o’ < b.
Let X3 be the sum of weights of paths from a to b with b < a’ <c¢, V' <c.
Let X4 be the sum of weights of paths from a to b with b < a’ <c¢, V' > c.
Let X} be the sum of weights of paths from a to ¢ with b < a’ < c.
Let X5 be the sum of weights of paths from a to b with a’ > ¢, ¥/ < c.

Let Xg be the sum of weights of paths from a to b with @’ > ¢, V' > c.
Let X{§ be the sum of weights of paths from a to ¢ with o/ > c.

Note that every path in Xg is non-transpose disjoint, and so there exists a path whose weight is its
negative, as previously discussed. That path is also in Xg. So X = 0. Similarly, X{ = 0.
We have

LabTen = (Xl + X2 + X3)tcn
By commuting t.,, we get
LabpTen = tcn(Xl + X3) + q2tcn(X2 + X4+ X5) + q4tch6
TapTen = TenTab + (q2 - ]-)xcn(XZ + X4 + XS)

(We get rid of X¢ for now since it equals 0)
Note that zqctpn = (X5 + X4 + X§)ten. So we can commute ¢, through to the end of X5 and X4 to get

TabTen = TenTab + qil(q2 - 1)(X§ + lel)tbn + (q2 - 1)tch5

TapTen = TenTap + (¢ — ¢~ 1) (Xg + Xi + Xg)ton +a(g — ¢~ tenXs
TapTen = Tentab + (4 — ¢ )Tacton + (g — 4~ )ten Xs
TabTen = TenTab + (4 — ¢ )TacTon + q(q — ¢ )ten (X5 + Xo)

Note that zanZer = qren(Xs + Xg) because we can just switch the ¢, and the t.,. So:

TabTen = TenTab + (= ¢ )Tacin + (¢ — ¢ ) Zanep
Recall we proved that z;; = —qx;; if ¢ < j. So 2ep = —qxpe. So:

TabTen = TenZab + (0 — ¢ )TacTin — ¢(q — ¢ ) TanTbe
Now we are done with the cases where one path has no parent path.

Now, to use induction we must find the relation between z;;’s in n x n and those inn —1 xn —1. We
begin with
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Next we note that every path P;; which is not one of the cases prviously dealt with has a parent path Py,

inn —1xn— 1 thus we have:
2ij = Y it w(Pa)ty tn
kl Py

Where k and [ can range i < k < j < [ < n since the relevant paths are transpose disjoint and thus &
cannot be larger than j. If it were then the path would cross it’s transpose at tg,.

Now we observe that the t’s can be pulled out of the inner sum to get the formula for zy; within the
formula for z;;.

Zij = ) tintin (D wPa))ty tin = Y tintia @ty tin
k,l P k.l

So now we examine the product of two such x;; sums. We refer to the summand in the expression on
the right side in the above display as a term, and when we speak about “two terms” or “both terms” we
are referring to the product of two such expressions. For convenience we will now deal with slightly new

notation. Where before we had i < k < j <1 < n, we will now look at a < a’ < b < ¥ < n. So our product
looks like this:

-1 —1 -1 -1
TabpLed = E tanta'nxa’b’tb/ntbng tentonTerd't gy tdn

a’,b’ ¢, d!
-1 —1 —1 —1
= § tanta/nxa’b’tb/ntbntcntc/an'c’d’td/ntdn
a’ b’ ¢, d

This is the form we will use from now on. Next we must find a rule for commuting ¢’s with z’s. This
turns out to be relatively simple since = is made up of the wieghts of paths on which we we can use Lemma
5.4. Thus simple manipulation gives us:

tin®jx = tin Z w(Pjy,)
Pj%k
= > tww(P)
Pj*}k
= ¢Cw(Pj)tin
Pj_k
= ¢"zjitin
Where
5= 0 if j£1#£k,
=1 else.

Thus we have

; e ifj#i#k,
inLjk = 1
q Tkt else.

Now having a way to manipulate all elements in our parent form of x,, we can attempt to verify the
relations by adding both sides of the equality together and using the expanded form. Since both terms have
the same possible values of a’,¥’, ¢’ and d’, we can compare the terms with the same values of a/,¥’, ¢’ and
d'.

But in order to compare the terms we will need a convenient way to get the two terms in the same, or at
least similar, order.

Notation 5.9 (Standard Form). The order we will want to work with is
tent omtant g ijThit g tanty nton

Where the pair of z terms in the middle may be arranged x;;x5; or xx;x;;. From now on we will refer to
this form as the Standard Form, in some cases using the following shorthand expression:

—1 -1 -1 -1
SF(IUIM) = tcntc/ntdntd/nIijzklta/ntantblntbn-
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Getting both terms into Standard Form will create a lot of ¢’s which we will now attempt to organize. To
get the term from .44 in the proper form we need to swap the positions of:

(1) Terat
(2) tamTay
(3) tanTa’b!
(4) tantom,
(5) Terdrtan
(6) tymtan

The first two will cancel with each other as will the last four. This is because (1) will create a ¢~ and (2)
will create a . Between them, (3) and (4) will create a ¢~! with (3) creating it if a = a’ and (4) creating it
otherwise. By the same logic (5) and (6) create a ¢ which then cancels with the ¢~! from (3) and (4). Thus
TedTap can be put into standard form without creating any extra ¢’s.

On the other hand the term from z,,x.q will need 30 different swaps. Six of these are the same as the
six above. Four more (xa/b/t;i, xa/b/tg,b, t;hxc/d/, t;iwc/d/) will cancel with each other, leaving 20 swaps

which can be grouped into four groups of six with each group looking like this:

tantsn
2
tant g
tamtorm

Torlgn

tomzﬁ’

Where « € {a,b} and 8 € {¢,d}. The final two terms are included in two seperate groups each. However,
if those terms create a ¢, that ¢ will only be counted in one group since we are only considering one of z’s
indices per group.

The ¢’s created by the group as a whole will depend on the relations of o, 8,a’ and 3.

Let us assume that o < 8, (we can then generalize by inverting whatever ¢’s we create in the case of
B < «). This assumption gives us three possible general positionings:

(1) <d<p<p
(2) <B<d <P
(3) <p<p<d

Depending on whether each < is < or is = each of these three can be expanded into 8 different orderings.
However these 24 orderings will have much overlap when an equality allows a swap in position, thus let us
take positioning (2) as the default positioning. Now only those positionings from (1) which have o/ < 3 are
unique. In addition the ordering between o and o’ does not make a difference, the same goes for 3. Thus
positioning (1) only results in one relevant ordering: o < o < § < f'. By similar logic positioning (3)
only results in one relevant positioning: o < 8’ < 8 < o’. Thus we have 10 possible relevant and unique
orderings.
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(1) a<d <pB<p
(2) a<f <p<d
(3) a=pf=a=p
(4) a=pg<a =p
(5) a=p=ad <p
(6) a=8<d <pf
(7) a<f=a=p
(8) a<fB<ad =48
(9) a<fB=ad <pf
(10) a<pB<ad <p

We can reduce this even further by noting that if 8 = o then x,/tg, will create a ¢ in its swap while
tarntsn will create nothing in its swap. On the other hand if 8 < o’ then the situation will be reversed and
Zortpn Will create nothing while to/,,tg, will create a g. Thus 8’s relation to ' is irrelevant in (3) through
(10), leaving us with only 6 cases to check in Table 5.1:

a<d <p<p
a<f <p<d
a=p<ao =4
a=p<ad <p
a<fB<ad =4
a<pB<ad <f

TABLE 5.1. A list of the ¢’s created by each swap with the given ordering. Three orderings
cancel out while three do not.

Swap |a<d <B<fB |la<f << |a=p<a =05
tantﬁn q q -
t;,lntgn/xa/tﬁn q_1 q q
tant g, gt gt q!
tarmtpm q ¢! -
tom,xﬁ’n - - -
Swap |la=p<d <f |a<f<d=p|a<f<d <p
tomtﬁn - q q
t;;lntﬁn/xa’tﬁn q q q
tant g, q! q! g
Lorntarm q - q
tanxﬂ’n - - -

We can see then that the only cases where the ¢’s don’t cancel are:
la<p<a <pf
Ma<p<d=p
I a=p<d <pf
We will now use these relation types to expedite the analysis of terms. FEach relation type will be
henceforth referred to using its roman numeral type here. Thus an ac problem of type I will indicate that
a < c<a =c. To reintroduce the possibility of 8 < a we add inverse types, where a bd problem of type
1! would indicate that d < b < d' < ¥'.
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5.2. In Depth Relation 2: a < b = c < d. Now let us take an in-depth look to the case where a < b =
¢ < d. Verify the given relation by adding both sides of the equality together:

—1 —1 —1 —1 —1 —1 -1 -1
Labled = E tant i Ta'b Ty tontent oy Terdr by tdn + 4 E tentonTerd't gy tantant 4y Tarb Ty, ton

a’ b’ ,c,d’ a’ b’ ¢ ,d’

We will now split these up into cases based on the possible relations between a’, b, ¢’ and d'.

Case 1: ¢/ =¢ <V < d

Since we know that a < b = ¢ < d and that a’ < b, we know that a’ is strictly less than all the other
prime terms. Thus this case and all other cases where a’ is not the smallest are impossible.

Case 2: a/ <V = < d

Along with the given relations this gives us the total ordering a < a’ <b=c¢ <V = <d < d'. In this
case none of the problem cases arise in putting the terms in Standard form, the only possible ¢ arises from
Tap Tergr Which given the relations satisfy Relation 2 we know adds a single g to the left term which is what
we wanted in order to now cancel with the equal and opposite term from the right.

Case 3: o/ < <V =d

This case gives us the total ordering a < a’' <b=c¢ < <d <V =d, which has a problem case with bc
and with bd. The bc is a type III~! problem which creates an extra ¢~! while the bd is a type II problem
which creates an extra q. These cancel leaving us with nothing extra except the ¢ created by the switching
of x4y and xyg. A single g being what we wanted to cancel with its equal and opposite term on the right.

Case 4: a/ < <d <V

This case creates the total ordering a < @’ < b=c < ¢ <d <d < V. This ordering has a type 117!
problem with bc and no others. Also satisfying Relation 4 means no ¢ is created when the z’s are swapped.
Thus we have an extra ¢~ and this term will incompletely cancel leaving a term which looks like:

(¢!

— Qtent pntantynToa Tawtymtantynton
Case 5: ¢/ < <V <d
This case forks into two possible total orderings:
a) a<d <b=c<d<d<l<d
b) a<d <b=c<d <V <d<d
Subcase a:
This has a type I11~! problem with bc as well as a type I problem with bd, which creates a ¢~* and a ¢>
leaving a single extra ¢ before the swapping of the x’s. Since the primes satisfy relation 5, switching the x’s
breaks it into two terms:

1

qtcnt;}ltdnt;}nxc’d’xa’b’t;lztantl;}ltbn
which cancels with the corresponding term on the right and:
(@° = Dient o tant g @arar Ternrt g, tanty ton

which remains (and will end up canceling with the left over term from case 4, more on that later).

Subcase b:

This has a type II1~! problem with bc and no other problems leaving a ¢~' before the = swap, which
breaks it into two terms:

(q_l )tcnt;itdnt(jhmc’d’xa’b’t;}ntant;itbn

which will cancel incompletely with the corresponding term from the right to become:

-1

(@' = Qtentotant phTeoarTavt b tanty - ton

and the second term is:
(1= 4 tentpptant gm@arar oyt gptantynton
(later we will show that these will cancel with another left over term from the upcoming case 6).
Case 6: o/ <V < <d
This case results in a total ordering of a < a’ <b=c <V < <d < d. This time we have a type I1]
problem with bc but no other problems before the z swap. Thus upon adding in the ¢ and breaking it up
we get these three terms:

—1 —1 —1 —1
(Q)tcntclntdntdlnxc’d’ za’b/ta/ntantblntbn
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which cancels with the corresponding term on the right.
(¢% = Dient o tant o Tarer Torartymtanty o
and
_(q3 - q)tcnt;}btdnt;;xa’d’mb’c’t;lztantl;;tbn

So now let us examine what happens to the left over terms from cases 4, 5 and 6.
If we have a case 4, then we know from the total ordering that d < &', and that b < d’. This means that
the values of b’ and d’ appear in another term in switched places. Thus we have one term with:

a<d <b=c<d<d<d <l
and another with:
a<d <b=c<d <d<bth<d

where b} = d}, and d} = b,

The same logic applies in the opposite direction so the existence of either one of these terms implies the
existence of the other and they must come in these pairs. One of these terms then is a case 4 and the other
is a case Ha. Thus from both these terms together we have:

(¢t — q)tmt;;tdnt;fnxdda Tarv, t;;tmt;ﬁltbn
and

(@* = Dientptant s, Tarayev,tam tanty, nton
Now use the given equalities to substitute and make the second term be:

2 -1 —1 —1 —1
(q - 1)tcntc/ntdntb/1nxa/b/lxc’d’l ta/ntantdllntbn

Since the primes in 1 satisfy relation 4 the z’s can be simply commuted. Next we need to switch the positions
of t;,} and t}’ .
1 1

Following the creation and cancellation of ¢’s we see that:

-1 —1,-1 _ —1,-1 —1,-1
tb/lnxa’b’lxc’d’ltanta/ntdlln =4q tdllnxa’b’lIc’d’ltanta/ntblln

Thus the second term becomes:

—1/.2 —1 —1 —1 —1
q (g _1)tcntc/ntdntd/lnmc/d’lxa’b’lta/7Ltantb/lntbn

Which is the equal and opposite term to the first and they cancel leaving only the terms from 5b and 6. By
the same logic as before, only this time switching ' with ¢/, a term of type 5b:

a<d <b=c<d<by<d<d
will exist if and only if there exists a corresponding term of type 6:
a<d <b=c<dy<by<d<d

where ¢} = d), and d}| = ¢.
Thus we have four leftover terms:

(1) (07" = @tent o tant g Teyar oty tant o
(2) (1= 4 tent o tant g Tara Tyt tant o
(3) (6% = Dtenth tant gh Tarey Tt g tanty ton
(4) —(0® = Dtent g tant gh ara Tyt tanty o ton

which after substitution become
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1
2
3
4

Q)tcnt ' tdntd' Tt d/za/blta ntantb/ ton

/\

—dq 2)tcntclntdntdl La'd Ly bl ta ntant 1 tbn

(q2 1)t b/ tdntd/ La'v) Le, arty ntant /1 ton
3

(1)
(2)
(3)
(4) (@ = Q)tenty tant g Tara ey tamtant; /1 ton

We can see that (1) and (3) resemble each other as do (2) and (4). However to complete the resemblance
we still need to swap the 2’s in (3) as well as certain ¢’s in (3) and (4). After these transformations are
acomplished we end up with five terms:

—1 1 —1 —1
( —dq tcnt | tdntd/nzc'ld’xa’b’lta/ntantbllntbn

—2 —1 1 —1 —1
( —q ten t/ tdntd/nma’d’xc’lb’lta/ntantbllntbn

(¢ Na—a ") -

1
(@)@ = Q)tent tant g Tara ey tamtanty ton

)
)

(@ )(@* = Dient g tantgm@e;arTare, tamtanty  ton
Dtent, thntd/ Tard Ty Egrmtanty ton
)

Now all that remains is to add the coefficeints of like terms:

(' =9+ @) -1)=0
e B O [ R N D S [ A
=(1-q¢)+0=q¢)(@-1)— (1)
==+ (@ -1-14+¢)—(-1)
=0

Thus all terms cancel within our original sum and we now have that

TapTed — qTedTap = 0,

which proves our second relation.

5.3. Pairing Cancellations. In order to prove all the relations we will have to do this same process for
every possible ordering in every relation. Unfortunately no other relation has as few cases as the second.
Thus we will not be going over every possible case, only describing the necessary steps for proving that two
terms cancel out. Tables describing all possible terms and which terms they cancel with are provided.

Some of the terms will cancel completely with their corresponding terms with the same ordering, like
cases 2 and 3 in relation 2. Others will need pair terms in order to finish canceling like cases 4, 5, and 6. We
describe that process here.

If two primes are not equal but are next to each other in the ordering, then they have the same relation
to all other elements in the order with the possible exception of one being equal to a non-prime. In this case
there must exist another term with the same ordering but with the values of the those two primes switched.
We must examine these terms together. When placed in standard form the two terms will differ by ¢? since
either we have a Type I problem and no problem or a type III problem and a type III~! problem. Let the
term with 7' € {a/,0'} <" € {¢/,d'} have a coefficient of & which makes its paired term have a coefficient of
ag~ 2. Next commute the 2’s in both terms and subtract the corresponding term. Now substitute the values
of the primes in the first term for the values in the second. That is, we know that v; = d2 and 5 = ;1 so
make all the primes have matching subscripts. In order to get it back into standard form we must move the
two swapped primes in opposite directions. Since they have the same relations to all other elements, any ¢
created by the passing of one will cancel with the ¢~ ! created by the passing of the other in the opposite
direction. The only possible problem is if one is equal to a non-prime, however the non-prime which it is
equal to will not be one of the elements with which they need to switch and thus is not a problem. The only
q left over will be from the passing of the two primes themselves, which will create a q. Now, if needed, swap
the z’s again to match with the other term. Finally add up the coefficients.
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Using these steps we find the formulae for the left over terms for each swappable case, described in Table
5.2.

TABLE 5.2. With a given ordering of the primed indices, the terms left over after a term with
that ordering has been pair canceled, along with the a requirement for complete cancelation.
Where « is as described above and 3 is the coefficient of the corresponding term on the right
side of the relation. The subscripts indicate which primes are being swapped.

Primed Ordering Leftover Terms Canceling Requirement
d=cd<bt<d | (gt —=B+aq—BP)SF(xeatay) a = fq
dy <y <tV =d|(agt - B+aq3—B¢*)SF(xeaza) a = fq
d<d <ty <d| (a-B+aq?—Be)SF(zearar) o = B

(Oéq + ﬁq - Oéqfl - ﬂqS)SF(.Z‘a/d/xc/b/)

all < C/1 < d/ < bl (O[q72 — ﬁ)SF(‘rc’d/xa/b’) o= ﬂqQ
(Olq_2 — B)SF(xa’d’xc’b’)

d<al <di <V (aq2 — B)SF(xerqrany) a = Bq?
(aq72 —B)SF(rearran)

d<ad <b <d (g2 = B)SF(zerarTarv) a = B¢
(aq_l - 5q)SF($c’b’xa’d’)

a < bll < Cll <d (a — 6)SF(xc’d/xa/b’) a=p
(aq — Bq)SF (xarcrwpyar)
(a - B + aq2 - Bq2)SF($a’d’$b/c’)

a <d<b<df (a — B)SF(xogxaw) a=0
(g — Bg)SF(zarar )

a’l < C/1 <b <d (a — ﬁ)SF(l’a/d/(EC/b/) o= 5
(g — Bq)SF (zerararv)

ay < <dy <¥ (200 — 2B)SF(xerqr Tarpr) a=p4

6. CANCELLATION CASES

6.1. Relations 1,2,3, and 4. Unfortunately in order to check the relations we need to check all possible
orderings of a, b, ¢c,d and their primes. We use the same methods used in the in-depth checking of Relation
2 and those described in the pair cancellation section in order to pair up and cancel out all terms. Tables
6.1 through 6.4 give an outline of which terms match up and how for relation 1 through 4.
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TABLE 6.1. Relation 1: @ = ¢ < b < d. A list of all possible orderings when a, b, c and d
are in relation 1 and how they cancel out individually or in pairs.

Ordering
Non-Paired Terms Left Term Right Term
a=c<d = <b<d<d =b|q¢gSF(xcgtar) | ¢SF(xogxa)
a=c<d=cd<b<lV<d<d qSF(:Cc/d/LZ}a/b/) qSF(:lJC/d/l‘a/b/)
a:cga'<b§b':cl<d§d’ qSF(xc’d/xa/b’) qSF(xc’d’xa’b/)
a:cga’ <b§c’<d§b’:d’ qSF(xC/d/acarb/) qSF(acC/d/xa/b/)
Paired Terms « Required o
a=c<d <d<b<d<d <V 7 7
a=c<cd<d<b<d<¥V <d
a=c<d <d<b<d<li=d q° q*
a=c<cd<ad <b<d<lV=d
a=c<d <d<b<d<bV <d q q
a=c<cd<d<b<d<d <V
a=c<d=cd<b<d<¥V <d q? q?
a=c<d=d<bcd<d <V
a=c<d <d<b<¥V<d<d q q
a=c<cd<d<b<¥V<d<d
a=c<d <b<V<d<d<d q q
a=c<d <b<d<b<d<d
a=c<d <b<d<d<¥<d q q
a=c<d <b<d<d<d <V

TABLE 6.2. Relation 2: ¢ < b = ¢ < d. A list of all possible orderings when a, b, ¢ and d
are in relation 2 and how they cancel out individually or in pairs.
Ordering
Non-Paired Terms Left Term Right Term
a<d <b=c<bV=¢<d<d|q¢SF(toaTar) | gSF(XeaTap)
a<d <b=c<d<d<d =V |¢SF(xegrar) | ¢SF(xogxa)
Paired Terms «a Required o
a<ad <b=c<d<d<¥<d q q
a<ad <b=c<d<d<d <V

a<ad <b=c<bV<d<d<d q q
a<ad <b=c<d<b<d<d
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TABLE 6.3. Relation 3: a < ¢ < b =d. A list of all possible orderings when a, b, c and d

are in relation 3 and how they cancel out individually or in pairs.

a<c<cd<ad<b=d<d <V

Ordering
Non-Paired Terms Left Term Right Term
a<d <ec<d<b=d<lV =d|q¢SF(xevgtar) | ¢SF(xogxa)
Paired Terms «a Required «
a<c<d=d<b=d<¥V <d 7> q>
a<c<d=d<b=d<d <V
a<c<d <d<b=d<b=d ¢ q>
a<c<cd<ad<b=d<b=d
a<d <c<d<b=d<lV <d q q
a<a <c<cd<b=d<d <V
a<c<d<d<b=d<d <V q q
a<c<cd<d<b=d<b <d
a<c<d<d<b=d<V <d ¢ ¢

33
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TABLE 6.4. Relation 4: a < ¢ < d < b. A list of all possible orderings when a, b, c and d
are in relation 4 and how they cancel out individually or in pairs.

Ordering

Non-Paired Terms Left Term Right Term

a<c< a=c <d<b < d=1b qSF(xc/d/xa/b/) qSF(xc/d’xa’b')

a<c<d=cd<d<d<b<ld qSF(SCc/d/LZ}a/b/) qSF(:lJC/d/l‘a/b/)

a<c<d<d<d=d<b<d qSF(xC/d/:va/b/) qSF(ZC/d/ZL'a/b/)

a<d <e<d<d<b<¥V=d|qSF(xoatar) | ¢SF(XeqTap)

( ) ( )

( ) )

a<c<cd<d<d <b<¥=d|qSF(xoatar) | ¢SF(XeqgTay
a<d <e<d<d<d<b<¥V|q¢gSF(toatar) | gSF(XeaTay
Paired Terms o Required «
a<c<d=d<d<b<¥ <d q q
a<c<d=d<d<b<d<¥V

a<c<d <d<d<b<b=d q q
a<c<cd<ad<d<b<b=d

a<ad <c<d<d<b<¥ <d 1 1
a<ad <c<d<d<b<d <V

a<c<d <d<d<d<b<d ¢ q>
a<c<cd<d<d<d<b<ld

a<c<d<d<d<b<V <d q> q*
a<c<cd<ad<d<b<d <V

a<c<d<d<d<b<d <V 1 1
a<c<cd<d<d<b<¥ <d

a<c<cd<d<ad <b<lV<d q> q>
a<c<cd<d<d<b<d <V

a<c<d<d<d<d<b<l q? q>
a<c<d<d<d<d<b<d

6.2. Relations 5 and 6. For relations 5 and 6, we note that the right side of the relation has multiple
terms, thus the cancellation rules must take the extra term into account. The first step is to find the rules
for putting the extra term into standard form.

For relation 5 the original form of the new term is:

—1 —1 —1 —1
tant gy Tard' gy tdntent Tt by ton

Thus to get it into standard form we need to make these swaps:

(1) t;}ﬂtdn (9) tanma'd’ (17) t;’izt;’:rll
(2) tant(;’t (10) zaatan (18) tanten
(3) tohtnl (1) tantyl (19) tentsh
(4)  tantan  (12) tplten  (20) ) ten
(5) tomTara (13) tgpton  (21) toaey
(6) Zwatyy, (14) taten  (22) Taat,,
(7) tgrtan  (15) tanTew

(8) tantyh  (16) zaaten

Since for this term a < a’ < d < d’, (1)-(4) will cancel. Similarly to what we have seen previously (5) and
(6) will cancel with each other, and (7) through (10) will cancel. Since in this term ¢/ < b < d, (11) through
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(14) will cancel. (15) through (20) form one of the groups we outlined before, thus we can describe the ¢’s
created by looking at the formation of a,a’, ¢ and ¢/. Finally we note that the last two terms, (21) and (22),
will cancel except in the case of a’ = b’ when they create a q. Thus we can now check what happends to each
possible ordering in relation 5, taking both the first and the second term on the right into account. This is
done in Tables 6.5 through 6.11.

TABLE 6.5. The set of terms which will cancel with the corresponding first term on the left.

Single First Only Terms

Left Term

First Right Term

a<ad <c<b<V=(<d<d

a<ad <c<b<d<d<d =V

SF(:Cc/d/LZJ(,/b/)

SF(ic/dfxa/b/)

SF({EC/d/I’a/b/)

SF(acC/d/xa/b/)

TABLE 6.6. The set of terms which pair cancel with the corresponding pair on the first right.

Paired First Only Terms | a | Required «
a<a <c<b<d<d<b¥V<d]|1 1
a<ad <ec<b<d<d<d<¥V
a<a <c<b<bV<d<d<d |1 1
a<a <c<b<d<bV<d<d

TABLE 6.7. The set of terms which cancel individually but need both the first and second
term on the right to do it. In some cases the equality of certain primes is used.

Single 1st and 2nd Term

Left Term

First Right Term

Second Right Term

a<c<d=d<b<d<¥=d
a<c<ad =cd<b<¥<d<d
a<a <c<d<b<d<d =V

a<d <c<d<b<V<d<d

q2SF(xc’d/‘Ta/b’)
PSF(teaan)
q2SF($c’d/xa/b’)

SF({EC/dll’a/b/)
(q - q_l)SF(xa’d’mc’b/)

SF(IC/d/JSa/b/)
SF({L‘C/dILL'a/b/)
SF(J,‘C/d/J?a/b/)

SF((L'C/d/iL'a/b/)

(q2 — 1)SF(IC’d/Ia/b/)
(> = 1)SF(zeazany)

(QQ - 1)SF(xc’d’xa’b/)

(q—q HSF(zoazar)
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TABLE 6.8. The set of terms which are paired orderings which do not meet the « require-
ment to cancel with the first right pair terms alone but which have their remainder terms

cancel with the paired second term.

Pair 1st and 2nd Term

Remainder Term

Second Right Term

a<c<d=d<b<d<¥ <d
a<c<ad =d<bgd<d <V

a<c<d<d<b<d<d=V
a<c<cd<ad<b<d<d ="V

a<a <c<d<b<d<¥ <d
a<a <c<d<bgd<d <V

a<c<d <d<b<V<d<d

a<c<cd<ad<b<¥<d<d

(1 + q4)SF(.’L‘C/d/{L'a/b/)
(14 ¢"SF(zoaTan)

(q2 - 1)SF(xc'd’-Ta’b’)
(QS - Q)SF(xa’d’xc’b’)

(@® — )SF(zeazay)
(q2 — 1)5F((Ea/dlircld/)

(1+¢"SF(zeazay)
(1 + q4)SF(xc’d’za’b/)

(q2 — 1)SF(xc’d'$a'b’)
(q3 - Q)SF(xa’d/xc’b’)

(@° — @)SF(zeazay)
(q2 — ]-)SF(wa’d’(Ec’d’)

TABLE 6.9. Four separate orderings which must be considered together to cancel.

Four-way Cancel

Left Term

1st Term

2nd Term

a<c<d<d<b<d<lV <d
a<c<d<d<b<d<d<V

a<c<cd<d<b<d<bd <d
a<c<d<d<b<gd<d <V

q4SF(xc’d/xa/b’)
(@° = ¢*)SF(zeyzoa)
PSP (2o Tarar)

qSF(:Cc’b’xa’d’)
q2SF(xc’d’-Ta’b’)
(¢* = @)SF(zeopTarar)

SF(Qj‘c/d/Jja/b/)
4SF(zoyTaa)

q3SF($c’b’xa’d’)
QQSF(xc’d’xa’b’)

(q3 - Q)SF(xc’b’xa’d/)

(" —¢* —¢* = )SF(zevtara)
(¢* = ®)SF(zoazan)
(q2 — 1)SF($c’d’$a’b’)
(q3 - q)SF(xc’b’xa’d’)

TABLE 6.10. The set of terms which do not cancel with the first term and have no direct
second term to cancel with, but which can cancel with the term found in the second term if
a’ and ¢ are switched (a ¢ is added in the process just like the pair cancellation switch they

have the same relation to all the elements they need to swap with).

a’, ¢ Swap Singles

Left Term

1st Term

Swapped 2nd Term

a<c<d <b<V=(<d<d
(a<e<d<b<bV=d<d<d)

a<c<d <b<d<d<d=V¥
(a<e<d<b<d<d<d=V)

qQSF(l‘c’d’xa’b’)

@ SF(zearzan)

SF(.%‘c/dfl‘a/b/)

SF(Z’C/d/.’Ea/b/)

(q2 — 1)SF($C'd’xa’b’)

(> = 1)SF(zeazan)

TABLE 6.11. The pair cancellation version of Table 6.10.

a’,c Swap Pairs | a

Remainder Term

Swapped 2nd Term

a<c<ad <b<d<d<¥V<d
a<c<ad <b<d<d<d<¥
(a<ce<d<b<d <d<d <)
(a<e<d<b<a <d<¥V <d)

a<c<ad <b<V<d<d<d
a<c<d <b<cd<bV<d<d
(a<e<d<b<lV <d<d<d)
(a<e<d<b<a <V <d<d)

q2

(q2 - 1)SF(xc’d'za’b/)
(@® = @)SF(@aazey)

2 1)SF(xc’d'Ia’b/)
(@® — @)SF(zararzey)

(q2 - 1)SF(IC’d/za/b/)
(@® = Q) SF(zaazey)

2 1)SF($c’d/£Ea/b/)
(@ — OSF(zarazey)
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In relation 6 we notice that there are in fact three terms to be aware of. We use the same process as in
relation 5 to determine that the second term can be placed in Standard Form with a g created when a’ = b’
or ¢ =dand a g ! when ¢ = d’. The third term can be placed in Standard Form by looking at the relations
of a,c,a’,c and d,c,d’,c in addition a ¢~! is created when d’ = ¢ and q is created when a’ = V' or ¢ = d.
This last q is a possible problem but can ignored when comparing a second and a third term since both will
have it. It can also be ignored when pair and swap comparing since when we substitute into the same case
the ¢ will work out to being the same created in both terms. Thus we are ready to check all possible terms
for relation 6 in Talbes 6.12 through 6.20.

TABLE 6.12. One of the terms from the left side will cancel singly with the three corre-
sponding terms on the right.

Ordering Left Term Right Term
a<ad <b<b<ec<d<d<d SF(XerqrTarpr) SF(ZerqrTarpr) 1st Term
(q—qg HSF(zaerva) | (¢—q¢ H)SF(xegwaya) | 2nd Term
7(q2 - I)SF(Ia/d/xblcl) 7(q2 - I)SF(Ia/d/xb/c/) 3rd Term

TABLE 6.13. The term on the left side which will cancel with the corresponding first and

second terms on the left.
Single Canceling Left Term 1st 2nd

a S ad<b<ec < bV =c <d § d QQSF(CEC/d/I'a/b/) SF(xc’d’xa’b’) (q2 — l)SF(ZC/d’xa’b’)

TABLE 6.14. The terms which will pair cancel with the first and the remaining term will
cancel with the corresponding 2nd term ordering.

Pair Canceling | « Remainder Term 2nd
a<ad <b<c< v <d<d < d q2 (q2 — 1)SF(£L'C/d/(Ea/b/) ( Z7_ )SF(xC/d/xa/b/)
a<d <b<c<d<bV<d<d (@® — q)SF(zarermyrar) ( 3 —q)SF(xe c/xb/d/)
(¢* = D)SF(zgazye) | (¢ — D)SF(xgazye)

TABLE 6.15. The final three orderings of the left term need to swap b’ and ¢’ in order to
match up with orderings in the second term. In this case when we swap the positions of o’
and ¢/, since they are not in the same relative positions to all the swapping elements the g
creation must be tracked manually.
Single Swap Canceling Left Term 1st Swapped 2nd
a<d <b<c<d<d<d=V|¢@SF(xoavar) | SF(@eatar) | (2 —1)SF(xeaza)
(a<d <b<e<b <d<d =)

TABLE 6.16. The pair cancelation version of Table 6.15.

Pair Swap Canceling | « Remainder Term 2nd
a<d <b<c<d<d<bV<d|q¢|(¢-1)SF(regrar) | (¢* —1)SF(xeaTap)
a S Cl/ < b <c S CI < d S d/ < b/ (q3 — q)SF(JCa/d/.Z‘c/b/) (q3 — q)SF(J)a/d/xc/b/)

(a<d <b<c<t <d<d <)
(a<d <b<ce<t <d<d<d)

Now we note that we have canceled out all the orderings from the left term but have not yet dealt with
all the orderings from the two extra terms on the right. These extra terms will cancel with each other in a
very similar way to what we have seen before.



N.E. CAMPBELL, K. CASTEELS, P. COY, T. GOMEZ, AND C. KEANE

TABLE 6.17. Terms where the last two terms on the right cancel with each other.

Single 2nd 3rd Term Canceling

2nd

3rd

a<b<d =bV<c<d<d<d

a<d <b<bV<e<d<d =<
a<b<d <bV<e<d<d =<
a<b<lV <d<e<d<d =<

/

a<b<d=bV<c<d<d=c

(q2 - 1)SF(xa’c’93b’d’

(1 — qiz)SF(l'a’cll'b/d )
(1—-q2)SF(zaemyar)
(1- q_2)SF(.’L‘a/C/.%‘b/d/)
(q — q_l)SF(xa’c’xb/d')

—(¢* = 1)SF(zarcrpar)

~(1 = ) SF(zarwya)
(1 - ) SF(zawya)
_(1 - q_Q)SF(xa’c’xb'd’)
_(q — q_l)SF(xa’c’xb/d')

TABLE 6.18. Terms where the last two terms on the right cancel with each other in pairs.

Pair 2nd 3rd Term Canceling

2nd

3rd

a<b<d <l <e<d<d<d
a<b<lV <d<e<d<d<d

a<b<d ="V
a<b<d =V

<c<d<d </
<c<d<d<d

a<a <b<ld
a<a <b<ld

<c<d<d <
<c<d<d<d

<c<d<d </
<ec<d<d<d

a<b<ad <V
a<b<d <?t

<c<d<d <
<c<d<d<d

a<b<dt <d
a<b<it <d

(¢—q¢ )SF(xaremyar)
(1 - q72)SF(xa’d’-Tb/c/)
(- q )SF(zaarey)
(¢* — Q)SF (xararzerny)

(q — q_l)SF(.Ta/C/LL'b/d/)
(q2 - Q>SF(xa’d'mb’c’)

(q2 - 1)SF(xb’c’xa’d’)
(@® — )SF(zyazac)

(q - q_1>SF($a’c’-rb’d’)
(q2 - 1)SF(xa’d’xb’c’)

*((]2 — 1)SF(xa’d/xb’c’)
—(¢—q ")SF(zaezyar)
(q2 -2+ q_Q)SF(ma’d’xb’c’)

—(¢®* = q)SF(zgazea)
—(q—q¢ HSF(zagrea)

—(¢* = )SF(zaatyer)
_(q - q_l)SF(xa’c'l‘b’d’)

Q)SF(xpaza )
1)5F(£L’b/c/xa/d/)

—(¢* -
—(¢* -
_(q2 — 1>SF<xa’d'$b’c’)
—(¢—q ")SF(zgeaya)

TABLE 6.19. The final group of orderings, in order to match up orderings from both the
second and the third term need to switch a’ and ¥'. When we switch these two we want o’
in front of @’ as it is in the second term. Getting into this positioning will create an extra
g~ 1 in the third term.

Single Swap Cancel 2nd and 3rd

2nd

3rd

a<b<d <cec<d=V<d<d
(a<b<VV <e<d=d<d<d)

a<b<d <ec<V<d<d=¢
(a<b<ltV <c<a <d<d=/)

(q - q_l)SF(xa'c’xb/d’)

(1 — q_2)SF($a/c/xb/d/)

—(¢—q ")SF(zgezya)

_(1 - q_2)SF(xa’c’xb’d’)
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TABLE 6.20. The pair version of Table 6.19.

Pair Swap Cancel 2nd 3rd
a<b<d <e<lV<d<d<d (q — qil)SF(:ca/c/;z:b/d/)
a<b<d <c<d<lV<d<d (> = 1)SF(zypwerar)
(a<b<lV <ec<ad<d<d<d) —(¢® = qQ)SF (g e prar)
(" —a?=q?+1)SF(zgatye)
(a<b<VV<e<d<d<d<d) (@ —q—q+q¢ H)SF(zaerzya)

—(¢* = 1)SF(zarprterar)
_(q4 - q72 - q72 +1)SF(vaary )

a<b<d <c<b<d<d<d (q—q HSF(zyawae)
(q2 -2+ q72)SF(.’Iia/d/JL‘b/C/)
a<b<d <c<V<d<d < (17q72)SF(:L‘a/d/.Tb/c/)
(a<b<lV<e<d<d<d<d) —(¢* = 1)SF(zgrazea)
(a<b<lV<e<d<d<d<d) —(¢—q VH)SF(zpazae)

We have now shown that the generators of A,, satisfy all of the relations of O4(Sk,). This shows us that
¢ is well-defined, and therefore is an isomorphism. So now, we have a nice combinatorial model for O, (Sk,).
This is useful for many applications, such as studying the spectrum of prime ideals.
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