
ON THE MODULI SPACE OF THE SCHWARZENBERGER BUNDLESPAOLO CASCINIAbstra
t. For any odd n, we prove that the 
oherent sheaf FA on PnC, de�ned as the
okernel of an inje
tive map f : O�2Pn ! OPn(1)�(n+2), is Mumford-Takemoto stableif and only if the map f is stable, when 
onsidered as a point of the proje
tive spa
eP(Hom(OPn(�1)
2;O
(n+2)Pn )�) under the a
tion of the redu
tive group SL(2)� SL(n+2).This proves a parti
ular 
ase of a 
onje
ture of J.-M.Drezet and it implies that a 
omponentof the Maruyama s
heme of the semi-stable sheaves on Pn of rank n and Chern polynomial(1 + t)n+2 is isomorphi
 to the Krone
her moduli N(n + 1; 2; n + 2), for any odd n. Inparti
ular, su
h s
heme de�nes a smooth minimal 
ompa
ti�
ation of the moduli spa
e ofthe rational normal 
urves in Pn, that generalizes the 
onstru
tion de�ned by G. Ellinsgrud,R. Piene and S. Str�mme in the 
ase n = 3.1. Introdu
tionLet us 
onsider all the exa
t sequen
es:0 �! I� 
OP(V ) fA�!W � 
OP(V )(1) �! FA �! 0 (1)whereW , V and I are 
omplex ve
tor spa
es of dimension m+k, n+1 and k respe
tively, fA isan inje
tive morphism of sheaves 
anoni
ally indu
ed by a linear map A 2 P(Hom(W; I 
 V )�)(= P(Hom(I� 
 OP(V );W � 
 OP(V )(1))�)) and FA = Coker fA is a 
oherent sheaf of rank mover the proje
tive spa
e P(V ) (= (V � n f0g)=C � ).In parti
ular, if n = m and if the degenera
y lo
us of fA is empty, then FA is a ve
torbundle of rank n on Pn, 
alled Steiner bundle. In [GKZ℄ it is shown that A, 
onsidered as amultidimensional matrix of size (n+ k)� k � (n+ 1), de�nes a Steiner bundle FA if and onlyif its hyperdeterminant does not vanish.In [AO℄, the authors give a 
omplete des
ription of the moduli spa
e Sn;k of the Steinerbundles on Pn: su
h moduli spa
e 
an be 
onsidered as an open subset of the 
ategori
alquotient: Mn;m;k = P(Hom(W; I 
 V )�)==(SL(I)� SL(W )):with n = m. It is known that Mn;m;k is 
anoni
ally isomorphi
 to the Krone
ker moduleN(n + 1; k;m+ k) de�ned as the quotient G (W; I 
 V )== SL(I): the isomorphism is given by
onsidering the image TA := A(W ) of the linear map A : W ! I 
 V . Su
h modules areextensively des
ribed in [Dr1℄ and [Dr2℄. In parti
ular we have:Theorem 1.1. Let A 2 P(Hom(W; I 
 V )�) and T = A(W ) � I 
 V . The following areequivalent:(1) A is semi-stable (resp. stable) under the a
tion of SL(I)� SL(W );(2) T 2 G (m + k; I 
 V ) is semi-stable (resp. stable) under the a
tion of SL(I);(3) for any non-empty subspa
e I 0 ( IdimT 0dim I 0 � dimTdim I (resp. <)where T 0 = (I 0 
 V ) \ T .1991 Mathemati
s Subje
t Classi�
ation. 14F05.Key words and phrases. moduli spa
e, ve
tor bundle.1



2 PAOLO CASCINIIn general, if m � n, every element A of Mn;m;k determines a 
oherent sheaf FA on Pn =P(V ) of rankm: in fa
t, everyA :W ! I
V indu
es a morphism fA : I�
OPn !W �
OPn(1),as in (1). We will 
all Steiner bundle of rank m, a ve
tor bundle FA 
ontained in the sequen
e(1) even when m � n. Su
h bundles de�nes a moduli spa
e Sn;m;k, that is an open subset ofthe proje
tive variety Mn;m;k.Important examples of rank n Steiner bundles are the S
hwarzenberger bundles [S
hw℄,de�ned by the morphismfA = 0B�x0 x1 : : : xn. . . . . . . . .x0 x1 : : : xn1CAt 2 P(Hom(I� 
OPn;W � 
OPn(1))�):The set of equivalen
e 
lasses of these bundles is in one-one 
orresponden
e with the varietySn of the rational normal 
urves. In fa
t if W (S) = fH 2 (Pn)�jh0((F�A 
 OPn(1))jH) 6= 0gis the s
heme of the unstable hyperplanes of a Steiner bundle of rank n FA, then FA is aS
hwarzenberger bundle if and only if W (S) is a rational normal 
urve in (Pn)� (see [V℄).In parti
ular, if k = 2, all the inde
omposable Steiner bundles are S
hwarzenberger bundles(see [DK℄), and thus Sn ' Sn;2 ' PGL(n + 1)= SL(2). In this paper we will 
onsider exa
tlythis 
ase. In fa
t we will show that, if k = 2 and m is odd, then A 2 P(Hom(W; I 
 V )�)is stable if and only if the 
orrespondent 
oherent sheaf FA is ��stable. This will imply thefollowing:Theorem 1.2. Mn;m;2 is isomorphi
 to the 
onne
ted 
omponent of the Maruyama modulispa
e MPn(m; 
1; : : : ; 
n) 
ontaining the Steiner bundles. Su
h 
omponent is smooth and irre-du
ible.This result gives an a�ermative answer to a parti
ular 
ase of a question queried by J.-M.Drezet [Dr3℄. Before that, R.M. Miro-Roig and G. Trautmann had proved a similar result inthe 
ase n = 3, k = 2 and m = 3 [MT℄.Moreover the variety Mn;n;2 de�nes a smooth 
ompa
ti�
ation of the moduli spa
e of therational normal 
urves in Pn for any odd n (this result is proved in [Dr2℄ and in [ES℄). In fa
t,su
h 
onstru
tion generalizes the one given in [EPS℄, de�ned as the variety of nets of quadri
sde�ning twisted 
ubi
s.From a topologi
al point of view, [Dr2℄ provides a method to 
ompute the Betti numbers ofMn;m;2 (see also [C℄ for further details).I would like to thank V.An
ona and G.Ottaviani for many fruitful dis
ussions and the refereefor his very helpful 
omments.
2. PreliminaresLet W;V and I be 
omplex ve
tor spa
es of dimension m+2, n+1 and 2 respe
tively, with2 +m � 2(n+ 1) and let us de�ne X = P(Hom(W; I 
 V )�).For any ! 2 I we de�ne R! = ! 
 V � I 
 V : by theorem 1.1 we have that an inje
tivelinear map A 2 X is semi-stable (resp. stable) under the a
tion of SL(I) � SL(W ) if and onlyif, for any ! 2 I , dimR! \ TA � m+ 22 (resp. <);where, we remind, TA is the image of W by A (the arithmeti
 assumption over n and mguarantees that Xss is not empty).



ON THE MODULI SPACE OF THE SCHWARZENBERGER BUNDLES 3Let D(A) denote the degenera
y lo
us of fA, i.e. the set of all the points x 2 Pn su
h thatrank((fA)x : I� 
OPn;x !W � 
OPn;x(1)) � 1, then for any j 2 N we 
onstru
t the subsets:Sj = fA 2 Xssj9 ! 2 I su
h that dimR! \ TA � j +m� ng and~Sj = fA 2 Xssj dimD(A) � j � 2g:These subsets 
anoni
ally de�ne two �ltrations of X :; = Sj0+1 � Sj0 � � � � � S2 � S1 = Xss; � � � � � ~Sj0+1 � ~Sj0 � � � � � ~S2 � ~S1 = Xsswhere j0 = [m+32 ℄ + n�m ([x℄ denotes the integer part of x 2 Q).It results Sj0 = Xss nXs and in parti
ular it is empty if m is odd. Furthermore we have:Theorem 2.1.(1) Sj � ~Sj � Sj�1 for any j � 2;(2) S2 = ~S2;(3) S1 = ~S1 = Xss.In parti
ular su
h subsets de�ne a unique G�invariant �ltration:; = Sj0+1 � ~Sj0+1 � Sj0 � ~Sj0 � : : :� � � � S3 � ~S3 � S2 = ~S2 � S1 = ~S1 = XssBefore proving the theorem, we remind the following known lemma:Lemma 2.2. Let F be a ve
tor bundle of rank f on a smooth proje
tive variety X su
h that
f�k+1(F ) 6= 0 and let � : OkX �! F be a morphism with k � f . Then the degenera
y lo
usD(�) = fx 2 X j rank(�x) � k � 1g is nonempty and 
odimD(�) � f � k + 1.Proof. of theorem 2.1:(1) Let A 2 Sj , then there exists ! 2 I su
h that dimR! \ TA � j +m � n and thus !de�nes a morphism of sheaves: ~fA : OPn ! OPn(1)n�j+2. The degenera
y lo
us of ~fAis 
ontained in D(A) and by lemma 2.2, sin
e 
n�j+2(OPn(1)n�j+2) 6= 0 if j � 2, itfollows that dimD(A) � j � 2, i.e. Sj � ~Sj for any j � 2.Let now A 2 ~Sj and let us denote by D0(A) the variety of all the points x 2 Pnsu
h that rank(fA)x = 0. We 
onsider �rst the 
ase D0(A) ( D(A): ea
h pointx 2 Pn naturally de�nes an evaluation map �x : I 
 V ! P(I�). Thus we 
an de�ne� : D(A)nD0(A)! P(I�) where �(x) is the only point of �x(TA) and, sin
e dimD(A)nD0(A) � j � 2, there exists ! 2 I su
h that dim��1([!℄) � j � 3.Let R0! = ff 2 I 
 V j�x(f) = [!℄ in P(I�) for any x 2 ��1([!℄)g: in order to
ompute the dimension of R0! we 
onsider p1; : : : ; pj�2 2 ��1([!℄) not 
ontained ina linear subspa
e Pj�4 � Pn: su
h points de�ne a linear system of j � 2 linearlyindependent equations whose solutions are 
ontained in R0! and thus we have dimR0! �2(n+ 1)� (j � 2) = 2n+ 4� j.Sin
e TA; R! � R0!, we have thatdimTA \ R! � dimT + dimR! � dimR0! � j +m� n� 1;i.e. A 2 Sj�1.If D0(A) = D(A), then it 
an be similarly proven that for any ! 2 I , dimR0! �2n+ 3� j and thus A 2 Sj � Sj�1.(2) We have already proven that S2 � ~S2. Let now A 2 ~S2. As before, we 
an supposeD0(A) ( D(A).Let x 2 D(A) n D0(A) and ! 2 I su
h that �x(TA) = f[!℄g. If R0! = ff 2 I 
V j�x(f) = [!℄ in P(I�)g, then dimR0! = 2n+1: TA; R! � R0! and thus dimTA \R! �(m+ 2) + (n+ 1)� (2n+ 1) = m� n+ 2, i.e. A 2 S2.



4 PAOLO CASCINI(3) Both the equalities are trivial. �Remark 2.3. In general Si 6= ~Si: let us 
onsider, for instan
e, n = m = 3 andfA = � 0 0 x0 x1 x2x0 x1 0 0 x3�t :Sin
e D(A) = f(0 : 0 : t1 : t2)g ' P1, A 2 ~S3; but S3 = ; (see also prop. 2.5).Corollary 2.4. If m is odd and A 2 Xs = Xss then 
odimD(A) � m+12 .If m is even and A 2 Xss (resp. Xs) then 
odimD(A) � m2 (resp. >).Proof. It suÆ
es to noti
e that the previous theorem implies that ~Sj0+1 = ; and that Sj0is the set of the properly semi-stable points of X . �Proposition 2.5. If m is odd, A 2 X is stable and 
odimD(A) = m+12 , where t = m+12 , then,up to the a
tion of SL(I)� SL(W )� SL(V ), we havefA = �x0 : : : xt�1 0 : : : 0 xt0 : : : 0 x0 : : : xt�1 xt+1�t :Proof. By the proof of theorem 2.1 we have that for any ! 2 I , dim(! 
 V ) \ TA � t, where,as before, TA is the image of A as a subspa
e of I 
 V , and in fa
t, by theorem 1.1 and sin
eA is stable, it results dim(! 
 V ) \ TA = t.Thus we have, up to a 
hange of basis,fA = �f0 : : : ft�1 0 : : : 0 ft0 : : : 0 g0 : : : gt�1 gt�t ;where < f0; : : : ; ft > and < g0; : : : ; gt > are subspa
es of V of dimension t+ 1.It is easily 
he
ked that D(A) = V (f0; : : : ; ft) [ V (g0; : : : ; gt) [ V (f0; : : : ; ft�1; g0; : : : ; gt�1)and sin
e 
odimD(A) = t, it must be 
odimV (f0; : : : ; ft�1; g0; : : : ; gt�1) = t: this implies that< f0; : : : ; ft�1 >=< g0; : : : ; gt�1 > and therefore we 
an assume gi = fi for any i = 0; : : : ; t�1.Moreover gt =2< f0; : : : ; ft > otherwise, up to the a
tion of SL(I)� SL(W ), it would befA = �f0 : : : ft�1 0 : : : 0 ft0 : : : 0 f0 : : : ft�1 0�t ;and by theorem 1.1, A would not be stable, be
ause there would exist a ve
tor ! 2 I su
h thatdim(! 
 V ) \ TA = t + 1. Therefore f0; : : : ; ft are linearly independent and we 
an supposefi = xi for some basis fx0; : : : ; xng of V . �
3. Proof of theorem 1.2For any 
oherent sheaf E of rank r on Pn, EN will denote the normalized sheaf of E , i.e. EN =E(t0) where t0 2 Z is su
h that �r < 
1(E(t0)) � 0. Moreover hd(E) will be the homologi
aldimension of E (
f. [OSS℄) and S(E) the singular lo
us of E , i.e. S(E) = fxj dim Ex > rg.In this se
tion we will only 
onsider sheavesFA of odd rankm, i.e. su
h that (
1(FA);m) = 1.Hen
e the Mumford-Takemoto stability (also said ��stability) of these sheaves 
oin
ides with



ON THE MODULI SPACE OF THE SCHWARZENBERGER BUNDLES 5their Gieseker stability. Moreover FA is stable if and only if it is semi-stable. Thus, beforepro
eeding with the proof of theorem 1.2, we are interested to study the relation between theG.I.T. stability of maps and the ��stability of their 
okernels.In fa
t we have:Theorem 3.1. Let k = 2 and m 2 N odd. Then the following are equivalent:(1) TA 2 G (m + 2; I 
 V ) is G.I.T. stable;(2) FA is �-stable.The main tool needed to prove the theorem is the following lemma:Lemma 3.2. Let A 2 P(Hom(W; I 
 V )�) be a stable map, thenH0((^rFA)��N ) = 0 (2)for any r = 1; : : : ;m� 1.Later on, we will show that the vanishing of the 
ohomology groups in (2) will imply the�-stability of the sheaf FA.Before pro
eeding with the proof of lemma 3.2, we want to re
all some fa
ts that will beuseful during the proof: although many of these results are well known, we report them for
ompleteness.For the proof of the following two propositions, see [HL℄ prop. 1.1.6 and prop. 1.1.10:Proposition 3.3. Let E be a 
oherent sheaf of 
odimension 
 on a smooth proje
tive varietyZ. Then the sheaves Extq(E;!Z) are supported on Supp(E) and Extq(E;!Z) = 0 for all q < 
.Proposition 3.4. Let E be a 
oherent sheaf on a smooth proje
tive variety Z. Then thefollowing 
onditions are equivalent:(1) 
odim(Extq(E;!Z)) � q + 1 for any q � 1;(2) the 
anoni
al map E ! E�� is inje
tive.Similarly, the following are equivalent:(1) 
odim(Extq(E;!Z)) � q + 2 for any q � 1;(2) E is the dual of a 
oherent sheaf;(3) E is re
exive.We will also need:Lemma 3.5. Let s be a se
tion of a ve
tor bundle E of rank r on an algebrai
 variety Z andlet Z0 be the zero lo
us of s. If Z0 is of 
odimension r0 � r then the Koszul 
omplex asso
iatedto s indu
es an exa
t sequen
e of the �rst r0 + 1 terms:0! detE� ! ^r�1E� ! � � � ! ^r�r0E� (3)Proof. By Bertini theorem, it easily follows that there exists a 
omplete interse
tion sub-variety Z 0 � Z of 
odimension r0 and 
ontaining Z0.It is enough to prove the lemma after restri
ting the bundle E� into a trivializing open subsetU � Z su
h that E�U ' C r 
OU where C r is spanned by e1; : : : ; er. We 
an suppose that, withrespe
t of this frame, s = (s1; : : : ; sr) and that Z 0 \ U is the zero lo
us of s0 = (s1; : : : ; sr0).Let us pro
eed by indu
tion on r � r0. If r = r0, then Z0 is a 
omplete interse
tion and theKoszul 
omplex is exa
t ([GH℄, pag.688).Let us suppose now r > r0 and let Ek = ^kE�U and Fk = ^kC r�1 
OU � ^kC r 
OU ' Ek .The quotient Qk of Ek by Fk is isomorphi
 to (er 
 ^k�1C r�1 ) 
 OU , moreover the mapÆ : Ek ! Ek�1 indu
es, in a 
anoni
al way, two maps Æ0 : Fk ! Fk�1 and Æ00 : Qk ! Qk�1 sothat F� and Q� are again Koszul 
omplexes 
ontained in the 
ommutative diagram:



6 PAOLO CASCINI0 0 0# # #0 ����! Fr�1 ����! Fr�2 ����! : : : ����! Fr�r0# # # #0 ����! Er ����! Er�1 ����! Er�2 ����! : : : ����! Er�r0# # # #0 ����! Qr ����! Qr�1 ����! Qr�2 ����! : : : ����! Qr�r0# # # #0 0 0 0By indu
tion hypothesis, H�(F�) = H�(Q�) = 0. Thus also H�(E�) = 0, i.e. the sequen
e(3) is exa
t. �Lemma 3.6. For any r = 1; : : : ;m� 1, the sheaf ^rFA is 
ontained in the exa
t sequen
e:I� 
^r�1W � 
OPn(r � 1)! ^rW � 
OPn(r)! ^rFA ! 0: (4)Moreover, if A 2 X is G.I.T. stable and r � m�12 then the sequen
e0! SrI� 
OPn ! Sr�1I� 
W � 
OPn(1)! : : :� � � ! I� 
^r�1W � 
OPn(r � 1)! ^rW � 
OPn(r)! ^rFA ! 0 (5)is exa
t. In parti
ular, hd(^rFA) � r.Proof. The exa
tness of (4) is proven in ([Eis℄, pag. 571).In order to prove the exa
tness of (5), we pro
eed by mimi
king the proof of the existen
eof the Eagon-North
ott 
omplex given in [GP℄.Let Z = P(V ) � P(I�) and let � : Z ! P(V ) be the proje
tion onto the �rst spa
e. Themorphism A de�nes a se
tion a : OZ !W �
OZ(1; 1), given by a = (y0f0;i+y1f1;i)m+2i=1 wherethe fi;j 's are the entries of A and y0; y1 are the 
oordinates of P(I�).The zero lo
us of a is ~Z = \iV (y0f0;i + y1f1;i) � Z; and the Koszul 
omplex asso
iated isgiven by: 0! ^m+2W 
OZ(�m� 2;�m� 2)! : : :� � � ! ^2W 
OZ(�2;�2)!W 
OZ(�1;�1) ! OZ ! O ~Z ! 0We have that �( ~Z) � D(A) and, sin
e A is stable, then dim ~Z � dimD(A) + 1 � n � m�12(Cor. 2.4).By lemma 3.5, the sequen
e:0! ^m+2W 
OZ(�r � 2;�r � 2)! � � � ! ^m+2�rW 
OZ(�2;�2):is exa
t for any r � m�12 .Sin
e ea
h �ber of � is isomorphi
 to P(I�), it results:Ri��(OZ(�2� j;�2� j)) = (SjI� 
OPn(�2� j) if i = 1 j � 00 if i 6= 1 j � 0



ON THE MODULI SPACE OF THE SCHWARZENBERGER BUNDLES 7where Ri�� is the higher dire
t image fun
tor asso
iated to � (see [Har℄, 
h. III, 8). Moreover^m+2�r+jW ' ^r�jW �, that yields the exa
t sequen
e:0! SrI� 
OPn(�r � 2)! � � � ! ^rW � 
OPn(�2): (6)The exa
tness of the sequen
e (5) follows by gluing (6) tensored by OPn(r+2) with (4): in fa
t,in both the sequen
es the morphismsI� 
^r�1W � 
OPn(r � 1)! ^rW � 
OPn(r)are 
anoni
ally de�ned. �Lemma 3.7. Let E be a 
oherent sheaf and S(E) its singular lo
us. If 
odimS(E) � hd(E)+2,then E is re
exive.Proof. Let t = hd(E) and let us 
onsider a resolution of E:0! Ft ! Ft�1 ! Ft�2 ! � � � ! F2 ! F1 ! F0 ! E ! 0where ea
h Fi is a dire
t sum of line bundles.Let us split the sequen
e into short exa
t sequen
es:0! Ft ! Ft�1 ! Gt�1 ! 00! Gi ! Fi�1 ! Gi�1 ! 00! G1 ! F0 ! E ! 0then, applying the fun
tor Exti(�; !Pn), we get:Exti(E;!Pn) = Exti�1(G1; !Pn) = � � � = Exti�t+1(Gt�1; !Pn) = 0;for any i su
h that i� t+ 1 � 2. Thus Exti(E;!Pn) = 0 for any i � t+ 1.Moreover 
odim Exti(E;!Pn) � 
odimS(E) � t+ 2 � i+ 2if 1 � i � t and thus by prop. 3.4, E is re
exive. �Lemma 3.8. Let E be a sheaf of rank m on Pn su
h that 
odimS(E) � 2. Then, for anyr = 1; : : : ;m� 1, we have (^rE)�� = (^m�rE)� 
OPn(
1(E)) (7)Proof. The inje
tive map ^m�rE ! Hom(^rE;^mE) indu
es the exa
t sequen
e:0! ^m�rE ! Hom(^rE;^mE)! E ! 0;where E is a 0-rank sheaf su
h that 
odim E � 
odimS(E) � 2: thus, dualizing this se-quen
e and observing that, by prop. 3.3, E� = Ext1(E ;OPn) = 0, it results (^m�rE)� 'Hom(^rE;^mE)� ' (^rE)��
 (^mE)�, in fa
t by proposition 3.4 all these sheaves are torsion-free. Moreover (^mE)�� ' OPn(
1(E)) and therefore (7) follows. �
Thus it results H0((^rFA)��N ) = H0((^m�rFA)�(t0)) for suitable t0 2 Z: we want to provethat su
h 
ohomology group is null.Let us distinguish 2 
ases:I. r � m+12 :Let t0 be su
h that (^rFA)��N = (^m�rFA)�(t0). By the sequen
e (4), we have:0! (^m�rFA)�(t0)! ^m�rW 
OPn B�! ^m�r�1W 
 I
OPn(1):



8 PAOLO CASCINIThus if H0((^m�rFA)�(t0)) 6= 0 then there exists b : OPn ,! ^m�rW 
OPn (i.e. b 2 ^m�rW )su
h that B Æ b = 0.It is easy to see that if A is inje
tive then B Æ b = 0 implies b = 0.II. r � m�12 :If4 
odimD(A) � 2 + m�12 = m+32 , then, by lemma 3.7, the sheaf ^rF is re
exive, and bythe sequen
e (5), it is easy to show that:H0((^rFA)��N ) = H0((^rFA)N ) = 0By 
orollary 2.4, we have that the G.I.T. stability of A implies that 
odimD(A) � m+12 andthus it just remains to 
onsider the matri
es A su
h that 
odimD(A) = m+12 .Lemma 3.9. If 
odimD(A) = m+12 then H0((^rFA)��N ) = 0 for any r = 1; : : : ;m� 1.Proof. By prop. 2.5, we 
an supposefA = �x0 : : : xt�1 0 : : : 0 xt0 : : : 0 x0 : : : xt�1 xt+1�t :Moreover the same te
hnique used above 
an be applied to prove the thesis for all r 6= t.Thus it suÆ
es to show that H0((^tFA)�(t0)) = H0((^t�1FA)��N ) = 0. It is easily 
he
kedthat by dualizing the sequen
e (5) we get the sequen
e0! (^tFA)�(t0)! ^tW 
OPn(1) B�! ^t�1W 
 I 
OPn(2):Thus we just need to prove that if b : OPn ! ^tW 
OPn(1) is su
h that B Æ b = 0 then b = 0:this is a dire
t 
omputation. �Thus lemma 3.2 is 
ompletely proven. We 
an pro
eed now with the proof of theorem 3.1.Proof of theorem 3.1. The �rst statement of prop. 3.4 easily implies that the map FA ! (FA)��is inje
tive. Sin
e (FA)�� is torsion-free, so is FA.Let now E � FA be a torsion-free sub-sheaf of rank r. then OPn(
1(E)) = (^rE)�� �(^rFA)��: sin
e H0((^rFA)��N ) = 0 (lemma 3.2), it results 
1(E) < �(^rFA) = r�(FA), i.e.�(E) < �(FA). Thus FA is �-stable.Vi
e-versa, let A 2 X be a non-stable matrix. Then, by theorem 1.1, we 
an write A =� 0 A0A1 A2� where A0 is a ve
tor of length s � m+12 . Thus A0 de�nes a sub-sheaf FA0 � FAthat is 
ontained in the exa
t sequen
e:0 �! OPn fA0�! OPn(1)s �! FA0 �! 0:It is easily 
he
ked that �(FA0) > �(FA). �We show now an interesting relation within the automorphism group of FA and the stabilizerof A.Theorem 3.10. Let A 2 X su
h that FA is simple, i.e. Aut(FA) = C � . ThenStabG(A) = f(� Id2; � Idm+2) 2 Gj�n+k = �k = 1g: (8)In parti
ular dimStabG(A) = 0 and dimMn;m;2 = dimX � dimG, for any m < 2n.



ON THE MODULI SPACE OF THE SCHWARZENBERGER BUNDLES 9Proof. Let us prove �rst that any f 2 Aut(FA) is uniquely determined by a morphism ofsequen
es: 0 ����! I� 
OPn fA����! W � 
OPn(1) ����! FA ����! 0P??y Q??y ??yf0 ����! I� 
OPn fA����! W � 
OPn(1) ����! FA ����! 0This is a dire
t 
onsequen
e of the fa
t that, by the vanishing of Hom(On+kPn ;OPn(�1)k) andExt1(On+kPn ;OPn(�1)k) we get the exa
t sequen
e:0! Hom(On+kPn ;On+kPn )! Hom(On+kPn ;FA)! 0:Thus if FA is simple, then the only automorphisms of FA are the homotheties, that implies(8). �We are ready now to prove theorem 1.2. Let 
1; : : : ; 
n be the Chern 
lasses of FA andlet MPn(m; 
1; : : : ; 
n) be the Maruyama moduli spa
e of all the �-stable sheaves or rank mand Chern 
lasses 
1; : : : ; 
n. By theorem 3.1, if m is odd, ea
h A 2 Mn;m;2 de�nes uniquelyan isomorphism 
lass of 
oherent sheaves [FA℄ 2 MPn(m; 
1; : : : ; 
n) and thus there exists aninje
tive proje
tive morphism:� :Mn;m;2 �!MPn(m; 
1; : : : ; 
n)Moreover, by the sequen
e (1) that de�nes FA, it is easily 
he
ked that Ext2(FA;FA) = 0, i.e.every point of the image of � is a smooth point of the Maruyama moduli spa
e. By theorem3.10 and by sequen
e (1), it immediately follows that dimMn;m;2 = dimExt1(FA;FA) =dim[FA℄MPn(m; 
1; : : : ; 
n), and thus, by Stein fa
torization theorem, � maps isomorphi
allyMn;m;2 onto a smooth 
onne
ted 
omponent of MPn(m; 
1; : : : ; 
n). This 
ompletely provestheorem 1.2.Remark 3.11. In general, the same result does not hold for higher k, even if (m; k) = 1 (i.e.in the 
ase where all the semi-stable sheaves are stable). Consider, for istan
e, the matrixf = 0�x1 x0 0 0 00 x2 x1 x0 00 0 0 x2 x11Atand the sequen
e 0 �! O3P2 f�! OP2(1)5 �! FA �! 0:Then, sin
e the degenera
y lo
us of the sheaf F , fx1 = 0g, is of 
odimension 1, F is nottorsion-free and in parti
ular it 
annot be �-stable. On the other hand, using theorem 1.1, it isa dire
t 
omputation to prove that f de�nes a stable morphism.
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