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Abstract

A model for a semiconducting ceramic material used in devices to pro-
tect electrical equipment against overvoltages is presented. The fine struc-
ture in the material induces highly oscillating coefficients in the Maxwell
equation. Maxwell equations are homogenized to obtain a coupled system.
The fine scales in the model yield a local problem coupled with the homoge-
nized Maxwell’s equations. In the electrostatic case upper and lower bounds
are obtained for the effective conductivity in the varistor. These two bounds
are associated with two types of failures in varistor ceramics. The upper
bound corresponds two thermal heating and the puncture failure due to lo-
calization of strong currents. The lower bound corresponds to fracturing of
the varistor, due to charge build up at the grain boundaries resulting in stress
caused by the piezoelectric property of the varistor.
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1 Introduction

In this paper we present a mathematical model for a ceramic material used
as devices for circuit protection against voltage surges. These materials are called
varistors (variable-resistance resistors) and they can be used as solid-state switches
that can handle a large range of energies. The varistor behaves as an insulator
for weak electrical fields and in this region the linear Ohm’s law is valid. In the
switching region the conductivity is highly nonlinear. The varistor becomes a very
good conductor for strong electric fields, and in this region the linear Ohm’s law
is valid again. In Figure 1 we show a plot taken from [3] of the electric field as
a function of the current density for Zinc Oxide, ZnO, that is a commonly used
ceramic varistor. It shows a critical switching field where the varistor switches
from being an insulator to being a good conductor. It is clear from the figure that
the current can increase by several order of magnitudes while the field changes
only by a small amount. The switching time is also very fast and is measured in
nanoseconds. Nowdays varistors have become ubiquitous and are used as circuit
protectors for a wide range of voltages everything from a few volts in semiconduc-
tor devices to tens of kilovolts in electric powerlines. Thus they handle an energy
range extending from a few joules to many megajoules.
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Figure 1: Characteristic electric field/current density response of a ZnO-based
varistor ceramic.

A typical varistor ceramic consists of semiconductor grains, for example ZnQO,
of varying sizes and grain boundaries between them. The grain boundaries are
made out of the same semiconductor materials but in distinction to the grains
themselves, that are relatively pure, the grain boundaries contain a large number
of defects and dopants. The dopants are impurities that occur naturally in the
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semiconductors but can also be blended in to enhance the nonlinearities. A major
breakthrough in the theory of varistors was made by Matsuoka [5] who discov-
ered how this could be accomplished by adding Bi>O3 and manganese and cobalt
dopants to ZnO. The highly nonlinear current-voltage behavior is caused by po-
tential barriers at the grain boundaries. Roughly speaking the impurities and the
dopants in the grain boundaries capture electrons causing a depletion of electrons
inside the grain and a potential barrier of a negative charge at the boundaries, see
Clarke [3] for more details.

There is great variability in the grainsize in a typical varistor ceramic as well
as in the electrical properties of the grain boundaries. Thus it is necessary to take
into account a distribution of grain sizes and grain-boundary conductivities. In
our model the grainsizes are permitted to take different sizes and the material may
be nonperiodic. The fine structure in the material induces highly oscillating coef-
ficients in the Maxwell equations. We will use this to homogenize the equations
and give corrector results. This will enable us to find the effective properties (con-
ductivity) of the varistor ceramic materials where small variation due to the fine
structure have been averaged out. For some homogenization results for linear
Maxwell’s equations see [4] and [10].

Varistors degrade over time and may fail under a heavy load. Two principal
types of failure have been identified, see Clarke [3], one is associated with long
voltage pulses and a heavy load. It gives localization of strong currents to narrow
”channels” in the varistor. Eventually the material breaks down due to thermal
damage and melting of the grains and the varistor is punctured. The other type
is associated with short voltage pulses and consists of the varistor fracturing into
two or more pieces. In this case no thermal meltdown is observed. It is important
to identify the microstructure and the effective electronic properties of the varistor
that might lead to either type of failure.

The varistors have so far been modeled as other nonlinear conductors see e.g.
[2], [3], [6], [7] and the references given in these papers. This entails describing
the microstructure as an equivalent electrical network of nonlinear resistors and
introducing disorder into this network. Then the spatial distributions of the cur-
rent flow is determined in response to an applied voltage. The computations of the
I-V characteristic is in principle straight-forward but requires considerable com-
putational resources, see Clarke [3] for details. The advantage of our approach
is that the effective electrical properties can be determined exactly for a varistor
with given microscopic structure (configuration of large grains). This requires
substantial computer resources but opens up the possibility of designing varistors
with special properties. If the microstructure is assumed we can also compute up-
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per and lower bounds for the effective electric properties and in Section 4 we will
compute upper and lower bounds for the effective conductivity, in the electrostatic
case, when the large grains are assumed to be spheres.

The paper is organized in the following way. In Section 2 we state the math-
ematical formulation of the problem and state the main homogenization theorem.
In Section 3 we specialize to the electrostatic case and state the homogenization
theorem in this case. In Section 4 we find the upper and lower bounds on the con-
ductivity and in Section 5 we solve the resulting resulting equations numerically
and interpret the results.

2 The Dynamic Homogenization Theorem

In this section we formulate the problem mathematically and state the main ho-
mogenization theorem in the electrodynamic case. At the end of the section we
will discuss how this theorem applies to the varistor problem.

Throughout this paper we will denote by Q a bounded open simply connected
setin R3. LetY =]0,1[ be the unit cube in R3. We say that a functionu: R3 — R®
is Y -periodic if u(x+e;) = u(x) for every x € R3 and for every i € {1,2,3}, where
(ef) is the canonical basis of R®.

Locally, or for each x € Q, we will assume that the material in a neighbor-
hood of x can be represented by a 'Y é-periodic repetition of a typical cell-geometry
with side length €, a small positive constant, which is a measure of the fine scale
in the material. ~ The thickness of the boundaries of the ZnO-grains are assumed
to be ae = L = constant. In any particular case studied, a attains different values,
depending on how fine the grains are in the sample. We note that the thickness of
the grain boundaries (the nonlinear region in the problem) are constant and conse-
quently independent of the grain sizes. Thus, in theY -cell, the boundaries of the
grains will have a thickness of a < % a= % corresponds to the case when we have
no interior regions in the grains, or the grains consist only of grain boundaries.

In the homogenization procedure we send €, the measure of the fine scales, to
zero and we identify the limit of the solutions to the following Maxwell equations:

(1) 0: DE(x,t) + J8(x,t) = curl H¥(x,t) + F&(x,t),
2) o BE(x,t) = —curl E&(x,1),
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Figure 2: The Y-cell for a spherical grain.

3) div BE(x,t) = O,
(4) div D) = pE(x.L),
(5) nx E&(x,t) = 00onodQx]0,T[,

with initial conditions
EE(X’O) = ES(X)’ Hg(xa 0) = HS(X)’

and constitutive relations

©) BE,D) = mj (% 2) HEG)
€ o X _¢

(7) Ji(xat) = Gj (Xag7E )a

(8) Df(x,t) = njj Xé) Ef(x.t) .

Note that (7) is the only nonlinear relation in this case. Here, F¢ is a cur-
rent source which is assumed to be bounded in L?(Qx]0,T[)® and to converge
strongly to  F € L2(Qx]0,T[)3. We assume 8;F¢ and 82F¢ are bounded in
L*(0,T;L2(Q3)) and L2(Qx]0, T[)%), respectively. The quantities, E€, HE, DE,
J&¢ and BE are the electric and magnetic fields, the electric and magnetic fluxes
and the current density, respectively. The charge density p®(x,t) is defined by (4).
The boundary condition (5) corresponds to the case when the material is in con-
tact with an infinitely good conductor. The initial values E§ and H§ are assumed
to be admissible test functions. The tensors y, n and o are the magnetic per-
meability, permittivity and electric conductivity, respectively. We assume that u
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and n are bounded, symmetric, Y-periodic and coercive , i.e. |yjj&;| < /€],
Hij = Mji and pij&;& > 02\5\2 for all vectors &. Furthermore, we assume that
Mij,Nij € Co(Q;LY(Y)), where LP(Y) is the space of periodic functions that are
bounded almost everywhere inY.

The conductivity o is a monotone mapping o: R®x R3x R®— RS and
we assume that there exists two positive real constants ¢4 and cp, such that o is
a map with the following properties,

(i) o(x,-,&) is Y -periodic and Lebesgue measurable for every x,& € R3,
(i)  a(-y,&) is continuous for almost every y and every & in R3,

(iii)  o(x,y,-) is continuous for almost every x in R3andy in Y,

(iv)  |o(x,y,0)| =0, ae. in R®x R3,

V) |o(x,y,&)| <ci(1+E]),ae. in R®x R3forany & € RS,

Vi) (0(x,Y,E1) — 0(X,Y,&2), &1 — &2) > calE€1 — E5[2, ae. in R3x RS for all
El7€2€ RS-

(vii) (Dgo(x,Y,&1) &2,&2) > 0,ae. in R3x R3forall £1,&, € R,

The spatial domain is Q = U ; Qi UUIL10Q; , where Q; are open bounded
disjoint sets in RS2, each Q; represents one ZnO grain in the varistor. The Hilbert
space H = L?(Q)% x L?(Q)3is supplied with the usual scalar product and the
operator 4 is defined by and “A® = {— curly, curl @}, defined on the domain

D(A)={®={op} e H: curlgcurlp e L%(Q)%,nAgyq =0},

which is a Banach space with the graph norm ||®|| = ||®|| 5+ [|curl @f| 2 )3 + [[curl Y| 2(0)3

Our main theorem for the homogenized Maxwell system reads:

Theorem 1 Any sequence {E&,H®} of solutions to (1) - (8) converges weakly
inW2(0,T;D(4),#) to {E,H} e W2(0,T;D(A),#), the unique solution of
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the homogenized Maxwell system:

0t D(x,t)+ J(x,t) = curl H(x,t) + F(x,t),
o B(x,t) = —curl E(x,t),
div B(x,t) = 0,
div D(x,t) = p(x,t)ae. in Qx]0,T],
NnAE(x,t) = Oa.e. ondQx]|0,T].
(9)
E(x,0) = Ep(x), H (x,0) = Ho(x),

) = NG (Hj(x 1) + 0y P(x,y,1)) dy,
Di(x,t) = Jynij(xy)(Ej(x,t) +dy;,0(xy,1)) dy,
) = Koy, E(xt)+Dye(x,y,t)) dy,

where ¢ € L2(Qx]0, T[;W,"*(Y)/ R) such that o€ L2(Qx]0, T[;W,"*(Y)/ R),
is the solution of the local conservation of charges law,

(10) /Y (Nij (x,y)0t [ Ej(x,t) +0y,@(x,y,t)] +
+0i(x,Y, E(X,t) +Dy@(x,,t))) dyv2(y) dy = 0

almost everywhere in Q for every v, € Wﬁl’Z(Y)/ R. Further, ® is the unique
solution in LZ(Qx]O,T[;Wﬂl’Z(Y)/ R) of the local elliptic problem

(11) /Y Wij (%) [ Hj(%,1) + 3y, P(X,y,1)] Oy v2 (y) dy = 0

almost everywhere in Qx]0,T[ forall v, € Wﬁl’Z(Y)/ R.

Theorem 1 is proved in[11].

To apply Theorem 1 to the varistors we must solve the local problems (10)
and (11) for @and @ and then substitute these solutions in the equations (9), to
obtain the fields B, D and J. However, to do this we must know the x dependence
of the various quantities in equations (10) and (11) and in the expression (9)
for the fields. This requires that we know the geometry of the large grains in
the varistor and the dependence of p,n and o on this geometry or x. This is
something that is possible to investigate directly or use simple models, such as
spheres for the grains. However, we also must know the dependence of py,n and
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o on the small scales or y. This requires that we assume something about the
size distribution of the grains and in general we will have to solve a nonlinear
equation for o using this assumption. However, all of this is still possible with
enough computing power.

3 TheElectrostatic Homogenization Theorem

In an electrostatic case, the time derivative in (1) and (2) is set to zero. Since
curl E® = 0, we conclude that E® is a potential field and by taking the divergence
of (1), we find that the Maxwell system reduces to the following nonlinear elliptic
problem,

(12) —div (6*(Du®)) =0, in Q,

with the boundary conditions

ug‘aQ]_ = ha

n- 0°(Du)lag, =0,

0Q =0Q1U0Q;

where X
£ €Y . A €
o (Du®) ._c(x,s,Du )

Here, the driving charge density source is set to zero, u® € WL2(Q) is the
electrical potential, o®(Du®) is the current density, h e H%(an) is a pre-
scribed potential on the boundary 0Q; and g € H_%(GQZ) iS a prescription
of the current flux over the remaining part of the boundary 0Q,. Below we will
put g = 0 on 9Qo.

Further, we assume that there exists a convex functional ¢ such
that the subdifferential dp= 0.
We note that in the electrostatic case we have changed
the boundary conditions from the dynamic case and that (12) is a well known
problem which has a unique solution in W12(Q) (see e.g. [1]).



The homogenized electrostatic problem reads:

Theorem 2 Let u® be any sequence of solutions to (12) then, u® — u
weakly in W12(Q), the unique solution of the homogenized problem,
(13) —div (oh(x, Du(x))) =0, ae. inQ,

u|691 = h7

n-6"(x,Du(x))lag, = 9(x),

0Q =0Q1U0Q>,

where
a"(x, Du(x)) ::/Yo(x,y, Du(x) +Dyuz(x,y)) dy,

and up isthe unique weak solution in Wﬁl’z(Y)/R
of the local elliptic problem

(14) — divy (o(x,y,Du(x) +Dyu1(x,y))) =0, ae.inY xQ.

Proof: See [9]

The convergence can be improved in the sense that we can get strong conver-
gence by adding appropriate correction term to the homogenized solution, how-
ever in this paper we are only interested in the overall properties of the material
which is obtained in Theorem 2.

In order to apply Theorem 2 we will need to solve Equation (14) for u; and
substitute into the integral to get the effective conductivity o". Just as in Section 2
this requires some assumption about the geometry of the large grains and we must
make a model of the dependence of o on the local variable y as well and solve
the resulting nonlinear equation. Fortunately the dependence of o on the grain
boundaries is well understood, see Clarke [6], and an example of such a solution
is given in Section 4.



4 Boundson the Conductivity

Both the dynamic and the electrostatic cases have unique solutions but the task of
obtaining a numerical solution is not easy. Because of the coupling between the
local and global problem, we have to solve a local problem for each x in Q. Even
if this was simple, the solutions would only give the overall properties for the
material with some particular grain size distribution. However, homogenization
can be used to obtain upper and lower bounds for the effective conductivity.

Following [2] we let the grains be modeled by spheres of diameter d and grain
boundary thickness L, see Figure 3. We let Py(d) be a distribution of the grain
diameters in the material and R, (Vg) the switching voltage distribution for the
grain boundaries.

Figure 3: The grains and the grain boundaries.

The boundary conductivity is modeled by

(15) ob(Vp) :os—i-%{l—tanh (s <1—\V/—;))},

where as, 0g, S, Vp and Vg is a shunt conductivity, the conductivity in the interior
of the grains, a nondimensional parameter controlling the nonlinearity, the voltage
across the grain boundary and the switching voltage, respectively.

The effective conductivity in a single grain is

0g0b(Vb)d
(d—2L)0op(Vp) +2Log
which is the harmonic mean of the boundary and interior conductivities in the

grain. This effective conductivity is used in the evaluation of the upper and lower
conductivity bounds.

(16) 0c(Vp,d) =
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Theorem 3 The effective (homogenized) conductivity (E) of ceramic varistors
with spherical grains is bounded, both from above and from below, by

(17) 2.(E) <Z(E) <Z*(E)

where

(18) £*(E) = [ 0V, Q) (Ve)Pa(d) di(Ve)du()
and

1
19) z*(E)=(/ / <oc<vb,d)>—1w(vB>Pd(d>du(vB>du<d>) ,

where Py(d) is the distribution of the grain diameters in the varistor and Ry (V)
the switching voltage distribution for the grain boundaries. The boundary con-
ductivity oy is given by Equation (15) and the effective conductivity o in a single
grain is given by Equation (16). The boundary voltage Vy, in the upper bound is
obtained by solving the equation

2LEagd
Vo(E) = 2Log+ (d — 2L)0p(Vp)’

and in the lower bound by solving the equation

2LES, (E)
op(Vo)

Proof: The nonlinear monotone conductivity in (12) is defined by,

Vb(E’d) =

ob(Vp)D UE, where Vi, = 2LDUE, x € QP
o*(D uf) ;=
ogDUE, x € Q7

Here Qib is the boundary part of grain i, and Qig is the linear conducting core of
grain number i. Clearly o® satisfies assumptions (i)-(vii) in Section 2. Further-
more,

1
@ (Du) ::/0 (0*(tD u),Du) dt

defines a convex functional which is minimized by the solution of (12) (e.g. see
[12]). Here (-,-) defines the inner product in L?(Q)3. Clearly by choosing t = 1,
we get

ming (Du?) < ¢ (DuE) < (o®(D uE),DuE),
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where D uf isthe mean electric field. Similarly we define the nonlinear resistivity
as the inverse of the conductivity

J%, where Vp = 2LDUE, x € QP

0p(Vb)
1 g
G—QJS, XeQ
which is used to define another convex functional

0= [ (6509, 9)ct

whose minimum also solves (12), with Du® = p#(J¥). Itis used to obtain an upper
bound for the resistivity as

ming5(I%) < @ (J%) < (p°(JF),J).

But this upper bound of the resistivity is nothing else but the reciprocal of the
lower bound of the conductivity evaluated at the corresponding electric field.

According to the discussion above the upper bound for the overall conductiv-
ity is obtained by arranging equal grains connected in series aligned into chains
parallel with the applied electrostatic field, see Figure 4.

00000000000000

Figure 4: The chains of grains connected in parallel.
All possible chains are connected in parallel. It follows that the upper bound

is obtained as the arithmetic mean of the effective conductivities for the individual
chains,

(20 Z(E) = [ 0c(V,0) Ry (Ve)Pa(d) dl(Ve)du(c)
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We note that we get different boundary voltages, Vp, in the different chains
due to the different grain diameters. The boundary voltages are obtained by solv-

ing

2LEagd
N 2L0'g + (d — 2L)0'b(Vb) ’
where E is the externally applied electric field. The upper bound for the overall
conductivity is then obtained by inserting Vy, in (15), (16) and (18).
The lower bound is obtained in a similar way but now we arrange the grains
of equal properties connected in parallel into disks stacked in a pile, i.e. the disks
with different grains are connected in series, see Figure 5.

Vh(E)

Figure 5: The disks of grains connected in series.

Thus, the lower bound is given as the harmonic mean of the conductivity for
the individual disks, i.e.

-1
@) (6= ( [ [ @) AVeR(A) duVe)du(@)
Here we have to solve
2LEZ,(E)
Gb(Vb)
to get the voltage over the individual grain boundaries. This concludes the proof.

Vb(Evd) =

5 Numerical Boundson the Conductivity

In the following numerical evaluation of the bounds we assume that we have a
discrete distribution of two grain sizes with diameters, d; = 1.0x10~°m and
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do, = 6.0x10~°m, respectively. The volume fraction occupied of the fine grains
was chosen in three cases to 80%, 98%, and 99.8%, respectively. The grain
boundary thickness was L =5x10~8m constant for both grain sizes in all cases.
The parameters in equation (15) was chosen as 0s = 1010 Sm~1, g4 =100Sm—1,
s=20andVg=1V.

In Figure 6 we see that the upper and lower bounds for the I-V characteristics
for the varistor are not close to each other even if the amount of large grains is
very small. It is enough with one single chain of large grains to get a varistor
with poor properties, which corresponds to the upper bound for the nonlinear
conductivity. This chain gives the current a channel with low resistance and gives
rise to localization of the current. We will see below that the lower bounds also
give varistor with poor properties, but for a different reason.

Upper and lower bounds for varistor ceramics

10
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Figure 6: Upper and lower bounds for the characteristic electric field/current den-
sity response.

We can now interpret the numerical results and relate the upper and lower
bounds two the two types of failures of the varistors that are observed in practice
and were discussed in the introduction. First recall from the proof of Theorem 3
that the upper bound is achieved by arranging equal grains in a series aligned in
parallel with the applied electrostatic field, see Figure 4. This means that a chain of
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large grains connected in series can become a conduit for a large surge of current
going through the varistor. Thus not only does such a chain enable the effective
conductivity to reach its upper bound, it also makes the varistor vulnerable to
localization of strong currents and the resulting heating and meltdown. This is
the breakdown associated with puncturing of the varistor, resulting from thermal
damage and melting.

The other breakdown does not involve thermal damage but it may be asso-
ciated with the lower bound for the effective conductivity. Namely, in the proof
of Theorem 3 the lower bound of the effective conductivity was associated with
disks of grains with the disk surfaces perpendicular to the applied electrostatic
field, see Figure 5, and then the connection of all such horizontal disks in series.
This implies that large charges will build up on these horizontal disks and we can
expect even larger charges to build up at the boundaries between individual grains
in the disk. Now ZnO is a piezoelectric material and the charges at a boundary are
to a good approximation additive, see Clarke [3] and Vojta and Clark [8], and are
given by the formula

(22) Q = Qi+ Bkt + BRe%kplk

where Q; is the trapped charge pjy is the stress, p;jk is the piezoelectric constant
and 3 a direction cosine. The superscripts L and R refer to the parameter values in
the grains to the left and right of the boundary. We see from this formula that the
only way that the material can respond to the additional charge at the boundary is
by building up the stress in the grains and that this eventually leads to the second

type of failure at some point with microstructural defects, that is associated with
the fracture of the varistor without thermal damage.

Conclusion

We conclude that the upper and lower bounds on the effective conductivity in The-
orem 3 and Figure 6 correspond to varistors with microstructure which is vulnera-
ble to puncture and thermal meltdown in case of the upper bounds and to fracture
in case of the lower bounds. This indicates that in order to test real varistors one
should stay away form the two boundaries because the varistors that achieve the
two bounds may be prone to failure. A varistor whose I-V characteristics lie in
the middle between the upper and lower bounds has on the other hand the correct
switching properties and is less likely to fail.

Finally we point out that the results in Theorems 1 and 2 can be used for
numerical simulations of varistors with given microstructure. This opens up the
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possibility of designing varistors with special properties.
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