Some existence results for the Navier-Stokes equation driven by heat conduction

Björn Birnir^{∗†} and Nils Svanstedt^{‡§} Department of Mathematics University of California Santa Barbara, CA 93106, USA

Abstract The Navier-Stokes equation driven by heat conduction is studied. As a prototype we consider Rayleigh-Bénard convection, in the Boussinesq approximation. Under a large aspect ratio assumption, which is the case in Rayleigh-Bénard experiments with Prandtl numer close to one, we prove the existence of a global strong solution to the 3D Navier-Stokes equation coupled with a heat equation, and the existence of a maximal B-attractor.

PACS numbers, 44.25.+f, 47.27.Te

∗and The University of Iceland, Science Institute, Dunhaga, Reykjavík 107, Iceland. †Email: birnir@math.ucsb.edu and URL: www.math.ucsb.edu/~birnir ‡and Department of Mathematics, Chalmers University of Technology and Göteborg University S-412 96 Göteborg, Sweden.

§Email: nilss@math.chalmers.se

1 Introduction

In this paper we study the Navier-Stokes equation driven by heat conduction. Under a large aspect ratio assumption (the spatial domain being a thin layer) we prove the existence of a global strong solution. The aspect ratio Γ is the width/height ratio of the experimental apparatus and Γ ≥ 40 is considered large, see Hu et al. [16, 17]. For existence results for the Navier-Stokes equation in thin domains we particularly refer to Raugel [36] and the references therein. Our contribution is the addition of a heat equation where the heat conduction is driving the fluid. The prototype we have in mind is the classical Bénard problem and this work is motivated by the instabilities of roll-patterns observed in experiments and simulations. Rayleigh-Bénard convection is a model for pattern formation and has been extensively studied, Busse and Clever [8, 11] established the stability of straight parallel convection rolls and used them to explain many experimental observations, for large Prandtl numbers σ =^ν_κ (ν is the kinematic viscosity and κ is the thermal diffusitivity). For low Prandtl numbers, the situation is much more complicated and it has long been recognized [12, 14, 32, 15] that mean flows are crucial in understanding the complex pattern dynamics observed in experiments. In this paper we establish that this complexity is not caused by singularity formation but our ultimate goal is a theoretical understanding and a quantitative capture of the mean flow. It is known that wave-number distortion, roll curvature and the mean flow make straight convection rolls become unstable [29, 34, 1, 19]. These effects have been succesfully modelled by Decker and Pesch [15] and simulated. However, the resulting equations contain non-local terms due to the mean-flow and are theoretically intractable. It is our hope that our results will put the study of the contribution of the mean flow on a rigorous mathematical footing, both simplifying and reaching a better theoretical understanding in the process. The experimental difficulties of measuring weak global flow in the presence of dominant local roll circulations are formidable, [17], and a theoretical insight may be crucial in the case of dynamical patterns.

As a preparation, we prove the classical, see Leray [25], existence of a global strong solution and a global attractor for the three-dimensional Navier-Stokes equation under smallness assumptions on the data, see Ladyshenskaya [22]. Then we prove the existence of a global solutions of the Rayleigh-Bénard problem with a large aspect ratio. The existence is proven after an initial time-interval, corresponding to a settling-down period in experiments. In experiments in gases (CO_2) this settling-down time is a few hours for experiments that take a few days, [17].

We will also prove that the Rayleigh-Bénard problem has a global attractor. Then theorems of Milnor [30], Birnir and Grauer [5], and Birnir [3] are used to prove that the Rayleigh-Bénard problem has a unique maximal B-attractor. This attractor has the property that every point attracts a set (of functions) that is not shy [20], or of positive infinite-dimensional measure. The discovery of a spiral-defect chaotic attractor [31, 19, 18], in a parameter region were previously only straight rolls were known to be stable [35, 13], was one of the more startling results in recent pattern formation theory. The experimentally observed attractors are B-attractors, and the spiral-defect chaotic attractor and the straight roll attractor may be two minimal B-attractors of the unique maximal B-attractor whose existence we prove.

The existence of the mean-flow will be proven in another paper [7] based on this one. We introduce here a scaling that will produce the mean flow and give an existence theorem for the scaled equations. The existence of the mean flow will then be rigorously established in the sequel to this paper [7] using the technique of homogenization.

2 The Navier-Stokes equation

We will denote by | · | and ‖ · ‖ the usual norms in L^2(Ω) and H^1(Ω). We denote by ‖ · ‖_2 the H^2(Ω)-norm and by | · |_∞ the L^∞(Ω)-norm. Further, |u|_{2,∞} = sup |u(t)|, where supremum is taken over all t ≥ 0.

Let us consider the Navier-Stokes equation for incompressible fluids ∂u ∂t + (u · ∇)u − νΔu + ∇p = f,

div u = 0, x ∈ Ω, t ∈ R^+, (2.1)

where u is the velocity, p is the pressure and ν is the viscosity, with initial condition

u(x, 0) = u_0(x)

and vanishing boundary conditions on ∂Ω (periodic boundary conditions with mean zero, if Ω = T^3). f denotes the forcing and λ_1 is the smallest eigenvalue of −Δ on Ω, with vanishing boundary conditions on ∂Ω. We start by the following estimate which goes back to Leray [25]:

Lemma 2.1 Every weak solution u to the Navier-Stokes equation (2.1) satisfies the estimate |u(t)| ≤ |u_0|e^{−λ1νt} + |f|_{2,∞} λ_1ν (1 − e^{−λ1νt}). Moreover, there exists a sequence t_j → ∞ such that

‖u(t_j)‖^2 ≤ 3 |f|^2_{,∞} λ^2_1ν^3 . Proof: We take the inner product of (2.1) with u and integrate over Ω. By the divergence theorem and the incompressibility, we are left with 1 2 d dt |u(t)|^2 + ν|∇u(t)|^2 = ∫ Ω f(t) · u(t) dx. The Schwarz and Poincaré inequalities give 1 2 d dt |u(t)|^2 + λ_1ν|u(t)|^2 ≤ |f(t)||u(t)|, so by cancellation of |u(t)|, d dt |u(t)| + λ_1ν|u(t)| ≤ |f(t)|.

An integration over (0, t), taking sup in t of f, gives |u(t)| ≤ |u_0|e^{−λ1νt} + |f|_{2,∞} λ_1ν (1 − e^{−λ1νt}). (2.2) Next we integrate the inequality 1 2 d dt |u(t)|^2 + ν|∇u(t)|^2 ≤ |f(t)||u(t)| over the interval [t_1, t_2], ν ∫ t_2 t1 |∇u(t)|^2 dt ≤ 1 2 (|u(t_1)|^2 − |u(t_2)|^2) + ∫ t_2 t1 |f(t)||u(t)| dt. By (2.2) we get ν ∫ t_2 t1 |∇u(t)|^2 dt ≤ |u_0|( |u_0| 2 + |f|_{2,∞})(e^{−λ1νt1} + e^{−λ1νt2} ) + |f|^2_{,∞} (λ_1ν)^2

(1 + (t_2 − t_1)) Finally, we let t_2 = t_1 + 1, and choose t sufficiently large to get

∫ t_1+1 t1 ‖u(t)‖^2 dt ≤ 3|f|^2_{,∞} λ^2_1ν^3 . This implies that there is a set of positive Lebesgue measure in every interval [t_1, t_1 + 1] such that ‖u(t)‖^2 ≤ 3|f|^2_{,∞} λ^2_1ν^3 , for t in this set. 2

We continue by stating a local existence theorem. Theorem 2.1 Suppose that the pressure is normalized, i.e., 1 Ω ∫ Ω p dx = 0, then there exists a unique local solution (u, p) of (2.1) in C([0, t]; (H^1(Ω))^{n+1}), n = 2, 3, with initial data u_0 = u(x, 0) in (H^1(Ω))^n. The local existence time t depends only on the L^2-norms of curl u_0.

Kreiss and Lorentz [21] can be consulted for details of the proof.

It is well-known that global solutions of the Navier-Stokes equations exist, u ∈ C(R^+; (H^1(Ω))^2), in two dimensions. In three dimensions that analogus statement is open. However, if transcients are allowed to settle for a sufficiently long time, then global solutions exist in three dimensions, after this settling of the initial velocity.

We now state a result saying that every weak global solution to the three-dimensional Navier-Stokes equation becomes a strong solution after some finite time t_0 > 0. This also goes back to Leray [25]. The existence of a global attractor is due to Ladyshenskaya [22, 23].

Theorem 2.2 Consider the three-dimensional Navier-Stokes equation (2.1). For every weak solution u_w ∈ C(R^+; (L^2(Ω))^3) to (2.1) there exists a t_0 < ∞, such that if the forcing |f|_{2,∞} is sufficiently small there exists a unique strong solution u ∈ C([t_0, ∞); (H^1(Ω))^3) to (2.1), with data u(t_0) = u_w(t_0). Moreover, (2.1) possesses a global attractor. If the initial data |u_0| is small, then the solutions have global existence, i.e. t_0 = 0.

Proof: We take the inner product of (2.1) with Δu and integrate over Ω. Using Schwarz’s inequality we obtain 1 2 d dt |∇u(t)|^2 + ν|Δu(t)|^2 = ∫ Ω f(t)Δu(t) dx − ∫ Ω ((u(t) · ∇)u(t)) · Δu(t) dx ≤ |f(t)||Δu(t)| + |u(t) · ∇u(t)||Δu(t)|. Now |u(t) · ∇u(t)| ≤ |u(t)|_∞|∇u(t)| ≤ K|u(t)|^{1/4}‖u(t)‖^{3/4}_2 |∇u(t)| by the Gagliardo-Nirenberg inequalities, where K is a constant. Thus, 1 2 d dt |∇u(t)|^2 + ν|Δu(t)|^2 ≤ (|f(t)| + K|u(t)|^{1/4}‖u(t)‖^{3/4}_2 |∇u(t)|)|Δu(t)|.

An application of the inequality ab ≤ a^2/2ν + νb^2/2, on the right hand side, gives 1 2 d dt |∇u(t)|^2 + ν 2 |Δu(t)|^2 ≤ 1 ν (|f(t)| + K|u(t)|^{1/4}‖u(t)‖^{3/4}_2 |∇u(t)|)^2 ≤ 1 ν (|f(t)|^2 + K^2|u(t)|^{1/2}‖u(t)‖^{3/2}_2 |∇u(t)|^2) by another application of the inequality above with ν = 1. From Lemma 2.1 we get, again by the same inequality, 1 2 d dt |u(t)|^2 + ν|∇u(t)|^2 ≤ 1 2 (|f(t)|^2 + |u(t)|^2).

Adding these inequalities, applying the Sobolev inequality and repeating the use of the inequality above results in 1 2 d dt ‖u(t)‖^2 + ν 4 ‖u(t)‖^2 ≤ C_1|u(t)|^2‖u(t)‖^8 + C_2(|f(t)|^2 + |u(t)|^2),

where C_1 and C_2 are constants. Using Poincaré’s inequality and Lemma 2.1 we find that 1 2 d dt ‖u(t)‖^2 + λ_1ν 4 ‖u(t)‖^2 − 2C_1(|f|^2_{,∞} + |u_0|^2e^{−2λ1νt})‖u(t)‖^8

≤ 3C_2(|f|^2_{,∞} + |u_0|^2e^{−2λ1νt}), since (|f|_{2,∞} + |u_0|e^{−λ1νt})^2 ≤ 2(|f|^2_{,∞} + |u_0|^2e^{−2λ1νt}). Now the point is that if the coefficient |f|^2_{,∞} + |u_0|^2e^{−2λ1νt} is small, or the forcing is small and we have waited a sufficiently long time, to let the initial data |u_0|^2e^{−2λ1νt} decay, then the inequality gives us a bound on ‖u(t)‖. The argument is as follows. We integrate the inequality above over [t_0, t] to get

‖u(t)‖^2 − 4C_1 ∫ t t0 (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} )e^{−β(t−s)}‖u(s)‖^8 ds ≤ 6C_2 β (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} )(1 − e^{−β(t−t0)}), where β = λ_1ν/2. Now assume that ‖u(s)‖ assumes its maximum in the interval [t_0, t] at s = t. Then ‖u(t)‖^2 − 4C_1 β (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} )‖u(t)‖^8 ds ≤

6C_2 β (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} )(1 − e^{−β(t−t0)}), Now put v(t) = ‖u(t)‖^2, a = 4C_1 β (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} ) and M = 6C_2 β (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} ).

Then the inequality above can be written as v(t) − av^4(t) ≤ M. The graph of the function F (v) = v − av^4 is shown in Figure 1. It is concave and attains

Figure 1: The bound on the norm

its maximum at v_{max} = 1/(4a)^{1/3}. By Lemma 2.1 there exists a t_0 > 0 such that

v(t_0) ≤ ‖u(t_0)‖^2 ≤ 3|f|_{2,∞} λ^2_1ν^3 and we can choose |f|_{2,∞} so small that v(t_0) lies between zero and v_{max}, see Figure 1. Moreover, v(t) can never reach v_{max}, because F (v(t)) = v(t) − av^4(t) ≤ M < 3 4 1 (4a)^{1/3} = F (v_{max}).

It is clear that we can choose t_0 so large that M = 6C_2 β (|f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} ) ≤ 3 4 1 (4a)^{1/3} = 3 4 1 (^{16C1}_β |f|^2_{,∞} + |u_0|^2e^{−2λ1νt0} )^{1/3} . Moreover, notice that the derivative of F in Figure 1 is positive at the point, where F first reaches M, i.e.,

F^′(v) = 1 − 4av^3 = 1 +

4(v − av^4) v − 4 = 4M v − 3 ≥ 0, which gives the bound v(t) ≤ 4M 3 + δ where δ is arbitrarily small, and this defines an absorbing set in (H^1(Ω))^3. The only question left is whether the initial data makes sense as a H^1(Ω) function. But we have already used above that, by Lemma 2.1, there exists a sequence of values t_j → ∞ so that ‖u(t_j)‖ < ∞. We pick the initial time to be the smallest t_j ≥ t_0. Then we let this t_j be the new t_0. Now we apply the local existence theorem (2.1) and the above bound to get global existence. Moreover, since H^1(Ω) is compactly embedded in L^2(Ω) it follows that the Navier-Stokes equation has a global attractor in (L^2(Ω))^3. It is also clear that if |u_0| is small then v(t) satisfies the above bound and the solutions have global existence for t_0 = 0. 2

Remark 1 The statement and proof of Theorem 2.2 does not seem to be available in the literature although all the estimates are. It is really just a restatement of Leray’s classical result of global existence for small initial data. The duality in the smallness condition is that one can either take small initial data or, with arbitrary initial data, just wait for a sufficiently long time. This statement is however what most physicist and and engineers are interested in, at least for low Reynolds numbers. Namely, transients die out and the flow settles down to the flow on the attractor in at most a few hours, in experiments.

Remark 2 The existence of the pressure term follows from a standard orthogonality argument. Consider the Navier-Stokes equation (2.1) and the solution given by Theorem 2.2. We take the inner product by u, integrate over Ω, apply the divergence theorem, use the incompressibility and collect all terms on one side. This gives ∫ Ω (f − ∂u ∂t − u · ∇u + νΔu) · u dx = 0. Now we recall that the orthogonal to the divergence free elements in L^2 are gradients in L^2. Therefore, there exists a unique gradient ∇p in L^2(Ω) given by ∇p = f − ∂u ∂t − u · ∇u + νΔu. We say that a set M is invariant under the flow, defined by a nonlinear semi-group S(t), if S(t)M = M, i.e. M is both positively and negatively invariant. An attractor A is an invariant set which attracts a neighborhood U or for all x_o ∈ U, S(t)x_o converges to A as t → ∞. The largest such set U is called the basin of attraction of the attractor A. If the basin of attraction of an attractor A contains all bounded sets of X and A is compact, then we say that A is the global attractor.

We have shown above that the Navier-Stokes equations have a global attractor. Morover, by standard results, see Kreiss and Lorentz [21] this attractor consists of spatially smooth solutions and has finite Hausdorff and fractal dimensions, see [28, 37, 38, 26]. The dimension estimates are however large, see [40], and not necessarily a good indication of the size of the attractor.

We focus on the core of the attractor A which is called the basic attractor B. For now, let us assume that the Banach space X is finite dimensional. An attractor B is called a basic attractor if

• The basin of attraction of B has positive measure.

• There exists no strictly smaller B^′ ⊂ B, such that up to sets of measure zero, basin(B) ⊂basin(B^′).

A global basic attractor is a basic attractor whose basin of attraction contains all bounded sets of X up to sets of measure zero.

A theorem by Milnor [30] states that in finite dimensions there exists a unique decomposition of the attractor A, A = B ∪ C where B is a basic attractor and C is a remainder such that m(basin(C)\basin(B)) = 0 where m is the Lebesque measure.

The notion of a basic attractor can be extended to infinite dimensions and Milnor’s Theorem was first proven in an infinite-dimensional setting by Birnir and Grauer [5]. They used cumbersome projections to a finite dimensional space where the A-attractor resides. A more elegant notion of a B-attractor requires an extension of the concepts of measure zero and almost every. Their counterparts in infinite dimensions are shy and prevalent sets respectively, see Hunt et al. [20]. These are defined in the following way. Let X denote a Banach space. We denote by S + v the translate of the set S ⊂ X by a vector v ∈ X. A measure μ is said to be transverse to a Borel set S ⊂ X if the following two conditions hold:

• There exists a compact set U ⊂ X for which 0 < μ(U) < ∞.

• μ(S + v) = 0 for every v ∈ X.

A Borel set S ⊂ X is called shy if there exists a compactly supported measure transverse to S. More generally, a subset of X is called shy if it is contained in a shy Borel set. The complement of a shy set is called a prevalent set.

The infinite-dimensional analog of Milnor’s Theorem can now be stated,

Theorem 2.3 Let A be the compact attractor of a continuous map S(t) on a separable Banach space X. Then A can be decomposed into a maximal basic attractor B and a remainder C, A = B ∪ C such that the realm of attraction of B is prevalent but the realm of attraction of C, excluding points that are attracted to B, is shy.

For a proof of this Theorem see Birnir [3] and [4]. It implies that the Navier-Stokes equation has a maximal B-attractor in two and three dimensions. If B can be decomposed into finitely many (disjoint) minimal B-attractors, then the union of the realms of attraction of these minimal B-attractors is the whole space (L^2(Ω ⊂ R))^n, n = 2, 3. The realm of attraction is a slight generalization the basin of attraction, as the basin is an open set, but the realm can be either open or closed.

For systems that are simple enough, the basic attractor contains only the stable trajectories of the global attractor. When transients are ignored, one will only see the basic attractor in physical experiments and numerical simulations, not the remainder C = A\B of the attractor. All the relevant dynamics are therefore contained in the basic attractor. Ladyshenskaya [24] gives more examples of B-attractors for the Navier-Stokes equation with nonlinear viscosity.

3 The Boussinesq equations

We start with the Boussinesq equations which are two coupled equations for the fluid velocity u, the pressure p and the temperature T , ∂u ∂t + (u · ∇)u − νΔu + ∇p = gα(T − T_2),

∂T ∂t + (u · ∇)T − κΔT = 0,

div u = 0 x ∈ Ω, t ∈ R^+ (3.1)

Here g is the gravitational acceleration and α is the volume expansion coefficient of the fluid. Moreover ν and κ are the viscosity and conductivity coefficients which determine the dimensionless Rayleigh R =^{αg(T1−T2)h3}_{νκ} and Prandtl P = ν/κ numbers. We assume that Ω is a rectangular box and fix the temperatures at the bottom T_1 and top T_2 of the box. The box is heated from below so T_1 > T_2. We can impose periodic boundary conditions for u on the lateral sides of the box. However, as the temperature T_1 increases these have to be relaxed due to the presence of a boundary layer. The velocity is assumed to vanish on the horizontal surfaces of the box. Finally, we must supply the appropriate initial data.

3.1 Problem Setting

We let Ω be a rectangular box, of thickness h, in R^n, n = 2 or 3. By (e_i), i = 1, 2 or i = 1, 2, 3, we denote the canonical basis in R^2 or R^3, respectively. The system (1.2) is equipped with the following initial data:

u(x, 0) = u_0(x) and T (x, 0) = T_0(x),

which are assumed to belong to L^2(Ω), and boundary data:

u = 0 at x_n = 0 and at x_n = h.

As above T = T_1 at x_n = 0 and T = T_2 at x_n = h.

Moreover we assume that u, ∇u, T, ∇T and p are periodic with period l in the horizontal x_1-direction, in the two-dimensional case and periodic with period l in the horizontal x_1-direction and period L in the x_2-direction in the three-dimensional case. In fact we will without loss of generality assume that l = L throughout the paper. This determines the pressure p up to a constant that can be fixed by normalization, see Remark 2.

Since we are interested in the fluctuations in the temperature we follow [10] and put

θ = (T − T_1 − x_n h (T_2 − T_1)) and p = p − gα(x_n + x^2_n 2h )(T_1 − T_2).

We get the following system which is equivalent to (3.1). ∂u ∂t + (u · ∇)u − νΔu + ∇p = gαe_nθ,

∂θ ∂t + (u · ∇)θ − κΔθ = (T_1 − T_2) h (u)_n,

div u = 0.

x ∈ Ω, t ∈ R^+. (3.2)

For the temperature θ we get initial data θ(x, 0) = θ_0(x) and the new boundary data θ = 0 at x_n = 0 and at x_n = h. The initial and boundary data for u remain unchanged. Moreover, u and θ and their gradients and p are periodic as above. We will find it useful to work with the system in the form (3.1) in some situations, whereas the form (3.2) is more suitable in other situations.

3.2 Existence results

Now consider the Boussinesq system (3.1) equipped with initial data

u(x, 0) = u_0(x) and T (x, 0) = T_0(x).

The boundary conditions are periodic on the vertical surfaces x_k = 0, l for k < n. Furthermore, on the horizontal surfaces x_n = 0 and x_n = h, the velocity u vanishes (no-slip condition) and the temperature T is kept constant, i.e.,

T = T_1 on x_n = 0, T = T_2 on x_n = h.

We want to state a global existence theorem for the solution to the system (3.1). For that purpose we start with the following maximum principle, c.f. [10] Lemma 3.1 Suppose that u and T solve (3.1). If

T_2 ≤ T (x, 0) ≤ T_1, for a.e. x ∈ Ω, then T_2 ≤ T (x, t) ≤ T_1, for a.e. x ∈ Ω and all t ≥ 0. Proof: We consider (T − T_1)_+(x, t) = ess sup_{x∈Ω}(T − T_1)(x, t).

The second equation in (3.1) gives ∂ ∂t (T − T_1)_+ + (u · ∇)(T − T_1)_+ − κΔ(T − T_1)_+ = 0.

We multiply this equation by (T − T_1)_+, integrate over Ω and use the divergence theorem, to get 1 2 d dt |(T − T_1)_+(t)|^2 + κ|∇(T − T_1)_+(t)|^2 = 0.

Thus, by Poincaré’s inequality 1 2 d dt |(T − T_1)_+(t)|^2 + λ_1κ|(T − T_1)_+(t)|^2 ≤ 0, where again λ_1 is the first eigenvalue of the negative Laplacian with vanishing boundary conditions on Ω. Consequently |(T − T_1)_+(t)| ≤ |(T − T_1)_+(0)|e^{−λ1κt}, which shows that (T − T_1)_+(·, t) = 0, for all t ≥ 0, if (T − T_1)_+(·, 0) = 0.

Similarly we get that

(T − T_2)_−(x, t) = ess sup_{x∈Ω}(−(T − T_2)(x, t)) = 0,

if (T − T_2)_−(x, 0) = 0 and we conclude that T_2 ≤ T (x, t) ≤ T_1.

2 Remark 3 Lemma 3.1 actually yields a uniform bound on T in L^2([0, s] × Ω) for any s > 0. This also gives a bound for θ, see below.

Lemma 3.2 Every weak solution u to the Boussinesq equations (3.2) satisfies the estimate |u(t)| ≤ |u_0|e^{−λ1νt} + Kh^{1/2} λ_1ν (1 − e^{−λ1νt}). |θ(t)| ≤ Kh^{1/2} gα , where K = gα(T_1 −T_2)L/3^{1/2}. The equations possess an absorbing set in (L^2(Ω))^4, defined by |u(t)| + |θ(t)| ≤ ( 1 gα + 1 λ_1ν ) Kh^{1/2} + δ, where δ is arbitrarily small. Moreover, there exists a sequence t_j → ∞ such that

‖u(t_j)‖^2 + ‖θ(t_j)‖^2 ≤ K_1,

where K_1 = 3

K^2 λ^2_1ν^2 ( h ν + (T_1 − T_2)^2 λ^2_1κ^3h ) . Proof: We recall the relationship between T and θ

T = θ + T_1 − x_n h (T_1 − T_2).

The maximum principle in Lemma 3.1, for T, T_2 ≤ T ≤ T_1, implies that −(1 − x_n h )(T_1 − T_2) ≤ θ ≤ x_n h (T_1 − T_2).

Thus |θ|^2 ≤ (T_1 − T_2)^2L^2h/3.

Now consider the system (3.2). We multiply the first equation by u and integrate over Ω. Integration by parts and Schwarz’s inequality give 1 2 d dt |u(t)|^2 + λ_1ν|u(t)|^2 ≤ gα|θ(t)||u_n(t)|. Thus by the use of the bound for θ above, and Poincaré’s inequality, we get d dt |u(t)| + λ_1ν|u(t)| ≤ gα|θ(t)| ≤ gα(T_1 − T_2)L(h/3)^{1/2}. Integration in t then gives |u(t)| ≤ |u_0|e^{−λ1νt} + Kh^{1/2} λ_1ν (1 − e^{−λ1νt}), where K = gα(T_1 − T_2)^{1/2}L/(3)^{1/2}.

We combine the bounds for θ and u to get the absorbing set |θ| + |u| ≤ Kh^{1/2} ( 1 gα + 1 λ_1ν ) + δ in (L^2(Ω))^4, where K = gα (T_1 − T_2) 3^{1/2} L and δ is arbitrarily small.

The last statment of the lemma is proven by a straigthforward application of Lemma 2.1, to the equations (3.2), if we recall that the nonlinear term did not play a role in the proof of Lemma 2.1. Namely, for the first equation in (3.2),

|f|^2_{,∞} = g^2α^2|θ|^2 = K^2h,

and for the second equation |f|^2_{,∞} = (T_1 − T_2)^2 h^2

|u|^2 =

(T_1 − T_2)^2K^2 λ^2_1νh . We divide these by the decay coefficients λ^2_1ν^3 and λ^2_1κ^3, respectively and add them. This produces the bound on the H^1 norm for the sequence t_j. 2

Theorem 3.1 Suppose that the pressure is normalized, i.e., 1 Ω ∫ Ω p dx = 0, then there exists a unique local solution (u, θ, p) of (3.2) in C([0, t]; (H^1(Ω))^{n+2}), n = 2, 3, with initial data (u_0, θ_0)(x) in (H^1(Ω))^{n+1}.

Proof: The maximum principle in Lemma 3.1, for T, T_2 ≤ T ≤ T_1, implies a maximum principle for θ, −(1 − x_n h )(T_1 − T_2) ≤ θ ≤ x_n h (T_1 − T_2), by the relationship between T and θ

T = θ + T_1 − x_n h (T_1 − T_2).

This implies that |θ|^2 ≤ (T_1 − T_2)^2L^2h/3.

The rest of the proof, using this bound on θ, is similar to the proof of the local existence of the Navier Stokes equation. Kreiss and Lorentz [21] can be consulted for details. Then given the local solution (u, θ)(x, t) the pressure is recovered as in Remark 2. 2

In two dimensions we have the following global existence result.

Theorem 3.2 The Boussinesq system (3.2) has a unique global solution (u, θ) in C(R^+; (H^1(Ω))^3), where Ω is a bounded open set in R^2. Moreover, the system (3.2) possesses a global attractor in (L^2(Ω))^3.

Proof: A proof of Theorem 3.2 can be found in Foias et. al. [10].

In three dimensions the following global existence result holds true:

Theorem 3.3 Consider the Boussinesq system (3.2). For every weak solution u_w, θ_w in C(R^+; (L^2(Ω))^4), Ω a bounded open set in R^3 with a large aspect ratio,^L_h >> (T_1 −T_2)^2L^3, where L is the width (radius) and h is the height of Ω; there exist a time t_0, such that there exists a unique strong solution (u, θ) in C([t_0, ∞); (H^1(Ω))^4), t ≥ t_0, with initial data u(t_0) = u_w(t_0) and θ(t_0) = θ_w(t_0). Moreover, the system (3.2) possesses a global attractor in (L^2(Ω))^4.

Proof : We multiply the second equation in (3.2) above by θ and treat it in the same way as u in the proof of Lemma 2.1 to get 1 2 d dt |θ(t)|^2 + κ|∇θ(t)|^2 ≤ (T_1 − T_2) h |θ(t)||u_n(t)|, and by adding and subtracting β|θ| and applying Poincaré’s inequality, we get d dt |θ(t)| + β|θ(t)| + (λ^{1/2}_1 κ − β λ^{1/2}_1 )|∇θ(t)| ≤ (T_1 − T_2) h |u_n(t)| ≤ (T_1 − T_2) h (|u_0|e^{−λ1νt} + Kh^{1/2} λ_1ν

(1 − e^{−λ1νt})) ≤ c_1 + c_2e^{−λ1νt}.

Then integrating with respect to t, we get

(λ^{1/2}_1 κ − β λ^{1/2}_1 ) ∫ t 0 e^{−β(t−s)}|∇θ(s)|ds ≤ |θ(0)|e^{−βt} + c_1 β (1 − e^{−βt}) + c_2 (e^{−βt} − e^{−λ1κt}) (λ_1κ − β) . Next we multiply the u equation in (3.2) by Δu and integrate over Ω. By integration by parts and Schwarz’s inequality 1 2 d dt |∇u(t)|^2 + ν|Δu(t)|^2 ≤ gα|∇θ(t)||∇u_n(t)| + |u(t) · ∇u(t)||Δu(t)| ≤ gα|∇θ(t)||∇u_n(t)| + C(1 + λ^{−1}_1 + λ^{−2}_1 )^{3/8}|u(t)|^{1/4}|∇u(t)||Δu(t)|^{7/4}, by the Gagliardo-Nirenberg inequalities, where we have used that the H^2 Sobolev norm is bounded by

‖u‖_2 ≤ C(|u(t)|^2 + |∇u(t)|^2 + |Δu(t)|^2)^{1/2} ≤ C(1 + λ^{−1}_1 + λ^{−2}_1 )^{1/2}|Δu(t)|,

by Poincaré’s inequality. We use Young’s inequality to eliminate |Δu|^{7/4}, namely (( ν 2 )^7C_0)^{1/8}|u|^{1/4}|∇u||Δu|^{7/4} ≤ C_0|u|^2|∇u|^8 + ν 2 |Δu|^2 so 1 2 d dt |∇u(t)|^2 + ν 2 |Δu(t)|^2 ≤ gα|∇θ(t)||∇u(t)| + C_0|u(t)|^2|∇u(t)|^8 and by Poincaré’s inequality d dt |∇u(t)| + λ_1ν 2 |∇u(t)| ≤ gα|∇θ(t)| + C_0|u(t)|^2|∇u(t)|^7. Then we integrate the equation d dt |∇u(t)| + β|∇u(t)| − C_0|u(t)|^2|∇u(t)|^7 ≤ gα|∇θ(t)|, where β = λ_1ν/2. We integrate from the initial time t_0, to get

|∇u(t)| − C_0 ∫ t t0 |u(s)|^2|∇u(s)|^7e^{−β(t−s)}ds ≤ ≤ c_1 + c_2e^{−β(t−t0)} + c_3e^{−λ1ν(t−t0)}, by the above inequality for ∫ |∇θ|dt. Now if |∇u(s)| attains its maximum on the interval [t_0, t] at s = t, then ∫ t t0 |u(s)|^2|∇u(s)|^7e^{−β(t−s)}ds ≤ |∇u(t)|^7 ∫ t t0 |u(s)|^2e^{−β(t−s)}ds ≤ |∇u(t)|^7 2 ∫ t t0 ( |u_0|^2e^{−3βs}e^{−βt} + K^2h λ^2_1ν^2 (1 − e^{−2βs})^2e^{−β(t−s)} ) ds ≤ |∇u(t)|^7 6β ( |u_0|^2(e^{−3βt0} − e^{−3βt})e^{−βt} + 3

K^2h λ^2_1ν^2 (1 − e^{−β(t−t0)}) ) , where we have used the bound |u(t)| ≤ |u_0|e^{−λ1νt} + Kh^{1/2} λ_1ν (1 − e^{−λ1νt}), from Lemma 3.2 and the inequality ab ≤ a^2/2 + b^2/2. Thus, if we put |∇u(t)| = v(t), we obtain the inequality v(t) − av^7(t) ≤ M. The constants a and M are, a = K^2h 2λ^2_1ν^2β

= g^2α^2

(T_1 − T_2)^2 6λ^2_1ν^2β

L^2h and M = 2c_1 = 2

(T_1 − T_2)K h^{1/2}λ_1ν

= 2gα(T_1 − T_2)^2L/3^{1/2}λ_1νh^{1/2}.

This means that for a large aspect ratio L/h >> (T_1 − T_2)^2L^3, a becomes small. Now we repeat the arguments from the proof of Theorem 2.2 and conclude that the function F (v) = v − av^7 is concave and attains its maximum at v_{max} = 1/(7a)^{1/6}. This maximum is F (v_{max}) = 6 7 1 (7a)^{1/6} , so that v(t) can not escape beyond its maximum, see Figure 1. Moreover arguing as in Theorem 2.2 we conclude that the derivative of F is positive at the point where F first reaches M and this gives us the bound v ≤ 7M 6 . The last step is to get a bound for |∇θ|. We multiply the θ equation in (3.2) by Δθ, to get 1 2 d dt |∇θ(t)|^2 + κ|Δθ(t)|^2 ≤ (T_1 − T_2) h |∇θ(t)||∇u(t)| + |u(t) · ∇θ(t)||Δθ(t)| by Schwarz’s inequality ≤ (T_1 − T_2) h |∇θ(t)||∇u(t)| + |u|_6|∇θ(t)|_3|Δθ(t)|, by Holder’s inequality ≤ (T_1 − T_2) h |∇θ(t)||∇u(t)| + C(|∇u(t)|^2|θ|/δ^3 + δ|Δθ|)|Δθ(t)|, by Poincaré’s and Sobolev’s inequalities, because |u|_6 ≤ K‖u‖ ≤ C|∇u|, as above, and be cause, |∇θ|_3 ≤ C‖∇θ‖_{1/2} ≤ K( |∇θ| δ + δ|Δθ|) ≤ C( |θ| δ^3 + δ|Δθ|) by two applications of interpolation, where δ is small. Thus 1 2 d dt |∇θ(t)|^2 + κ|Δθ(t)|^2 ≤ (T_1 − T_2) h |∇θ(t)||∇u(t)| + C^2|∇u(t)|^4|θ|^2 δ^6 + 2δ|Δθ(t)|^2, by Young’s inequality. Now moving the |Δθ(t)|^2 term over to the left hand side of the inequality and applying Poincaré’s inequality, we get 1 2 d dt |∇θ(t)|^2 + λ_1(κ − 3δ)|∇θ(t)|^2 ≤ 1 2 d dt |∇θ(t)|^2 + (κ − 3δ)|Δθ(t)|^2 ≤ c_3, since (T_1 − T_2) h |∇θ(t)||∇u(t)| ≤ λ_1δ|∇θ(t)|^2 + (T_1 − T_2)^2 4h^2λ_1δ |∇u(t)|^2, by the inequality ab ≤ a^2 + b^2/4. Thus |∇θ(t)|^2 ≤ |∇θ(t_0)|^2e^{−γ(t−t0)} + (2c_3/γ)(e^{−γt0} − e^{−γt}), where γ = 2(κ − 3δ).

We can now put the estimates for |∇u| and |∇θ| together to get an absorbing set |∇u(t)| + |∇θ(t)| ≤ constant + ϵ, where ϵ is arbitrarily small for t large enough. Namely, by Lemma 3.2, there exists a t_j, such that (u, θ)(t_j) ∈ H^1(Ω) and the global bound on the H^1 norm holds for t = t_0 = t_j. Combined with the local existence Theorem 3.1, the a priori bound above now gives the existence of a global solution in H^1(Ω), for t ≥ t_0. The existence of a global attractor in (L^2(Ω))^4 then follows from the compact embedding of (H^1(Ω))^4 in (L^2(Ω))^4. 2

Corollary 3.1 The Boussinesq system (3.2) has a maximal B-attractor whose basin is a prevalent set in (L^2(R^n)^{n+1}), n = 2, 3.

The proof is a straight-forward application of Theorem 2.3

Theorem 3.3 says that in experiments in pattern formation where one has a large aspect ratio, it is only necessary to wait a short time to have global spatially smooth solutions. The smoothness follows from the smoothness of the nonlinear semigroup, see

Kreiss and Lorentz [21]. Corollary 3.1 says that what is observed in the experiments after the initial settling-down time, is a B-attractor that is a component of the maximal B-attractor. In other word this attractors is observed for an open set of initial conditions. (However, not necessarily an open set of parameter values.) It is then useful to know how long one has to wait and this time is easily estimated. It is the time it takes the exponentially decaying initial data to become comparable in size with the L^2 absorbing set. Namely, t = 1 λ_1ν ln [ λ_1ν|u_0| Kh^{1/2} ]

= 1 λ_1ν ln [ 3^{1/2}λ_1ν|u_0| gα(T_1 − T_2)Lh^{1/2} ] . In experiments for Prandtl numbers close to one, this time is measured in hours for experiments that take days [17].

4 Rayleigh-Bénard convection

4.1 The physical background

Consider again the Boussinesq equations in the case of Rayleigh-Bénard convection ∂u ∂t + (u · ∇)u − νΔu + ∇p = gα(T − T_2),

∂T ∂t + (u · ∇)T − κΔT = 0,

div u = 0 x ∈ Ω, t ∈ R^+

It is well-known that for T_1 − T_2 sufficiently small the fluid is quiescent and the temperature increases linearly in the vertical direction. This is a pure conduction state. It is also the unique B-attractor in this parameter regime. As T_1 − T_2 increases beyond a certain threshold the pure conduction state becomes unstable and convection starts. An excellent way to visualize the parameter regions for different B-attractors is to plot the

Rayleigh number as a function of the wavenumber ξ. (The wavenumber is the spatial Fourier variable of the rolls.) The neutral stability curve (NC) of the pure conduction state is then a quadradic curve in the ξ − R plane, that forms the outline of the stability region for straight convection rolls, called the Busse balloon, see Figure 2. Inside the

Figure 2: B-attractors for Prandtl number 0.71 (air).

balloon the fluid settles on a pattern of spatially periodic convection rolls, after initial transients. These solutions, form the Busse B-attractors. There are seven possibilities, described by the amplitude equations of Stuart, Watson and Landau [39, 41], and the various cases arising from cubic terms of these equations have been desribed in [29, 34, 1]. Namely, up to rotation through an angle that is fixed by the initial conditions, one can have straight rolls with three orientations seperated by 120^o. Secondly, one can have a square pattern of solutions with three possible orientations corresponding to a combination of two orientations of the straight rolls. The last possible B-attractor consists of a hexagonal pattern where the straight rolls with all three orientations have been superposed. Square and hexagonal patterns require the presence of quadradic terms in the amplitude equations, without them the B-attractor consists of only straight rolls.

The straight rolls become unstable when the Rayleigh number is sufficiently large and this can happen either through a long-wave instability, Eckhaus (E), zig-zag (ZZ) or skew-varicose (SV) instability, see Figure 2. The first one is a modulation of the roll separation, the second a bending of the rolls and the third a combination of the two. Or the instability may happen through a short-wavelength instability such as a crossroll or a knot instability. These instability curves can be found analytically, see [15], but they require an inclusion of a mean drift (flow) terms in the amplitude equations, see [14, 32]. Beyond these instability boundaries the B-attractors consist of wavy rolls, knot convection and bimodal cells, one can also have time dependent patterns such as oscillatory blob convection, see [9]. Sufficiently far beyond these instability boundaries very complex spatial patterns exist and the global attractor may have more than one minimal component. In experiments performed in thin circular boxes, see Morris et al. [31, 2], with a large aspect ratio, 1. e. the height of the box is small compared to its radius, there exist minimal ”chaotic” attractors consisting of jumbled broken pieces of convection rolls. Our techniques are designed to apply to the theoretical investigations of these experiments, but they may be of general use. For a discussion of the global attractor, it’s B-attractor and minimal B components see Milnor [30], Birnir [3, 4] and Birnir and Grauer [6].

The instabilities of the convection rolls at sufficiently large temperature gradients (Rayleigh numbers) are due to flow (fluctuations) on a small scale. This scale is driven by both the heat conduction and the large scale flow that couples to the small scale flow through the convective nonlinearity. In addition, the small scale flow is dissipated by the viscosity which acts on even smaller scales. In [7] we give these considerations a mathematical formulation by deriving an equation describing the small scale flow. Using this equation we recover the mean field flow, where we have averaged over the small scale. In particular this captures how the large scale convection and conduction contribute to the mean field.

4.2 Scaling and expansions

As a starting point we introduce a small ”scaling” parameter ϵ > 0 and consider the scaled system ∂u_ϵ ∂t + (u_ϵ · ∇)u_ϵ − ϵ^γ νΔu_ϵ + ∇p_ϵ = gα(T_ϵ − T_2),

∂T_ϵ ∂t + (u_ϵ · ∇)T_ϵ − ϵ^γ κΔT_ϵ = 0,

div u_ϵ = 0, x ∈ Ω, t ∈ R^+, (4.1)

equipped with initial data

u_ϵ(x, 0) = a(x) and T_ϵ(x, 0) = b(x).

The boundary conditions are periodic on the vertical surfaces x_k = 0, l for k < n. Furthermore, on the horizontal surfaces x_n = 0 and x_n = h, the velocity u_ϵ vanishes (no-slip condition) and the temperature T_ϵ is kept constant, i.e.,

T_ϵ = T_1 on x_n = 0, T_ϵ = T_2 on x_n = h.

k is a positive constant. A small value of ϵ corresponds to a high Reynolds number and the solutions will likely become turbulent. We also consider the scaled system corresponding to (3.2), i.e., ∂u_ϵ ∂t + (u_ϵ · ∇)u_ϵ − ϵ^γ νΔu_ϵ + ∇p_ϵ = gαe_nθ_ϵ,

∂θ_ϵ ∂t + (u_ϵ · ∇)θ_ϵ − ϵ^γ κΔθ_ϵ =

(T_1 − T_2) h (u_ϵ)_n,

div u_ϵ = 0.

x ∈ Ω, t ∈ R^+, (4.2)

For the temperature θ_ϵ we get initial data θ_ϵ(x, 0) = θ^0_ϵ (x) and the new boundary data θ_ϵ = 0 at x_n = 0 and at x_n = h. The initial and boundary data for u_ϵ remain unchanged. Moreover, u_ϵ and θ_ϵ and their gradients and p_ϵ are periodic as above.

It turns out that the value γ = 3/2 is critical. To see that we perform a multiple scales expansion technique of the unknown quantities u_ϵ, p_ϵ and θ_ϵ and assume that u_ϵ(x, t) = ϵ^ρ ∞∑ i=0 ϵ^iu_i(x, x ϵ^μ , t, t ϵ^β ),

p_ϵ(x, t) = ∞∑ i=0 ϵ^ip_i(x, x ϵ^μ , t, t ϵ^β ),

θ_ϵ(x, t) = ∞∑ i=0 ϵ^iθ_i(x, x ϵ^μ , t, t ϵ^β ), where u_i, p_i and θ_i are all assumed to be T^n-periodic with respect to y ∈ R^n, n = 2, 3, T^n being the usual unit torus in R^n. If we put y = x/ϵ^μ and τ = t/ϵ^β, the chain rule transforms the differential operators as ∂ ∂t → ∂ ∂t + 1 ϵ^β ∂ ∂τ , ∂ ∂x → ∂ ∂x + 1 ϵ^μ ∂ ∂y . The question is: Can we preserve the structure from the original problem in the leading order approximation? One sees that if the viscosity and conductivity terms scales like ϵ^{3/2}, then the choices μ = 1 and ρ = β = 1/2 preserve all quantities. By substituting all this into the system (4.2) we can equate the powers of ϵ. This formal manipulation shows that the functions u_i and θ_i, i = 0, 1, ... are all independent of t and that p_0 is independent of y. Formally this means that there are two scales in space and in order to preserve the evolutionary behaviour, in the leading order approximation, a chance of time scale t →^t_{ϵ1=2} = τ becomes necessary, c.f. Lions [27]. It also follows, from the equations, that the functions p_i are independent of t. The leading order system reads ∂u_0 ∂τ + (u_0 · ∇_y)u_0 − νΔ_yu_0 + ∇_yp_1 = gαe_nθ_0 − ∇_xp_0

∂θ_0 ∂τ + (u_0 · ∇_y)θ_0 − κΔ_yθ_0 = 0

div_yu_0 = 0, div_x( ∫ T n u_0dy) = 0,

(4.3) on Ω × T^n × R^+ with T^n-periodicity in y.

We see that the system (4.3) differs from the system (3.2) only by the additional forcing term coming from the ”global” pressure gradient. Thus the local problem (on the ϵ-scale) has two pressure gradients, one local ∇_yp_1 and one global ∇_xp_0.

Remark 4 The scaling discussed above is isotropic but the convection rolls in Rayleigh- Bénard convection have a preferred direction, say along the x_2-axis. This commands the use of anisotropic scaling for the amplitude equations and it turns out that the scaling by ϵ^{3/2} is the one pertaining to the other directions direction, perpendicular to the orientation of the rolls. The details of this affine scaling will be spelled out in [7].

4.3 Existence results

In three dimensions the following global existence result holds true:

Theorem 4.1 Consider the Boussinesq system (4.2). For every fixed value of ϵ > 0 the following holds true: For every weak solution u_{w,ϵ}, θ_{w,ϵ} in C(R^+; (L^2)^4(Ω)), Ω a bounded open set in R^3 with a large aspect ratio,^L_h >> (T_1 −T_2)^2L^3, where L is the length and h is the height of Ω; there exist a time t_0, such that there exists a unique strong solution u_ϵ, θ_ϵ in C([t_0, ∞); (H^1)^4(Ω)), t ≥ t_0, with initial data u_ϵ(t_0) = u_{w,ϵ}(t_0) and θ_ϵ(t_0) = θ_{w,ϵ}(t_0). Moreover, the system (4.2) possesses a global attractor in (L^2)^4(Ω).

Proof: Theorem 4.1 follows from Theorem 3.3 if we set the viscosity and heat conductivity in Theorem 3.3 equal to ϵ^{3/2}ν and ϵ^{3/2}κ, respectively.

Remark 5 The existence of a pressure p_ϵ ∈ C([t_0, ∞); (H^1)(Ω)/R) follows by the same arguments as those in Remark 2 after the proof of Theorem 2.2.

We conclude with the existence result for the two-scale system (4.3)

Theorem 4.2 Consider the system (4.3) with initial data u_0(x, y, 0) = a(x, y) and θ_0(x, y, 0) = b(x, y), with zero mean over T^n. For almost every x ∈ Ω the system has a unique global strong solution u_0 ∈ C([t_0, ∞); (H^1(T^n))^n), n = 2, 3, and θ_0 ∈ C([t_0, ∞); H^1(T^n)). Moreover, p_1 ∈ C([t_0, ∞); H^1(T^n)/R). Integrated over T^n, (u_0)_i, θ_0 and p_1 all belong to L^2(Ω). Finally, p_0 ∈ C([t_0, ∞); H^1(Ω)). In two dimensions t_0 = 0 and in three dimensions t_0 = t_0(|a|, |b|) > 0, in general. Moreover for almost every x ∈ Ω, the system (4.3) possesses a global attractor in (L^2(T^n))^n × L^2(T^n), n = 2, 3.

The proof in the two-dimensional case is relatively straightforward and details can be found in Foias et al. [10].

Proof: In the three-dimensional case the proof is similar to the proof of Theorem 3.3 but simpler. First we multiply the first equation in (4.3) by θ and integrate by parts to get |θ_0(t)| ≤ |b|e^{−γt} after integration in t, where γ = λ_1κ. In [7] we show that

gαe_3θ_0 − ∇_xp_0 = gαπ_2(e_3θ_0),

where π_2(e_3θ_0) denotes the projection onto the divergence free part of e_3θ_0. Hence, |gαe_3θ_0 − ∇_xp_0| ≤ gα|θ_0| ≤ gα|b|e^{−γt}. This means that for t sufficiently large the forcing in the first equation of (4.3) becomes small. Thus we obtain the existence of unique global solution u_0 ∈ C([t_0, ∞); (H^1(T^n))^3) to the first equation of (4.3), by Theorem 2.2, and an absorbing set in this space. Since u_0(t) ∈ (H^1(T^n))^3 we also obtain global existence for θ_0 in the second equation of (4.3), just as in the proof of Theorem 3.3 and the existence of an absorbing set in this space as well. The existence of the attractors follows from the fact that the equations possess an absorbing set in (H^1(T^n))^3 ×H^1(T^n) which is compactly embedded in (L^2(T^n))^3 ×L^2(T^n). . 2 Remark 6 In [7], we prove, by using homogenization theory, that the solutions of the scaled system (4.2) converges in the two-scale sense, see [33], to the unique solution to the system (4.3).

Remark 7 By averaging the system (4.3) over the unit torus in local variable y we obtain the mean-field corresponding to the scaled system (4.2). The understanding of the effects of this field on the system is crucial in the theoretical understanding of the complex patterns in Rayleigh-Bénard convection, see [7].

Acknowledgements The first author was partially supported by NSF grant DMS- 9704874 and a grant from Rannís and the second author was partially supported by a postdoctoral fellowship from the Swedish Research Council for the Natural Sciences.

References

[1] F. H. Busse A. Schülter, D. Lortz. On the stability of steady finite amplitude convection. J. Fluid Mech., 23:129–144, 1965.

[2] G. Ahlers, E. Bodenschatz, D. S. Cannell, and S. W. Morris. Spiral defect chaos in large aspect ratio Rayleigh-Benard convection. Phys. Rev. Lett., 71:2026–2029, 1993.

[3] B. Birnir. Global attractors and basic turbulence. In Spatschek K. H. and F. G.

Mertens, editors, Nonlinear Coherent Structures in Physics and Biology, pages 321– 334, New York, 1994. Nato, Plenum. ASI Series 329.

[4] B. Birnir. Basic attractors. UCSB, Preprint, 1998.

[5] B. Birnir and R. Grauer. The center manifold and bifurcations of damped and driven sine-Gordon breathers. Physica D, 56:165–184, 1992.

[6] B. Birnir and R. Grauer. An explicit description of the global attractor for the damped and driven sine-Gordon equation. Communications of Mathematical Physics, 162:539–590, 1994.

[7] B. Birnir and N. Svanstedt. Homogenization of the Navier-Stokes equation for oscillatory fluids. UCSB, Preprint, 1998.

[8] F. H. Busse and R. M. Clever. Instabilities of convection rolls in a fluid of moderate Prandtl number. J. Fluid Mech., 91, 1979.

[9] F. H. Busse and R. M. Clever. High order bifurcations in fluid systems and coherent structures in trubulence. In Spatschek K. H. and F. G. Mertens, editors, Nonlinear Coherent Structures in Physics and Biology, pages 405–416, New York, 1994. Nato, Plenum. ASI Series 329.

[10] O. Manley C. Foias and R. Temam. Attractors for the Bénard problem: Existence and physical bounds on their fractal dimension. Nonlinear Analysis TMA, 11:939– 967, 1987.

[11] R. M. Clever and F. H. Busse. Transition to time dependent convection. J. Fluid Mech., 65, 1974.

[12] M. C. Cross. Convection patterns in large aspect ratio systems. Physica, 10D:490– 498, 1984.

[13] M. C. Cross and P. C. Hohenberg. Pattern formation outside of equilibrium. Rev.

Mod. Phys., pages 851–1112, 1993.

[14] M. C. Cross and A. Newell. Phase dynamics of convection rolls. Phys. Rev. A, 27:229–328, 1983.

[15] W. Decker and W. Pesch. Order parameter and amplitude equations for the Rayleigh- Benard convection. Journ. de Physique II, 4(3):419–438, 1994.

[16] Y. Hu, R. E. Ecke, and G. Ahlers. Convection near threshold for Prandtl numbers near 1. Physical Review E, 48(6):4399–4413, 1993.

[17] Y. Hu, R. E. Ecke, and G. Ahlers. Convection near threshold for Prandtl numbers near 1: Dynamics of textured patterns. Physical Review E, 51(4):3263–3279, 1995.

[18] Y. Hu, R. E. Ecke, and G. Ahlers. Time and length scales in rotating Rayleigh-Bénard convection. Phys. Rev. Letter, 74(25):391–394, 1995.

[19] Y. Hu, R. E. Ecke, and G. Ahlers. Transition to spiral-defect chaos in low Prandtl number convection. Phys. Rev. Letter, 74(3):391–394, 1995.

[20] B. R. Hunt, T. Sauer, and J. A. Yorke. Prevalence: a translation invariant “almost every” on infinite-dimensional spaces. Bull. AMS., 27(2):217–238, 1992.

[21] H-O Kreiss and J. Lorenz. Initial Value Problems and the Navier-Stokes Equations.

Academic Press, 1989.

[22] O. Ladyshenskaya. Mathematical Problems in the Dynamics of Viscous Incompressible Fluids. Nauka, Moscow) (Russian). (English Edition: Gordon and Breach), New York, 1969.

[23] O. Ladyshenskaya. On the dynamical system generated by the Navier-Stokes equations. J. Soviet Math., 3:458–479, 1972.

[24] O. Ladyshenskaya. Von Neumann Lecture. SIAM Annual Conference, Toronto, 1998. [25] J. Leray. Etude de diverses equations integrales nonlineaires et de quelques problemes que pose l’hydrodynamique. J. Math. Pures Appl., 12:1–82, 1933.

[26] E. Lieb. On characteristic exponents in turbulence. Comm. Math. Phys., 92:473–480, 1984.

[27] J. L. Lions. Some methods in the mathematical analysis of systems and their control.

Science Press, Beijing, China, 1981.

[28] R. Mañé. On the dimension of the compact invariant sets of certain nonlinear maps.

In D.A. Rand and L.-S. Young, editors, Dynam. Syst. and Turbulence, New York, 1980. Springer. Warwick.

[29] W. V. R. Malkus and G. Veronis. Finite amplitude convection. J. Fluid Mech., 4:225–260, 1958.

[30] J. Milnor. On the concept of attractor. Commun. Math. Phys., 99, 1985. [31] S. W. Morris, E. Bodenschatz, D. S. Cannell, and G. Ahlers. Spiral defect chaos in large aspect ratio Rayleigh-Bénard convection. Phys. Rev. Lett., 71:2026–2029, 1993.

[32] A. Newell, T. Passot, and M. Souli. Phase diffusion and mean drift equations for convection at finite Rayleigh numbers in large containers. J. Fluid Mech., 220:187– 252, 1990.

[33] G. Nguetseng. A general convergence result for a functional related to the theory of homogenization. SIAM J. Math. Anal., 20:608–623, 1989.

[34] E. Palm. Nonlinear thermal convection. Ann. Rev. Fluid Mech., 7:39–61, 1975. [35] R. Mainieri R. E. Ecke, Y. Hu and G. Ahlers. Excitation of spirals and chiral symmetry breaking in Rayleigh-Benard convection. Science, 269:1704–1707, 1995.

[36] G. Raugel. Dynamics of partial differential equations in thin domains. In Lecture Notes in Mathematics, volume 20, pages 208–315. Springer Verlag, 1994.

[37] D. Ruelle. Large volume limit of distribution of characteristic exponents in turbulence. Comm. Math. Phys., 87:287–302, 1982.

[38] D. Ruelle. Characteristic exponents for a viscous fluid subjected to time-dependent forces. Comm. Math. Phys., 92:285–300, 1984.

[39] J. T. Stuart. On the nonlinear mechanics of wave disturbances in stable and unstable parallel flows. part 1. the basic behaviour in plane Poiseuille flow. J. Fluid Mech., 9:353–370, 1960.

[40] R. Temam. Infinite-Dimensional Dynamical Systems in Mechanics and Physics.

Springer Verlag, New York, 1988.

[41] J. Watson. On the nonlinear mechanics of wave disturbances in stable and unstable parallel flows. part 2. the development of a solution for plane Poiseuille flow and for plane Couette flow. J. Fluid Mech., 9:371–389, 1960.