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1. INTRODUCTION

Let A be a basic finite dimensional algebra over an algebraically closed field K. Tame-
ness of the representation type of A — the only situation in which one can, at least in
principle, meaningfully classify all finite dimensional representations of A —is a borderline
phenomenon. However, even in the wild scenario, it is often possible to obtain a good
grasp of the “bulk” of d-dimensional representations, for any dimension d, by understand-
ing finitely many individual candidates. The underlying approach was initiated by Kac in
1982 for the hereditary case, refined by Schofield in 1992, and extended to arbitrary finitely
generated K-algebras by Crawley-Boevey-Schréer in 2002 ([14], [15], [5]). The idea is to
explore the generic behavior of the modules represented by the irreducible components of
the affine variety, Mody(A), which parametrizes the d-dimensional left A-modules. Given
an irreducible subvariety C of Modg(A), a certain property is said to be C-generic in case
it is shared by all modules corresponding to the points in a dense open subset of C; as
is common, we will, more briefly, speak of the modules in C, or in a certain subset of
C. To date, generic numbers of indecomposable summands, combined with their generic
dimension vectors, have been the main objects of study.

Roughly, our goal is to expand this program by focusing attention on and broadly in-
vestigating the modules we call generic for C; these are modules in C that exhibit all
categorically defined C-generic properties, i.e., all those generic properties which are in-
variant under self-equivalences of the category A-mod. (The modules we call generic for C
actually satisfy a slightly stronger condition; see Definition 4.2. Existence and uniqueness,
up to self-equivalences of A-mod, are guaranteed by Theorem 4.3; see also Theorem B
below.) We start by establishing a general framework for this purpose, and then carry
out the implied program for the core class of algebras we are targeting in this paper, the
truncated path algebras. These are the algebras of the form KQ/I, where @) is an arbitrary
quiver and I the ideal generated by all paths of a given fixed length. They include the
hereditary algebras, but display a wealth of new phenomena. In particular, the subvari-
eties of Mody(A) corresponding to the modules with fixed dimension vector are no longer
irreducible in general, but may have arbitrarily many irreducible components. Moreover,
their generic homological properties range over a wide spectrum. We also point to the fact
that the truncated path algebras play a prominent role relative to arbitrary basic finite
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dimensional algebras over K, in that all representations of the latter occur as representa-
tions of the former: Indeed, if A = KQ/I is any path algebra modulo an admissible ideal
I of relations and L + 1 its Loewy length, then all representations of A evidently arise as
representations of A’ = K@Q/(all paths of length L + 1), and the parametrizing varieties
for A-mod arise as closed subvarieties of the analogous varieties for A’-mod.

Even if one is primarily interested in the irreducible components of the large variety
Mod,(A), it is advantageous to include a roster of subvarieties in one’s focus. On one hand,
all the locally closed subsets to which we descend encode generically relevant subclasses
of the d-dimensional modules, in the sense that every irreducible component of Mod4(A)
shares a nonempty open subset with one of them. So they serve as stepping stones in the
global project. On the other hand, the “redundant” information gleaned along this line
produces a far more complete generic picture of the representation theory of A than restric-
tion to the components of Mlod;(A) could. In concrete terms: Generically, the modules M
in an irreducible component of Modg(A) have fixed top T (M) = M/JM, where J is the
Jacobson radical of A. More strongly, the radical layering S(M) = (J'M/J'T1 M) 0<i<L

is generically constant; here the number L is maximal with J* # 0. Our focus on these
invariants is further motivated by the fact that the subvarieties Mod? and Mod(S) of
Mod,;(A), which consist of the points corresponding to modules with fixed top T or fixed
radical layering S = (Sg, Sy, ...,SL), respectively, have smaller and more manageable coun-
terparts in a projective setting. The first of these alternate varieties, denoted QStassdT, is
a closed subset of a classical Grassmannian, parametrizing the same isomorphism classes
of modules as Modg. The second, Brass(S), encodes the same isomorphism classes as
Mod(S); it is a subvariety of ®ta55§, whenever the sequence S of semisimple modules has
total dimension d and its top, Sg, equals T'.

More specifically, our goals are: (1) To understand, both geometrically and representa-
tion-theoretically, the irreducible components of the parametrizing varieties for truncated
path algebras. One of the principal assets of these algebras lies in the fact that they carry
a positive grading in terms of path lengths. As a consequence of the following theorem, we
will find that, in the truncated case, the varieties Mod(S) are always irreducible, smooth
and unirational. Hence, the irreducible components of the Modg and of the encompassing
varieties Modg(A) are again unirational, both types being closures of certain Mod(S)’s
in the larger varieties; usually these closures pick up singularities, however. We rephrase
this result in the projective setting, where the geometry is more transparent.

Theorem A. Suppose that A = KQ/I is a truncated path algebra of Loewy length L + 1.
For each sequence S of semisimple A-modules, the variety Brass(S) is irreducible, rational
and smooth; in fact, it is covered by dense open subsets which are isomorphic copies of
some affine space AN .

More precisely, ®rass(S) is an affine bundle with fibre AN over Gr-®rass(S), where
Gr-®rass(S) is the subvariety of Grass(S) consisting of the points that correspond to graded
modules generated in degree zero; both N and N1 can be determined from the quiver @, the
integer L, and S by a simple count. Moreover, the variety Gr-Grass(S) of graded objects is
projective and, in turn, smooth and rational. More precisely, it is an iterated Grassmann
bundle over a finite direct product of classical Grassmannians. (For terminology and more
precision, consult Theorems 5.3, 5.8, and the paragraph preceding the latter.)
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As a consequence of the geometric transparency of Brass(S) in the truncated case, the
modules with radical layering S are generically understood (Theorem 5.11); we will sketch
some of their generic homological features at the end of the introduction. Moreover — due
to unirationality of the components of the classical affine module varieties over truncated
path algebras — all points in an irreducible component of Modg(A) with generic radical
layering S can be reached from Mod(S) by way of rational curves; see Corollary 5.6 for a
precise rendering of this statement.

It turned out that the general theory, which is needed to provide a viable format for
project (1), does not require restriction to truncated path algebras; in fact, it pertains to
arbitrary finite dimensional algebras. Following this lead, we pursue two broader goals in
the general scenario. They are: (2) To interrelate the components of the parametrizing
varieties on the various tiers of the hierarchy. (3) To define, construct, and analyze “generic
modules” for the irreducible components C of Grass, and Gtass(S) — equivalently, for the
components of Mod? and Mod(S) — and, by inference, for those of Modg(A).

Ad (2) (Sections 2,3, setting the stage): As we already pointed out, generically, the
modules corresponding to some irreducible component C of Modg(A) have constant radical
layering and, a fortiori, constant top. This translates into our hierarchy of varieties as
follows: For each irreducible component C of Modg(A), there exists a unique irreducible
component C’ of some Mod? and a unique irreducible component C” of some Mod(S)
such that C is the closure of €’ in Modg(A) and C’ the closure of C” in Mody. Shifting
the irreducible varieties C’ and C” into the setting of Grass, and Grass(S), respectively,
offers a major advantage. One of the reasons for this is completeness of @tassg; another
lies in the fact that any coordinatization A = K@Q/I, where @ is a quiver and I C K@
an admissible ideal, permits a further descent from &tass(S) to open affine subvarieties,
labeled Brass(o), whose irreducible components are significantly more accessible, both
theoretically and computationally; in particular, their components can be obtained from
@ and generators for I by a fast algorithm (see [2]). These smallest entities rass(o) — they
constitute the last stage of our successive reductions — are defined in terms of distinguished
bases o; namely, the modules they represent share certain “path bases” called “skeleta”
(see Definition 3.1). The irreducible components of any given Grass(S) are precisely the
closures of the irreducible components of the GBrass(o) covering &rass(S). In the case of
truncated path algebras, the &rass(o) are full affine spaces that can be read off the quiver
Q.

Ad (3) (Section 4): In exploring the generic behavior of modules over A = KQ/I,
we assume, for the sake of convenience, that the base field K has infinite transcendence
degree over its prime field; if this is a priori not the case, we suitably extend K. Under this
provision, we let Ky be any algebraically closed subfield of K such that I is defined over
Ky and K has infinite transcendence degree over K. The basic results, Theorem 4.3 and
Corollary 4.6 (see also Theorem B below), guarantee that, in each irreducible component
C of &rass(S) — or of Grass?, or Modg(A) — there exists a A-module which displays all
“Gal(K/Ky)-stable” generic properties of the modules in C; here Gal(K /Kj)-stability of a
property means that it is passed on from M to F(M) whenever F is an auto-equivalence
of A-Mod induced by some automorphism in the Galois group of K over K. (Clearly,
every automorphism of K gives rise to a ring automorphism of A, which in turn defines
an auto-equivalence of A-Mod.) Modules M and M’ are called “Gal(K/Kj)-equivalent” if
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M = F(M') for some equivalence F' of this type.

The following theorem is somewhat loosely phrased; for more precision see Theorem 4.3
and Corollary 4.6. The existence and uniqueness portion is not specifically representation-
theoretic in nature, but follows from a general fact concerning “generic orbits” of algebraic
group actions (Lemma 4.4).

Theorem B. Suppose C is an irreducible component of Mody(A) or Grass’, or Grass(S).
Then there exists a module G = G(C) in C — unique up to Gal(K/Ky)-equivalence — which
has all Gal(K/Ky)-stable generic properties of the modules in C. In particular, the set of
skeleta of G 1is the generic one.

A minimal projective presentation P/QY(G) of G, where Q' (G) is the kernel of a pro-
jective cover P — G, can be constructed from any skeleton o of G in terms of Grass(o)
(the latter being the smallest and most accessible of the varieties considered). Moreover,
the syzygies Q¥(G) of G are “generic for the syzygies of the modules in C” in the following
sense: There exists a dense subset D of C such that, for all k € N and all modules M in
D, the syzygy (M) is Gal(K/Ky)-equivalent to QF(G). The cosyzygies of G have the
same generic behavior, and, in case G is indecomposable, the Auslander-Reiten sequences
starting or ending in G are C-generic in an analogous sense (see Definition 4.1).

A suitable simultaneous choice of the modules G(C) additionally yields the following
“relative” generic behavior: Given arbitrary irreducible components C and C’ of Mody(A)
and Modg (A), respectively, any Gal(K/Ky)-stable generic property of pairs of modules
in C x C' is shared by the pair (G(C),G(C’)). More concretely, this entails, for instance,
that

dim Ext} (G(C), G(C)) = min{dim Ext}y (M,N) | M €C, N € C'} fori >0,

next to analogous equalities for Tor-spaces.

Theorem B has a slew of homological consequences (e.g., Corollary 4.7), which smooth
the road towards a generic homological investigation of A; in particular, determining
generic projective dimensions and generic finitistic dimensions becomes feasible for large
classes of algebras. For concrete illustrations, see Examples 4.7 and 5.12. In the special
case of a truncated path algebra, Theorem 5.11 leads to a complete understanding of the
generic homological dimensions; the implicit program was carried out in [6].

“The” generic object G(C) guaranteed by Theorem B is called d-generic, or (T,d)-
generic, or S-generic for C, according to the placement of C in the hierarchy of parametriz-
ing varieties; the prefix indicating on what representation-theoretic level G(C) is generi-
cally representative avoids conflict with existing terminology introduced in [4]. By what
has been said above, the combined lists of S-generic modules for the various d-dimensional
semisimple sequences S include all (7', d)-generic modules, and the latter, in turn, include
all d-generic candidates.

Back to (1) (Section 5): We give a sample result showing how Theorems A and B yield
more concrete generic information in the case of a truncated path algebra A = KQ/I. In
this situation, the generic skeleta o for any of the irreducible varieties tass(S) can be
gleaned from the quiver () by mere inspection, and the minimal projective presentation of
the corresponding generic module G mentioned in Theorem B can be given without further
computation as well. This is made precise in the first part of Theorem 5.11. The second
part asserts that the syzygies of G are structurally simplistic. Here is a rough preview:
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Theorem C. Suppose A = KQ/I is a truncated path algebra and S a sequence of semisim-
ple objects in A-mod. Moreover, let G = G(S) be a generic module for the irreducible
variety Brass(S). Then any skeleton compatible with S (compatibility being a purely com-
binatorial condition on a set of paths, introduced in Definition 3.4) is a skeleton of G.

The syzygies Q¥ (G), for k > 1, are direct sums of cyclic modules, which are determined
by S up to isomorphism (not only up to Gal(K/Ky)-equivalence). These cyclic summands
of the generic syzygies are, in fact, isomorphic to left ideals of A generated by paths that
can be specified from Q, L and S.

While the S-generic level is mastered for any truncated path algebra A, sifting the
complete collections of (T, d)-generic and d-generic modules out of the S-generic candidates
(that is, determining those sequences S which are generic on the (7', d) or d-level) hinges
on a more thorough understanding of the closures of the &tass(S) as one moves up in the
hierarchy of parametrizing varieties: &tass(S) — Grass, — Mody(A); see the example
following Theorem 5.11 for illustration. This task will be tackled in a separate project with
the aid of Corollary 5.6. However, a first generation of (7', d)-generic and d-generic modules
can be recognized on sight among the S-generic ones, namely those of class 0 in the sense
of Observations 2.1 and Corollary 2.7; see Examples 5.7 and the remarks preceding them.

The crucial concepts can be found in Definitions 3.1 (skeleta), 3.7 (critical paths and
affine coordinates of the ®rass(o)), 3.9 (hypergraphs of modules), 4.1 and 4.2 (generic
modules for the irreducible components of the parametrizing varieties). Moreover, Theorem
3.8 summarizes background from [13].

2. PLAYING IRREDUCIBLE COMPONENTS BACK AND FORTH AMONG
SUBVARIETIES OF Mod;(A) AND THEIR PROJECTIVE COUNTERPARTS

We briefly review some of the constructions and results from [11], [12], and [13] needed
in the sequel. Along the way, we line up observations aimed at reducing the problem of
finding the irreducible components of Mod,(A) to finding the irreducible components of
successively smaller varieties, first ModdT, next Mod(S). The full collections of irreducible
components of Mod, and Mod(S) are of interest in themselves towards refined pictures
of the generic representation theory of A.

As already stated, we let A be a basic finite dimensional algebra over an algebraically
closed field K. Hence, we may assume, without loss of generality, that A = K@Q/I, where
Q@ is a quiver and I an admissible ideal in the path algebra K(@Q. The vertices eq,..., e,
of () will be identified with the primitive idempotents of A corresponding to the paths
of length zero. As is well-known, the left ideals Ae; then represent all indecomposable
projective (left) A-modules, up to isomorphism, and the factors S; = Ae;/Je;, where J is
the Jacobson radical of A, form a set of representatives for the simple left A-modules. By
L 4 1 we will denote the Loewy length of J, that is, L is maximal with J¥ # 0. Moreover,
we will observe the following conventions: The product pq of two paths p and ¢ in KQ
stands for “first ¢, then p”; in particular, pq is zero unless the end point of ¢ coincides with
the starting point of p. In accordance with this convention, we call a path p; an initial
subpath of p if p = pop;1 for some path po. A path in A is a residue class of the form p + I,
where p is a path in K@ \ I; we will suppress the residue notation, provided there is no
risk of ambiguity. Further, we will gloss over the distinction between the left A-structure
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of a module M € A-Mod and its induced K@-module structure when there is no danger
of confusion. An element x of M will be called a top element of M if x ¢ JM and x is
normed by some e;, meaning that x = e;x. Any collection z1,...,z,, of top elements of
M generating M and linearly independent modulo JM will be called a full sequence of top
elements of M.

The two isomorphism invariants of a A-module M which will be pivotal here are the top
and the radical filtration of M, the latter being a refinement of the former. The top of M is
defined as M /JM, and the radical filtration as the sequence S(M) = (JZM/JZHM)KKL
of semisimple modules. We will identify isomorphic semisimple modules and, in particular,
call any module M with M/JM =T a module with top T.

The following choices and notation will be observed throughout: We fix a semisimple module

T, say
T=p s,

1<i<n

set t =) .t; =dim7T, and denote by

P = @ (Aei)ti

1<i<n

“the” projective cover of T'. Clearly, P is a projective cover of any module with top T
in other words, the modules with top T are precisely the quotients P/C with C' C JP,
up to isomorphism. Next, we fix a full sequence z1,...,z of top elements of P. This
means P = @, ., Az with Az, = Ae(r), where e(r) is the idempotent in {eq,...,e,}
norming z,.. A natural choice of such top elements of P is to take the z. to be the
primitive idempotents e;, each with multiplicity ¢;, distinguished by their ‘slots’ in the
above decomposition of P. Finally, we fix a positive integer d > t.

In the following, we will refer to P as the distinguished projective cover of T with
distinguished sequence z1, ...,z of top elements.

2.A. From the affine variety Mod,(A) to the quasi-affine variety Mod) and the
projective variety @taﬁﬁg.

Let ay,...,a, be a set of algebra generators for A over K. A convenient set of such
generators consists of the primitive idempotents (= vertices) eq, ..., e, together with the
(residue classes in A of the) arrows in ). Recall that, for d € N, the classical affine variety
of d-dimensional representations of A can be described in the form

Mody(A) = {(z;) € H Endg (K?) | the z; satisfy all relations satisfied by the a;}.

1<i<r

As is well-known, the isomorphism classes of d-dimensional (left) A-modules are in one-
to-one correspondence with the orbits of Modg(A) under the GLg-conjugation action.
Moreover, the connected components of Mlod(A) are in natural one-to-one correspondence
with the dimension vectors (di,...,d,) such that > .d; = d. If I = 0, that is, if A is
hereditary, the connected components coincide with the irreducible components, but this
fails already in small non-hereditary examples, e.g. for d = 2 and A = KQ/I, where Q is
the quiver 1 == 2 and I is generated by the paths of length 2.
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The tops lead to a first rough subdivision of Modg(A): By Mod? we will denote
the locally closed subvariety of Modg(A) which consists of the points representing the
modules with top T'. As is easily seen, Modg is nonempty if and only if dim 7T < d and
the projective cover P of T has dimension at least d. In light of our identification of
isomorphic semisimple modules, the set of all finite dimensional semisimple modules T is
partially ordered under inclusion. Specifically, we write T' < T” to denote that a semisimple
module T is (isomorphic to) a submodule of a semisimple module 7".

The first part of the following observation is due to the fact that Modg(A) is the
finite disjoint union of the locally closed subvarieties ModdT, where T' runs through the
semisimple modules that arise as tops of d-dimensional A-modules. The second part is an

immediate consequence of upper semicontinuity of the functions Mod,(A) — N given by
X — dim Homjy (X, S;) for 1 <i < n.

Observation 2.1 and Terminology.

(1) For every irreducible component C of Modg(A), there exist precisely one semisimple
module T' and precisely one irreducible component D of Modg such that C s the closure
of D in Mody(A). In particular: Generically, the modules in C have top T.

(2) If ModdT # & and T is minimal among the semisimple modules T' that give rise to
nonempty sets Modgl, then Mody is open in Modg(A). Consequently: If the minimal
elements in the poset of T' with Modgl £ @ are TOD .. TOm0)  then the closures of
the varieties Modg(o’”, 1 <1 < myg, are unions of irreducible components of Modg4(A). In

fact, the irreducible components of ModdT(O’i) — they are called the irreducible components

of class 0 of Modg(A) — are in bijective correspondence with the irreducible components of
Modg(oyw.
To continue recursively, suppose T-1 . THhmn) gre the distinct semisimple modules

which are minimal in the poset of those T" for which

Mod? ¢ lJ  Mod]™".

k<h and i<my,

(h,i) . . (k,8)
Then each Mod intersects the closed subvariety Moda(A) \ Uy<p i<m, Mod? in
a nonempty open set. In particular, the irreducible components of the various subvarieties

(h,3) . . . (k,é) | .. .
Mod} "7 which are not contained in the closure of Ur<n, i<m Mod? ’ yield distinct ir-
reducible components of Mody(A), via passage to closures. These are called the irreducible
components of class h of Mody(A). O

Observation 2.1 says that the problem of identifying the irreducible components of
Mod;(A) and exploring their general modules can be played back to the components of
the subvarieties Modg. So, in studying the components of Mod,(A), one of the first
questions addresses the semisimple modules that actually arise as “generic tops”. (To give
an easy example: if A = KQ where @ is the quiver 1 — 2, then 5] is a generic top for the
2-dimensional modules — it gives rise to an irreducible component of class 0 — as is S; ® S
— the latter gives rise to a component of class 1 in our partial order — whereas Sy @ S5 fails
to be a generic top.)
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In the next subsection, the partial order on tops will be extended to one on sequences
of semisimple modules which, again, are generic invariants of the irreducible components

of Mody(A).

Our principal tool will be an alternate variety parametrizing the same class of representa-
tions as Modz;. Namely, we consider the following closed subvariety of the classical Grass-
mannian &t(d, JP) of d-dimensional subspaces of the K-space JP, where d = dimg P —d:

Grass, = {C € &r(d, JP) | C is a A-submodule of JP}.
This variety comes with an obvious surjection
@taﬁsg — {isomorphism classes of d-dimensional modules with top 7'},

sending C to the class of P/C'. Clearly, the fibres of this map coincide with the orbits of the
natural Auty(P)-action on Q5ta55§. While the global geometry of the projective variety
Qitassg cannot be reasonably compared with that of the quasi-affine variety ModdT, the
“relative geometry” of the Auty (P)-stable subsets of Q5ta55§ is tightly linked to that of
the GLg-stable subsets of Mod in the following sense:

Proposition 2.2. (See [3, Proposition C].) The assignment Autp (P).C — GLg .z, which
pairs orbits Auty(P).C' C Grass, and GLg.z C Mody representing the same A-module
up to isomorphism, induces an inclusion-preserving bijection

W : {Auty (P)-stable subsets of Grassy } — {GLg -stable subsets of Mod?}

which preserves openness, closures, connectedness, irreducibility, and types of singulari-
ties. [

This correspondence permits transfer of information concerning the irreducible compo-
nents of any locally closed GL4-stable subvariety of Modg to the irreducible components
of the corresponding Auty (P)-stable subvariety of Qﬁtassg, and vice versa. Indeed, given
that the acting groups, GL4 and Auty (P), are connected, all of their orbits are irreducible.
Therefore all such irreducible components are again stable under the respective actions.
In particular, we obtain:

Observation 2.3. The irreducible components of Modz; are in natural one-to-one cor-
respondence with the irreducible components of Qﬁtassg. Moreover, if d = (dy,...,dy) is a
partition of d and Q5ta55;‘lp the closed subvariety of @taﬁﬁg consisting of the points that rep-
resent modules with dimension vector d, then Q5ta55dT is a union of irreducible components

of Grass, . O

Finding the irreducible components of ModdT by way of the alternate projective setting
offers significant advantages, as we will see.

2.B. From Mod) and &tass) to Mod(S) and &rass(S).

The radical layering of modules provides us with a further partition of Q5ta55dT into pair-
wise disjoint locally closed subvarieties. (In general, this partition fails to be a stratification
in the technical sense, however, even when A is hereditary.)
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A d-dimensional semisimple sequence S with top T is any sequence (Sy,...,Sp) of
semisimple modules such that So =T and ) ,.,., dimS; = d. Since we identify semisim-
ple modules with their isomorphism classes, a semisimple sequence amounts to a matrix
of discrete invariants keeping count of the multiplicities of the simple modules in the indi-
vidual slots of S.

Accordingly, we consider the following action-stable locally closed subvarieties of Qitaﬁﬁg
and Modg, respectively:

Grass(S) = {C € Grass,, | S(P/C) = S},

while Mod(S) € Mod) consists of those points in Mod} that parametrize the mod-
ules with radical layering S. Clearly, the above one-to-one correspondence between the
Auty (P)-stable subsets of rass’ and the GLg-stable subsets of Mod} restricts to a cor-
respondence between the Auty (P)-stable subsets of &tass(S) and the GLg-stable subsets
of Mod(S). Thus we obtain the following counterpart to Observation 2.1(1):

Observation 2.4. For each irreducible component C of Brass] (resp., Modg), there exist
precisely one d-dimensional semisimple sequence S and precisely one irreducible component
D of Grass(S) (resp., Mod(S)) such that C equals the closure of D in Grassy (resp.,

Modg). In particular: Generically, the modules in C have radical layering S. [

In parallel to Section 2.A, we will next introduce a partial order on the (finite) set of
d-dimensional semisimple sequences. It refines the partial order for semisimple modules in
that S < §’ implies that Sg < Sj.

Definition 2.5. Let S and S’ be two semisimple sequences with the same dimension. We
say that S’ dominates S and write S < §" if and only if @,.,.S; < P,,.S] for all » > 0.

Roughly speaking, S’ dominates S if and only if S’ results from S through a finite
sequence of leftward shifts of simple summands of @, ,.; S; in the layering provided by
the Sl. o

In intuitive terms, the next observation says that the simple summands in the radical
layers of the modules represented by &trass(S) are only “upwardly mobile” as one passes
to modules in the boundary of the closure Grass(S) of Grass(S) in Grass]. All of the
semisimple sequences are tacitly assumed to be d-dimensional.

Observation 2.6. (For a proof, see [12, Observation 3.4].) Suppose that'S is a semisimple
sequence with top T'. Then the union Uy ~g s, —7 Grass (S") is closed in Grass] . (As before
Sg is the semisimple module in the 0-th slot of the sequence S'.) [

The following corollary is the counterpart to Observation 2.1(2).

Corollary 2.7 and Terminology. All semisimple sequences are assumed to be d-dimen-
stonal with top T'.

IfS is minimal among the semisimple sequences S’ with top T that give rise to nonempty
sets Grass (S'), then Grass(S) is open in Grass’ . Thus: If the minimal elements in the
poset of such S' are SOV .. SOm0)  then the closures of the varieties Grass SO in
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Qitassg, 1 <7 < ng, are unions of irreducible components of QStassz;. In fact, the irre-
ducible components of Brass S(0:) — they are called the irreducible components of class 0
of @tassdT — are in bijective correspondence with those of Grass SO,

To continue recursively, suppose SP=1) . Shnn) gre the distinct semisimple sequences
which are minimal in the poset of semisimple sequences S’ with

Grass (S') & U Grass Sk,

k<h,i<np

Then each ®rass S intersects the closed subvariety Grassy \ Uk<n, i<n, Brass S i
a nonempty open set. In particular, the irreducible components of the various subvarieties
®rass SU7) which are not contained in the closure of Uk<h7i<nk Grass S yield distinct

irreducible components of Qﬁtassg, via passage to closures. They are called the irreducible
components of class h of Grass? .

Proof. For the first assertion, suppose that S is minimal among the semisimple sequences
S’ with &rass (S') # @. Let A be the collection of semisimple sequences that lie minimally
above S, and B the collection of those sequences which are not comparable with S. More-
over, let A and B be the union of all &rass(S’) for those semisimple sequences S’ that are
larger than or equal to some member of A and B, respectively. Then A and B are closed,
since the set of semisimple sequences (with top T') is finite. The claim thus follows from
the equality Grass’ \ Grass(S) = AU B.
The other assertions are proved similarly. [J

Provided we understand the irreducible components of the Grass(S) and their closures
in Qﬁtaﬁsg, we can therefore find the irreducible components of the latter variety. Hence,
the problem of finding the generic semisimple sequences for Q5ta55§ imposes itself, namely
of finding those S which generically arise as radical layerings of the modules in the various
irreducible components of Grass?..

Finally, we point out that our findings in this section readily translate into the classical
affine setting with the aid of Proposition 2.2.

3. SKELETA AND IRREDUCIBLE COMPONENTS OF Btass(S) IN AFFINE COORDINATES

In a final transition, we pass to still smaller parametrizing varieties, which retain stabil-
ity under the action of the unipotent radical of Auta(P) and are endowed with particularly
convenient affine coordinates. For that purpose, we will play back the problem of explor-
ing generic properties of (the modules represented by) a fixed irreducible component of
Grass(S) - or Grass’, or Modgy(A) — to finding those of varieties parametrizing the mod-
ules with fixed “skeleton”. The latter varieties are readily accessible, combinatorially, from
quiver and relations of A (see the remarks following Theorem 3.8). As they constitute an
open cover of Brass(S), they will give us a good handle on the generic modules representing
the components of Grass(S).

Let S be a d-dimensional semisimple sequence with top Sg = 7. Again, P denotes a
projective cover of T with distinguished sequence of top elements, 21, ..., 2z, such that z,. =
e(r)z, (cf. beginning of Section 2), our non-canonical input for specifying coordinates. As
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announced, the affine subvarieties to be described will turn out to be stable under the action
of the unipotent radical (AutA(P))u of Auty(P). We can do a little better in fact, as we
will see: Recall that Auty (P) is isomorphic to a semidirect product (Aut A(P))u xAut (T),
and let 7 be the following incarnation of a maximal torus in Auty (P): namely 7 = (K*)*,
where (aq,...,a¢) represents the automorphism of P determined by z; — a;z;. If G is
the subgroup (Auty(P)), X T of Auty(P), the patches of our affine cover will in fact be
G-stable. If T is squarefree (that is, if 7' does not contain any simple summands with
multiplicity > 2), G equals Auty(P), whence our affine cover is Auty (P)-stable in that
case.

Here we make no assumptions on 7', and @tassg will in general not possess any finite
cover consisting of Autp(P)-stable affine charts, since the Autp(P)-orbits need not be
quasi-affine in general. (In fact, examples attest to the fact that projective Auty (P)-orbits
of positive dimension may arise if 7" has repeated simple summands.)

3.A. Skeleta.

As before, A = KQ/I, and T € A-mod is semisimple. Roughly speaking, skeleta allow
us to carry over some of the benefits of the path-length grading of projective K @Q-modules
to arbitrary A-modules. Next to P — the distinguished A-projective cover of T' with top

elements 21, ..., z¢ — we therefore consider the projective K QQ-module P= D, < (KQ)Zr,
with corresponding sequence of top elements 2z, ...,z so that the class of z,. modulo P

coincides with z,; in particular, z,, = e(r)z.. By a path in P starting in Zz, we mean any
element p = pz, € ﬁ, where p is a path in K@ starting in the vertex e(r). The length of pis
defined to be that of p; ditto for the endpoint of p. If p; is an initial subpath of p, meaning
that p = popy for paths py, po, we call p12z,. an initial subpath of pz.. So, in particular,
Z. = e(r)z, is an initial subpath of length 0 of any path pZz, in P. The reason why, a
priori, we do not identify pz, € P with pz, € P = P /1 P lies in the fact that we require an
unambiguous notion of path length, not guaranteed for paths pz,. in P. However, in the
sequel, we will often not make a notational distinction between pz, and pz,, unless there
is need to emphasize well-definedness of path lengths. Moreover, we emphasize that the
label r is a crucial attribute of a path in P given a path p € KQ starting in a vertex
e(r) = e(s), the elements pz, = pzs of P are distinct unless r = s.

Definition 3.1 and Further Conventions.

(1) An (abstract) d-dimensional skeleton with top T is a set o of paths of lengths at most L
in P, which has cardinality d, contains the paths 21, ..., z; of length zero (i.e., contains the
full sequence of distinguished top elements of ]3), and has the following closure property:
namely, o is closed under initial subpaths; that is, whenever pop1 2, € o, then p12, € o.
Usually, we view a skeleton o as a forest of t tree graphs each consisting of the paths in o
that start in a fixed top element Z,. of ﬁ; see Example 3.3 below and the remarks preceding
it. Further conventions:

e By 0; we denote the set of paths of length lin o.

e When we pass from the K Q-module P to the A-module P by modding out I P we often
identify Z, with z,. and view o as the set

{pzr € P|pz. €0, r <t} CP.
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(2) Let o be an abstract d-dimensional skeleton with top 7', and M a A-module.

We call o a skeleton of M if there exist top elements mq,...,m¢ of M and a KQ-
epimorphism f : P — M satisfying f(z,) = m, for all r such that, for each [ € {0,..., L},
the subset

{f®Zr) | pzr € o1} = {pmr [ 7 <, P2, € 01}

of M induces a K-basis for the radical layer J'M/J'"1M (here we identify the A-multi-
plication on M with the induced K@Q-multiplication). In this situation, we also say that
o is a skeleton of M relative to the sequence mq,...,m¢ of top elements, and observe that
the union over [ of the above sets, namely {pm, | r < t, pz,. € o}, is a K-basis for M.
As a consequence, we recognize skeleta of M as special K-bases which respect the radical
layering of M and are closely tied to its K@Q-structure.

If M = P/C, we call o a distinguished skeleton of M provided that o is a skeleton of
M relative to the distinguished sequence z; + C, ...,z + C of top elements. (Note: If
P/C = P/C’, any distinguished skeleton of P/C' is a skeleton of P/C’, but not vice versa
in general, as the top elements are shuffled under the Auty(7")-action; see Example 3.3
below.)

(3) Finally, we define

Grass(o) = {C € Grass] | o is a distinguished skeleton of P/C}.

The set of all skeleta of M is clearly an isomorphism invariant of M. It contains at
least one distinguished candidate when M = P/C. Our definition of a skeleton coincides in
essence with that given in [11] for the situation of a squarefree top T'= P/JP. However,
in that special case, it is unnecessary to hook up the elements of an abstract skeleton o
with specific top elements of the K ()-module ﬁ, since the dependence on specific sequences
of top elements disappears. In particular, every skeleton of P/C' is distinguished in the
case of squarefree T'.

We return to the general case: Again suppose that M = P/C, and let o be an abstract
skeleton. Then M 2 P/D for some point D in Grass(o) if and only if o is a skeleton of
M. Yet, Autp(P).C' N Grass(o) # @ need not imply C' € Grass(o). On the other hand,
the Brass(o) do enjoy the following partial stability under the Auty (P)-action:

Observation 3.2. The sets &rass(o) are locally closed subvarieties of ®rassy , which are
stable under the action of G = (AutA(P))u x T . Moreover, @taﬁsg 15 the union of the
Grass(o).

Proof. Local closedness will follow from Observation 3.5 below, since the &tass(S) are
known to be locally closed in Gtass’,.

As for stability: Suppose C' € &rass(o), meaning that o is a distinguished skeleton
of P/C. Then o remains a distinguished skeleton of P/C after passage from our given
distinguished sequence zi, ...,z of top elements of P to a new distinguished sequence
of the form ¢.z1,...,g9.2¢ for any ¢ € G. But this is tantamount to saying that o is a
distinguished skeleton of P/(g~!.C)) relative to the original sequence. In other words,
g 1.C € Brass(o).
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The straightforward fact that each A-module P/C with C' € ®rass, has at least one
distinguished skeleton yields the remaining assertion. [

Any abstract skeleton ¢ can be communicated by means of an undirected graph which
is a forest, that is, a finite disjoint union of tree graphs: There are t trees if o is a skeleton
with top 7', one for each r < t; here Z,, identified with e(r), represents the root of the
r-th tree, recorded in the top row of the graph. The paths pZz, of positive length in o are
represented by edge paths of positive length. Instead of formalizing this convention, we
will illustrate it with an example to which we will return in Sections 3.C and 4.

Example 3.3. Let A = KQ, where @ is the quiver

~ 2
N B
1l———4—_—= c 5 5 3

fa

Moreover, let T = S @ So @ S3 and P = @, ., ., Az, with distinguished top elements
21 = (e1,0,0,0), 2o = (0,e1,0,0), z3 = (0,0,e2,0), z4 = (0,0,0,e3). Choose d = 9. We
consider the module M = P/C, where C'is the submodule of P generated by faaz1, 122,
vzg — €024, and [Brazy + Poaza + y2z3. Then M has precisely three distinguished skeleta as
follows:

(1)  {eiz1,az1, frazi} U{eiZa, aZs, faaza} U {eazs} L {eszs, 024};

(2) {61/2\1, 04/2\1, 5105/2\1} L {61/2\2, 04/2\2} L {62/2\3} L {6324, 5/2\4, 65/2\4};

(3) {61/2\1, Oé?l} L {61/2\2, OZ/Z\Q, ﬁQOé:??Q} L {62/2\3} L {63/2\4, 5/2‘\4, 65/2\4}.
There are five additional, non-distinguished, skeleta of M. The first two of the three graphs
below show skeleta of M relative to the permuted sequence of top elements (zo + C, 21 +
C,z3+ C,z4 + C). The rightmost graph displays a skeleton of M relative to the sequence
(21 + 20+ C 20+ C, 23+ C, z4 + C) of top elements.

1
) oz‘oz

4
€ 51/ \ﬁZ
6 6

Note that no skeleton of M contains the path ~Z3, since yM C J?M. O

2 2
° °
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3
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3.B. &rass(S) as a union of Grass(o)’s.

For unproven statements in this subsection and the next, we refer to [13].

Suppose that S is a d-dimensional semisimple sequence with top 7. Then Brass(S) is
the union of those subvarieties ®tass(o) which have non-empty intersection with Grass(S);
indeed, BGrass(S) N Grass(o) # & implies that Grass(o) is contained in Grass(S). These
are precisely those nonempty candidates among the ®tass(o) which are based on skeleta
o compatible with S in the following sense:
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Definition 3.4. Given a semisimple sequence S, we call a skeleton o compatible with S =
= (So,...,Sg) if, for each [ < L and ¢ < n, the number of paths in 0; ending in the vertex
e; coincides with the multiplicity of the simple module S; in §;.

Evidently, each abstract skeleton compatible with S shares the dimension and top with
S. In fact, given any skeleton o of a A-module M, the radical layering S(M) of M is the
only semisimple sequence with which o is compatible.

Suppose that o is compatible with S. Provided that Grass(c) # &, the sum of the
subspaces Kpz,. C JP, with pz,. € o of positive length, is direct — this follows from the
definition of a skeleton — and the variety Brass(o) is the intersection of Brass(S) with the
following big Schubert cell Schu(o) of Grass’: Namely,

Schu(o) = {C € Grass, | JP =C @ @ Kpz.}.

pzZr €0, length(p)>0

Thus we obtain:

Observation 3.5 and Terminology. The &rass(o), where o runs through the skeleta
compatible with S, form an open cover of &tass(S); in general, the Grass(o) fail to be open
in Grass’ , however.

Suppose C is an irreducible component of &rass(S) and & the (finite) set of skeleta o
with the property that &rass(o) NC # @. Then CN(),.g Grass(o) is a dense open subset
of C. We call G the generic set of skeleta of the modules in C. U

Thus, finding the irreducible components of &rass(S) can be played back to finding
those of the Grass(o) (as mentioned, this task is computationally mastered). Indeed, we
have the following correspondence; its elementary proof is left to the reader.

Observation 3.6. Let S be a semisimple sequence such that Grass(S) # .

(1) Whenever C is an irreducible component of &rass(S) and o a skeleton such that
Grass(o) intersects C nontrivially, there exists a unique irreducible component D of Grass(o)
whose closure in Grass(S) equals C. In fact, D = C N BGrass(o).

(2) Conversely, given any irreducible component D of a nonempty Grass(o), where o is

a skeleton compatible with S, the closure of D in &rass(S) is an irreducible component of
Grass(S). O

3.C. Affine coordinates and irreducible components of the &rass(o).

As we saw in the preceding subsection, the map assigning to each point z in an irre-
ducible component C of Modg(A) the set of skeleta of the module corresponding to z is
constant on a dense open subset of C. This generic behavior of skeleta singles them out as
stepping stones on the road to generic modules representing the irreducible components of
MOdd(A)

Let o be a d-dimensional skeleton with top 7T'. Recall from 3.A that this makes o a set of
“paths” with well-defined lengths in the projective K@Q-module P = D, < KQz.. We
supplement Definition 3.1 as follows: -
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Definition 3.7. A o-critical path is a path apz, of length at most L in P \ o, where « is
an arrow and pz, € o. Moreover, for any such o-critical path, the o-set of apz, is the set

o(apz,) consisting of all paths ¢z; € o which are at least as long as apz, and end in the
same vertex as apz,.

In other words, a path in P is o-critical if and only if it fails to belong to o, whereas
every proper initial subpath does. If o is Skeleton (1) in Example 3.3, the o-critical paths
are Joazy, f1aza, 723 and €0zy, with o(fBeazy) = {fr1az1, feaze} = o(frazs) and o(y23)
= {f1az1, foaza} = o(edzy). If we add the arrows « giving rise to o-critical paths apz,. to
the graph of this skeleton, marking them by broken edges, we obtain the following picture:

1 1 2 3
|
oz‘ oz‘ Y 1)
|
4 4 6

b

5
!
le
|
6 6 6 6 6

That C be a point in Brass(o) obviously entails the existence of unique scalars c(apz,., ¢z5)
with the property that

apz, +C = Z clapzy, qzs) qzs + C,
qZs€o(apz:)

in P/C, whenever apz, is a o-critical path. Clearly, the isomorphism type of M = P/C' is
completely determined by the family of these scalars. Thus we obtain a map

®ta55(0) - AN’ Crec= (C(Q{p/Z\r, qu))ap%} o-critical, ¢zs€o(apz;,)

where N is the (disjoint) union of the sets {apz,.} x o(apz,.). Note: Since, a priori, the
sets o(apz,), where apz, traces the o-critical paths, need not be disjoint, we have paired
their elements with the pertinent o-critical paths to force disjointness.

By [13], the map &rass(oc) — AN, C — ¢, described above is an isomorphism from
Grass(o) onto a closed subvariety of AY. The point C' € Grass(o) corresponding to a
point ¢ in the image of this map is the submodule of JP generated over A by the elements
apzy — >, 430 (apih) c(apzy, qZzs) qzs, where apz, runs through the o-critical paths. We
will identify C' with ¢ whenever convenient.

The following result from [13] summarizes those properties of the cover (Qitass(a))a

of @tassg which will be relevant here; the first statement partially overlaps with Sections
3.A/B.

Theorem 3.8. For every d-dimensional skeleton o with top T, the set Brass(o) is a
locally closed affine subvariety of Qﬁtaﬁﬁg which is stable under the action of the group
G = (AutA(P))u X T . Moreover, given any d-dimensional semisimple sequence S with

top T, the varieties Brass(o), where o traces the skeleta compatible with S, form an open
affine cover of Grass(S).
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Polynomial equations determining the ®tass(c) in AN can be algorithmically obtained
from Q and generators for the admissible ideal I C KQ, where I is viewed as a left ideal. If
Ky is a subfield of K over which such generators for I are defined, the resulting polynomials
determining Grass(o) are defined over Kq as well. [

The authors have implemented the mentioned algorithm for Grass(o) at [2], and com-
bined it with a software package that computes the irreducible components.

The usefulness of the graphing technique of [8] and [10] is limited, since it calls for
display of all relations of a module P/C, including those that are consequences of others.
The following more sparing graphs will better serve our purpose of graphically representing
“generic modules” for the irreducible components of various parametrizing varieties. Recall
that the term hypergraph is commonly used to refer to an undirected graph which not only
allows for conventional edges coupling pairs of vertices, but for hyperedges connecting more
than two vertices. The hypergraphs of a module P/C considered here presuppose a fixed
choice of top elements of P. Roughly speaking, they consist of a distinguished skeleton of
P/C (which may be viewed as a forest of traditional tree graphs — see Subsection 3.A),
combined with suitable subsets of the o-sets of the o-critical paths which in turn depend
on C; these latter subsets provide additional (hyper)edges.

Definition 3.9. Hypergraphs of Modules. Suppose M is a d-dimensional module
with top T" and skeleton o. This means that M = P/C for some C' € Brass(o). Denote
by

(clapZr, ¢75))

apz, o-critical, ¢z; €o(apz,)

the local affine coordinates of C' relative to 0. Then the following will be called a hypergraph
of M: The skeleton o, paired with the family (M (apZz,)) of subsets M (apz,) C o(apz,),
respectively, where apz, ranges through the o-critical paths and M (apz,.) consists of those
paths ¢z € o(apz,) for which c(apz,, ¢zs) # 0; here it is important that the sets M (apZz;.)
be recorded in conjunction with the o-critical paths by which they are labeled.

In depicting such a hypergraph, we start with the graph of o, add on edges representing
the terminating arrows a of the o-critical paths apz, — the latter distinguished from the
edges of o via broken lines — and finally mark the hyperedges, one for each M (apz,.) C
o(apz,), by means of closed curves including the sets of endpoints of the paths in {apz,.} U
M(apz,). In case M(apz,.) is a singleton, say {¢zs}, we simply join the endpoints of
apz, and ¢zZ,. If, for the algebra A of Example 3.3, we take T = o7, P = (Ae;)? -
meaning that zj, zo are both normed by e; — and C' = A(f1a — focv)z1 + A[frazr +
(B — Pacr)ze], then the hypergraph of P/C with respect to the skeleton o = {Z; =
€121, azy, azy, 2o = €122, aZa, f1aze} consists of o, together with the sets M (fB2az1) =
{fraz1} and M (f2az2) = {f1az1, f1azz}. It looks as follows:
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Note that this hypergraph of P/C' is connected. More strongly, P/C' is indecomposable.
For further illustrations, see Examples 4.7, 5.7, and 5.9.
The final observation of this section is an immediate consequence of the definitions. We
leave the easy proof to the reader.

Observation 3.10 and Notational Convention. Let S be a d-dimensional semisimple
sequence with top T and o a skeleton compatible with S. Then the number

NES)= ) |o(apz,)]

apz, o-critical

depends only on S, not on o.
Moreover, N(S) = No(S) + N1(S), where both of the numbers

No(S)= Y. {42 € o(ap?,) | length(q) = length(ap)}|

apz, o-critical

and
NiS)= >, HdZ €o(apz) | length(q) > length(ap)}|

apz, o-critical

depend solely on S. [

4. S-GENERIC, (T, d)-GENERIC, AND d-GENERIC MODULES

Throughout this section, we assume the base field K to have infinite transcendence degree
over its prime field. Moreover, we fix an algebraically closed subfield Ky of K such that
K has infinite transcendence degree over Ko and I C KQ s defined over Ky. The latter
means that, as a K(Q-ideal, I is generated by Iy = I N KyQ.

The assumption on the transcendence degree of our base field will enable us to realize
and study “S-generic”, “(T, d)-generic”, or “d-generic” modules inside the category A-mod.
Since we will obtain one generic object for every irreducible component of &rass(S) (or
Grass, , or Modg(A)), unique up to suitable equivalence, there will be only finitely many
generic modules to be studied in each dimension, which permits assembling essential infor-
mation on the representation theory of A in a finite frame. (Here the attribute “generic” is
unrelated to the generic modules introduced by Crawley-Boevey in [4]. However, it is un-
likely to conflict with existing usage, as we attach specifying prefixes; moreover, Crawley-
Boevey’s generic modules are infinite dimensional by definition, whereas we exclusively
consider finite dimensional modules.)

In the present setting, A is clearly isomorphic to the algebra Ay ®@ g, K via A\g®@k — ko,
where Ag = KoQ/Io, and all of the varieties Grass,, Grass(S) and Grass(o) are defined
over K. For the &tass(o), this follows from Theorem 3.8; both &rass’ and Grass(S) are
finite unions of &rass(c)’s. We denote by (Qﬁtassz;)o, (Grass(S)), and (Grass(o)), the
restrictions of the mentioned varieties to K. Hence, given an irreducible component C of
Grass, , Grass(S), or Grass(o), it makes sense to refer to the corresponding irreducible
component Co of (Grassj ), (Grass(S)),, or (Grass(o)),.

Another ingredient is the canonical action of the Galois group Gal(K/Kj) on the
parametrizing varieties. It results from the obvious fact that any projective K-space carries
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such an action and the closed subvariety ®rass’ of P( A JP) is defined over K, (again,
d=dimP — d). We briefly discuss its incarnations in terms of the various coordinate sys-
tems we are using. Given any skeleton o with &rass(o) # &, we view o as a (necessarily
K-linearly independent) subset of P, and supplement o N JP to a path basis for JP. This

provides a homogencous coordinatization of P(A® JP), and we let a map ¢ € Gal(K/K,)
act on a point in projective space by applying ¢ to the homogeneous coordinates. The
action does not depend on the choice of path basis (and hence does not depend on o),
since the transition matrices from one such basis to another have coefficients in Ky. More-
over, we note: The subvarieties Grass], Grass(S), and Grass(o) are stable under this
Cal(K/Ky)-action, and all maps ¢ € Gal(K/Ky) leave the restrictions (Stassy)o, etc.,
pointwise fixed. In particular, the Gal(K/Kj)-action stabilizes the irreducible components
of the considered varieties because they are all defined over K. Given C' € Grass,, we
will write Cy for ¢.C to set it off from the Auty (P)-action. For a point C' € &rass(o), the
affine coordinates (¢, ), en of Section 3.C are readily seen to be Ky-linear combinations of

certain Pliicker coordinates of IP’(/\d JP) relative to the described path basis for JP; in
fact, it is routine to check that C' is detemined by a subcollection of the ¢, which coinicde
with selected Pliicker coordinates (that we do not need to keep track of all of them in
order to pin down C, is due to the fact that C is not only a K-space, but a A-submodule
of JP). Thus Cy = (¢(c,)) in the distinguished affine coordinates of Grass(c). Clearly,

Gal(K/Kj) acts on the classical affine module varieties Modg(A), Mod] and Mod(S) as
well, and these actions are compatible with the ones on their Grassmannian counterparts
under the transfer maps for orbits described in Proposition 2.2.

Finally, we relate the above actions on the varieties Btass, to the well-known fact that
Gal(K/Ky) also acts on the category A-Mod, in that each ¢ € Gal(K/Ky) gives rise to a
ring automorphism of A (actually, a Ky-algebra automorphism), also denoted ¢, which in
turn induces a self-equivalence Fy of A-mod.

Observation 4.1 and Definition of Gal(K/Ky)-equivalence and stability. Let ¢ €
Gal(K/Ky) and, for M € A-Mod, denote by Fy(M) the A-module with underlying abelian
group M and module multiplication A xm = ¢~ (\)m. Then the assignment M — F4(M)
extends to an equivalence

Fy : A-Mod — A-Mod

of categories. For C € @tassdT, this equivalence sends P/C' to a module in the isomorphism
class of P/Cy, where Cy is as above; in particular, Fy sends P = @, Az to an
isomorphic copy of itself. Moreover, Fy(C) = Cy in A-Mod, under the A-isomorphism
P — P which sends kz, to ¢(k)z, for k € K and all r.

Clearly, Fy preserves all properties of A-modules which are invariant under Morita-
equivalence, fixes the isomorphism classes of the indecomposable projectives and the simple
modules, and preserves dimension vectors of modules and their tops; a fortiori, Fy pre-
serves K-dimension. Moreover, for C, D € Q5ta55dT, a homomorphism f : P/C — P/D is
an isomorphism precisely when this is true for fo = Fy(f) : P/Cy — P/Dy. Consequently,
the action of Gal(K/Ky) permutes the Auty(P)-orbits within each irreducible component
of Brass, , Grass(S), or Grass(o).

We call two A-modules M and M’ equivalent or, more precisely, Gal(K/Ky)-equivalent,
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if there exists a map ¢ € Gal(K/Ky) such that M’ = F,(M). Moreover, two connected
components A and A" of the Auslander-Reiten quiver of A-mod are said to be Gal(K/K))-
equivalent if there exists ¢ € Gal(K/Ky) with the property that the functor Fi; takes A
to A'.

A property of modules is said to be Gal(K/Kj)-stable if it is passed on from a module to
any equivalent module. Analogously, we define stability of properties of pairs of modules,
calling such a property Gal(K/Kjy)-stable if, for all ¢, either both pairs (M, M’) and
(Fy(M), Fyp(M')) have this property, or else neither of them does. [

Next to categorically defined features (such as the standard homological properties),
the Gal(K/Kj)-stable properties of a module include its set of skeleta, since (P/C), =
P/Cy4 whenever C' € &rass(o). The concept of Gal(K/Ky)-stability translates into our
parametrizing varieties as follows: A property (*) that pertains to d-dimensional modules
with top T is Gal(K/Kj)-stable precisely when it is preserved under module isomorphism
and the set of points C in @taﬁsg such that P/C has property (*) is stable under the
Gal(K/Ky)-action.

To illustrate the concept of Gal(K/Kj)-equivalence, we return to Example 3.3, taking
the base field to be C and the subfield K, to be the field Q of algebraic numbers. Then
the following A-modules M;, My are Gal(K/Ky)-equivalent: They have projective cover
P = (Aep)?, endowed with distinguished top elements z1, 22, both normed by e;. We define
M; to be P/C; for j = 1,2, where

Cy = ABra — m°Bea)zy + A[Brazy + (1B — /7Baq) 2],

and

Cy = Mbra = (1/m)’Bea)z1 + Alfraz + ((1/m)Bra +i(1/V/7)Bza) 2.

On the other hand, M; and M5 fail to be isomorphic.

As pointed out, Gal(K/Kj)-equivalent modules have the same sets of skeleta; clearly,
they also have coinciding hypergraphs (see 3.9 for our conventions). In our example,
the hypergraph of the equivalent modules M; and My with respect to the skeleton o =
{z1,az1, f1az1, 22, aze, f1aze} is the same as that of the module P/C described in 3.9.

Definition 4.2 of S-, (T, d)-, and d-generic modules. Suppose that C is an irreducible
component of Brass(S). A module G € A-mod is called S-generic for C (relative to Ky) if
e G = P/C for some C € C, and
e GG has all Gal(K/Kj)-stable generic properties of the modules in C. By this we mean

that Auta(P).C has nonempty intersection with every Gal(K/Kj)-stable open subset of
C.

If the closure of C in thassg is an irreducible component of the latter variety, then an
S-generic module G for C is also called (T, d)-generic, or, more precisely, (T, d)-generic for
the closure of C in ®rass’ . Finally, let C’ be the irreducible component of Mod(S) which
corresponds to C via the bijection of Proposition 2.2. If the closure of ¢’ in Mod4(A) is
an irreducible component of Mod,(A), the module G is also referred to as d-generic, or,
by an abuse of language, d-generic for the closure of C in Modg(A).
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Note that the second requirement we imposed on a generic module for C has the following
equivalent formulation: Auta (P).C has nonempty intersection with the Gal(K/Kjy)-closure
of any dense open subset of C.

For several explicit samples of S-, (T, d)-, and d-generic modules, see Example 4.8 and
Section 5. Clearly, the property of being generic on one of the indicated levels is passed
on from a module G to any module isomorphic to Fy(G) = Gg; in other words, being
S-generic (or (T,d)-generic, or d-generic) is a Gal(K/Ky)-stable property. In the next
theorem, we establish existence of generic modules, as well as their uniqueness up to
Gal(K /Kj)-equivalence.

Theorem 4.3. Let S = (Sy,...,S1) be any semisimple sequence with Grass(S) # 2.

Given any irreducible component C of ®rass(S), there exists an S-generic A-module
G = G(S,C) forC. It is unique up to Gal(K/Ky)-equivalence (i.e., unique up to a shift by
some auto-equivalence Fy of A-Mod).

Supplement 1: FEvery abstract skeleton o with &rass(c) NC # & is a skeleton of G, and
any hypergraph of G (see 3.9) is shared by all other generic modules for C. More precisely,
for each such skeleton o, the generic module G has a minimal projective presentation as
follows: Let P = @, ., Az, be the distinguished projective cover of the top T =Sg of G.
Then G = P/C, where

c= > A(apzr— > c(apzr,q@qzs)

apz, o-critical qzZs€o(apz,)

for a suitable family of scalars (c(apzy,qzs)) in Grass(o) NC, such that the transcendence
degree of the field K (c(apfz},q?s) | apz, is o-critical, qz5 € a(ap?T)) over Ky equals the
dimension of C. Conversely, every module with a presentation of this type is generic for
C.

Supplement 2: One can choose generic modules G(S,C) so as to have the following
generic properties relative to one another: Given two semisimple sequences S and S', to-
gether with irreducible components C and C' of Grass(S) and Grass(S)’, respectively, any
generic Gal(K/Ky)-stable property of pairs of modules in C x C' is shared by the pair
(G(S,C),G(S,C)).

The gist of Supplement 1 is this: Understanding the module G boils down to under-
standing the geometry of &rass(o). It has immediate applications to algebras for which
one has a full grasp of the Brass(o), notably truncated path algebras.

In light of Section 2, every irreducible component D of Modg(A) (or Mod}) is the
closure in Modg(A) (resp. in Mod})) of a unique irreducible component C of Mod(S).
In this situation, the module G(S, C) is even d-generic for D, or (T, d)-generic for D, respec-
tively. Consequently, Theorem 4.3 has two immediate satellites, namely exact analogues
of its assertions for d- and (7', d)-generic modules.

The lion’s share of the theorem rests on a general fact concerning “generic orbits” of
algebraic group actions, which allows for multiple variations in different directions. To
phrase a lemma tailored towards our present purpose, we let I' be a connected algebraic
group over K acting morphically on an irreducible quasi-projective K-variety C, which is
given in terms of an embedding into a projective K-space. We suppose that C is defined



GENERIC REPRESENTATION THEORY 21

over Ky, so that the Gal(K/Ky)-action on the encompassing projective space restricts to
a Gal(K/Kp)-action on C. This action is denoted in the form (¢,C) — Cy, while the
[-action is given by (g,C) — ¢g.C. Moreover, we suppose that C has a finite open affine
cover (V,) such that each V, is stable under this Gal(K/Kjy)-action. More precisely, we
assume the V, to be isomorphic to closed subvarieties of some affine space AN (K), cut
out by suitable polynomials in Ky[X, | v € NJ, such that the restriction to any V, of
the Gal(K/Kjy)-action on AY(K) coincides with the restricted Gal(K/Kjy)-action on C.
Finally, we assume the following compatibility condition for the two actions: If points C
and D in C belong to the same I'-orbit, then so do Cy and Dy for any ¢, that is, the
Gal(K/Kj)-action on C induces an action of Gal(K/Ky) on the set of orbits of I in C. We
note that, given any open subset U of C, the closure of U under the Gal(K/Kj)-action is
again Zariski-open.

In this situation, we call a I'-orbit I".C' of C generic (relative to Kj) if I'.C has nonempty
intersection with the Gal(K/Kjy)-closure of any dense open subset of C.

Lemma 4.4. Let C be a I'-space as above. Then there exists a generic orbit T'.C' in C.
It is unique in the following sense: Any two generic orbits I'.C' and T'.C" are equivalent
under the Gal(K/Ky)-action on the set of I'-orbits of C, i.e., there exists ¢ € Gal(K/Kj)
such that (I.C"), =T.C.

More strongly: If (Cx)ken is a sequence of irreducible I'-spaces as specified above, then
gien any positive integer n, there exists a generic I'-orbit in the I'-space C1 X --- X C,,. It
also has the described uniqueness property.

The existence proof is standard; yet, we include the argument for the convenience of
the reader. It is the uniqueness argument which rests on the specifics of the setup.

Proof of Lemma 4.4. We start by ensuring existence of a generic orbit. To provide a setting
which works for the strengthened statement concerning a sequence (Cy) of irreducible I'-
spaces, let B be an infinite subset of K which is algebraically independent over K, and
B = | |;cy Bi a partition of B into infinite disjoint subsets B;. For each i, we denote by
K; the algebraic closure of Ky(b| b € B;) in K. We first focus on a fixed index i € N, and
suppose C = C;.

Let (V,,) be a finite open affine cover of C as specified ahead of the lemma; in particular,
each V, is a closed affine subspace of some affine space A(K )%, defined by polynomials from
Ko[X, | v € N]. Pick one of the V,, — call it V —and set Vo = VNA(K;)Y, the latter being a
closed affine subvariety of A(K()™. We abbreviate dim V' = dim Vj = dimC to v. Further,
we denote by Q(V') the rational function field of V' and write the coordinate functions
in Q(V) (relative to the standard coordinatization of V in AN) as X,,, v € N. Suppose
Xy,,..., Xy, form a transcendence basis for Q(V') over K. The corresponding coordinate
functions of Vp, again denoted by X,,,..., X, , then form a transcendence basis for Q(Vj)
over Ky. Pick arbitrary distinct elements ¢, ,...,c,, € B; C K; — by construction they are
algebraically independent over Ky — and embed the subfield Ky(X,,,...,X,,) of Q(W)
into K, by sending X, to ¢,, and mapping K identically to itself. Since K is algebraically
closed, this map extends to a Ky-embedding p : Q(V) — K; C K. Forv € N\{v1,...,vy},
set ¢, = p(X,). Then C = (CV)ueN is a point in V.

To prove that the orbit I'.C' is generic, we will, in fact, show that C' belongs to any
Gal(K/Kj)-stable dense open subset U of C. It is harmless to assume U C V', since UNV
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is again nonempty, open, and stable under the Gal(K/Kj)-action. If C' € U, we are done.
Otherwise, we consider the nonempty proper closed subset U=V \ U of V, viewing the
coordinate ring of U as a suitable factor ring of that of V, and hence of the polynomial ring
K[X, | v € NJ; again, we do not make a notational distinction between the coordinate
functions of U and the variables X,. Since dim U is strictly smaller than v = dimC, the
coordinate functions X, ,..., X, of U, where {v1,...,1,} are as in the construction of
C, are algebraically dependent over K. Let F' be an intermediate field of the extension
Ky C K which has finite transcendence degree over Ky such that U is defined over F and
the coordinate functions X, ,..., X, of U are algebraically dependent over F. Next, let
(dy,,...,dy,,) be any family of elements in K which are algebraically independent over F
and thus, a fortiori, over Ky. Then there exists a point D in V' whose v;-th coordinate
equals d,; for 1 < j < v, together with a Kp-automorphism 1 of K which sends d, to ¢,
for all v € N; such a point is obtained as in the construction of C. This means Dy, = C,
showing that C is Gal(K/Ky)-equivalent to D. On the other hand, in view of the algebraic
dependence over F' of the coordinate functions (X,,,..., X, ) of U, the point D does not
belong to U. Thus D € U, whence C € U, due to Gal(K/Ky)-stability of U.

The extended existence assertion of the lemma concerning generic I'-orbits of finite
direct products of the Cj, is proved analogously, given that By is algebraically independent

over the composite of K1,..., K,,, whenever k > m.
To verify uniqueness of I'.C, suppose that I'.C" is another generic orbit. We let V,
v=dimV, and X,,,...,X,, with vy,...,1, € N be as in the construction of C. In view

of its generic status, the orbit I.C’ nontrivially intersects V', since V' is a Gal(K/Kj)-closed
dense open subset of C. It is therefore harmless to assume that C/ € V. In a first step,
we show that the orbit I'.C’ contains a point D = (d,),en € V with the property that
dy,,...,dy,, are algebraically independent over Kj.

Consider the intersection U = (I'.C") NV, a dense open subset of the irreducible variety
I'.C" (keep in mind that I is connected), let u be its dimension, and U the closure of U in
V. Moreover, let Q(U) = Q(U) be the function field of U, the latter again expressed as
the field of fractions of a suitable factor ring of the coordinate ring of the closed subvariety
V C AN = A(K)N. Next, we choose an algebraically closed intermediate field F of the
extension Ky C K which has finite transcendence degree over Ky, such that U is defined
over F, and denote by Q(Ur) the function field of the restricted variety Up = U NA(F)V.
The coordinate functions in each of these fields will be labeled X,, v € N, but will be
further identified by the function field in which they live. For any point A = (a,) € V,
we finally set Ko(A) = Ko(a,, | j <v) and F(A) = F(ay, | j < v), both subfields of K.
By the choice of v4,...,1, in the existence proof, the subfield Ky(X, | v € N) of Q(V)
is algebraic over the subfield Ko(X,,,...,X,,) of this function field, and a fortiori, the
subfield F(X, | v € N) of Q(U) is algebraic over the subfield F'(X,,,...,X,,) of the latter
function field. Consequently, we may choose a transcendence base of Q(U) over F among
the coordinate functions X, ,..., X, . Without loss of generality, we may assume that
Xy, Xy, € Q(U) constitute such a transcendence base. As we shift to the restricted
setting of Up, the coordinate functions X,,,..., X, still form a transcendence base for
QUr) = Q(Ur) over F. Letting d,,,...,d,, in K be any sequence of scalars algebraically
independent over F', we pick a point D € U, whose coordinates labeled by vq,...,1,
coincide with the given scalars d,,,...,d,,. Say D = (d,),en in the coordinatization of U
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and V. Then the subfield F(D) of K is F-isomorphic to Q(Ur), via an isomorphism which
maps the class of X, to d, for all v € N. Indeed, there is an F-algebra homomorphism
from the coordinate ring of U to F [d, | v € N] sending the coordinate function X, of Up
to d,, since D satisfies the defining equations of Up. This map is, in fact, an F-algebra
isomorphism (compare transcendence degrees), and therefore extends to the desired field
isomorphism. In particular, it restricts to the identity on Kj.

Let w be the transcendence degree of Ky(D) over Ky. Then v < w < v, and it is
clearly harmless to assume that d,,,...,d,, form a transcendence base for Ky(D) over
Ky. If w = v, our intermediate claim is proved. So let us assume w < v. By construction,
this implies that the coordinate function X, € Q(Up) is algebraically dependent over
the subfield Ko(X,,,...,X,,) of Q(Ur), and any pertinent algebraic dependence relation
yields such a relation in the field Q(U). In other words, the coordinate function X, of
U is algebraic over the subfield Ko(X,,,...,X,,,) of Q(U). We thus obtain a nontrivial
polynomial g in the polynomial ring Ko[X,, | ¢ € {1,...,w}U{v}] which is satisfied by all
points in U. On the other hand, the point C' € V which we constructed in the existence
proof is not a root of g. Consequently, the set of nonroots of g in V is dense. It is clearly
Gal(K/Kj)-stable, due to the invariance of g under Ky-automorphisms of K. But, by
construction, I'.C’ has no point in common with this set, a contradiction to the generic
status of I".C". Thus w = v.

In the following, let D € U be such that d,,,...,d,, are algebraically independent over
K. Thus, we obtain a field isomorphism

7:L=KyC)— R=KyD)

fixing the elements of Ky and sending c,; to d,, for 1 < j <wv. We let (Y,),en\{v:,...,00}
be a family of independent variables over K, abbreviated to Y, and also denote by 7 the
induced isomorphism L[Y]| — R[Y] on the level of polynomial rings. Let u be any index
in N\ {vi,...,v} and f € L[Y] the minimal polynomial of ¢, over L. By construction
of C, replacement of each ¢,; by X,, for j < v in the coefficients of f yields the minimal
polynomial of X, over Ko(X; | 1 < j < v) in the function field of V. Therefore, the
coordinate d,, of the point D € V is a root of the irreducible polynomial 7(f), which shows
7(f) to be the minimal polynomial of d,, over R. Thus 7 extends to a field isomorphism
L(c,) — R(d,), which sends ¢, to d,,. An obvious induction provides us with an extension
to an isomorphism Ky(c, | v € N) — Ky(d, | v € N) sending ¢, to d, for all v € N.
Algebraic closedness of K now guarantees a further extension to a Ky-automorphism of
K, which we still label 7. We thus obtain D = C, whence I".D = (I".C'); as required.

The uniqueness argument for the expanded claim requires no adjustments, since it rests
on a restriction of the focus to a finite subset of N. [J

Theorem 4.3 is readily deduced from Lemma 4.4 and its proof.

Proof of Theorem 4.3. We take I' = Autp(P). Given an irreducible component C of
Grass(S), together with the affine open cover (V) consisting of all nonempty intersections
CN®&rass(o), the hypotheses of Lemma 4.4 are satisfied. Indeed, whenever C N &rass(o) #
&, this intersection is dense open in C and closed in V,; so, in particular, it is again
affine. It is defined over Kj in the standard coordinatization of &rass(c), since both C and
®rass(o) are. If Autp(P).D is a generic orbit as guaranteed by Lemma 4.4 —say D € V,, —
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the module P/D is S-generic for C by definition, and the proof of the lemma yields a point
C = (cv)ven € Autpa(P).D such that the transcendence degree of Ky(c, | v € N) over
Ky equals the dimension of C. This provides us with a presentation P/C of the generic
module P/D as postulated in Theorem 4.3. The remaining claims are now straightforward
in light of Lemma 4.4. [

The S-generic modules can be constructed from @) and I, provided we are handed a
sufficiently large subset of K which is algebraically independent over Kjy: As described
in Observation 3.6, the irreducible components of Brass(S) are determined by those of
the covering Brass(o), and the latter are available algorithmically in terms of generators
(defined over Kj) for their prime ideals. Suppose C is an irreducible component of some
Grass(S) and o a skeleton with C N Grass(o) # @. Then a projective presentation of the
generic module G for C is available via the coordinate ring of the irreducible affine variety
CN®rass(o). Of course, a detailed analysis of representation-theoretic features of G' hinges
on the understanding of that coordiante ring.

Let C be an irreducible component of Brass(S), and C a point in C, say C = (¢, )ven €
C N Grass(o), where N again stands for the set of all pairs (apZz,, qzs) with a o-critical
path apz, in the first slot and a path ¢z; € o(apz,) in the second. If Ky(c, | v € N)
has transcendence degree dimC over Ky, then any module G = P/C is S-generic for C
by Theorem 4.3. In this situation, we call P/C a generic presentation of G. Conversely,
Theorem 4.3 gurantees that every generic module for C has a generic presentation. For a
simple example, consider A = K@Q, where Q is 1 — 2, and S = (5%,55); the only arrow
of the quiver is labeled v. Given a sequence of top elements for the projective cover P =
(Aep)? of the top S%, say {z1 = e121, 22 = €122}, the only module represented by Grass(S),
up to isomorphism, is M = Az; @ (AZQ /J 22). So M is obviously S-generic. However,
the given presentation is not generic, since the orbit dimension of M is dim &rass(S) = 1,
while for either of the two possible skeleta o of M (one is {z1 = e121,721,22 = €122},
the other is symmetric), the o-coordinates of the submodule we factored out of Az; @ Az
to obtain M belong to the subset {0,1} of K. A generic presentation is, for instance,
M = (Azy @ Azo)/A(yz1 + kryz2), where k € K is transcendental over K.

We glean that the set of all points C' € C, which give rise to generic presentations (of
generic modules for C) is neither open nor Auty (P)-stable in general. On the other hand,
as is readily seen, it is dense in C. We record the positive observations for future reference.

Corollary 4.5. Retain the hypotheses and notation of Theorem 4.3, and suppose G 1is
S-generic for C. Then G has a generic presentation G = P/C, and the Gal(K/Ky)-orbit
of C is dense in C. In other words, any nonempty open subset U of C contains a point D
such that P/D is a generic presentation of a generic module for C. [

In light of Sections 2 and 3, the list of all S-generic modules (where S traces the d-
dimensional semisimple sequences) includes the (T, d)-generic modules, and those, in turn,
include the d-generic ones. In the next corollary we therefore need not separate the cases
where C is an irreducible component of &rass(S), Grass’ , or Modg(A).

Corollary 4.6. Suppose that the module G is generic for some irreducible component C
of Brass(S), or Grass], or Mody(A).

Then the syzygies of G are generic for the syzygies of the modules in C in the following
sense: Every nonempty open subset U of C contains a point D such that Q¥(P/D) is
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Gal(K/Ky)-equivalent to Q*(G) for all k > 0; in other words, the set of all points D € C
with the property that QF(P/D) is Gal(K/Ky)-equivalent to Q*(G) for all positive integers
k is dense in C.

Suppose, in addition, that G is indecomposable, and let A(G) be the connected component
of the Auslander-Reiten quiver of A-mod containing G. Then A(G) is generic for C as
follows: There exists a dense subset W of C such that, for all D € W, the module P/D is
indecomposable and the connected component A(P/D) is Gal(K/Ky)-equivalent to A(G)
i the sense of Definition 4.1.

Proof. 1t suffices to apply Corollary 4.5, to obtain a dense subset W C C such that P/D
is Gal(K/Ky)-equivalent to G for all D € W. This means that there exists a map ¢ €
Gal(K/Ky) such that P/D = F,(G) (see Observation 4.1 for notation). Since F}, induces
a category self-equivalence of A-mod, both claims follow. [J

All of the generic properties to which we will apply Theorem 4.3 are actually stable
under arbitrary autmorphisms of the field K, so that the choice of Ky becomes irrelevant
for practical purposes. If the subfield Ky C K is chosen larger than necessary, this simply
excludes certain elements in K from being eligible as scalars in generic presentations. In
the second installment of consequences to Theorem 4.3 and Lemma 4.4, the direct sum
of two semisimple sequences S and S’ is defined in the obvious way, as resulting from
componentwise summation.

Part (a.3) of the next corollary is known; see [5].

Corollary 4.7. Let C be an irreducible component of &rass(S) or &rass: or Modg(A),
and let C' be an irreducible component of any other parametrizing variety “on the same
level” (referring to the radical layering, or top combined with dimension, or else to dimen-

sion without further specification). Moreover, let G be generic for C, and G’ generic for
C'. Then:

(a) The number of indecomposable summands of G is the generic number for C, and the
dimension vectors of these direct summands — more strongly, the radical layerings of these
direct summands — are the generic ones.

Moreover, given an indecomposable decomposition G = My&- - -®M,, with T; = M,/ JM,;
and dim M; = d;, the following additional statements hold:

(a.1) If C C Grass(S), the M; are S(M;)-generic for suitable irreducible components of the
Grass S(M;).

(a.2) If G is (T, d)-generic, the M; are (T}, d;)-generic for suitable irreducible components
of the @tuﬁﬁgj.

(a.3) If G is d-generic, the M; are d;-generic for suitable irreducible components of the
Moddi (A)

(b) The dimension of the socle of G is the minimum of the socle dimensions of the modules
M in C.

(c) For any finitely generated A-module N, and i > 0,

dim Ext’y (G, N) = min{dim Ext’ (M, N) | M € C},
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and
dim Ext’y (N, G) = min{dim Ext} (N, M) | M € C}.

Analogous statements hold for Tor-spaces. In particular, projdim G = min{projdim M |
M € C} and injdim G = min{injdim M | M € C}.

Moreover, if we choose G and G' with the relative generic properties spelled out in the
final statement of Theorem 4.3, then

dim Ext’y (G, G’) = min{dim Ext} (M, N) | M € C, N € C'},

and

dim Tor? (G, G') = min{dim Tor} (M, N) | M € C, N € C'}

fori>0.

Finally, End(G) has minimal dimension among the endomorphism rings of the modules
in C, whence the dimension of the (Autp (P)- or GLg4-) orbit corresponding to G is mazximal
among the orbit dimensions in C.

(d) The set of skeleta of G equals the generic set of skeleta of the modules represented by
C. If C C ®rass(S), this set consists of all o with C N Grass(o) # .

Proof. (a) In [14], Kac showed that every irreducible component C of Modg(A) contains
a nonempty open subset V such that all modules M in V have the same number of
indecomposable summands M; and the dimension vectors of the latter are invariant on V.
Combined with the arguments of Section 2, this yields a nonempty open U C V such that
even the radical layerings S(M;) of the 1ndecomp0sab1e summands M; of the M in U are
constant. Further, we deduce that the same statements hold for irreducible components
of Mod) (resp. ®rass’) and Mod(S) (resp. &tass(S)). Clearly, all these quantities are
Gal(K/Kj)-stable, whence the first two assertions follow from Theorem 4.3.

For (a.1), we set S; = S(M;). Moreover, we choose a point C' € C which represents
G, next to an open subset U C C as spe01ﬁed above. In particular, each module M in
U can be written in the form M = M; & --- & M, such that M; is indecomposable with
top T; and dimension d;. Without loss of generality, C' = @KKSC with C; C JP;,
where P = P, ., P; is a suitable decomposition of P. We take P; as the distinguished

projective cover of T; in the realization of Grass di and consider the morphism ¥ from the

projective variety []; -, ®ta55d1 to Brass, , defined by W(Dy, ..., D) = @, D; whenever
the D; are submodules of the JP; of codimension d; in P;, respectively. Clearly, ¥ induces
an isomorphism between the direct product and a suitable closed subvariety W of thassd ,
which restricts to an isomorphism between [[;.,., ®rassS; and W N&rass(S). Since U is
an irreducible open subset of Brass(S), the intersection U N W is irreducible and open in
W. Moreover, our choice of U guarantess that every Auty(P)-orbit Z in &rass(S) which
has nonempty intersection with U intersects nontrivially with U N W, whence the closure
of ZNW in Grass(S) coincides with the closure of Z. We infer the existence of irreducible
components C; of &rassS; such that UNW C \I/(Hl<z<s ;) C C and conclude that the

closure of \I'(ngzgs C;) in Grass(S) equals UNW = U = C. For each i, we now pick an
S;-generic module G(S;,C;) for C;, such that these generic objects even enjoy the relative
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generic properties described in the final statement of Theorem 4.3. By construction, the

direct sum

1<i<s

is S-generic for C. In light of the uniqueness part of Theorem 4.3, we deduce that this
direct sum is Gal(K/Kjp)-equivalent to G, say isomorphic to G, = @, ., (M;), for
some 7 € Gal(K/Ky). Using the Krull-Schmidt theorem, we conclude that G(S;,C;)
is isomorphic to (My(;))- for some permutation 7 of {1,...,s}, with the property that
S(My;)) = S(M;) for all j. This shows the (M;)., and therefore also the M;, to be
Si-generic for the components Cr ;).

Parts (a.2) and (a.3) are proved similarly.

The remaining assertions are easy consequences of Theorem 4.3, combined with the
following facts: Suppose M is a A-module with top T and radical layering S. The
dimension functions dim Homy (M, —) and dim Homp(—, M) are well-known to be up-
per semicontinuous on Mod,(A), and hence on all of our parametrizing varieties; for
Qitasﬁg and Brass(S), this follows from Proposition 2.2. Suppose M and N are subject to
dim Homy (M, X) < dim Homy (N, X) for all X. Then dim Ext’ (M, X) < dim Ext’, (N, X)
for all X and ¢ > 0; analogously, for Tor-spaces; see [16, Theorem 5.3], where the result is
attributed to Bongartz. Alternately, upper semicontinuity of dim Extl(—, —) is shown in
[5, Lemma 4.3]. O

We illustrate the theory with a first example.
Example 4.8. Let A = KQ/I, where @ is the quiver.

5 v (03] Q2 ag 7] Qs

B B2 B3 Ba Bs

T1 T2 | T3

9 10 X
w Q P
and I C K( is the ideal generated by the following relations: asasasBs01 — Bs5048302001,
a5y —asouazBaa, asasf3anan — asfiazasar, asBiazaar — Bsasazanan, ;Y
fori=1,2,3, > | ,c5370, and w3. Then L = 6, and we may take Ky to be the algebraic
closure of the prime field of K. First choose

S = (S1 @ S7,S52 ® Ss, S3 @53,54@89,55@5’9,56).

Then Grass(S) is irreducible and coincides with Brass(o), where o is the skeleton () ¢(?)
such that o) is the set of all initial subpaths of asayazasaz; and () the set of all initial
subpaths of 67jws2s and 6TowZ>. One computes Grass(o) = V(Y2 — X3) x A2, We give a
generic presentation of “the” generic module G — we know it to be unique up to Gal(K/K)-
equivalence — relative to o, and follow with the graph of G relative to the same skeleton.
Given scalars ¢y, co,c3 € K which are algebraically independent over Ky and a projective
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cover P = Azy @& Azg of the top S1 & S7 of S with z; = e1z1 and 29 = e7z9, we obtain:
G = P/(Cy & Cs), where C} is the submodule of Az; generated by

Biz1 — (Ver)Parzt, Beanzr — (Ver)Pananzi, Bsasaiz — crazasan 21,
Baazanaiz) — cragazean 21, [P50u030aa0121 — C1a50403020021;
here /c; is a square root of ¢; in K; the submodule C5 of Az is generated by >, ., .5 Tid22
and wTyzy — cowT 022 — c3w?T1029. The corresponding hypergraph is displayed at the end
of the discussion.

Clearly, the generic module G is decomposable into two local direct summands Az; /Cy
and Azo/Chy, these being S(Az1/Ch)- and S(Az2/Cs)-generic, respectively, by Corollary
4.7. In fact, this example shows that not even for the generic module does every o-
critical path apz, with o(apz,) # @ lead to a hyperedge in the corresponding hypergraph.
For instance, the o-critical path y(e1z1) leads to o(v2z1) = {627}, but the corresponding
coefficient disappears in every module with skeleton o, due to the relations 7;v = 0 in A;
hence, these latter relations are responsible for the decomposability of GG. The socle of G
is S @ S, whence Sg @ S3 is contained in the socles of all modules in rass(S). Moreover,
generically, the modules with radical layering S have endomorphism rings of dimension at
least 2. Further, we observe that G is also (T, d)-generic, where T'= S; @ Sy and d = 12;
in fact, G is even 12-generic. While @tassg is still irreducible, making G the only (7', d)-
generic module, up to equivalence — it obviously has class 0 in the restricted scenario — the
full variety Mod,(A) has many additional irreducible components; the one represented by
G has class 1 (see Section 2 for this terminology). Note that the set of skeleta of Az /Cy
has cardinality 2°, while Azy/C5 has 6 different skeleta. The singularities of Brass(o), here
identified with V(Y2 — X3) x A2, are precisely the points that parametrize the modules
with fewer than 2° - 6 skeleta; in fact, each of the latter modules has precisely 6 skeleta.
Moreover, by Theorem 4.3, the syzygies Q(G) are the generic syzygies for the irreducible
component C of Mod;(A) obtained by closing Mod(S) in Mod,(A); they are obtainable
combinatorially from the graph of G, showing that projdim G = co. By Corollary 4.7, we
conclude further that all modules in C have infinite projective dimension.

1 7
\
o ( | B1 ‘5
/
2 8
\ T N \’7'3
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Finally, we remark: If we replace S by the sequence S’, which differs from S only in the
penultimate slot, taking S, = S5 & S1g versus S; = S5 @ Sy, then the S’-generic module is
indecomposable and has socle Sg @ Sg. [

5. IRREDUCIBLE COMPONENTS AND GENERIC
MODULES OVER TRUNCATED PATH ALGEBRAS

From now on, we assume that A is a truncated path algebra, i.e., A = KQ/I, where
I = I(L) C KQ is the ideal generated by all paths of length L + 1 for some L. We will
keep L fized in our discussion.

As we will see in Theorem 5.3 below, in this situation, the &rass(S) are irreducible
smooth rational varieties. To describe their structure in greater detail, the fact that A is
graded by path lengths will be pivotal. In fact, it will be advantageous to simultaneoulsy
explore, from the start, varieties of graded modules with radical layering S, next to the
full class of modules parametrized by S. We recall from [1] the tools required for studying
the homogeneous points in Grass(S).

As before, let S be a d-dimensional semisimple sequence with top T' = Sy and P a
projective cover of T', endowed with its distinguished sequence z1, ..., z¢ of top elements.
Moreover, let P = @g;c; P = @1 << (Bo<i<r, Aizr) be the natural grading of P, where
A; denotes the K-subspace of A genérajced byitﬁe paths of length [ and P, = @, Aizr.

The homogeneous points of Grass,, are those of the form C = @,.,., C;, where C; =
C' N P,. For proofs of the following observations, see [1].

Definitions and Observations 5.1.

(1) The set Gr—@tassz; of all homogeneous points in Qﬁtassg is a closed subvariety. In
particular, Gr—@tasﬁg is in turn projective.

(2) The set Gr-®rass(S) of all homogeneous points in Brass(S) is a projective subvariety
of Grass(S); in particular, Gr-&rass(S) is closed in &rass(S). (Note that, by contrast,
Grass(S) fails to be projective, in general.)

(3) For each abstract skeleton o compatible with S, the set Gr-&rass(o) of all homo-
geneous points in &rass(o) is an affine open subvariety of Gr-®&rass(S), and the family of
these subvarieties, as o traces all eligible skeleta, covers Gr-Grass(S).

(4) The subgroup Gr- Auty(P) of Auty(P), consisting of the homogeneous automor-
phisms of P, acts morphically on Gr-&rass’, and Gr-&rass(S). The orbits of Gr-Grass,
under this action are in one-to-one correspondence with the graded-isomorphism classes
of those graded d-dimensional modules with top 7" which are generated in degree zero;
analogously, the Gr- Auty (P)-orbits of Gr-&rass(S) are in one-to-one correspondence with
the graded-isomorphism classes of those graded modules which have radical layering S and
are generated in degree zero.

For truncated path algebras A, it is exceptionally easy to recognize the semisimple
sequences S for which &rass(S) # @ or — as it turns out, equivalently — Gr-&rass(S) # 2.
Indeed, the final two of the equivalent conditions below are immediately checkable via the
(tree) graphs of the indecomposable projective modules Ae;, and these graphs can in turn
be simply read off the quiver.
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Observation 5.2. Suppose A = KQ/I is a truncated path algebra, and S = (SO, . ,SL)
a semisimple sequence. Then the following conditions are equivalent:

(a) Grass(S) is nonempty.

(b) Gr-®rass(S) is nonempty.

(c) There exists an abstract skeleton compatible with S.

(d) For each positive integer | < L, the following holds:

Z (the number of arrows in Q) from e; to ej) -dime;S; > dime;Siqq,
1<i<n

forallg=1,...,n.

Moreover, any abstract skeleton o consisting of paths of length < L in @) is the skeleton
of a (graded) A-module. In other words, Gr-®rass(o) # &, and a fortiori, Brass(o) # &,
for every abstract skeleton o. [J

Condition (d) is always necessary for Grass(S) to be nonempty, but need not be sufficient
in the non-truncated case. For example, consider the algebra K@Q/I, based on the quiver

where [ is generated by fa — 7. Then the sequence (Sl, Ss, 53) satisfies the two final
conditions under 5.2, but fails to arise as the sequence of radical layers of a A-module.
As an obvious consequence of the following theorem, we obtain that the set of skeleta
of any S-generic module over a truncated path algebra is the full set of skeleta compatible
with S.
For the definition of N(S) and Ny(S), see Observation 3.10.

Theorem 5.3. (Irreducibility of Grass(S) and Gr-Grass(S), and first structure results.)
Suppose that A is a truncated path algebra and S any semisimple sequence such that
Grass(S) # 2.

Then both Grass(S) and Gr-Brass(S) are irreducible varieties endowed with finite open
covers consisting of copies of an affine space, namely, of AN®) in case of Grass(S), and
ANoB) in case of Gr-®rass(S). In particular, both Grass(S) and Gr-Grass(S) are rational
and smooth.

More precisely: If o is any skeleton compatible with S, then Grass(o) = ANG) js dense
and open in Grass(S), and Gr-Grass(o) = ANE) 4s dense and open in Gr-Grass(S).

Proof. We only address the claims for ungraded modules. The proofs of the twin state-
ments for Gr-&rass(S) are proved analogously. However, we will use some observations
about the graded case to deal with the ungraded one.

As above, we let A = @ ;- A and P = @, P be the decompositions of A and
P into homogeneous subspaces. Note that, whenever ¢ is an abstract skeleton and C €
Gr—@taﬁsg, the requirement that o be a skeleton of P/C is equivalent to the formally
weaker condition that o yields a basis for P/C.
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Let 0 be compatible with S. Whenever we do not explicitly insist on identification of
o with a subset of P, we go back to the original definition of skeleta in Definition 3.1,
viewing the elements of o as paths in the K@Q-module P = P, ., (KQ)z. By o™ we

denote the set of paths in o that start in Z,., and by al(ir ) the subset of paths of length [ in

(") which end in the vertex e;.

That Grass(o) = ANG) is obvious. Since the affine patches corresponding to the skeleta
form an open cover of Grass(S), it thus suffices to show that, given any other skeleton
compatible with S — call it & — the intersection &tass(o) N Grass (&) is non-empty; indeed,
Grass(o) N BGrass () is then a dense open subset of both &rass(o) and Brass (). Clearly,
oNa is the disjoint union of the intersections Ul(; ) ﬂ&l(; ); the union cUg breaks up similarly.

By induction on L > 0, we will construct a point C' € Gr-®&rass(S), that is, a homo-
geneous submodule ,.; C; of P, together with a bijection f : 6 — ¢ whose restriction
to 0 N & equals the identity on o N &, such that the following additional conditions are
satisfied:

o C € Brass(o) N Grass (7);

e whenever p € &l(f ), the path f(p) belongs to al(f ) for some s, and the difference
p — f(p), now viewed as an element of P, belongs to the homogenous subspace
Clength(ﬁ) of C.

e pz. = 0in P, for any path pz, € P which does not belong to o U &.

Note that, by the first condition, the families of residue classes (15 + C’) and ( f(p) + C’)
in P/C form bases for P/C; here we again identify ¢ and & with subsets of P under the
conventions of Definition 3.1. In particular, none of the elements p or f(p) of P belongs
to C'. Moreover, the second requirement forces f to induce a bijection 7;; — oy;, for each
0<I<Land1<i<n.

The proposed construction is trivial for L = 0. So, given L, we assume that our
requirements can be met in any setup of the described ilk whenever L — 1 is an upper
bound on the lengths of nonvanishing paths. Suppose L' = L — 1. Let A’ be the vector
space @<,y i identified with the algebra A/JY, and let P’ = @y, P be the
corresponding truncation of P, clearly a projective A’-module. (Up to isomorphism, P’
is the same as P/JYP as a A’-module; but as a vector space, P’ is contained in P by
definition, so that, for a subset U C P’, it makes sense to talk about the A-submodule AU
of P generated by U.) Moreover, we set S’ = (SO, - ,SL/), and let ¢/, ¢’ be the skeleta
resulting from o and & through deletion of the paths of length L. Observe that ¢’ and &’
are both compatible with S’. Therefore, our induction hypothesis yields a homogeneous
submodule ¢/ C P’ and a bijection f’ : ¢’ — o’ satisfying the conditions listed above.
Compatibility of ¢ and & with S allows us to extend f’ to a bijection f : 6 — o that
coincides with the identity on o N ¢ and induces bijections 6;; — or; for 1 <i <n. Our
choice of C’ and f then guarantees the following: Suppose ¢ is a path of length L — 1, «
an arrow and r < t. In case ¢z, ¢ o U &, we have Aagz, = Kaqz,. C AC’.

To construct C' € Qﬁtassg with the required properties, we will add to AC” suitable cyclic
submodules of P generated by linear combinations of paths ¢z, in P, where r < t and q is
a path of length L in K@Q. In light of the preceding comment, our interest is focused on
paths of the form apz, € ﬁ, where « is an arrow and pz,. belongs to o, _1 Udor_1. We will
now, for each path of this ilk, construct a term C(apz,.) C P to be added to AC’ so as to
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yield C' as desired.

First suppose pz, € 01,1, and let a be an arrow such that apZz, is o-critical (that is,
apz, ¢ o) and af ' (pz.) ¢ 6. Then also apz, ¢ . Indeed, suppose apz, € 6. Then
pz, € 0 NG, whence f~1(pz,.) = pz,, and consequently also af ~(pz,.) = apz, belongs to
o, contrary to our hypthesis. In particular, this means that we want the element apz, of P
to belong to C' in order to meet the third of the conditions we are targeting. Accordingly,
we let C(apz,) C P be the A-submodule Kapz, in that case.

Now suppose pz, € or_1 such that apz, is o-critical, while af ~1(pz,.) € 5. We define
the correction term as C(apz,) = K(apz, — f(af ' (pz.))). In the latter difference,
flaf=1(pz.)) is identified with an element in P; that is, f(af !(pz,)) stands for aqzs
if f~1(pz,) = ¢Z,. Thirdly, in case apz,. € o but af ' (pz.) ¢ 7, we set Clapz,) =
K (apzr — f_l(ozp/z})); in this difference, we again view f~!(apZz,) as an element in P.
Finally, if apz, € o and af~!(pz,) € &, we take C(apz,) to be zero; in that case, our
induction hypothesis guarantees that pz,.— f ~(pz,.) € C’, whence apz,—af~1(pz,.) € AC’;
once more, f~1(pz,) is viewed as an element in P.

Then

C=AC" + > C(apz,)

a arrow, pz, €or_1UdL_1

is a A-submodule of P satisfying all requirements imposed by our induction. Indeed,
since C' is homogeneous by construction, our initial comments show that, to prove C €
Grass(S) N Grass (S'), one only needs to observe that each of the two families (pz;)

pZrE€E0
and (pzr)pg < of elements of P induces a basis for P/C, whence C' € &rass(S)NGrass ().

This completes the argument showing that Grass(o) is dense in Grass(S).

Smoothness of Grass(S) now follows from the fact that the &rass(o), where o traces
the skeleta compatible with S, form an open cover of Grass(S). Rationality of Brass(S) is
obvious. U

To contrast Theorem 5.3 with the non-truncated situation: In general — that is, in
keeping finite dimensionality of A, but foregoing the truncated scenario — any affine variety,
not necessarily irreducible, arises as a variety &rass(o), up to isomorphism, for suitable A
and o; see [9, Theorem GJ. Moreover, arbitrary affine or projective varieties arise in the
form Brass(S); see [1, Section 5] and [7, Example]. With regard to the following corollary,

keep in mind that there are only finitely many semisimple sequences of any given dimension
d.

Corollary 5.4. Rationality of the components of QStaﬁﬁg. If A is a truncated path
algebra, the irreducible components of @tassz; coincide with the mazximal candidates among
the subvarieties Grass(S), where the latter denote the closures of the Grass(S) in Grass? .
Moreover,

Grass(S) = Grass(o),

whenever o is a skeleton compatible with S.

Analogously, the irreducible components ofGr—(’ﬁtassg are the maximal candidates among
the closures of the varieties Gr-®rass(S) in Gr-Grass, .

In particular, all irreducible components of Qﬁtassg and Gr—@tassg are rational vari-
eties. [
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Theorem 5.3 and Corollary 5.4 can be transposed to the classical affine setting via Propo-
sition 2.2: Namely, each variety Mod(S) is irreducible and smooth, and the irreducible
components of the varieties Modg and Mod,(A) are the maximal candidates among the
respective closures of the Mod(S) in the larger varieties. While we expect the closures of
the varieties Mod(S) to be rational as well, it is only in the following slightly weakened
form that we could carry over rationality to the classical affine scenario. Fortunately, this
weaker result still suffices to yield Corollary 5.6.

Corollary 5.5. Unirationality of the components of Mod} and Modg(A). For
any positive integer d, the irreducible components of the affine variety Modg(A) are uni-
rational, as are the irreducible components of the quasi-affine varieties ModdT.

Moreover: Suppose C is any irreducible component of Modgy(A). If S is the generic
radical layering of the modules in C, and o any skeleton compatible with S, then C contains
a dense open subset consisting of modules with skeleton o.

Proof. Let C be an irreducible component of Modg(A) or some ModdT, and let S be the
generic radical layering of the modules in C. Since Mod(S) is irreducible, C contains
Mod(S) as a dense locally closed subvariety. Let o be any skeleton compatible with S.
We construct a (Zariski-closed) subset, labeled Mod (o), of Mod(S) as follows: First,
we index a basis for K¢ by the elements of o, say (bﬁ>ﬁea’ and identify any map in

Endg (K?) with its matrix relative to the sequence (bp), indexing rows and columns by
the elements of 0. Next, we consider the K-algebra generators of A = K@Q/I given by (the
I-residues) of the elements in Q* = Qo UQ1, and define Mod(o) as the set of those points
(zu) € [lucq- Endg(K9) = [Tuecg- Ma(K) which satisfy the following conditions: For
u = e;, the matrix z,, carries 1 in position (p, p), whenever the path p ends in the vertex e;,
and carries 0 in all other positions; for u = o € @1, the p-th column of the matrix z, = x,
has the following form: in case ap € o, it carries 1 in position (ap, p) and zeros in the other
positions, while, in case ap ¢ o (meaning that ap is o-critical), the p-th column is required
to have zeros in all positions (¢, p) having row index ¢ outside o(ap), with no conditions
imposed on the remaining entries. It is readily seen that Mod (o) C Mod(S); indeed, by
construction, the sequences of matrices in Mod (o) describe multiplication by the elements
u € Q* on the factor modules P/C for C' € &rass(o), relative to the basis (pZT—i_C)ﬁ:pETeG
of P/C, respectively. Thus, Theorem 5.3 ensures that all those positions in the matrix
sequences above, which are not specified to be 0 or 1 in the definition of Mod (o), will
independently take on arbitrary values in K. In other words, Mod(c) 22 AN®),

Let V' be the closure of Grass(o) in Grass(S) under the Auty (P)-action. Then

V= U f.C

fEAuta(P),Cedrass(o)

is open and dense in &rass(S), since by Theorem 5.3 we know Brass(o) to be open and
dense. Proposition 2.2 therefore shows the corresponding GLg-stable subvariety W of
Mod(S) to be open and dense in Mod(S). On the other hand, by construction, W is the
closure of Mod(o) under the GLg-action. This provides us with a dominant morphism

GL4 x Mod(o) — Mod(S), (9, (zu)u) — (97 2ug)u.
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Therefore Mod(S) is unirational, and so is C. To conclude the argument, we observe that
the GLg-orbits in W are in one-to-one correspondence with the isomorphism classes of
modules having skeleton o. [

Let us return to the hierarchy of irreducible components of &tass? introduced in Corol-
lary 2.7. In the truncated scenario, the irreducible components of class 0 are just the
closures in Qitaﬁsg of the irreducible varieties &rass SO, where SOV ... SO:m0) are the
distinct semisimple sequences which are minimal with respect to Grass S(©9 £ & Hence,
the irreducible components of class 0 of Q5ta55§ are in one-to-one correspondence with
the sequences S that are minimal with respect to satisfying the equivalent conditions of
Observation 5.2. They can be picked out on sight. Next, let S(tD .. S(m1) be the dis-
tinct semisimple sequences which are minimal among the sequences S’ with the property
that Grass(S)’ is not contained in the closure of |, <, Grass SO in Grass, . These se-
quences are much harder to recognize in general, a task which will be addressed in a sequel
to this paper, with the aid of Corollary 5.6 below. The (necessarily distinct) closures of
the Grass S(H9) in Qﬁtassg are precisely the irreducible components of class 1 in the bigger
variety, and so forth. Irreducible components of ®rass’, (alias Mod}) of arbitrarily high
class numbers are realizable over truncated path algebras; see Examples 5.7(2) below.

An analogous sifting process produces the irreducible components of class 0 of Mod4(A)
as closures of certain varieties Mod(S(°"0)) in Modg(A), the 0-th generation being again
easy to detect. Recognizing non-embeddedness in identifying the sequences that lead to
irreducible components of higher class numbers again requires additional theory regarding
closures. The main tool in accessing such closures results from Corollaries 5.4 and 5.5
above, combined with the following fact, due to J. Kollar (for a proof, see [12, Proposition
3.6]): Whenever V is a unirational projective variety of positive dimension and x,y € V,
there exists a curve ¢ : P! — V, the image of which connects x and y.

Corollary 5.6.

o Let T be semisimple, C an irreducible component of the projective variety 6ta55§, and
S the generic radical layering of C. Moreover, suppose that o is any skeleton compatible
with S. Then any point C € C belongs to the image of a curve 1 : P! — C mapping a dense
open subset of P! to Grass(o).

o Let C be an irreducible component of the affine variety Mody(A), S again its generic
radical layering, and o a skeleton compatible with S. Then any point x € C belongs to the
image of a rational map ¢ : A* — C which maps a dense open subset of A' to the locally
closed subvariety of C consisting of the modules with skeleton o. [

Provided that the closure of some Mod(S™%) in Mody(A) is maximal irreducible, its
class among the irreducible components of Mod,(A) may change in either direction when
compared with the class of its closure in the pertinent Modg; see Examples 5.7, (2) and
(3). The movement in the class numbers of irreducible components, as one progresses to
closures on the next level in the hierarchy of parametrizing varieties, in fact, encodes a
substantial amount of information about A-mod. It warrants a separate study of these
invariants, to link them more directly to the quiver ) and the Loewy length of A.

Examples 5.7.
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(1) Let @ be the quiver 1 ——> 2, and take L = 2, that is, A = KQ/I, where I is
generated by the paths of length 3. Moreover, let d = 3, T' = S, and S = (51,571, S2).
Then Grass(S) = Al, and the closure of Grass(S) in Grass, equals Grass], the latter
variety being isomorphic to P'. Thus, the variety Modg is also irreducible. Its closure
in Mod,(A) is an irreducible component of class 0. On the other hand, the closure of
the irreducible variety Grass (S1, 51 @ So,0) in Grass’ (a singleton) is not an irreducible
component of QﬁtassdT, as it is properly contained in the closure of Brass(S).

(2) For every nonnegative integer h, there exist a truncated path algebra A = KQ/I and a
semisimple sequence S, with top 7" and dimension d say, such that the closure of Grass(S)
in Q5ta55§ is an irreducible component of class h. We give examples for h = 1,2, which
make it clear how to move on to higher values of h.

Let @ be the quiver

/\

K\__‘/\____/W\__’,/

and A the truncated path algebra with quiver @Q and Loewy length L + 1 = 6. Moreover,
take T'= S% and d = 7. Then the closure of

Grass(S) := Grass (57, 5o, 53,54, S5, S6)

in Q5ta55dT is an irreducible component of class 0 of Qﬁtassg, clearly the only one. The
closure of
Brass (') := Grass (57, Sy @ Se, S, 54, 55, 0)

in Qitaﬁﬁg is an irreducible of component of class 1: Indeed, given that S < S’, we only
need to show that Grass (S') is not contained in the closure of Gtass(S) in Grass,; but
this follows from the fact that the arrow 6 — 5 annihilates every module in &rass(S), and
hence annihilates all modules in the closure, whereas ®tass (S') contains an indecomposable
module not annihilated by this arrow. Similarly one shows that the closure of

Grass (S”) := Grass (S7, S5 @ S, S3 D S5, 54,0, 0)

in Brass’ is an irreducible component of class 2 in Gtass’ . Indeed, one notes that S’ < S”
and that the closure of Grass (S') in Grass, is the only component of class 1; then one
checks that &rass (S”) is not contained in the closure of &rass (S'). By contrast: If we
move on to the closures of the corresponding irreducible subsets of ModdT in Mody(A), we
obtain three distinct irreducible components of class 0 of Modg(A), since (S7)? is minimal
among the tops of the modules with dimension vector (2,1,1,1,1,1).

(3) For every nonnegative integer h, there exists a truncated path algebra A of Loewy
length L + 1 = 3, a dimension vector d = (di,da,...,d,) of total dimension d = ), d;,

next to semisimple modules 7'(0) < T'(1) < --- < T'(h), such that the varieties Qﬁtassg(i) are

irreducible, and hence, are irreducible components of class zero of the varieties Srass d( D
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(for the connected components QﬁtassdT(i), see Observation 2.3). On the other hand, one

can arrange for the closures of the corresponding Modg(i) in Mod;(A) to be irreducible

components of class i in Mod4(A), respectively.
To give a specific example, let A have quiver @) as follows:

—_—

l——2_ 3

and Loewy length L + 1 = 3. Set T(i) = (S1)" @ (S3)? for 0 < i < h. Moreover, take
d = 3h and d = (h, h, h). Observe that Grass. ") equals Grass (T (i), (S2)", (S3)" ") and is
therefore irreducible by Theorem 5.3. The closure of the corresponding irreducible subset
Modf(i) of Mod,(A) is an irreducible component of Modg(A) of class i: Clearly, the

closure of Modg(o) is an irreducible component of class 0 of Mod4(A), the only one in
Mod ; in fact. To see that the closure of ModdT(l) in Mod(A) is an irreducible component

of class 1, it suffices to check that Modg(l) is not contained in the closure of Modg(o). To
see this, let M be the unique indecomposable module with radical layering (57 & S3, S2)

and note that (Aei)"~! @ M belongs to Modg(l), but not to the closure of ModiT(O) in

Mod,(A); indeed, the arrow 3 — 2 annihilates each module in Modg(o)7 and consequently

annihilates each module in the closure. Continue inductively. [

As we will show next, for a truncated path algebra, the irreducible varieties &tass(S) are
bundles with affine fibres over a projective base space. The projective portion, Gr-&rass(S),
is recognized as a close kin to a flag variety.

Suppose that V' is an algebraic variety. By a Grassmann bundle over V we mean a
fibre bundle over V with fibre F', where F' is a direct product of classical Grassmannians
®t(m;, K™) and all of the pertinent maps are morphisms of varieties; in particular, this
means that the transition maps corresponding to a suitable trivialization are automor-
phisms of the fibres. Moreover, we call a bundle A over V' an iterated Grassmann bundle
in case there are bundles Aq,..., A, = A such that A; is a Grassmann bundle over V'
and each A, is a Grassmann bundle over A;. In particular, the flag variety of any finite
dimensional vector space W is an iterated Grassmann bundle over &t(dim W — 1, W), and
iterated Grassmann bundles may be viewed as generalized flag varieties. In a similar vein,
a fibre bundle over V is referred to as an affine bundle with fibre F' if F'is an affine variety
and, once again, all of the corresponding maps are morphisms, resp., automorphisms of
varieties.

Theorem 5.8. Structure of the &rass(S). Suppose that A is a truncated path algebra
and S = (Sp,...,SL) a semisimple sequence with Grass(S) # .

Then &rass(S) is an affine bundle over the projective variety Gr-Grass(S) with fibre
AN where N1 = Ni(S) is the invariant of S introduced in Observation 3.10. The base
space of this bundle, Gr-®tass(S), is an iterated Grassmann bundle over a direct product
of classical Grassmannian varieties. More precisely, the base space of Gr-Brass(S) is
isomorphic to &rass (Sg,S1,0,...,0).

Proof. As before, we denote by T" the top Sy of S, and by P = &, , P, a projective cover
of T', endowed with the natural grading and its distinguished sequence z1,...,z; of top
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elements. To any point C' € Brass(S) we assign the following point in Gr-Grass(S):

Chmg = @Cl with C; =P N (C—|— @Pm)

1>1 m>l

Suppose o is a skeleton compatible with S. Throughout this argument, we will write the
paths in our skeleton simply in the form p € o; in other words, p stands for p = p/Z,. in p
and also for p'z, in P whenever we work in the projective A-module P = P /1 P.
Let C € &rass(o). Then Chmg takes on the following form in the standard affine
coordinates for Grass(o):
Chmg = (C(O‘p7 Q))

ap o-critical, g€og(ap)

where o¢(ap) is the set of all paths in o(ap) which have the same length as ap. Analogously,
we denote by o1 (ap) the set of all paths in o(ap) which are strictly longer than ap. Recall
that N; is the cardinality of the disjoint union of the sets {ap} x o1 (ap).

It is readily checked that the assignment

7 : ®rass(S) — Gr-Brass(S), C — Chmg

is a morphism of varieties and that the inclusion Gr-&rass(S) — Grass(S) is a section of
7. We will show that m makes Grass(S) an affine bundle with fibre ANt over Gr-Grass(S).
To do so, we specify trivializations over the open affine subvarieties Gr-Brass(o) covering
Gr-6rass(S), where o traces the skeleta compatible with S. Fixing such a skeleton, we
define a morphism

Gr-Grass(o) x AN — 771 (Gr-Brass(o))

as follows: Given a homogeneous point D € Gr-&rass(o) with affine coordinates
(d(Oép; Q))ap o-critical, g€oq(ap)
we send the pair

(D7 (c(ap, Q))ap o-critical, g€o1 (Dép))

to the following submodule of P:

> A(ap— > capg)g— ) d(ap,Q)q)

ap o-critical g€oi(ap) q€oo(ap)

By Theorem 5.3, arbitrary choices of coefficients c(ap, q) in K™* lead to such points in
771 (Gr-Brass(o)), independently of the given homogeneous point D. This makes the
above assignment a well-defined isomorphism of varieties.

To verify that the transition maps are automorphisms of affine N;-space, suppose D &€
Gr-6rass(o) N Gr-Brass(6) with affine coordinates

(d(ep, Q))ap o-critical, qeoo(ap) 0D (d(ap, q>)ap o-critical, g€oo(ap)



38 E. BABSON, B. HUISGEN-ZIMMERMANN, AND R. THOMAS

relative to o and &, respectively. Moreover, let C' € Grass(S) be a point in the fibre above
D. Then C € &rass(o) N Grass (7), since any homogeneous point D has the same set of
skeleta as the points in 7=1(D) (by an abuse of language, we refer to skeleta of P/D also
as skeleta of D). Let

(c(ap, q))ap o-critical, q€o1(ap) and (5(0&]9, q))ap o-critical, g€o1(ap)

be the supplementary nonhomogeneous coordinates relative to o and o, respectively. For
reasons of symmetry, it suffices to show that the é(ap, q) are polynomials in the c(ap, q)
with coefficients in K (d(ap, q)), if we treat the c(x)’s, c¢(*)’s and d(*)’s as independent
variables over K.

Let [ be any integer between 1 and L and o; = {p1,...,ps}; the set & has the same
cardinality, say ; = {p1,...,Ps}. Then each element p; in P can be expanded, modulo C,
in the format

(CONG) = > aip+ A,

1<5<s

where the a;; form an invertible s x s-matrix over K[d(x)], and each A; is a linear com-
bination of paths in o of lengths exceeding [, with coefficients in K[c(x), d(*)]; congruence
means congruence modulo C, and again we identify o and ¢ with subsets of P. Solving
for the elements p; € P yields the latter as linear combinations

(CONG-I) pi = Z bi;jp; + Bi,

1<5<s

modulo C, where the b;; are coefficients in K (d(x)) and B; is a linear combination of paths
in o which are longer than [, with coefficients in K (d(*))[c(x)]. Now suppose that ap is
a o-critical path with p € &;; say p = p1. On multiplying the first of the s congruences
labeled (CONG) from the left by &, we expand, modulo C, the element ap of P in terms
of o. Then we successively insert the congruences (CONG-(I + 1)), CONG-(I + 2), ...
into the expansion. This process terminates, because paths longer than L vanish. It thus
displays ap, modulo C, as a linear combination of terms ¢ from ¢ with coefficients in
K (d(x))[c(x)]. Comparison of coefficients shows the a5 to have the required form. This
completes the proof of the first assertion of the theorem.

To prove the statement concerning Gr-®rass(S), we start by noting that nonemptiness
of Grass(S) implies that

Gr—(’ﬁtass(So,Sl, ey 5,0, ... ,0) 7§ %)

for all [ < L. In a first step, we will show that Gr-Brass(Sy, S1,0, . ..,0) is a direct product
of classical Grassmannians. Indeed, this variety consists of all homogeneous submodules
C = @,.,<; Ci of JP which are of the form C; @ J’P = C, @ @D,~, P such that
dime;C; = dime; P, — dime;S;. Moreover, we observe that, for any K-subspace U of P,
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the space U @ ®l22 P, is a A-submodule of JP. Set m; = dime;S; and n; = dime; Py,
that is, S1 = @y, S;"" and JP/J*P = @, ., S;"". Clearly, the map

w : H @t(ﬂz - mi,Pl) — Gr—@tClSB(SQ,Sl,O, .. ,O)

1<i<n

which sends (U;)i<, to (@KK” Ui) P (@l>2 Pl) is an isomorphism of varieties, and the
initial claim is established. -
Finally, we prove that, for any integer [ > 2 which is smaller than L, the following map

Y endows Gr-Brass(Sy, .. .,S;4+1,0,...,0) with the structure of a Grassmann bundle over
Gr-6rass(Sy, . ..,S;,0,...,0):

Py Gr-Brass(So, - .., S141,0,...,0) = Gr-Grass(Sy, . ..,S;,0,...,0)

sends C' = @, ;. C) = (@1§j§l+1 CJI) D (EBHQSJSL P;) to

'+t P=(P cphe( B P).

1<5<1 I+1<5<L

Next we provide a trivialization over each patch of the open affine cover (Gr-&tass(o)), of
Gr-®rass(Sy, ..., S;,0,...,0), where o traces the skeleta compatible with the semisimple
sequence (So,...,S;,0,...,0). Let 0 = ;¢ o™ be such a skeleton, suppose S;11 =
@D, <;<, Si', and consider the subspaces

Vi= Z Z K{e;Q1p)

L1<r<t peq(

of P, where () is the set of arrows in the quiver @), and K (A) the subspace generated by a
subset A of P (again we identify o with a subset of P whenever called for). If v; = dim V;,
then u; < v; in view of the fact that Gr-&vtass(So,...,S;11,0,...,0) # . As we will see,
the fibre of 1; over any point C' € Gr-Btass(o) is isomorphic to

F .= H &r(v; — u, Vi).

1<i<n

Note that Y ., Vi = @, <;<, Vi € Py1. This setup permits us to describe a trivializa-
tion of ¢; over Gr-&rass(o) as follows:

Ty o F x Gr-®rass(0) — ¢ (Gr-Grass(o))

with
(Ui<i<n,C) » COKQCH e (P U) e (P P),

1<i<n G>1+2

where K(Q1C}) is the subspace of P generated by all elements ac, where « is an arrow
and ¢ € (. To ascertain well-definedness, start by noting that the K-subspaces which are
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attained as images under 7, are actually A-submodules of JP. To see that each of these
submodules belongs to &rass (Sy, .. .,S;4+1,0,...,0), observe that

eiPy1 =V, ® K(e;Q:1Cy),

since the layered graph of P relative to z1,..., 2, is a forest with the same tree sitting
underneath each vertex labeled e; in the [-th layer of this graph. Therefore the codimension
of U; ® K(e;Q1C) in e; P11 is u; as desired. That application of the map 1; to any point
in the image of 7, yields a point D € Gr-Brass(Sy,...,S;,0,...,0) with the property that
P/ D has skeleton o, is obvious from our construction. More strongly, 1,07, ((Ui)ign, C’) =
C. Thus 7, is an isomorphism with inverse C’ — ((eiC’lH)i ,M(C”)).

Concerning compatibility of these trivializations: Given two skeleta o and ¢ compatible
with (So,...,S;,0,...,0), it is routine to check that the corresponding transition map
prpo7,to75(—,C) for C € Gr-Brass(o) N Gr-BGrass(d) is an isomorphism of F, where
prp : F' x Gr-&rass(o0) — F denotes the projection onto the fibre. [

In general, the bundles of Theorem 5.8 are nontrivial. A small example exhibiting
nontriviality is as follows.

Example 5.9. Let A = KQ/I, where @ is the quiver

N
B2

and I is generated by the paths of length 3. Let T'= S; & S3, d =4, and S = (T, 52, 57).
Then it is readily checked that Gtass(S) is a nontrivial A2-bundle over Gr-&rass(S) = P1L.
On the other hand, if S’ = (T, S1, S2), then &rass (S’) is isomorphic to the trivial Al-bundle
over P'. This example will be revisited after Theorem 5.11.

We follow with properties of the S-generic module for any sequence S. As in Section 4,
we assume that K has infinite transcendence degree over its prime field. Moreover, we let
Ky C K be the algebraic closure of the prime field. Clearly, any truncated path algebra is
defined over K so that the prerequisites of Section 4 are in place.

For easier readability, we will in the sequel identify the elements of a skeleton o, a priori
living in the projective K (@Q-module ﬁ, with their canonical images in the projective A-
module P. This is harmless in the truncated situation, since path lengths in A, and hence
in P, are well-defined, which makes passage to the corresponding K ()-module superfluous.

The following lemma shows in particular that all syzygies of A-modules are direct sums
of cyclic modules, each isomorphic to a left ideal of A generated by a path. (That this
holds for second syzygies already follows from [8, Theorem A].)

Lemma 5.10. Suppose A is a truncated path algebra and C € QﬁtassdT. Then the syzygy
C of P/C is a direct sum of cyclic modules, each of which is isomorphic to a left ideal of
A. More precisely, if C € Grass(o), the elements

w(apz,) = apz, — Z clapzy,qzs) qzs € P,
qzs€o(apzy,)
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where apz, traces the o-critical paths and the c(apz,,qzs) are the affine coordinates of C
in ®rass(o) (see Section 3.C), generate nonzero independent cyclic submodules of P such
that

C = @ Aw(apz,) and Aw(apz,) = Aap for each o-critical apz,.

apz, o-critical

Proof. Suppose C € Brass(o). We already know that C' is generated by the w(apz,); see
the remarks preceding Theorem 3.8. By definition, all of the w(apz,) are nonzero in P, as
the paths involved in the pertinent expansions have lengths < L. Assume, to the contrary
of our claim, that 0 is a sum of certain nontrivial A-multiples of w(apz,)’s in P. Let

(T) Z )\z w(ozipz-zri) =0

1<i<v

be such a nontrivial dependence relation in P, such that v is minimal and the \; are
K-linear combinations of paths in A, the lengths of which are bounded by the differences
L —length(a;p;), respectively; the latter assumption is legitimate as, by construction, each
path in o(a;p;z-,) is at least as long as «;p;z,,. To reach a contradiction, we use the
K-linear independence of the formally distinct elements of the form pz, in P, where p is a
path of length at most L in A which starts in the vertex e(r) that norms the top element
zr. Let Iy be the minimum of the lengths of the a;p;, and assume that ayp; has length
lo. Next, observe the following: If \y = > ; kj4;, where the k; are nonzero elements of K
and the ¢; are distinct paths with 0 < length(g;) < L — 1y, then the occurrence of the path
q1a1p12zy, in the term Ajaipiz., is the only one in (). Indeed, as we already remarked,
the paths pz, in the union of the o(a;p;z,,) are at least as long as a1p12,,, and they all
belong to o; since a1p; 2, does not belong to o, we infer that this path does not arise in the
K-linear path expansion in P of any A-multiple of a path gz, € |J,;<, 0(®ipizr,). That
the path expansions of the A-multiples of the a;p;2,, with 2 < i < v in P do not contain
nontrivial K-multiples of ¢;a1p; 2., either is clear, because the minimal initial subpath not
belonging to o of any qa;p;z,, is a;p;z,, and thus different from aypy2,, for i > 1 (due to
minimality of v). This yields the required contradiction and thus proves independence of
the cyclic modules Aw(apz;.).

To see that each Aw(apz,) C P is isomorphic to some left ideal of A, let es be the
endpoint of a. Then one readily checks that Aw(apz,) = Aap, in view of the fact that all
paths gzs € o(apz,) are at least as long as apz, and end in the vertex eg as well. [

Remark. Lemma 5.10 clearly extends to syzygies of nonfinitely generated modules, the
same argument being applicable. For that purpose, one generalizes the concept of a skeleton
to the infinite dimensional case and adapts the definitions of o-critical paths and the scalars
c(apzy, qzs) in the obvious way. This strengthening is immaterial here, but is used in [6].

Most of the statements of the following theorem are immediate consequences of Theo-
rems 4.3 and 5.3 and their proofs; for the sharper result concerning generic syzygies under
(1), which is key to easy applicability, we use Lemma 5.10. Note in particular that, for our
present choice of A, the S-generic modules can be read off the quiver, without requiring
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any computation, since the auxiliary varieties &tass(o) are known to be affine spaces in
this case. The uniqueness assertion under (1) also improves on the corresponding one in
Theorem 4.3; the considerably stronger version holding in the truncated situation is ap-
parent from the high level of symmetry of the hypergraph of G(S), again a consequence
of the projective presentation of G(S) given below. Concerning part (2) of the upcoming
theorem: The results of Theorem 4.3 and Corollary 4.7 for S-generic modules carry over to
S-generic graded modules, if we replace “isomorphism” by “graded-isomorphism”. Mutatis
mutandis, the final assertion of part (1) is true for S-generic graded modules as well.

Theorem 5.11. (The S-generic modules and the S-generic graded modules over a trun-
cated path algebra.) Suppose A is a truncated path algebra, and let S be any semisimple
sequence with Brass(S) # . As before, P is the distinguished projective cover of the top
T=S.

(1) The S-generic module G(S) for the irreducible variety &rass(S) — equivalently, for the
classical variety Mod(S) — has a projective presentation as follows: Let o be any skeleton
compatible with S and (m(ozpzr, qzs)) any family of scalars which is algebraically indepen-
dent over Ky. Then G(S) = P/C(S), up to equivalence, where C(S) is the submodule of
P generated by the differences apz, — qusea(apzr) z(apzr, qzs) qzs, with apz, tracing the
o-critical paths. (By definition, o(apz,) consists of those paths in ¢ which have lengths
between length(ap) and L and end in the same vertex as ap.) In particular, the syzygy

ce)= P A<apzr— > w(apzr,qzs)qzs) = P Aw

apz, o-critical qzs€o(apz,) apz, o-critical

of G(S) is a direct sum of cyclic modules, each of which is isomorphic to a left ideal of A
generated by a path. It is completely determined by S, up to isomorphism (not only up to
Gal(K/Ky)-equivalence).

Moreover, any submodule H of G(S), which — modulo C(S) — is generated by homoge-
neous elements of a fized degree in P, is the S(H)-generic module, up to equivalence.

(2) The S-generic graded module Gr- G(S) generated in degree 0 has a projective presen-
tation as follows. Denote by Ny the disjoint union of the sets {apz.} X oo(apz,), where
oo(apz,) consists of those paths in o(apz,) which have the same length as ap. Let o be
any skeleton compatible with S and (w(apzr,qzs)) a Ko-algebraically independent family
of scalars indexed by Ny. Then Gr- G(S) is equivalent to P/(Gr- C(S)), where

Gr-C(S) = @ A(apzr - Z x(apzy, qzs) qzs> >~ C(S). O

apz, o-cricital qzs€0o(apzr)

In light of Corollary 4.7, Theorem 5.11 thus reduces structural problems regarding the
S-generic modules to combinatorial tasks. In particular, this is true for the questions
regarding decomposability of the S-generic module, the structure of its indecomposable
summands, generic socles, higher syzygies, etc. For example, the module G(S) is indecom-
posable if and only if all of its (finitely many) hypergraphs relative to full sequences of top
elements are connected.
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Example 5.9 revisited. Let d = 4. For the dimension vector d = (2,2), we list all
irreducible components of Modg(A) which are contained in the connected component
Mod, and display their generic modules. There are precisely four, and the generic modules
have top dimension < 2. We will start by displaying the S-generic modules for each of the
six nonempty varieties Brass(S), where S is a semisimple sequence of dimension vector d
with dim Sy < 2; these are: S = (S2,.52,0), S®) = (52, 57,0), S®) = (S,® S5, S1® S5, 0),
8(4) = (SQ, 512, Sg), 8(5) = (Sl EBSQ, 52, Sl), and §(6) = (51 EBSQ, Sl, Sg) Instead of formally
presenting the generic modules G; = G(S() (which is straightforward in view of Theorem
5.11), we provide hypergraphs relative to suitable top elements and skeleta, which is more
informative at a glance.

1 1 2 2 1 2
/ \ \
o) @ | Lo L N o @ &l
/L AN
2 2 1 1 1. 1 2 1
2 1 2 1 2
7 U \
/ \ /// a
O\ / @ ﬁl\\//
2 1 2

Note that GG5 has socle Si; indeed, due to the fact that Sz and (3129, P22 are “attached
to” [B1azy by means of scalars which are algebracially independent over K, the simple S
does not occur in Soc G5. Concerning Gg: The displayed hypergraph does not correspond
to a generic presentation of Gg in the sense of the paragraph preceding Corollary 4.5; the
given non-generic presentation more clearly exhibits decomposability.

Let C; be the closure of Mod(S®) in Mody(A) for i = 1,...,6. Aided by Corollary 4.7,
we will sift out the C; which are maximal irreducible in Modg(A). Clearly, Cs is contained
in each of C4,Cs,Cs. Next, it is straightforward to construct a curve ¢ : A’ — Mody(A)
with 9 (t) € Mod(S™) for ¢ # 0, such that ¢(0) represents Gg; hence Cs C C4. Since the
dimension vector of top G; for i = 1,4 is minimal among the dimension vectors of the tops
of the modules in Cy,...,Cs (see Observation 2.1), C; and C4 are irreducible components of
Mod,(A). Comparing tops, we further note that the only C; which potentially contains Co
is Cy4; but, in light of Corollary 4.7, the containment Co C C4 is ruled out by the fact that
Sy is evidently a summand of Soc G4, but not a summand of Soc G3. Again comparing
socles of generic modules and invoking Corollary 4.7, we conclude that Cs is not contained
in any of Cy,Cs,C4. Thus the C; for i = 1,2,4,5 constitute a full irredundant list of those
irreducible components of Modg(A) which are contained in the connected component
representing the modules with dimension vector d. Consequently, the G; for ¢ = 1,2,4,5
are even 4-generic. In the top-order, C; and C4 are irreducible components of Mody(A) of
class 0, while Cy and Cs are of class 1. [
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We illustrate Theorem 5.11 with another, somewhat more complex, example. We also
display the generic graded module Gr- G(S) for the considered semisimple sequence S.

Example 5.12. Let Q be the quiver

a1
T

and A the truncated path algebra K@Q/I, where I is generated by the paths of length 4;
i.e., L = 3. We will consider the 14-dimensional semisimple sequence

S=(S?® S, @ Ss3,55 @ S3,55,5).

We give the hypergraph of the corresponding S-generic module G(S), relative to the skele-
ton o shown below; the broken edges again indicate the o-critical paths.

1 1 9 3
a% X)&z a% \12 ‘ﬁ NG
\
2 9 9 9 3 92 2
! ' Y1 7N Y2
ﬂ‘ ¥ ﬁ‘ TRV ﬂ‘
| | / \
3 3 3 3 9 9 3
" \\’Yz ’Yl// \\’Yz ’71// \\72
\ / \ / \
2 9 2 2 2 9

(1) 1

W— N —— W
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(2) 1 1 2 3
SN0 /N
2 % 2 2 3 2
oo |
T . T 3
|
(3) 1 1 2 3
SN /N
2 2 2 |2 3 2
| I . |
B S 5
|
4 1 1 2 3\
2 2 2 ) 3 2 2
3 3 3

The module G = G(S) is indecomposable, as can already be gleaned from Diagram (1);
indeed, the full collection of scalars involved in the relations, which are indicated by dotted
edges, is algebraically independent over Ky. The generic socle is S3; one copy of Sy in
the socle is obvious, the other can be read off Diagram (3). The closure of Grass(S) is
not an irreducible component of @tassg, where T' = S? © S @ S3 and d = 14; in fact,
G arises as a top-stable degeneration of a generic module for the semisimple sequence
S' = (S? @ Sy @ 53,53, 53, 92). Moreover, a purely combinatorial process yields the first
syzygy of G to be QN (G) =2 87 @ (Aea/J?e2)® @ (Aea/J3e) ® (Aes/J?e3)?, which makes
the higher generic syzygies for the modules with radical layering S readily available. In
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particular, projdim G = oo, which, in view of Corollary 4.7, shows that all modules with
the given radical layering have infinite projective dimension.

The S-generic graded module Gr- G(S) with top generated in a fixed degree has the
following modified hypergraph relative to o: It is the superposition of the diagram below
with Diagrams (2) and (3) above.

1 1 2 3
\
LN SN |
) 2 2 2 3/ 2 2%
3~ 3 -3
-~ 12 \\ - ’7% —~ // -
— N N _ - _ -

Generically, the graded modules with radical layering S have two indecomposable sum-
mands, with dimension vectors (0,1,1) and (2,6,4). The generic socle may shrink as one
passes from the graded to the ungraded situation; indeed, Soc Gr- G(S) = Soc G(S) & S3
in our example. [

In general, it is cumbersome to explicitly state combinatorial equivalent conditions for
indecomposability of G(S) or Gr- G(S) in terms of S, @, and L. We content ourselves with
presenting a straightforward necessary condition for the graded situation. The following
auxiliary graph depends on a choice of skeleton, but the vertex sets of its connected com-
ponents do not: The vertex set is the set Z = {z1,..., 2} of distinguished top elements
in the projective cover P of Sy. Given a skeleton o compatible with S, there is an edge
connecting z,. and zs if and only if either there exists a o-critical path apz, and a path
qzs € o with length(ap) = length(q) and endpt(ap) = endpt(q), or else this condition
holds with the roles of r» and s reversed.

Corollary 5.13. Let S be a semisimple sequence over a truncated path algebra A such
that ®rass(S) # &. Moreover, let Zy,...,Z, C Z be the vertex sets of the connected
components of any of the auxiliary graphs introduced above, and let U;, for 1 < i < u, be
the submodule of Gr- G(S) = P/ Gr-C(S) generated by the residue classes z + Gr-C(S),
z € Z;.

Then Gr-G(S) = @, <,<, Ui In particular, indecomposability of Gr-G(S) implies con-
nectedness of the auxiliary graphs.

If the top of S is squarefree, the U; are the indecomposable direct summands of Gr- G(S),
and Gr- G(S) is indecomposable if and only if any of the auziliary graphs is connected. [

We leave the easy proof to the reader. There are obvious analogues of the two statements
of Corollary 5.13 for the ungraded situation. The first is always true, while the second

is not. The following general connection between the graded and ungraded situations is
helpful.
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Corollary 5.14. Let S be a semisimple sequence over a truncated path algebra A such
that ®rass(S) # @. If the generic graded module Gr-G(S) with radical layering S is
indecomposable, then so is the generic ungraded module G(S).

Proof. Note that the module Gr- G(S) (resp., G(S)) is indecomposable precisely when every
hypergraph of Gr-G(S) (resp., G(S)) is connected. Since the set of skeleta of Gr-G(S)
coincides with that of G(S), our claim is easily deduced from Theorem 5.11. O

The converse of Corollary 5.14 fails in general. Indeed, let A = K(@Q, where @ is the
quiver

1—2—3—4

and S the sequence (S1 ® Sy, S2,.53). Then the S-generic module is indecomposable, while
the S-generic graded module decomposes.

If “structural symmetry” of a module is measured by the dimension of its endomorphism
ring, the generic module G(S) (or Gr- G(S)) has minimal structural symmetry among the
modules represented by S; see Corollary 4.7. Yet, note that the endomorphism ring of
an indecomposable S-generic module G(S) need not be trivial: Let @ be the quiver of
Examples 5.7(1), and take L = 2 and S = (51, 51,S52). Then Endy G(S) has dimension
2. By contrast, if indecomposable, the generic graded module Gr- G(S) always has trivial
homogeneous endomorphism ring.

On the other hand, in terms of its submodule structure, the module G(S) (resp. Gr- G(S))
displays maximal symmetry among the (graded) modules with radical layering S, in the
following sense: Let o be any skeleton compatible with S, and G(S) = P/C(S) the cor-
responding generic presentation described in Theorem 5.11. Then the theorem shows in
particular that, given any two paths pz,., qzs € o with coinciding length and endpoint, the
canonical images of Apz, and Agz, in G(S) are Gal(K/Kj)-equivalent and thus have the
same hypergraphs.
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